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Origine des fluctuations de phase
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Densité et phase du quasi-condensat
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Résumeé

O Deux températures pour la caractérisation de la condensation :
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1. Perfect Bose-gas
o For A=Ly x Ly x Lz € R® and T{"=1) = (—h2n/(2m)) | the
spectrum:

h2 3 5
Es 2—; WSj/Lj)

e Eigenfunctions: {¢;a(z) = Hj3-:1 V2/Ljsin(msjzi/Lj)}s e,

s := (s1,s0,s3) € N3

e In (T,V,u), V = L1L>L3 the Gibbs mean occupation number
of ps.p IS Ns(B,p) = (B —1)=1 4 < infy es.

o Particle density pa(8, 1) = > cn3 Ns(B, 1) /V =1 NA(B, 1) /V

e The first critical density: pc(8) = sup,<olimapa(B, 1) =

§(3/2)/>\2, \g 1= h\/2nB/m, de Broglie thermal length.

SjEN
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2. Exponential SLAB and the Second Critical Point

2.1 Let A = Le®L x Le®L x L. For any fixed s1,s5 and u <0

lim
L—o0

Ns(, 1 d3k

o 3 212 /om :
s (sgep1) VL (27)3 JR3 B(h2k=/2m—p) _ 1

2.2 Let pr(B,p) == e111) — AL(B,p), where Ap(B,p) >0 is a
unique solution of the equation:

s=(s1,52,1) VL s7#(s1,52,1) VL
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2.3 Since: limy_, 237&(81,82,1)]\78(57# = 0)/V; = pc(B), for p >
pc(B) the limit of the first sum is

lim Z Ns(8, 1) —

L=o0 8:(8178271) VL
o L1 / d?k _
L—oo L (27)2 JR2 B(R2k2/2m4+Ar(B,0) _ 1

, 1
L"_)”"OO _)\%—L IN[BAL(B, p)] = p — pc(B).

This implies the asymptotics:

Ar(B,p) =% e NPmpe(L 4+ ...,
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2.4 Remark 2.1. Since Lj=1 o = Le®" and

h2 2 5
Y [(wsj/Lj)* =114+ A8, p)
—1

€(s1,89,1) — nr(B,p) = DY
J

the representation of the first sum by the integral is valid only
when )\%(p — pe(B)) < 2a, i.e.

[~2¢20L o g1 e—Aﬁ(p—pc(B))L_Fm |
2.5 Definition 2.2. The second critical density:

pm(B) := pe(B) 4+ 20/2% > pe(B) .

2.6 Remark 2.3. For p > pm(B) the convergence A (8,p) — 0
must be faster than e—2%L.
10
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2.7 To keep the difference p — pm(B) > 0 one must return back
to the finite volume sum representation to take into account
the input of the ground state occupation density.

Theorem 2.4. The asymptotics of A (3,p > pm(B)) is

AL(B,p) = [Blp— pm(BNVL]H + ... < L% 2"
2.8 Since V; = L3e2L| the first sum without the ground-state:

lim Z Ns(B, 1) = |im %In[ﬁAL(ﬂ,p)]—l —

L=o0 (5Te>1,1) VL L=o0 Aj
20‘/)\% = pm(B) — pe(B).
2.9 The ground-state term gives the macroscopic occupation:

(8) = lim !
B P e Vi, BEa1)—+L(BP)) _ 1

11
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2.10 Corollary 2.5 Since for pe(B) < p < pm(B)

“\2(pH—
es — up(B,p) = AL(B,p) +es —e(11.1y = OB L e LIy

one gets the type III van den Berg-Lewis-Pulé generalised con-
densation (vdBLP-GC): when none of the single-particle states
are macroscopically occupied:

1 1 B

ps(Bp) = M e G =1

The asymptotics Ar(8,p > pm(B8)) = [B(p — pm(B))VL]~* implies
1 1

M Ps=an(Bp) = lim Gy — 1 O

O .

and limp_. pc1,1,1)(8,p) = p—pm(B) > 0, the type I vdBLP-GC.

12
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2.11 For p > pm(B) there is a coexistence of the saturated type
III vdBLP-GC, with the constant density pm(3) — pc(3), and the
standard BEC (the type I vdBLP-GC) in the the ground state
with the density p — pm(3).

13
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3. Exponential BEAM and CIGAR Traps

3.1 Remark 3.1 It is curious to note that neither Casimir
shaped boxes N = L% x L% x L%*3, nor the van den Berg
boxes A = Le®l x I x L, with one-dimensional anisotropy do
not produce the second critical density pm(8) # pc(3).

3.2 Remark 3.2 (BEAM) For beams with two critical densities
we consider the Hamiltonian: T/(\Nzl) = —h?A/(2m) + mwiz?/2,
with harmonic trap in direction =1 and Dirichlet boundary con-
ditions in directions x5, x3. Then the spectrum:

j=2

h2 3 5
{es = hw1(81—|—1/2)—|—% Z(ﬂ'Sj/Lj) } :
seN

s = (s1,52,53) € (NU{0}) x N?, the ground-state energy: € 1 1).

14
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3.3 For pp(B,0) = €1,1) — AL(B,0), the Ap(B,0) > 0 is a
unique solution of the equation:

NS 3 NS ’
0= Z w1 L(i.u> 4 Z w1 L(ﬁLN)’
243 s#(s1,1,1) 243

Ns(B,p) = (ePles=) —1)71 wy :=h/(mL?) and Ly = Lz = L.
3.4 Similar to SLAB, for any sy >0 and 4 <0

NS(B):U) —
LoLs

s=(s1,1,1)

o(Bp) = lim 3w

PLE=00 o (101,1)
1 /ood d2k
2m2Jo P Jr2 BUw+I2K22m—p) _ 1
The first critical density is finite: oc(8) = sup,<oo(B,u) =
o(B,n =0) < co.

15
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3.5 For o > oc.(B) the limit L — oo of the first sum in 3.3

lim Z W]_NS(ﬁ”LLL) —

Lqi,L—o0 LoL3

S:(Slalal)

lim —/OO dp _
L—oo L2 Jo eB(hw+Ar(Be) — 1

lim In[BA l=p- .

M RaL2 [BAL(B, 0)] 0 — 0c(8)
This gives the asymptotics : Ar(8,0) = 31 ¢—hBle—ec(B)L
3.6 Let Ly := Le", ~ > 0. Then, similar to SLAB, the

representation of the limit in 3.5 by the integral is valid for
hB(o— 0c(B)) < 2+ and we reach to necessity of the second crit-

ical density om(8) := 0c(8) + 2v/(hB).
3.7 The rest of scenario is identical to the case of the SLAB.

16
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3.8 Remark 3.3 (CIGAR) A "cigar’-type geometry is ensured
by the anisotropic harmonic trap:

N=1
T/(\ ) = —h2A/(2m) + > mw?:r;]Q-/Q :
1<5<3
with wy = h/(mL?), wp = w3z = h/(mL?). Here Ly1,Lr = L3 =1L
are the characteristic sizes of the trap in three directions and the

spectrum ns = Zl§j§3 hw](sj -+ 1/2).
3.9 For pur(B,n) := 1(0,0,0) — A7 (B,n) and factor k > O:

lim > k3wiwowzNs(B, pr) =
Lil=eo  (10,0)
. k3R _1
lim 5IN[BAL(B,1)]”" =n —nc(B).

L—oo B(mL?2)

17
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3.10 Again the first critical density n<(8) := n(3, . = 0) is finite:

n(Bp) = lim 3 KPwiwpwpNs(B,p) =
L _>OOS7+_(317070)

/ ﬁ;3dw1dw2daJ3

RS, eBl(witwotws)wl — 1’

and asymptotics:
A(B,n > ne(B) = gL e BnmneBNMALY/ () L
3.11 If Ly := Le'L*, 5 > 0, then the second critical density:
nm(8) := ne(8) + (Fhx3)/(Bm?) .

is defined by the standard argument of the energy level spacing.

18
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3.12 Bose-condensation (CIGAR) For n.(8) < n < nm(B) we
obtain the type III vdBLP-GC, when none of the single-particle
states are macroscopically occupied:

3
T R~ WiwWow3 .
ns(Byp) = Iim Gy —1 O

Although for n,,(8) < n there is a coexistence of the type III
vdBLP-GC, with the saturated constant density nm,(8) — ne(3),
and the standard BEC (type I vdBLP-GC) in the ground-state:

K3 wiwow3

>0 .

n—nm(B) = lim B0.0.0)—rLBm)) _ 4

19
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4. Temperature Dependence of the Bose-Condensate
4.1 The first critical temperatures: Te(p), Te(p) or Te(p) are
well-known. For a given density p they verify the identities:

P — PC(ﬁc(P)) y O — Qc(ﬁc(Q)) , N — nc(ﬁc(n)) 3
respectively for slabs, squared beams or " cigars”.
4.2 Since p(B) =: T3/21,, 0c(8) =: T? Iy, ne(B) =: T3 I.4, the
expressions for the second critical densities one gets relations
between the first and the second critical temperatures:

3/2<p> + 712 Tou(p) = T2/%(p) (slab) ,
T2 (0) +7 Tm(o) T7(0) (beam)
T3 (n) + 72 Tm(n) = T3(n) (cigar) .
T = [amkp/(7h2I)]?, 7 = 2vkp/(hly), 7 = [(Fhx3kp)/(m21e)]Y/?
are ""effective” temperatures related to the corresponding geo-
metrical shapes.

20
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4.3 Since the total condensate density is p — pc(B) = po(B) =

poc(B) + pom(B), where pg,,(8) = (p — pm(B)) 0(p — pm(B)), the
second critical temperature modifies the usual law for the con-

densate fractions temperature dependence.
4.4 For the type III vdBLP-GC, pg.(3), in the SLAB geometry:

poc(B) _ | 1—(T/1e)32, T <T<Te,
o | VrT/T? T< Ty .

For the BEC (type I vdBLP-GC) in the ground state pg,,,(8):
pom(B) _ [ O, T < T < T,
o | 1—=(T/T.)32(1 4 \/7/T), T < Tm,

The total condensate density pg(3) := poc(8) + pom(B) results
from coexistence of both of them: this gives the standard PBG
expression po(3)/p =1 — (T/T:)3/2.

21
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4.5 For the "cigars” geometry the type III vdBLP-GC rg.(3):

noc(8) _ [ 1—(T/Te)3, T <T <Te,
72 T/T3 , T < Ty .

The ground state conventional BEC is

n

nmﬂﬂ_{o, T <T < T,
n

1= (T/T)3(A +72/T?), T < Tim,
and again for the two coexisting condensates one gets a standard
expression:

n —ne(B8) 1= ng(8) = n9c(8) + nom(8) = (1 — (T/T)3?)n .

22
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5. Anisotropy and Localisation

5.1 Global Scaled Particle Density :

s A(L1u1, Lougp, Laug)|?
65(58_,“) —1

Y

Ep(u) =)

S
with the scaled distances {u; = z;/L; € [0,1]},=123.
5.2 For a given p in the slab geometry

1 d=3 o

slab -
) =2 50 G 1 L H T

= [sin(msju;)]?.

J

Since 2[sin(rs;u;)]? = 1—COS{(27r3j/Lj)uij} and lim; .. ur.(B,p <
pc(B)) < 0, by the Riemann-Lebesgue lemma we obtain that
lim; oo 58lab(u) = p for any u € (0, 1)3.

24
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5.3 If p > p(3), then for any u € (0, 1)3:

Lll—>moo 2. eBes—up(B,0)) — 1 1:[ f[sm(mjuj)]
3:(8178271) ‘7_1 J

_ im 2[sin(7W3)]2/ [12_; (1 — cos(2kju;L;)d?k
 Looo  (2m)2L JR2  B(R2k2/2m+AL(B0) — 1
= (p— pe(B)) 2[sin(ru3z)]” ,

1 =32

lim Z — H —[sin(7s u)]2
L—o0 S#(Sl,SQ,l) 616(68 ,U'L(/87p)) — 1 ]:1 L] JI
= pc(8))

= &519u) = (p— pe(B)) 2[sin(muz)]? + pe(B) |

which manifests a space anisotropy of the type III vdBLP-GC
for pc(B) < p < pm(B) in direction us.

25
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5.4 For p > pm(B) one has to use representations and asymp-
totics from 2. Then

3
&b w) = (p— pm(B)) [ 2[sin(mu)]? +

J=1
(pm(B) — pe(B)) 2[sin(muz)]? + pe(B)
So, the anisotropy of the space particle distribution is still only in
direction uz due to the type III vdBLP-GC (" quasi-condensate” )

(pm(B) — pe(B)). The input of the standard type I vdBLP-GC
(one mode BEC) (p — pm(B)) is isotropic.

26
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6. Coherence Length and Anisotropy

6.1 ODLRO kernel:

. : 53 /\(CB)gbs /\(y)
K = |lim K = Iim ’ ’ .
() o= im KaGz9) = im D 5 G — 1
Let us center the box A at the origin of coordinates: z; = z; +
L;/2 and y; = y; + L;/2. Then the ODLRO kernel gets the

form:

Kn@, i) = Y ePeltn) gi2) git)
=1

27
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6.2 Here after the shift of coordinates and using additive form
of the spectrum we put

R(2) (56(2) ~(2)) _

S e e Gsq.55 NF1, T2) bsy 5o A(T1, T2)
s=(s1,52)
-~ - _ 2 . S
(33, 73) = > e e \/L—S'n(% T3 ))
82(83) 3 3

x\/ZSIn<”3<y3 + 22y .

6.3 By the Weyl theorem one gets for the first two directions:

im R @, 52 = R e Y
L—00 ’ ING

28
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6.4 For exponentially anisotropic box and for pe(3) < p < pm(B)
we must split the sum over s = (s1,s2,s3) in 6.1 into two parts:
sum over s = (s1,s2,1) and the rest. For the first sum by 6.3
we obtain:
©.@)

lim Z elﬁﬂL(ﬁap) Z €_l6831,32,1 X

L—o0
(=1 s=(s1,52,1)
X¢81,82,1/\(§) ¢31,82,1/\(g) —

o0 ~ ~
lim Z e—lﬁAL(ﬁyl))i 6_77||x(2)_y(2)”2/l>‘% X
=1

L—o00 l)\%
2 . T, L T L
Xzs'n(z($3+§))5'n(z(y3+§)) :

29



Optical lattices and Bose gases - Warwick 2010

6.5 For the second part we apply the Weyl theorem for 3 com-
ponent function:

lim i !B (B,p) Z o lBEs

L_>OOl:1 S#(8178271)
— _ _ S0 1 a2 l>\2
><¢s,/\(m) ¢S,A(y) — Z 3 € mliE=gll*/ b
[=1""3

6.6 Since A (B,pc(B) < p < pm(B)) — 0,L — oo, the change
| -1 A;(B,p) in 6.4 gives the integral Darboux-Riemann sum,
where [|7(2) — §(2)]|2 is scaled as ||7(2) — 52|12 AL (8, p).

6.7 Definition 6.1 The coherence length L., in direction per-

pendicular to z3 is L., (3,p)/L = Agl/z(ﬁ,p). A similar argu-

ment is valid for p > pm(B) with obvious modifications due to
BEC for s = (1,1,1) and adapted asymptotics for A (G, p).

30
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6.7 To compare L.,(3,p) with the scale L1 o = Le®L we define
the critical exponent ~(T, p) such that

Nim (La(8,p)/D)(L1 /L)) =1
Then

V(T,p) = A5 (p—pc(B)/2a , pe(B) < p < pm(B)
= 23 (pm(B) — pe(B)) /20, pm(B) < p .

For a fixed density, taking into account temperature dependence
of condensates we find the temperature dependence of the ex-
ponent ~v(T") := ~(T, p), see Fig:

(T) = JT/7r {(T.)T)3? -1}, Tjn < T < T. ,
1, T< Ty . (2)

31
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6.8 Notice that in the both cases the ODLRO kernel is anisotropic
due to the type III condensation in the states s = (s1,s9,1),
whereas the other states give a symmetric part of correlations,
which includes a constant term p.(3).

6.9 Numerically, for L1 = Lo, = 100um, L3z = 1pum and Ty, <
T = 0.757, the coherence length of the condensate is equal to
2.8um < 100pum. This decreasing of the coherence length for
T. < T < Ty, is experimentally observed (2003).

32
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Thank you for your attention !
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