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Abstract We consider the issue of how to read out
the information from nonstationary spike train ensem-
bles. Based on the theory of censored data in statistics,
we propose a ‘censored’ maximum-likelihood estima-
tor (CMLE) for decoding the input in an unbiased way
when the spike activity is observed over time windows
of finite length. Compared with a rate-based, moment
estimator, the CMLE is proved consistently more effi-
cient, particularly with nonstationary inputs. Using our
approach, we show that a dynamical input to a group of
neurons can be inferred accurately and with high tem-
poral resolution (50 ms) using as few as about one spike
per neuron within each decoding window. By applying
our theoretical results to a population coding setting,
we then demonstrate that a spiking neural network can
encode spatial information in such a way to allow fast
and precise tracking of a moving target.

1 Introduction

How to read out information from neural spike activ-
ity is a longstanding issue in Neuroscience (Feng 2004;
Gerstner and Kistler 2002; Sanger 2003). Answering this
question has more than a purely theoretical interest in
view of potential applications of neural decoding tech-
niques, for instance in neuroprosthetics (see Brown et al.
2004 and references therein). Assuming that sensory
inputs are encoded into noisy, nonstationary spike train
ensembles (Harris 2004; Raffi and Siegel 2005; Schaette
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2005; Shadlen and Newsome 1998), the brain must be
able to read out this information quickly enough if a
prompt response is required. Indeed, as the time avail-
able for decoding gets shorter, any internal representa-
tion of a stimulus becomes less accurate in the presence
of noise. This inevitably affects any further processing
and eventually degrades the final response. It is impor-
tant, therefore, to provide theoretical bounds for the
accuracy and the rapidity with which the information
can be extracted from a neural system.

From a theoretical viewpoint, the chance of achieving
a more or less accurate readout depends on both the sta-
tistical features of the spike activity given the stimulus
(the encoding model), and the inference method used to
extract the information (the decoding strategy). It is well
known that maximum-likelihood estimation provides an
optimal decoding strategy given exact knowledge of the
encoding model, e.g. a parametric expression for the in-
tespike interval probability density. Unfortunately the
latter may be obtained analytically only for simple neu-
ronal models, whereas in the general case one has to
resort to a semi- or to a nonparametric approach.

Notably, in Feng and Ding (2004) the authors derived
a maximum-likelihood estimator (MLE) for the input
to a leaky integrate-and-fire model. However, such esti-
mator is biased when interspike intervals are collected
during trials of finite length, reflecting the so-called cen-
soring of the data. Since in a real-world setting the time
available for decoding the stimulus is always limited,
a similar problem would generally affect any decoding
scheme based on interspike intervals. On the other hand,
being able to estimate a rapidly shifting stimulus with the
most accuracy, clearly represents an advantage for sur-
vival, and it is reasonable to assume that real nervous
systems have developed efficient strategies to solve this
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problem in the course of evolution. Indeed, psychophys-
ical experiments have shown that efficient computations
can be performed in the cortex during time windows so
small that each neuron may fire only once (Rolls and
Tovee 1994; Thorpe 1996).

Methods for the analysis of censored data have long
been considered in statistics, particularly in survival anal-
ysis (see Klein and Moeschberger 1997), but applica-
tions to neuroscience have only been limited to date.
Here, we present a ‘censored’ maximum-likelihood esti-
mator (CMLE) for decoding spike train ensembles
within finite time windows. The CMLE largely removes
the bias from the standard MLE, and is proved more effi-
cient than the simpler moment, or rate-based, estimator
(ME) which is commonly employed in the artificial neu-
ral network theory. This means that using CMLE one
can retrieve a signal more accurately using the same
amount of resources, i.e. number of neurons and time.
We illustrate this approach in Sect. 3.2, showing that a
time-dependent input signal can be decoded accurately
from an ensemble of 100 spiking neurons, using time
windows that comprise only about one spike per neuron
on average.

Next, we extend our approach to a population coding
setting. In particular, we consider a tracking task where
the position of a moving target has to be determined
based on the spike activity elicited in a population of
spatially tuned neurons. To evaluate how efficiently spa-
tial information can be encoded in such a spiking neural
network, we consider an optimal decoding strategy
based upon CMLE, and compare it with the one based
on ME. A movie showing the behavior of our model
is available at http://www.dcs.warwick.ac.uk/∼feng/
papers/tracking.avi.

2 Methods

We consider a system of leaky integrate-and-fire (LIF)
neurons of parameters Vthre (threshold potential, rel-
ative to rest), and γ (membrane time constant) (Feng
2004). The synaptic input is modeled by the Gaussian
process

dIt = μdt + σdBt (1)

where

μ = aλ(1 − r), σ = a
√

λ(1 + r) (2)

with Bt a standard Brownian motion, independent for
each neuron. According to the usual approximation
(Tuckwell 1988), this is equivalent to considering a set
of independent Poissonian excitatory and inhibitory

inputs (EPSPs, IPSPs) of individual size a, and total rates
λ and rλ.

The excitatory input rate λ, is assumed to encode a
generic time-dependent stimulus. Additionally we
require that the total input be balanced at all times, i.e.
that its mean is constant and equal to μ = Vthre/γ . The
balancing condition is enforced by adjusting the inhibi-
tory input rate dynamically (push–pull effect) according
to

r(t) = 1 − Vthre

λ(t)aγ
(3)

In the sequel, we will refer to the model just described as
the LIF model. Note that, for the input to be balanced,
the condition λ(t) ≥ λ0 = Vthre/aγ must hold at all
times, i.e. all neurons are subject to a noisy background
input even in absence of any specific stimulus.

2.1 Censored maximum-likelihood estimate

According to Feng and Ding (2004), the probability den-
sity of the interspike intervals generated by the LIF
model is

pλ(ξ) = 2σ 2Vthre exp(−ξ/γ )
√

π [σ 2γ (1 − exp(−2ξ/γ ))]3
·

exp

[
− (Vthre)

2 exp(−2ξ/γ )

σ 2γ (1 − exp(−2ξ/γ ))

]
(4)

where σ is intended to depend on the λ as in Eq. (2). It
is worth noting that the probability distribution of the
ISI generated by the LIF model can be given in closed
form only if the balancing condition, Eq. (3), holds. A
plot of the distribution (4) is shown in Fig. 1. Given
the observed interspike intervals {ξi : i = 1, . . . , N}, the
log-likelihood of the data is simply

L =
N∑

i=1

log pλ(ξi) (5)

hence the MLE of λ is

λMLE = argmaxλ

N∑

i=1

log pλ(ξi) (6)

Notably, a solution λMLE of Eq. (6) can be given in closed
form as

λMLE =
∑N

i=1 fa(ξi)

N
+ Vthre

2aγ
(7)

where

fa(x) = Vthre exp(−2x/γ )

a2γ (1 − exp(−2x/γ ))
. (8)
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Fig. 1 The histogram of the ISIs generated by the leaky inte-
grate-and-fire (LIF) model (a = 0.5 mV, γ = 20 ms, V = 20 mV)
is compared with the expected frequencies obtained by the the-
oretical distribution Eq. 4 (blue). The histogram was constructed
from 10,000 events; bin size is 1 ms
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Fig. 2 Decoding a dynamical signal from a population of spiking
neurons. A signal is encoded in the time-dependent rate λ(t) of the
synaptic inputs to a population of N integrate-and-fire neurons.
For each decoding time window (dotted line boxes), a ‘censored’
maximum-likelihood estimate of the input, λest(t), is obtained in
terms of the regular and truncated interspike intervals pooled
across the whole neuronal population

When spike trains are collected during time windows
of length T < ∞, the estimator (6) is biased, as clearly
shown in Feng and Ding (2004), Fig. 5.

For a given estimator λ̂, we define the relative bias as
ε(λ̂) = E((λ̂ − λ)/λ). A lower bound for ε(λMLE) can
then be obtained from (8). As shown in Fig. 3, λMLE
dramatically overestimates inputs of small λ with short
decoding windows.

In order to include the effect of censoring and remove
the bias, the likelihood model Eq. (5) must be modified.
Consider a set of N neurons, and let {tki }, i = 1, 2, . . ., be
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Fig. 3 A lower bound for the relative bias of the standard max-
imum-likelihood estimator in presence of censored observation
(Tw = 25 ms). Notice the strong bias with small signals

the spike times recorded in the interval [t, t+Tw] for neu-
ron k = 1, . . . , N. For simplicity of notation we shift the
time axis so that t = 0 in the following. Two sets of inter-
vals are introduced: the ‘regular’ interspike intervals, for
which both the start and the endpoint are observed, and
the ‘censored’ interspike intervals, for which the end-
points exceed the recording window and are replaced
by T. We indicate these two sets by {ξi}i∈R, and {ξi}i∈T ,
respectively.

To illustrate the censoring approach, we consider first
the case where (at most) the first two spikes are recorded
for each neuron. This parallels the typical setting in sur-
vival analysis, where a study is allotted a fixed start and
end time, say [0, T], and each patient may enter the study
at a random time t1 ∈ [0, T]. In our case, the finite time of
observation and the random occurrence of the first spike
within the interval determine what is known in statistics
as type I random right-censoring, meaning that only the
minimum between the true interspike interval and the
random time T − t1 can actually be observed. It is impor-
tant to note that, in the particular setup considered here,
censoring is noninformative about the distribution of the
true interspike interval, whereas in a survival study cen-
soring of the patient’s lifetime, e.g. due to the patient
dropping out of the study, may be due to causes that are
not independent from the latent process under obser-
vation and bring some information about it. Under the
hypothesis of noninformative censoring, the log-likeli-
hood of the data conditional to the censoring times can
be written as (Andersen et al. 1993)

L =
∑

i∈R

log pλ(ξi) +
∑

i∈C

log Sλ(ξi) (9)
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where we have introduced the survival function

Sλ(t) =
+∞∫

t

pλ(t′)dt′.

Accordingly, we define the censored maximum-likeli-
hood estimator (CMLE) of λ as

λCMLE = argmaxλ

[
∑

i∈R

log pλ(ti) +
∑

i∈C

log Sλ(ti)

]

(10)

Since the survival is a monotonically decreasing function
of λ, the additional ‘censored’ term in the likelihood
shifts the estimates toward zero, partly removing the
positive bias. In fact, such censored estimator is known
to be asymptotically unbiased in the limit of large sample
size.

A problem with the application of the interval-based
decoding methods arises when all observations are cen-
sored. Indeed, the probability of this event is finite for
samples of finite size, and increases with short decoding
windows and/or small signal rates. In this case, the cen-
sored log-likelihood is maximized for λ = λ0/2, which
corresponds to a degenerate distribution of interspike
intervals (σ = 0). Such “degenerate” estimates can be
avoided by introducing a suitable penalising term in the
likelihood; see e.g. Pettitt et al. (1998). However, in this
study we simply discarded these trials for analysis when-
ever they occurred.

The censored approach described above is clearly
inefficient, since it generally ignores a great deal of infor-
mation contained in the spike train ensemble. In order
to improve efficiency, one could include the distribu-
tion of the censoring time in the likelihood. However, a
closed form for the distribution of t1 in terms of inters-
pike interval density is obtainable only in the stationary
case (Gnedenko et al. 1969), which makes such approach
unsuitable in a time-dependent setting.

Ideally, we would like to use all the information avail-
able in the spike train ensemble, including all the regu-
lar and censored intervals. Studies that involve similar
recurrent event data are common in reliability and sur-
vival analysis studies, e.g. when monitoring the status of
a repairable system, or keeping track of hospitalization
visit of a patient with a chronic disease.

We suggest that an unbiased estimator can be ob-
tained by maximizing the censored likelihood Eq. (10)
including the whole set of interspike intervals. Arguably,
such approach would neglect the informative censoring
resulting from the particular data accrual scheme (Hol-
lander and Pena 2004). However, we conjecture that in
our case this would simply affect the variance of the
censored estimator, not on its bias. In the Appendix we

report a simple proof of the unbiasedness of the CMLE
in the Poisson case. A rigorous approach to this problem
demands a more delicate treatment and will constitute
the object of a further study.

2.2 Moment estimate

Consider an ensemble of q neurons and let {tki }i =
1, . . . , q, k = 1, 2, . . . be their spike times. Assuming that
the interspike intervals ξk

i = tk+1
i − tki are i.i.d. random

variables, with probability density pλ, the spike counts
Ni,t = ∑∞

k=1 χ(tki < t) form a set of independent renewal
processes, where we defined, for a statement S, χ(S) = 1
if S is true, χ(S) = 0 otherwise. Thus, from the Renewal
Theorem we have for T > 0

E
[

Ni,t+T − Ni,t

T

]
t→∞−→ 1

E[ξ |λ] (11)

where

E[ξ |λ] =
∞∫

0

ξpλ(ξ)dξ . (12)

That is, when averaging across many trials, the spike rate
becomes asymptotically stationary and converges to the
inverse of the expected ISI. Using the ensemble average
of the spike rate to estimate the expectation in the right-
hand side of (11), and assuming that t is large enough for
the ensemble to be considered ‘at the equilibrium’, we
can then write the following equation for the Moment
Estimate of the input (λME),

1
q

q∑

i=1

Ni,t+T − Ni,t

T
= 1

E[ξ |λME] (13)

The function

λout = F(λin) := 1
E[ξ |λin] (14)

defines the input–output relationship of our system; see
Fig. 4. Notice that, whereas in artificial neuronal net-
works the output firing rate is given as an heuristic (sig-
moidal) function of the input, for the LIF model the
input–output relationship can be obtained exactly from
the probability distribution of the interspike intervals.

It is evident that λME is biased for q < ∞. Indeed,
since φ = F−1 is nonlinear we have

E[φ (
fT,p

)] �= φ(E[fT,p]) (15)

where we denoted with fT,p the ensemble average of the
spike rate and we dropped the dependency on t. Using a
Taylor expansion to approximate φ

(
fT,p

)
, it can be seen

that the leading term in the bias (of order 1/p) is positive
and decreasing with T.
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Fig. 4 The input–output relationship for a leaky integrate-and-
fire neuron with balanced input, Eq. (14). Values are obtained
for a = 0.5 mV, γ = 20 ms, V = 20 mV. The dashed line at λ =
Vthre/aγ marks the minimum value of the excitatory input com-
patible with the balancing condition

In theory, a suitable hierarchy of neural observers
may learn the nonlinear relationship between λ and
E[λME], in order to obtain as output an unbiased esti-
mate of the input. However, as we will see in next sec-
tion, such approach would become substantially more
involved in the time-dependent case where a static map-
ping between λ and E[λME] may no longer be definable.

3 Results

To first illustrate the behavior of the CMLE estima-
tor in a renewal case, we report the results of a sim-
ple Monte Carlo study. Here, we generated ensembles
of N spike trains, with inter-event times drawn from a
Gamma distribution of mean μ = 42 ms, and standard
deviation σ = 22 ms (these values were obtained by fit-
ting a sample of interspike intervals generated by the
LIF model with λ = 6 kHz). The series of event times
were parsed into time windows of T = 25, 50, 100 ms for
analysis. Assuming σ known, we estimated the param-
eter μ using three different models: a standard likeli-
hood model based exclusively on the regular intervals
(Model A); a censored likelihood model including only
the first interval (Model B); and a censored likelihood
model including all observed intervals (Model C). In
Table 1 we reported the mean and SD of the estimates
computed over a set of 1,000 trials. It is apparent the
strong bias obtained with the standard model (A) is
substantially reduced by the censored models (B and
C). Both censored models tend to become unbiased for

Table 1 Compared maximum-likelihood estimates of the ex-
pected inter-event time μ for a renewal process of inter-event
distribution Gamma(μ,σ ), with μ = 42 ms, σ = 22 ms

Tw N Model A Model B Model C

100 10 36.30 ± 4.61 42.62 ± 6.92 42.93 ± 5.16
100 100 35.73 ± 1.36 42.10 ± 2.06 42.14 ± 1.52
100 1,000 35.62 ± 0.43 42.01 ± 0.66 42.04 ± 0.47
50 10 29.20 ± 7.36 43.63 ± 9.11 45.63 ± 8.68
50 100 27.53 ± 1.95 42.13 ± 2.75 43.02 ± 2.59
50 1,000 27.43 ± 0.61 42.00 ± 0.86 42.29 ± 0.80
25 10 34.10 ± 12.48 31.57 ± 5.45 35.89 ± 4.82
25 100 19.17 ± 4.25 43.17 ± 5.51 45.15 ± 5.40
25 1,000 18.55 ± 0.89 42.11 ± 1.59 42.59 ± 1.57

Reported values are mean ± SD of the estimates calculate over
1,000 trials. Individual estimates were computed after parsing an
ensemble of N independent realizations of the process, into 1,000
consecutive windows of length Tw. For Model A, the estimates are
computed using only the regular intervals observed within each
window; Models B and C use a censoring correction to account
for the finite window size, but B uses only the first interval in each
window. The parameter σ is assumed known for estimation

large samples, although with the shorter time window,
the full censored model (C) still retained a statistically
significant bias at N = 1,000.

3.1 Time-independent signal

We now consider the case of the LIF model with a con-
stant input. Spike data were generated by simulating the
activity of N = 100 leaky integrate-and-fire neurons in
response to the input (1) with λ constant. The parame-
ters used for simulation are Vthre = 20 mV, γ = 20 ms,
and a = 0.5 mV; the membrane potentials at time zero
were drawn from a uniform distribution in [0, Vthre].
The time step for numerical integration was 1 μs. The
amplitude of the input λ was varied from 2 to 20 kHz in
successive trials. For each trial, the spike train ensem-
ble {tji}, i = 1, . . . , N, j = 1, . . . , ni, was parsed into 1,000
consecutive windows of length Tw. For each window (for
ME), or whenever at least one interspike interval was
observed (for CMLE), we calculated the estimates of
the input and their relative bias.

The box plots of Fig. 5 summarize the observed dis-
tribution of the relative bias for CMLE (left) and ME
(right) with varying stimulus amplitude and window
lengths. The CMLE appears to largely overestimate in-
puts of low amplitude with short decoding windows. No-
tice that for λ = 2 kHz the CMLE could be calculated
only on 2% of the trials, given the low mean spike count
per window (n̄ = 0.440 ± 0.0492). For λ = 4 kHz the
percentage of accepted trials increased to 67%, and was
above 99% for λ ≥ 6 kHz. For T = 50, 100 ms, all the
trials were accepted. With increasing input level the bias
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Fig. 5 Decoding a constant stimulus: the relative bias of censored
maximum-likelihood estimator (CMLE; left) and ME (right). The
box plots have lines at the lower quartile, median, and upper quar-
tile values, while circles indicate the mean. The whiskers extend to

the most extreme data value within 1.5 of the interquartile range
of the box; outliers shown as dots. Results are obtained for decod-
ing windows of lengths 100 ms (top), 50 ms (middle) and 25 ms
(bottom)

of CMLE decreases rapidly, and it becomes negative at
high input levels for all the window lenghts considered.
Comparing with the example at the end of Sect. 2.1, we
note that such small negative bias seems to be charac-
teristic of the censored estimator at finite sample sizes.

The average bias for ME is always positive with T =
25 ms, in agreement with what anticipated in Sect. 2.2,
and decreases monotonously from about 6 to 0.25% in
the range considered. For T = 50, 100 ms, the bias tends
to become negative (about 1%) at high input levels.
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Fig. 6 Decoding a constant stimulus. The relative error of CMLE and ME, defined as SD(λ̂)/λ. Results obtained for Tw = 100 ms (left)
and Tw = 50 ms (right)

In Fig. 6 we reported the relative error of the two
estimators measured by the ratio SD(λ̂)/λ for T = 50,
100 ms. As expected, the CMLE is more efficient than
ME in the whole stimulus range. Also notice the rela-
tively weak dependency of the error on the input. This
result is due to the balancing of the input which partially
rectifies the input–output relationship of the system.

We stress the fact that, in the definition of the Moment
Estimator, Eq. (13), the ensemble average of the spike
rate is assumed to be stationary, i.e. the renewal process
is considered at the equilibrium. Only under this condi-
tion, the ME is asymptotically unbiased. In the nonsta-
tionary case, estimates obtained by ME may show even
a large bias depending on time and on the distribution
of membrane potentials in the ensemble. Assume, for
instance, that all neurons are at their resting potential at
time t = 0. Measuring the ensemble spike rate in [0, T],
with T much smaller than the ‘typical’ ISI, we would
obtain a much smaller value than what expected from
the Renewal Theorem. This reflects the fact that, for the
LIF model, the hazard of emitting a spike goes to zero at
small intervals. Therefore, the ME would dramatically
underestimate the input under such conditions. On the
other hand, if the initial distribution for the membrane
potentials is skewed toward the threshold, there would
be an excess of spikes in the early phase of the dynamics
compared with the stationary case, thus the ME would
overestimate the input. Since the effect of the initial con-
ditions on the dynamics is eventually dampened by the
noisy input, the distribution of the estimates, hence the
expected value and the bias of the estimator, converge in
the long run. In the language of statical physics, we could
say that the ME cannot provide any consistent estimate
of the stimulus unless the system is ‘thermalized’.

To further illustrate this issue, we generated new spike
train ensembles by holding the stimulus constant, but
randomizing the membrane potentials every 25 ms to
uniformly distributed random values in [0, Vthre]. In this
way we prevent the system to relax to the equilibrium
state. The box plots of Fig. 7 summarize the distribu-
tion of the relative bias for CMLE and ME obtained
under this conditions. While for CMLE we observed no
significant change compared with the equilibrium case,
for ME we obtained a strongly input-dependent bias,
with small signals being underestimated and large sig-
nals being overestimated. This behavior is predictable
on the basis of the equilibrium distribution of mem-
brane potentials, which is shown in Fig. 7 (top). Indeed,
for λ ∼ λ0 the uniform distribution has an excess of
neurons near the resting potential and a lack of neu-
rons close to threshold compared with the equilibrium
distribution, hence it would lead to a reduction in the
number of spikes. With signals of increasing amplitude,
instead, the situation is reversed, as neurons are found
farther from the threshold in a thermalized rather than
in a uniformly distributed ensemble.

3.2 Time-dependent signal

We now turn to the time-dependent case. For simplicity
we consider a piecewise constant random signal of the
form,

λ(t) =
N∑

j=1

λjχ(t ∈ Ij) (16)

where λj, j = 1, 2, . . . are independent, identically dis-
tributed random variables, with uniform distribution in
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Fig. 7 Top The asymptotic distributions of membrane potentials
for the LIF model at various input rates λ0 = 2 kHz, λ1 = 10 kHz
and λ2 = 20 kHz. The histogram is constructed on a sample of
105 neurons; bin size is 0.25 mV. The convergence to equilibrium
is evaluated by comparing the transformed distributions after
25 ms of dynamics by means of a nonparametric rank sum test.

Bottom The relative bias of CMLE (left) and ME (right) obtained
with a 25 ms-decoding window under conditions of nonequilibri-
um. Here the membrane potentials of all neurons in the ensemble
were reset to uniformly distributed random values in the interval
[0, Vthre] at the beginning of each window

[λ0, λ1] with λ0 = 2 kHz, λ1 = 5λ0, and Ij = {t : (j − 1)

Tw ≤ t < jTw}. Spike time data were generated for
Tw= 25, 50, and 100 ms, during trials of length 2.5, 5,
and 10 s, respectively, in order to compare the same
number of intervals. In the decoding phase, the input
is estimated at times tj = jTw by applying CMLE on the
interspike intervals observed during the preceding win-
dow Ij. Finally, we computed the average estimating

error over the trial, E = 1
N

∑N
j=1

|λ̂j−λj|
λj

.

Figure shows snippets of the actual and reconstructed
signals for Tw = 50, 100 ms. In Fig. 8 (bottom left)
we reported the obtained reconstruction errors
(mean ± SEM) at different window lengths. Our results
indicate that, already with a 50 ms window, the ran-
dom signal can be reconstructed with about 90% accu-
racy, in spite of the few spikes observed on average
within each decoding window (n̄ = 1.21; see Fig. 8, bot-
tom right). Interestingly, although with a 50 ms window

we observed less than one regular interval per neuron
on average, a decoding scheme that employed all the
interspike intervals led to 20% reduction in the error
compared with a scheme that uses only the first in-
terspike interval. The CMLE was found to about 50%
more accurate than ME in such dynamical setting. Also,
while the error for CMLE was comparable with the
average (absolute) bias obtained in the stationary case
(0.100 ± 0.077 vs. 0.101 ± 0.034, mean ± SD, Tw =
50 ms), for ME the former was significantly larger than
latter (0.20 ± 0.14 vs. 0.138 ± 0.053). This result reflects
the increased variability of the moment estimator when
it is applied to neuronal ensembles that are not in an
equilibrium state. Finally we note that, while the method
used in Feng and Ding (2004) requires an offline step
to correct the bias, the present method takes into ac-
count the effect of the finite-time sampling already in
the expression of the likelihood, and therefore allow
decoding on line.
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Fig. 8 Decoding a time-dependent stimulus. Top The actual
(circles) and estimated (squares) stimulus values, obtained for
Tw = 100 ms (left), and Tw = 50 ms (right); lines have been added
for visual clarity. Bottom left The reconstruction error (average

over 100 points) obtained for different window length; bar are
SEM. Bottom right The mean spike counts obtained for a 50 ms-
time window

3.3 Tracking a moving stimulus

In the previous examples, we assumed that all neurons
shared an identical response to the same input. How-
ever, the brain is known to make a wide use of ‘pop-
ulation codes’, where neurons with different responses
are involved collectively in the representation of the
same stimulus. This is reflected for instance in the colum-
nar organization of the visual cortex. Neurons in V1
are organized in position columns, with small receptive
fields localized at specific locations in the visual space.
The structural arrangement of these columns of neu-
rons is such that moving horizontally through the cortex
there is a smooth progression of visual field position ver-
sus cortical position, so to form a topographic map of
the visual space.

Here, we consider a spiking neuronal network which
resembles this structural arrangement. In particular, we
are interested in assessing how accurately a tracking

task can be performed when the spatial information is
encoded in such a network.

Our model system is composed of 1,000 neurons
grouped into p = 10 columns of 100 neurons each. The
parameters of the neuron are as above. The target is rep-
resented by a point object whose position is restricted to
the interval [0, L] of the x-axis. Given the target’s posi-
tion x ∈ [0, L], we assume that neurons in the ith column
receive independent synaptic inputs of rate

λ(xi; x) = λ0 + c · λ0exp
(

− (x − xi)
2

2σ 2

)
, (17)

where xi =
(

i + 1
2

)
· L/p are the columns’ field centers,

σ is the tuning width, assumed constant for simplicity,
and c is a scaling factor. This function defines the topo-
graphical map for our system. The setup is illustrated
schematically in Fig. 9. Note that the term λ0 in Eq. (17)
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Fig. 9 Tracking a moving target: schematic drawing of the setup.
Neurons are grouped into columns (boxes) and their response
tuned to specific locations along a segment (tuning curves, colored
dotted lines). The position of a moving target xs(t) is inferred from
the ensemble spike activity sampled during a short time interval.
An estimate of the input to each column, λ̂, is obtained from the
observed distribution of the interspike intervals (CMLE), or from
the mean spike count (ME). Finally, the reconstructed input pro-
file (bars) is fitted by a template curve (green dotted line, bottom)
to provide an estimate of the target location, x̂s(t)

ensures that each neuron maintain a background activity
even in absence of a target-related stimulus.

We further assume that the target position change in
time, according to

x(t) =
N∑

j=1

ξjχ(t ∈ Ij) (18)

where ξj are independent random variables uniformly
distributed in [0, L], and Ij = {t : (j − 1)Tw < t ≤ jTw}.
Thus, in this model the target ‘hops’ to a new random
position every Tw ms and remains still otherwise.

The tracking algorithm consists in two steps:

1. at time tj, the value of the input for each column
λi(tj) = λ(xi; x(tj)), i.e. the stimulus’ profile, is esti-
mated using CMLE/ME based on the spike activity
in the the preceding time window Ij,

λ̂i(tj) = λ̂(xi|{t} ∩ Ij), (19)

2. the target’s position is estimated by least-squares fit-
ting the tuning curve Eq. (17) to the estimated input
profile. That is, the final estimate of x(tj) is given by

x̂(tj) = argminx

p∑

i=1

[
λ̂i(tj) − λ(xi; x)

]2
. (20)

The last step corresponds to a Bayesian approach and
allows us to provide a smooth estimate of the target’s
position. We also considered a modified version of (20)
where less weight was put on more variable estimates,
i.e.

x̂(tj) = argminx

p∑

i=1

[
λ̂i(tj) − λ(xi; x)

]2

Var(λ̂i)
(21)

However, preliminary results indicated that such mod-
ification had no significant effect on the final position
estimate so it was not considered any further. Finally,
the tracking accuracy was assessed by the root-mean-
squared error,

E =
⎡

⎣ 1
N

N∑

j=1

(x̂(tj) − x(tj))2

⎤

⎦

1
2

. (22)

In Fig. 10 we show examples of actual and recon-
structed target trajectories for different time windows
and tuning widths. In agreement with the results of
Sect. 3.1, tracking accuracy was improved sensibly by
using CMLE for decoding instead of ME. In particu-
lar, using CMLE the target could be tracked accurately
already with a 50 ms time window.

Among the factors affecting the performance of such
a system, the role of the spatial sensitivity of the single
neurons has been widely discussed in the literature in the
past few years (Amari et al. 2005; Peng and Van Essen
2005; Paz et al. 2004). When the reconstruction error
was calculated as a function of the tuning curve width
σ , we obtained that the best performance was achieved
when the tuning width was set at about half the field
centers’ spacing; see Fig. 11.

Finally, we calculated the tracking accuracy as a func-
tion of the number of columns used for decoding. More
specifically, at each step only the stimulus estimates from
the q columns with the highest firing rates were used in
Eq. (20), and we allowed q to vary from 1 to p. Figure 11
shows the results obtained for a 100 ms-window. It is
found that tracking accuracy always increased by enlarg-
ing the pool of neurons involved in the readout. This
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Fig. 10 Tracking a moving stimulus. Snippets of the actual (blue
circles) and reconstructed trajectories (red squares), as estimated
using CMLE top, or ME bottom. Results are obtained with a tun-

ing width of σ = 1.5, and decoding windows of Tw = 100 ms (left),
Tw = 50 ms (right). The reconstruction error (E) is averaged over
40 trajectory points. All columns are used in Eq. (20)

result was independent on the estimator used for decod-
ing and the tuning curve width.

Finally, we modify our setup to allow for inhomo-
geneity in the neuronal population. In particular, we
assume that the thresholds, θ i, are distributed randomly
within the interval

[
Vthre(1 − δ), Vthre(1 + δ)

]
, with δ >

0. In a ‘mean-field’ approach, any estimate based upon
the output of such a population can be approximated
by considering a homogeneous population of threshold
θ = 〈θ i〉. Therefore, we expect that the previous find-
ings will not change in presence of small inhomogeneity.
Note, however, that the CMLE is no longer optimal for
δ > 0, since the actual distribution of the ISI collected
from an inhomogeneous population would differ from
that given by Eq. (4).

In Fig. 12 we plot the reconstruction error (relative to
the homogeneous case) as a function of the inhomoge-
neity parameter δ. Results are calculated for networks
of increasing inhomogeneity, set to the same tracking
task (σ = 1.5, Tw = 50 ms). The algorithm appears to

be robust with respect to the system’s inhomogeneity,
confirming the validity of the mean-field approach. How-
ever, while the CMLE-based algorithm is progressively
less accurate as the inhomogeneity increases, the recon-
struction error tends to decrease with the ME-based
approach.

4 Discussion

Although the problem of decoding neural activity has
received much attention in the literature, this is pos-
sibly the first paper where a truly statistical approach,
based on maximum-likelihood estimation, is employed
to evaluate how much information can be extracted
from spike train ensembles. So far, the only applica-
tion of such approach has been to cases where neurons
were described as following a Poisson spike statistics, an
approximation which is far from being satisfactory for
any real neuron.
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Fig. 11 Tracking a moving stimulus: comparison between the
CMLE (left) and the ME (right) approach. Top The reconstruc-
tion error as a function of the number of columns used in the least
square method, Eq. (20). The different curves plotted are obtained

for σ = 0.5, 1.0, 1.5, 2.0 (bottom to top) and a 100 ms-decoding win-
dow. Bottom The reconstruction error as a function of the place
field width (σ ). Results are obtained for Tw = 50, 100 ms

What has hindered the application of this approach
to more realistic settings, is the difficulty of deriving the
exact probability distribution of the interspike intervals
generated by even the simplest spiking neuronal mod-
els. A further obstacle is represented by the presence of
censoring in the data, due to the short time windows dur-
ing which spike trains can be reasonably approximated
as stationary when they are produced in response to
time-dependent stimuli.

Here, we have succesfully tackled the latter prob-
lem by introducing a ‘censored’ maximum-likelihood
estimator. This allows us to obtain unbiased estimates
of the input even when short windows are used for
decoding.

We have applied our approach to decode the spike
data generated by the leaky integrate-and-fire model
with balanced inputs, a model for which we could
obtain the interspike interval probability density in
closed form. Thanks to the higher efficiency of CMLE
compared with a rate-based estimator, the decoding

accuracy can be increased towards its theoretical limit.
In particular, we found that, with a population of 100
neurons and a time window of only 50 ms for decoding,
a dynamical stimulus can be read out with 90% accuracy,
using as few as about 1.2 spikes per neuron.

The potential of CMLE for decoding applications has
been illustrated in a simple tracking task. We found
that a rapidly moving target could be tracked accurately
using no other information than the spike activity elic-
ited in the network during 50 ms-time windows. This
confirms that, in spite of the noisy character of the indi-
vidual spike trains, the ensemble firing pattern in a spik-
ing network may contain enough information to allow
efficient computation.

It is arguable that real neurons would generate
interspike intervals that conform to the probability dis-
tribution used in this paper, although in many cases the
latter may provide a better approximation than other
models used so far in the literature, such as the expo-
nential, the gamma or the inverse Gaussian distribution.
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Fig. 12 Tracking a moving stimulus: inhomogeneous case. The
reconstruction error (relative to the homogeneous case) is plot-
ted against the population’s inhomogeneity parameter, δ. For any
value of δ, the neuronal thresholds are randomly distributed within
the interval

[
Vthre(1 − δ), Vthre(1 + δ)

]
. Results are obtained for

σ = 1.5, Tw = 50 ms, using CMLE (blue) and ME (red). Recon-
struction errors are averaged over 40 trajectory points for each
trial

However, regardless of how good our model is in approx-
imating real neurons, the results presented in the paper
clearly show the advantage of employing an optimal
decoding strategy based on the distribution of the inters-
pike intervals. To this regard, we speculate that brains
may have evolved similar strategies for decoding pop-
ulation codes. This might have pushed the decoding
accuracy beyond what is achievable using simple rate
codes, towards the theoretical limit illustrated here for
maximum-likelihood estimation.

As for the pratical applications of our decoding ap-
proach, we note that the censored maximum-likelihood
method does not depend per se on the actual distribution
of the interspike intervals. Obviously, when the latter is
unknown, one must resort to a model that approximates
the data, which may sensibly reduce the efficiency of the
estimator. In general, this requires fitting a paramet-
ric family of probability distributions, or a mixture of
them, to the interspike interval distributions observed
at varying values of the stimulus, taking into account
the presence of censoring as discussed in Rossoni and
Feng (2006). As a result, one obtains a map between
the parameters of the stimulus and that of the approxi-
mating distribution. Using such approximated encoding
model in the expression of the censored likelihood, the
time course of a stimulus can then be reconstructed from
the ensemble spike activity.

Finally, we list here two issues that we intend to ex-
plore in further developments of this work.

Negative correlations inside each column The analysis
of multi-electrode spike data has revealed a small neg-
ative cross-correlation of activity between neurons, for
instance in the olfactory bulb (Horton et al. 2005). By
virtue of the central limit theorem, similar negative cor-
relations would lead to a partial noise cancellation in the
neural response. Unfortunately, our CMLE approach is
no longer applicable in presence of interactions. On the
other hand, a rate-based estimator may become signifi-
catively more efficient under such circumstances than
in the independent case discussed here. As a result, we
expect to see an improvement in the performance of a
tracking algorithm based on moment estimation.
Positive correlations between columns A positive corre-
lation between the activity of neurons in neighboring
columns, would cause stimulus’ estimates in different
columns to vary coherently. Since our decoding scheme
does not rely on the absolute values of the estimated
stimulus, but rather on the relative response of each col-
umn, we expect this kind of correlation may even lead
to an improvement in the performance.
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Appendix: Poisson case

Denote tki as the kth interspike interval of the ith neuron
of the population and tki = τ

k,s
i − τ

k,e
i where τ

k,s
i (τ

k,e
i ) is

the starting (end) spike time. According to Eq. (10) we
then have

t̂ =
∑N

i=1
∑Ni

R
k=1 tki + ∑NT

i=1

(
T − τ

1,s
i − ∑Ni

R
k=1 tki

)

∑N
i=1 Ni

R

=
∑NT

i=1

(
T − τ

1,s
i

)

∑N
i=1 Ni

R

=
∑NT

i=1

(
T − τ

1,s
i

)

N
· 1
∑N

i=1 Ni
R/N

(23)

where t̂ is the CMLE for the interspike interval, and T
is the time window. From the law of large numbers we
obtain

∑NT
i=1

(
T − τ

1,s
i

)

N
=

〈(
T − τ

1,s
1

)
I{N1(T)≥1}

〉

= T(1 − P(N1(T) = 0)) −
T∫

0
tλ exp(−λt)dt

= T − 1
λ

(1 − exp(−λT))

(24)
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and
∑N

i=1 Ni
R

N
= 〈

(N1(T) − 1)I{N1(T))≥2}
〉

= λT − 1 + exp(−λT)

(25)

where Ni(T) is the number of spikes of the ith neuron
within the time window T. Combining equations above,
we conclude that

t̂ = 1
λ

, (26)

i.e. the CMLE is an unbiased estimator for the Poisson
process and it is independent of the time window.
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