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I. Introduction.

N-Boson System: described by a wave function

YN € LQ(R3N,da¢1 ...dxzpy) symmetric w.r.t. permutations

Probabilistic interpretation:

YN (z1,...,x5)|° = probability density = |lyy]| =1

The dynamics is governed by the Schrodinger equation

- _ _ —iHpt
YN = HNYn g = Yy =e TNy

Hp; is the Hamiltonian of the system. For example,

N N
Hy =Y (=8 + Vext(z))) + > V(w; — z;)



Macroscopic Dynamics: in typical systems, N ~ 103—-10%3— ...
= Impossible to solve the Schrodinger equation.

For practical purposes, it is enough to describe the macroscopic
evolution, resulting from averaging over the particles.

Mean-field systems: every particle interacts very weakly with
all other particles. Consider Hamiltonian

N N
Hy=—)>_ ij—l—ﬁ;ZV(a:i—xj).
j=1 i<j
in the regime

N > 1, k<1, so that ko= Nk>~1

Kinetic and potential energy are O(N); macroscopic evolution
described by an effective nonlinear one-particle equations.



Self-Consistent Evolution: consider evolution of a factorized
state,

N
YN ox) = ][ ¢(z)) (x=(z1,...,2N)).
J=1
If factorization is preserved in time,
N
Yy e(x) ~ [] eezy)
J=1
we may replace interaction by an effective one-particle potential

N N
kY V(zi—zj) ~ k) /dwi V(wi—xj)|90t($i)|2 ~ Nk (V*|90t|2)($j)
i 1]

The orbital ¢y must solve the self-consistent Hartree equation

i0pr = — Dy + ko (V * i ?) ot -



Reduced Densities: define the density matrix

YNt = VN (UN ] <kerne|: YN(XY) = ¢N,t(X)@N,t(Y))

as the orthogonal projection onto ¢N,t.

For k=1,.., N, the reduced k-particle density matrix is given by

k .
7](\;2 = Trp41,.. N IN acting on L2(R3F)

7](\/{“2 is an operator on L2(R3%) with kernel

’YNt(kaXk) —/dXN kYN (Khoy XN k3 X, XN k) 5

with xp,. = (x1,...,2L), XN_ = (azk_|_1, ..., TN), T ’Y](v,t —

For every k-particle observable J():

(YN 1 (J*) g 1(N=k)) YN ) = Tr(J® g 1(N_k))7N,t = Tr J(k)W(\@



II. System of Gravitating Bosons (Boson Stars)

Consider system of N non-relativistic gravitating bosons.
In appropriate units, the Hamilton operator is given by

N
o Z ij Z
=1 1<J
where G is the gravitational constant.

|5’7z_33j|

In the regime characterized by

N>1, and M:=NG~1

it makes sense to consider macroscopic dynamics generated by

Hy==-3 a3 ¥

1=1 Z<]

|37z_xj|

in the limit N — oo.



In 2000, Erddbs-Yau proved that, if

—iHnt QN k
Yy = e HNTQEN 7](\;2 = Trpg1,. N |UND(WON

then, for any £k € N and ¢t € R fixed,

Tr v\ - |90t><90t|®k' —0  as N — oo

where ¢, solves the Hartree equation

. 1
i0rpr = — At — <| | |S0t|2>

with initial data p,—q = .

In other words, for any k-particle observable J(k), we have

(YN s (J® & 1(N_k))¢N,t> — (ePk JRIGOkY a5 N — oo



In 2007, in a joint work with I. Rodnianski, we established that
for every k € N there exist a constant () such that

eCk:|t|

VN

k
Tr y§e) = o) (0l <

ODbserve that explicit bounds are important; they justify the study
of the limit N — oo.

Recently, Knowles-Pickl improved this result to more singular
potentials. Moreover, they showed that, if the solution of the
nonlinear equation scatters, the control is uniform in t € R.



III. Semi-relativistic system of gravitating bosons.

To take into account relativity effects, consider Hamiltonian

Hy = Z\/1—Ag,;‘7 GZ

1<

|z — $j|

Again, we are interested in the regime where

N > 1, and A=NG~1
Hence we write

Hy = Z\/l—A%——Z

1<J

|z; — :U]|

and we consider the I|m|t N — oo.

We expect dynamics of factorized data to be approximated by
the semi-relativistic Hartree equation

. 1
@3t90t=v1—A90t—>\<|| [ )



Depending on value of A > 0, we observe two different situations.

Subcritical case: for A < Acr = 2/m, potential energy is con-
trolled by kinetic energy. Hence

Hyn = 1 —Ag. — — >0
N \/ K glxz x]|

Moreover, the nonlinear Hartree equation

. 1
0ot = V91— A — A <| | |90t|2>

is globally well-posed (Lenzmann, 2005).

In 2005, in a joint work with A. Elgart, we proved that, if

k
YNt =€ © and 71(\[2 = Trp41,. N |UND(WON

= Tr ’y](\l;z — |(pt><g0t|®k — 0 as N — oo
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Supercritical case: if A > A¢r = 2/7w, Hy is not bounded below.

||%£Wil< ( Vl—%——gm %') >:_OO

Moreover, there exist solutions of the Hartree equation

1
0ot = V1 — A — <|| |90t|>

which blow-up in finite time, in the sense that

H%HHl/Q(]R@) (/da; ‘(1 - )1/490 ’ ) — 00 ast — 1"

for some T < oo (Frohlich-Lenzmann, 2006).

T hese solutions are supposed to describe the
phenomenon of stellar collapse (Chandrasekhar’s theory).

Question: is there a relation between the linear many body evo-
lution and the nonlinear dynamics in the supercritical regime?

11



Mathematical problem: the operator

%1\/1_—_%\]: |

has no self-adjoint realization if A > Acr = 2/7.

z_w]|

We introduce therefore regularized Hamiltonians

HS = zw—ax]——z .

where o« = a(N) > 0 is such that a(N) — 0 as N — oo.

Physically, the cutoff is justified because, on very short length
scales, the gravitational interaction is regularized by other forces.

For arbitrary a(N) > 0, the Hamiltonian H; is bounded below,
and generates a one-parameter group of unitary evolutions.

12



Theorem 1 [Michelangeli-S., 2009]: Choose ¢ € H2(R3). Let

—iHYt @N

k
YNy = e @ and ’V](vz = Tre41,.. N YN (N

Let o be the solution of

. 1
10ypt = vl—Awt—/\<ﬂ*ls&tl2> ©t -

Fix T'> 0, and assume that

k1= sup |le¢ll 1723y < 0.
H<T H1/2(R3)

Then for every k € N, there exists a constant C, depending on
k,T" and k such that

k C
r ’YJ(V,) - |90t><90t|®k < \/—N — 0 as N — oo

for all |t| < T.

In words: as long as the Hartree equation does not blow-up, the
linear evolution is approximated by the Hartree dynamics.
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Theorem 2 [Michelangeli-S., 2009]: As before, let ¢ € H2(R3),
¢t be the solution of the Hartree equation, ¢y = e_ZH%ftgo@N.

Assume that «(N) > N—¢ for some ¢ € N.

Suppose that there exists 7' < oo such that ||| ;12 < oo for all
0<t<T, and

||90t||H1/2(]R3) — o0 ast—1T .

Then there exists N(t), defined for ¢t € [0,T) such that N(¢t) — oo
ast — T~ and

tl—i?— Tr(1-a)ie Wf(\fl()t),t - >

In words: if the solution of the nonlinear equation blows up at
time T < oo, also the linear evolution collapses as N — oc.

14



Remarks:
1) To prove Theorem 2, we need convergence of yj(vz to |pt) (i

for all t < T, in the energy-norm. We show that
K
Tr|(2 = )% (4 — oot ) (1 = )4 < T

for a constant K depending only on sup|,|; o7l 1/2-
2) Proof based on approach introduced by Hepp, in 1973. Use

Fock space representation, and consider coherent states as initial
data.

Advantage: one can easily identify the Hartree component of
evolution. Need to control the fluctuations. Crucial observation:
fluctuation dynamics is ‘‘sub-critical.
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IV. Dynamics of Bose Einstein Condensates

In the last 15 years, BEC have become accessible to experiments.
In 2001, Cornell-Ketterle-Wieman received Nobel prize in physics
for experiments which first proved the existence of BEC for

trapped Bose gas.

Goal: give a mathematical description of these experiments.

16



Trapped Bose Gases: will be described by Hamiltonian

N N
H}:\;ap = Z (-ij + Vext(xj)) + Z Va(z; — wj)

j=1 i<j
where V, has scattering length a > O.

We will consider regime

N>1, a1l ag= Nax~1l.

Therefore, we write

N N
H}c\;ap = Z (—ij + Vext(fvj)) + Z VN (@i — Ij)

where
Vy(z) = N°V(Nz)

and V has fixed scattering length ag.

17



Scattering Length: Recall that the scattering length ag of V
is defined by

(—A n %V(az)) fz) =0 with f(z) — 1 for |z — oo.
Then

f(x) 21— |—| for |x| large (:> 8mag = /dacV(:B)f(:U))

By scaling, Vy(z) = N2V (Nz) has scattering length a = ag/N.

In fact, if
a

NG = fNm) =1 - P =1

we find

1
(—A + EVN(CB)) fn(z) =0, and fy(z) — 1 as |z| — oco.

18



Properties of the Ground State: in 2000, Lieb-Seiringer-
Yngvason, proved that ground state energy of H}\;ap is

Ecs(N
im PesV) e Ecp ()
N—oo N eillell=1

with
Eap(9) = [ dz (Ve (@) + Vext(2) (@) 2 + 4maolp(2)]*)

ag = scattering length of V(x)

In 2002, Lieb-Seiringer proved that the ground state exhibits
complete condensation in the minimizer of £gp, that is

75— 16)(@l, ¢ = minimizer of £gp

What happens if traps are switched off? The condensate evolves.

Our goal: show that the Gross-Pitaevskii theory also describe
the dynamics of the condensates, after traps are switched off.
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Theorem [Erdos - S. - Yau, 2006-2008]: suppose V > 0,
V(z)| < C{x)~ 9, for some o > 5, and let

N N
Hy =Y —Az;+ Y N°V(N(z; — z;)).
j=1 i<j

Assume that ¢ has finite energy per particle (Y, Hyvy) < CN
and that it exhibits complete BEC

W) = le)el  for some ¢ € L2(R®)

Let ¢ = e “HNlyn. Then, for every fixed t €R, k €N,
k
Tr w(v?g — [oe) (e ®*| — 0 as N — oo,
where ¢, is the solution of the Gross-Pitaevskii equation
iBpr = — Ay + 8mag|ei|* o

with ¢;—0 = .
20



Remarks:

e | he result concerns the stability of condensation with respect
to the time-evolution.

e Examples of initial data include (by the results of Lieb-Seiringer-
Yngvason) the ground state of H]t\;ap, the Hamiltonian with traps.

e Since

N N
1
Hy =Y —Ag + ~ Y N3V(N(z; — z;))
j=1 1<j

Hp looks like a mean-field Hamiltonian with potential
vy (z) = N3V (Nz).

Physically, however, we are not at all in a mean-field situation,
because here interactions are very rare and very strong.

21



Evolution of Marginal Densities: recall the definition of the
k-particle marginal density 7( ) associated with YN+

k
’Y](V% = Tre41,.. NN (ON
Its kernel is given by

WNt(Xk,Xk) —/dXN k UN (X, XN )N 1 (X, XN k)

The family {fy(k)}k:1 satisfies the BBGKY Hierarchy

k _
o)=Y |-ae |+ T [NV - 2)),9)
j=1 1<i<j<k :
k _
+ (N —k) > Trpqa [NQV(N(%' - $k+1)),7](\lfj_l)

=1

22



For k=1, we find
f,;aﬂj(vl’t — [—A,q/](vlzl + (N —1)Tr, [NQV(N(:cl - wz))m(\?z]

Naively, if 747} — 7<) and {7} — 7). we obtain

iﬁwéi,)t — [— 7%%)4 bo TT2 [5(331 — 552)»’Yc(>o)t]

because
(N — 1)N2V(Nz) ~ N3V(Nz) — b 6(x) with by = / dzV (z).
For condensates,

%go)t = |t) (1] (%o (z1;27) = got(wl)%(xlﬁ

%g)t = |t) (pe| 2 (%o (21, w0, 7, w5) = Spt(xl)Spt(332)90t(5”1)80t(372)>

= i0ppr = — Agpy + bo|pt| o1

Right equation but wrong coupling constant.
23



Emergence of Scattering Length: correlations effect.

WNt(ffl 1) ~ oi(z1)p(z])

'YNt(CCLCEQr x,25) ~ fy(z1 — x2) fy () — 25)er(x1)er(z) e (] )P (2h)

where

NZ — ~ -0
<_A+7V(Nfﬂ)> In@)=0 = fy(@)=1- Nlz|

o) = |~ A48 + (V= DNZTr (VN (a1 - 22))9§)]

we obtain
iOrpr(e) = — Dgpi() + ( Jim [ da N3V(Nw)f(Na:)) o1(2) ()
= — Agi(xz) + 8rag|er(z)|*pi(x)

= Gross-Pitaevskii equation with correct coupling constant.
24



Strategy to prove theorem:

(1) Show compactness of fy](\]fz w.r.t. appropriate weak topology.
(2) Show existence of short scale correlation structure in 'y(k)

(1)4(2) = ~§) has limit points 7{), with

o0,

k ~1
WNt ~ fn(zi — wj)%()o,)t when |z; — z;| ~ N~ *.

(3) Prove that every limit point fy(k) satisfies the infinite hierarchy

k

105, = Z [ A )]-I-Smo Z Try4q [5(% — ) oed
1=1 1=1

and observe fy(k) = |pi) {pt|®F is a solution iff ¢; solves GP eq.

oo, bt T

(4) Theorem follows if we show uniqueness for infinite hierarchy.

25



Existence of correlation structure: follows from a-priori bounds
of the form

P (x) |2
fn(z; — ;)
uniformly in N € N and in t € R.

<C

/ dx|VmiVQ;j

Remarks:

e It is crucial that we divide by fn. In fact

/dX ‘leva wN,t(X)‘Q ~ N

e A-priori estimates follow from energy conservation. More pre-
cisely, we show that
2

v, P (X)
T fn(z; — )

Wy, HZ ¥n) > CN? / dx |Va,

26



Remark: theorem also applies to factorized initial data.

This suggests that correlations are formed dynamically within
very short times (Erd6s-Michelangeli-S., 2008).

The formation of correlations lowers the local energy; the excess
energy is scattered away through incoherent waves, which do not
influence the macroscopic dynamics.

In particular, this implies that, in general, we do not have con-
vergence in the energy-norm.

Open Problems:

Control on rate of convergence?

What happens if ag < 07

27



Uniqueness for infinite hierarchy: we prove uniqueness in the
class of densities with

Tr (1— Dgy)... (1= Ag) 7" < cF

with a constant C independent of £ > 1 and ¢.

Need to prove that any limit point {%Ef,)t}@l of the marginals

{vﬁz}ﬁzl satisfies these a-priori bounds.

Problem: the estimates

Tr(1—Agy)... (1 - Ag) Al < CF

cannot be true uniformly in N, because of short scale structure.

28



Choose a length scale ¢ with N¢2 > 1 and N¢3 <« 1. For j =
1,..., N define

1 if|xz-—:1cj|>>€ Vi # 3
0O otherwise

Qj(X) ~ {

Proposition (higher order energy estimates):

(N, (Hy+N) o) > CENE [ dx01(0) .05 1(0) [Vay - Vo (02

N /dx@l(x) e Op1(X) [Vay - Vit 4 (3)[2 < CF

The cutoff 6;(x) is effective only when z; falls into a volume of
order N¢3 in R3.

Since N3 — 0 as N — oo, the cutoff can be removed in the limit
N — oo, and we obtain the a-priori bounds

Tr (1 — Do) ... (1 - D), < Ok

29



Theorem: given a family {7("“)}@1 with
Tr(l—Agy)... (1= Dy )yF) < CF

there exists at most one solution {’Yt(k)}k21 of

k

k
: k k k41
Zat’yt( ) = Z [—ij,’yt( )] —|— 87TCLO Z Trk_|_1 [5($J — mk—l—l)afyt( T )

such that
Tr(l—Al)...(l—Ak)%{k}gC’“ for all teR.

Main difficulty: in 3 dimensions,

0(x) £ C(1—-A) (0(zx) <C(1—-—A)" onlyifa>3/2)

A-priori bounds are not enough to show uniqueness; instead we
need to make use of the smoothing effects of free evolution.

To this end, we developed diagrammatic expansion in terms of
Feynman graphs.

30



Hierarchy in Integral Form: rewrite infinite hierarchy

k k
k41
’M%% Z [ ij,% )] + 8mapg Y Trit1 [5(%' — Tp41 ),%5( +1)

j=1

as

t
7B = u® (1)) 4 /O ds U (¢ — s) BRI+, k> 1

with

A k
L{(k)(t)fy(k) = exp (it Z A:z:j) ,y(k) exp (—it Z Aa:j)

k

B(k)’y(k+1) — —i87‘(‘(10 Z Tl’k_|_1 [5(:179 — $k+1),’y(k+1)]
j=1
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Duhamel Series: expand arbitrary solution %(k) as

n—1
7 =u® g + 3 €+l

m=1

with

£ _/ dsy .. / " dsm UB (1 - s1) BOYEHD (51 — 55) BEFD

mt_

UOFID BV

ey = / dsi.-- /Sn_l dsn UP) (¢ — s1) BBYUFFTD (51 — 55) T |

L uktn=D(g ) = g,) B, (kdn)

with

k
B(k)’y(k—l_l) — —?:87'(‘0,0 Z Tl’k_|_1 [5(33] — :Izk_|_1),’y(k+1)
j=1

32



For example:
) kRl kmed I
mt = (—8miap) S‘ S‘ ' Z / dsy .. / dsm
J1=1 jo=1 Jm=1
x UP(t — s1) Tryaq [5(% — Tp41);
% U(k_I_l)(S]_ — 82)Trk+2 [5(:Ej2 — a:k_|_2), e

xUFTM=D (51— sm) Tram [5(37jm — Thdm), U(k+m)(8m)’yc()k+m)] . ]

Classical Graphs: the graphs should describe the collision his-
tory of the different terms. For example, for k =2, m = 4,

T

— 3 (%%) 3 (%% )8 (X% )8 (% Xs
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More generally, contributions to 5,%% can be represented by or-
dered forests of k disjoint trees with m vertices

a

$k+1

k roots <

-

Number of ordered graphs

\

> k+m leaves

(k+m)!
k!
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Doubled Graphs: because of the commutators, for every colli-
sion we have a binary choice. To represent all contributions we
double the classical graphs. For example (k =2, m = 4)

\

B 06)B ()Y B (6 )B (e

oL

4 L e

The vertices are still completely ordered, and

(k+m)!
k!

number of doubled graphs = 2™
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Removing the Order: next we combine the contributions of
topologically equivalent ordered graphs.

1 1

— - S

t S 59
I) = /O dSl/O ' dSQ/O ds3 U(l)(t — Sl)TI’27374 d0(xq — xQ)U(Q)(Sl — 59)

x §(z1 — 23)UP (52 — 53)8(2n — 2 U (53)75"

t S S
II) = /O dsl/o ' dso /O ’ dss3 U(l)(t —51)Tr23 4 6(z1 — 332)2/{(2)(31 — 59)
x 8(w2 — 23)UP) (52 — 53)0(a1 — 2)U (s3)75Y
t S S
= /O d81/0 ' ds3 /O ’ dso U(l)(t — Sl)TI’273,4 d(xq1 — ZEQ)U(Q)(Sl — 59)

x 8(a1 — 23U (s2 — 53)8(a2 — 2D (s3)75")
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Removing the Order: next we combine the contributions of
topologically equivalent ordered graphs.

— L |

1) :=1) + II)
t S S
— /0 dsl/o . dSQ/O . d83 U(l)(t — Sl)TI’273’4 5(%1 — :132)1/{(2)(81 — 52)

x 8(ar — 23U (s2 — 53)8(a2 — 2)UD (s3)75")
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Feynman Graphs: different contributions to @Sf% will be repre-
sented by graphs in

J—“m’k — set of forests with 2k disjoint paired trees
with m partially ordered vertices

L -

;ﬁEQ

—

2k roots 2 (k+m) leaves
_

—

Number of graphs in F,, , < C™tk,

Diagrammatic Expansion of 57%%: we expand

Tra®e®) = S 1 gW R {FE
I‘efm,k
38



E(I)=setof edgesof I

V (I )=set of verticesof I
_/ L
2Kk roots Y - 2k+m) leaves o (I )=set of rootsof I

L (I )=set of leavesof I

- /

Tr J®) K A FTm) =

— / 11 dacdpe 1 ¢ (Z j:oze) 5 (Z ﬂ:pe)

02 1
ecB(r) ¥ TP T iTele oy \égv e€v

x J®) ({e: D) Yeerry) 15 T™ ({es P)Yecr(ry)

X eXD(—’Lt Z Te(ae _I_ iTeT]e)), Te — +1

eeR(IN)
39



Control of the Integral: use (z) = (1 + z2)1/2.

></ 1] daedpe IT ¢ (Z :I:ae> 0 (Z :I:pe)

— 2
ccE(r) (e —PE) ,ey(my \eev e€v

X

J® ({(pes ) Yee r(r) ' ‘fyéHm) ({(pes P} eer(r)) '

Singularity at £ = 0 = large momentum problem!!
From a-priori estimates = decay in the momenta of leaves.

Perform integration over all a« and p, starting from the leaves
and moving towards the roots. At each vertex, we propagate
the decay from the son-edges to the father-edge.
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Typical Example:

Ar Py Ay Pu

Ay Py

Aw Pw

Integrate first the a-variables of the son-edges
6(ar = au + av — aw) const
(o — pa){ow — p2)(aw — pa) ~ (ar —p2 — pg +pa)t—e

VA

/daudavdaw

Then integrate over the momenta of the son-edges

/ dpudpydpw 6(pr = pu + pv — Pw) < const
[pul?TApu] 2T pw 2T (ar — P2 — p3 + p2)1 75 = |pr[2TA

After integrating out all vertices

= 'Tr TR pSEtm) < cmym/t e F
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Convergence of the Expansion: since |F,, x| < C™, we find

‘Tr

I‘e}“

Analogously, we prove that |Tr J(k)n(k> < ongn/4,

= if ngt)' yékt) are two solutions with same initial data

|Tr J (k) (ﬁ’? ngt)) ‘ < cnyn/4

Since n € N is arbitrary = uniqueness for short time.

A-priori estimates are uniform in time = uniqueness for all times.
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