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Let G = (V,E) be a graph on n vertices and with maximum degree ∆. If
k divides n we say that G is strongly k-colorable if for any partition of V into
pairwise disjoint sets Vi, each of cardinality k precisely, the union of K[Vi] over
all choices of i and G has the chromatic number k. K[Vi] denotes the clique
on vertex set Vi. If i := n mod k 6= 0, we say that a graph G on n vertices
is strongly k-colorable if the graph obtained from G by adding k − i isolated
vertices is strongly k-colorable. The strong chromatic number of a graph G,
denoted by sχ(G), is the minimum k such that G is strongly k-colorable. One
can observe that if G is strongly k-colorable, it is strongly (k + 1)-colorable as
well.

It is easy to see that any graph G with maximum degree ∆ has strong
chromatic number larger than ∆. Define sχ(∆) as the maximum of sχ(G) over
all graphs G with maximum degree ∆. We can a bit improve constant in the
above lower bound to the following.

Proposition 1 For every ∆, sχ(∆) > 3b∆
2 c.

On the other hand the following upper bound could be proved easily by
induction.

Proposition 2 If G could be decomposed into r matchings, then it is strongly
2r-colorable.

Using this proposition and Vizing’s Theorem we conclude that sχ(∆) ≤
2∆+1 for every ∆. The main result of this article shows that sχ(∆) is in fact
always linear in ∆.

Theorem 3 There is a constant c such that for every ∆, sχ(∆) ≤ c∆.

The proof of this upper bound is probabilistic and applies Lovász Local
Lemma. For the sake of completness, we state the variant of the lemma which
will be used.

Lemma 4 (Lovász Local Lemma) Let A1, . . . , An be events in an arbitary
probabilistic space. Supose each Ai is mutually independent of all but at most
d other events Aj and suppose that probability of each Ai is at most p. If
ep(d+ 1) < 1 then with positive probability none of the events Ai holds.
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We do not apply the lemma directly to the Theorem 3, but at first we prove
the following theorem, which may be interesting in its own right. Finally, by
appropriate choice of parameters we conclude the main theorem.

Theorem 5 For every ε > 0 there exists a constant c such that the following
holds. For any graph G = (V,E) with maximum degree at most ∆ and for any
partition V1 ∪ V2 ∪ . . . Vr of V into sets of size d · 2j each, where ∆/2j ≥ c there
is a partition of each Vi into 2j subsets Vi,1, . . . , Vi,2j , such that every part has
size exactly d and for every 1 ≤ l ≤ 2j, the maximum degree of the induced
subgraph of G on the set V1,l ∪ V2,l ∪ . . . Vr,l is at most (1 + ε)∆/2j.
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