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1 Introduction

Functions of a biological cell are controlled by various mechanisms, both internal and external. One particular
key component of a cell is a membrane that encompasses the cell. The cell membrane, as well as other
membranes occurring in biology, have a structure of a bilayer and are comprised mainly of lipids and other
amphiphilic molecules (which have both a water soluble, hydrophilic part and a water insoluble, hydrophobic
part). Figure 1 depicts the structure of a bilayer.
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Figure 1: The structure of a bilayer. It consists of two layers of lipids. Each lipid consists of a hydrophilic
head (white circles) and hydrophobic tails.

The ability to model the membrane mathematically is instrumental to understanding the shape and
structure of the cell as well as its interactions with its environment.

It is important to note that the bilayer structure of the membrane is very thin and highly flexible. It forms
a closed surface without edges and its flexibility allows it to adapt to its environment. It is characterized by
its shape and the composition of the lipids included in the bilayer.

Various models exist in literature with a popular model being the Helfrich model [7]. This has been built
upon to include various additional aspects of the cell such as the lipid composition [15].

In this research study group we treat the membrane as an elastic body. The membrane is described by
two functions (corresponding to the shape function « and the lipid composition function ¢) and its stationary
configuration corresponds to the minimisation of its free energy, which includes the coupling between the
lipid composition and the shape function. We wish to focus on the effects of modelling the proteins con-
tained within the membrane. This can be translated into mathematical terms as a constraint or a boundary

condition for the surface.

The structure of the report is as follows: In Section 2 we describe the motivation of the protein inclusion
problem. The review of the state of art and the derivation of the free energy, which minimiser determines the
configuration of the membrane is presented in Section 3. In Section 4 we focus on mathematical formulation
of the problem and prove the results regarding the existence and uniqueness of the exact solution as well

as the solution to the discretised problem. In one of the types of boundary conditions we also prove the



convergence rate of the discretisation to the exact solution in the H! norm. The discretised problem is then
solved by designing a finite element scheme, which is described in Section 6. The numerical scheme is Dune
and it involves using a combination of Morley element (for the shape function «) and piecewise affine element
(for the composition function ¢). In Section 7 we use this scheme we to investigate various aspects of our
model. In particular we look at the convergence of the numerical scheme and at the problem of modelling
two inclusions. We study how the boundary conditions at the inclusions affect the minimum energy over the
distance between two inclusions. The conclusion and possible further directions of the research study group

are presented in Section 8.

2 Motivation

Both biologically and physically, proteins are important factors when considering the bilayer of a cell mem-
brane. They are larger molecules that are used for a variety of functions involving the cell. The ones we will
be interested in are those embedded into the membrane itself. While some proteins bond to the surface of
the membrane [17], we are interested in those that are inserted directly into the surface. Due to the proteins’

rigid structure, the surrounding membrane deforms to accommodate them (see Fig. 2).
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Figure 2: (from Hobbs [8]) The protein is included as part of the membrane and it deforms the shape and
composition of the membrane around it.

Here we will consider vesicles as our model for cell membranes. These have a lipid bilayer but do not
have the internal structure of the cell; for instance they lack nucleui, Golgi apparatus and cytoskeletons.
Furthermore they can easily be created in a lab for the purpose of experiments.

The problem of modelling the cell’s morphology is important to understanding how the cell interacts with
its environment. Transmembrane proteins are embedded in the membrane [19, 5] and play an important role
in transport, adhesion and signalling.

We will look at the effect that protein insertions into a cell membrane have on the membrane’s shape.
By examining the energy associated with these interactions, we are able to find how much the membrane is
displaced by proteins.

Here we use a simplified model for the cell membrane, as a construction of pairs of lipids. Due to the
relative size of the proteins and the width of the lipid bilayer to the overall cell, we will consider the bilayer

as a surface.

3 State of art

In recent years a wide variety of models have been produced to attempt to understand different aspects of
modelling cell membranes. For example [17] includes the analysis of interactions between protein scaffolds
and [15] presents a model for protein inclusions. There are also models that include no proteins and instead
try to gain a deep mathematical understanding of the behaviour of the bilayer [3]. The most relevant results
to our topic are presented in [15] and in [3]. Proteins diffusing through the cell membrane are studied in [16]

and an analysis of phase transition (e.g. a change of lipid concentration in the bilayer) is studied in [14] and

[1]-



In the paper by Grunau et al. [3] the authors investigate the Willmore equation with Dirichlet boundary
conditions. Such techniques can be applied to our framework of vesicles. The surface is taken to be rotation-
ally symmetric on which, given a smooth immersed surface f : M — R3, the authors define the Willmore

functional
W= [ Haa, 8
(M)

where M is the reference manifold and H is the mean curvature on f(M) = I'. The problem is reformulated
in the hyperbolic half-plane and then the existence of a minimum to this problem together with certain

properties of the minimiser are proved. It turns out that solutions to this must satisfy the Willmore equation
ArH +2H(H* - K)=0 onT.

Turner’s model [15] is a linearised model of a single protein inclusion, and its effect on the membrane
(i.e. its deformation). It is concerned with a single inclusion located at the origin (see Fig. 3). The two
functions describing the membrane are u (the height of the membrane) and ¢ (the composition difference of

the lipids of the membrane).
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Figure 3: (from [15]) Tllustration of the model of the inclusion of the protein considered in [15]. Here, u is
the height of the membrane and the boundary conditions for u corresponding to the protein inclusions are
described by functions U(6) and U’(6).

The energy functional F considered in [15] (labelled by (1) and (2) in the paper) consists of two parts. The
first one, F,, is related to the bending energy of the lipids and the second one, F, their local compositional

difference (a physical quality of the molecules). To see how the form of F, is derived, we first consider the

E:/EH%A,
F2

where, k is the bending rigidity and H is the mean curvature. We will use the graph representation of I' by

Helfrich energy of the surface I':

writing I' = {(z,y,u(z,y)) : (z,y) € Q C R?}. This is known as the Monge gauge. In this form the mean

curvature H in is given in local coordinates x,y by

Vu

«/1+|Vu|2'

H = div



The area element dA of the surface I is given by dA = /1 4 |Vu|?2dzdy. If we assume the variation of u to
be small, we can use an approximation of the form u = eh where € > 0 is small. Through some calculations,
we can see that this allows us to come up with the approximations H ~ Au and dA ~ (1 + $|Vu|?)dzdy.

Excluding O(e*) terms, this gives us a linearised form of the bending energy

E:/ Bl Au? ddy. (2)
Q2

This is the first term appearing in F,,. The other term comes from incorporating surface tension, which is

given by %|Vu|2, where o is the surface tension coefficient. This gives us the following form of the energy

F, = 5/ (K|A’U,|2 + 0|Vu|2) dzdy. (3)
Q

On the other hand, the functional F,, is given by
1
Fp= 3 / (a<p2 +b|Ve|* + 2cpAu) dxdy, (4)
Q

where a, b and c are physical constants and ¢ is the compositional difference of lipids. The sum F = F,, + Fy

describes the total energy of the membrane.

4 Mathematical analysis of the linearised free energy minimisation

problem

Having derived a model, we now focus on rigorous mathematical formulation and prove the results regarding

existence and uniqueness of a solution. We will consider the energy functional

.71 2 1 2 1 2 1 2
Flu,¢) = 2/<;/Q|Au| +20/Q|Vu\ +2a/9q5 +2b/Q|V¢)| +C/Q¢Au (5)

and we will supplement the energy minimisation problem with two kinds of boundary conditions: Dirichlet
boundary conditions (Section 4.1) and Navier boundary conditions (Section 4.2). We focus separately on

each of these boundary conditions.

4.1 Dirichlet boundary conditions

The Dirichlet boundary conditions are:

u‘ag =9,
o) _
)0 =5 (6)
Plog = P

where v is the unit normal vector to 9Q. Let @ C R3 be an open set with Lipschitz boundary 092, g,p €
H'Y2(0%) and
V= H; ;(Q) x H)(),

where we denote H;f(Q) = {u e H*(Q)|u=gondQ, g—;‘ = f on 9Q}. Clearly, V is a closed, convex set
of a Hilbert space
H:= H*(Q) x H'(Q) (7)



equipped with the norm [[(v,9)[|3 := [[v][32 (o) + [|[¥]|F1(q)- We note that the function set V' incorporates
the boundary conditions (6). For (u,¢) € V consider functional (5).

4.1.1 Unique minimiser of the free energy functional

We have the following lemma
Lemma 1. If ¢ < \/ka + Vob, then F is a-convex on V.

Proof. If ¢ < v/ka + v ob then there exists an ¢ > 0 such that ¢ < min{x, o,a,b} and

c< \/(H*G)(a7€)+\/((f*€)(b7€).

We first note that, for all v € H2(Q), v € H}(Q), we have

c/QwAvdx < C/ngAvdx
< (k—¢€)(a—¢) /wAde: +V(e—¢e(b—r¢) /d)Avd:c
Q Q
< V(s =ela—allllL2[[Av]|
ov
+vV (e —e)(b—e)|— QVz/)~Vvdx+/aQ\_1/%&/dS(a:)
< Vik=ela—allYllzl|Avl|zz + V(e = €)(b = V[ L2][ V|2
_ _ _ b—
< SlIAvlEs + Sl + TVl + VYR ®)

Moreover, for any bilinear, symmetric form a(-,-), using the identity A\ — A\ = (1 — A\)?2 — (1 — \) we have

a(Au + (1 — Nug, Aug + (1 — Nus)
= MNa(ug,ur) + (1 = N2a(ug, uz) + 221 — Na(ug, usg)
= Aa(uy,ur) + (1= Na(ug, uz) + (A — N (a(u,ur) + a(ug, uz))
+2X(1 — Na(ug, ug)
= Aa(uy,uy) + (1 — Na(ug, uz) + (A — Na(uy — ug, uy — us). (9)

We also recall the Poincaré inequality:
lollze < Cl[Vollz Yo € Hy(9), (10)

where C' > 0 is a constant dependent only on the domain 2. Moreover, for any v € H&O(Q), we have Vv =0
on 0N (because both the normal derivative and the tangent derivative vanish) and

HAU”LZ = |’U|H2. (11)



The last statement follows from the following argument. Take v € C§°(Q2) and write

9% 82 3 v v ov 9%

Av|[2, — | 377334 D 92

[|Av]|7, / Z 8;1:28 2 mzzl o 0z, 81:1-8;1:? x + 69%856?
=0

3

v v v 9% 9
= 2| | soor g L
) Q 3xi8:1:j 6x185€] OQ@ 8zi8;l;j

=0

Using the fact that Hg () = C(‘)’O(Q)H'HH2 we can use the density argument to get (11).

We now let A € [0, 1] and consider a convex combination A(uq, ¢1)+(1— A)(ug, ¢2) = (Aur+(1—X)ug, A1+
(1= A)¢2). Applying the identity (9) to ix [, AuAvdz, 30 [, Vu-Vvdz, $a [, ¢ dz, $b [, Vé- Vi and
using (8), we can write

FMur,61) + (1= Nz, 62)) L AP (us, 61) + (1 — N F(us, 6)
A— A2
2

+b|\V¢>1 - V¢2||%2) — )\C/ ¢1AU1 dx — (1 — )\)C/ ¢2AU2dI
Q Q

(HHAul — Au2||%2 +U||Vu1 — VUQH%Q +a||¢1 — ¢2||2L2

Q

= AF(u1,¢1) + (1 = N)F(ug, ¢2)
A— A2
2

+b]|V1 — Vo|[22) — c(A — A?) /Q(qbl — ¢2)(Auy — Auy)da

(6| Aur — Ausl[1z + 0| Vur — V|12 +al|¢1 — ¢2|l7

< AF(u1,¢1) + (1 = X)F(u2, ¢2)

e(A— A2
A 1A~ Al + Vs — Vil + 161 — a3 + V61— Venll32)
(10)
< )\F(ulv(bl) (1 - )\)F(u27¢2)
(- 32)

2

1
e e— ( ||Au1 AUQH%2+§HVU1 VUQ||L2+2C

lur — a2 + [ — ¢2|%p) (12)

an e(A — \?2) 5
< AF(u1,é1) + (1= A F(u2, ¢2) — m”(ulﬁﬁl) = (u2, ¢2)|[7-
Hence a-convexity follows with « := ﬁ O

Lemma 2. Consider the following minimisation problem:
Find (u,¢) € V, s.t.

F(u,¢) = (Jﬁ?é F(v,1). (13)

If ¢ < /ka + Vob, then this minimisation problem has a unique solution.
Proof. We note that K is a convex subset of V', which is a convex subset of H?(Q) x H!(Q), a Hilbert space.

Hence the existence and uniqueness of a minimiser (u,¢) is a direct consequence of Theorem 2.7.1 from
Elliott [4] and Lemma 1. O



4.1.2 Euler-Lagrange equations

Here we want to derive the Euler-Lagrange equations corresponding to the minimisation problem (13). We
define Vo := H§ 4(€2) x Hg(2). Letting (v,¢) € V and ¢ > 0 we observe that (u + tv, ¢ + t1) € V. Hence

Fu+tv, ¢+ tp) — F(u, d) (123) 0. (14)

From here we can see that 7% [F(u + tv, ¢ + t)],_, > 0. Analogously, taking —t instead of ¢ in (14) we get

0< g% [Flu—tv, ¢ — t)],_g = 7= [F(u+tv, ¢ + t1))],_o. Hence

d
0 — - [(Flu+tv, ¢+ tY)],_,

= n/QAuAerJ/QV'wVera/qull)er/QVgZ%V1/1+C/Q¢AU+C/Q1/JAU
= a((u, 9), (v,9)),

which is the weak formulation of the Euler-Lagrange equations. Consider a problem

Find (u, ¢) € V such that
a((u, @), (v,9)) =0 V(v,9) € V. (15)

Then the solution (u,¢) € V of (15) is the minimiser of F over V. Indeed, take any (v,¢) € V. From
convexity of F we have F(tv + (1 — t)u, typ + (1 — t)¢) < tF(v,v¢) + (1 — t)F(u, ¢), which gives

[Flu+tt(v—u),¢+t(¢ —¢)) = F(u,¢)]

S

20w, ), (0 — w0 — 6)) =0,

where the inequality holds as (v — u, ¥ — @) € V.
In order to derive the PDE corresponding to the weak formulation (15), we formally integrate by parts to

get
0 = 7H/VAU'VU+I€/ @AU7U/AU’U+O’/ @ v +a/¢n/1
Q 00 9V, Q aﬂaV\Zg’ Q

Y ORIy Y Y P
<~

=0
=0

= n/ﬂA%v—m/@ 8(Au)%—a/ﬂAuv—l—a/quw—b/QAqﬁw—kc/QAqbv

Q 81/
¢
—c m&/:%+c/gwAu
= / (5A2u —oAu+ cAgb) v+ / (app — bAY + cAu) 1.
Q Q

Hence the Euler-Lagrange equations are

kA%2u — o Au+ cA¢ = 0,
(16)
ap —bAp+ cAu=0

and they are equipped with boundary conditions (6).



4.1.3 What if ¢ > /ka + Vob?

Suppose that ¢ > /ka + vob and Q := (0,27)? and consider the functional (5) with x = a and o = b.
One can then show that F(a(ug,ug)) is concave with respect to o when wp(x,y) = sinzsiny. Indeed,
Aug = —2up and one can calculate that F(a(ug,ug)) = —a?€l|ugl|%: for some e > 0, which is a concave
function of . Hence such a F is not convex on {u € H*(Q) : uly, = 0} x Hg(Q). In fact, F is not bounded
below on this space, so the minimiser does not exist. As for the function set V, it is not clear how analyse
it convexity (and hence the existence of the minimiser) for such c.

On the other hand suppose ' = R?\ B(0,1). The approach applied in Turner [15] uses modified Bessel
functions K, (-) to write the explicit form of the solution (u,$) of the Euler-Lagrange equations (16) in
(see (8), (9) in Turner [15]). In the stability region (i.e. when ¢ < \/ka++/ob) one can use the approximation
Kn(p) ~ e P(mp/2)~ /2 when p > n to obtain the asymptotic behaviour (i.e. for large |z|) of u

1

u(z) ~ We*’\(rfl) cos(wr + ¥), (17)

where ¥ depends only on the parameters o, k, a, b, ¢c and A and w are given by the real and imaginary parts
of

ki:%\/@ (\/(\/@+¢£)2—c2i\/(\/?—@>2—c2).

(the numbers k3 are the solutions of the characteristic equation r2(kb) + r(c? — ob — ak) + oa = 0)

One can observe that A becomes negative when ¢ crosses the stability threshold y/ka + Vob, from where the
asymptotic approximation (17) suggests a blowup of u as |z| tends to co. This is an unphysical behaviour
and the region ¢ > \/ka + V/ob is called Leiber unstable regime (see e.g. Leiber [11], [12]).

4.2 Navier boundary conditions

Here we consider Navier boundary conditions:

u|6Q = gv
Aulyg = f, (18)
¢|89 =D,

where g, f,p € H'/?(98). As the second of the above boundary conditions is a natural boundary condition
(rather than an essential boundary condition) we have to modify the energy functional (5) by adding the
respective boundary terms — [, (rf+cp) g—jde (). These terms correspond to the energy required to impose
the boundary conditions on the solution. Hence we will consider the energy functional of the form

du

Flu,6) = F(u, ) - / (5] + cp) Las(a). (19)

o0 ov
We will consider the function set
W= {ve H*Q)| Vg = g} X H;(Q)7

which is a convex, closed subset of Hilbert space H?(Q) x H'(Q). The respective energy minimisation

problem is:



Find (u,¢) € W such that

F(wo)=  inf Fo.v). (20)

Our aim is to find a solution to the above minimisation problem. We have the following lemma:

Lemma 3. Suppose that ¢ < y/ka + v/ob. Then the functional F is a-convex W and the minimisation
problem (20) has a unique solution.

Proof. The proof proceeds in the similar way as the in the case of Dirichlet boundary conditions (see proof
of Lemma 1), except for the equivalence (11). In order to get a similar equivalence we use the C? regularity

of 9Q and the elliptic regularity result (see e.g. Theorem 4 on p. 334 of Evans [6]) to write

v m2() < C ([|Av]|L2(0) + [0l L2(0)) (21)

for v € HZ(2) N H?(Q) (this is because one can write that v € Hg(f) is a solution to a (trivial) PDE
Av = Awv). Using (21) one obtains a-convexity in a similar way as in the proof of Lemma 1. The second

part of the claim follows from Lemma, 2. O

4.2.1 Euler-Lagrange equations

Let Wy := H} (Q)NH?(Q) x H} (2)Similarly as in Section 4.1.2, one can derive the Euler-Lagrange equations
of the problem (20):

6((“5 ¢)7 (Ua 1/’)) =0 V(’U, 7/}) € WOv (22)

where (u, @) € W is the minimiser of (20) and

a((u, @), (v,9)) = /f/QAuAv—&—U/QVu-Vv—i—a/ﬂ¢¢+b/ﬂV¢~V¢

)

—i—c/ﬂqSAv-i-c/QwAu—/69(ﬁf+cp)ayd5(x) (23)

We note that if (u, ¢) € W is a solution to (22) then it is also a solution to (20) (because F is convex on W).
We shall now focus on finding the solution to (22). We will find the solution by formal integration by parts
some of the terms appearing in (23) and considering the substitution w = Au (the precise meaning will be
given in the next section). This will enable us to simplify the Euler-Lagrange equations to the equation not

involving u and we will find u by considering the following Dirichlet problem:

Au=w in Q,

ulpg = 9-
4.2.2 Existence of the solution (u, )
Let us consider the following problem: Find w € H}(Q2), ¢ € H, () such that
0 = /1/ Vw-Vvdac—i—cr/ wvdx—!—a/ ¢¢da:—|—b/ Vo - Vidzx
Q Q Q Q

—|—c/ ng-Vvdx—Fc/z/)wdx Yo, € Hy (). (24)
Q Q



We note that this problem comes up when one by integration by parts in (22) and substitution w := Aw.
From here we define u € H, to be the solution of

/Vu~Vvdx:/wvd:E Yo € Hi(Q). (25)
Q Q

In what follows we are going to show that, if ¢> < 2min{xb,ca}, then (24) has a unique solution (w, $) €
H%(Q) x H) () and that, given w, (25) has a unique solution u € H,. This will, in particular, give us the
pair of functions u € H,, ¢ € H}(Q). We will then show that this pair of functions is the solution to the
Euler-Lagrange equations (22).

Suppose ¢? < 2min{xb,ca}. Then problem (24) has a unique solution. Indeed, writing w = wo +wy and
¢ = ¢o + ¢p, where wy € H}(Q), op € H;(Q) are fixed, we can reformulate (24) as follows:
Find (wo, ¢o) € (HE(Q))? such that

A((wo, do), (v,9)) = U(v, ) Y(v,9) € (Hg())?, (26)
where
A((wo, o), (v,0)) = H/QVU)O~Vvd:chU/Qwovdera/quowderb/Qngo~Vz/;dac

+C/QV¢0~Vvdx+c/Q1/1wodx,
—A((wy, dp), (v,9))-

l(v, ¢)

Noting that A(-, ) is a symmetric, bounded, bilinear form on (Hg (£2))% x (H}(€2))? and that I(-) is a bounded
linear functional on (Hg (£2))? we only need to check coercivity of A(-,-) on (H(2))2. For ¢® < 2min{xb, ca}
we can write that ¢ < 2min{(k — €)(b —¢€), (0 — €)(a — €)} for some € > 0. We have

A, 9), (v, 9)) = &z +ollollz: +blwlin + allvl|z. +C/QV¢0'Vvd$+C/Q¢vdI

> klulip +ollllZs + 0l + allYllz: — V205 = €)(b = )] m |vlEn
—V2(0 = e)(a = ][9]z |[v]] 2
> wlolfn +ollollzs + 0l +allvllz: — (5 = Ovffn — (b — )¢l

—(o = )llvl[z2 = (a = O)lI¥IIZ:
= e(llvllz +1[9l17n), (27)
where we have used Cauchy-Schwarz inequality and Young’s inequality. Hence the bilinear form A(-,-)
is coercive and Lax-Milgram theorem gives existence and uniqueness of solution (wq, ¢o) € (Hg(2))? to
the problem (26) and hence the existence of solution (w,¢) € H}(Q) x Hy(Q) to the problem (24). The
uniqueness can be proved as follows: Suppose there exist (w1, ¢1), (w2, ¢2) € H() x H(Q2) solving (24).

Then (wy — wa, ¢1 — ¢2) € (H(2))? satisfies A((wy — wa, p1 — ¢2), (v,1)) = 0 for all (v,) € HE(Q) and
hence, taking (v,v) := (w1 — wa, ¢1 — ¢2), we have

(27)
0= A((wy — w2, ¢1 — P2), (W1 — w2, 1 — ¢2)) 227 e(lfwy — wal[F + [|¢1 — d2ll31) > 0,

which implies that wy = w2, ¢1 = ¢2 and hence establishes uniqueness.

10



Also, problem (25) has a unique solution. Indeed, writing u = uo+u,, where ug € Hj(Q) and u, € H} ()
is a fixed function (by the surjectivity of the trace operator), gives [, Vug-Vvdz = [, wvdr— [, Vug-Vu dz,
from where we use the Poincaré inequality to show the coercivity of the associated bilinear, symmetric and
bounded form and get the existence and uniqueness of the solution uy € H} () by usual argument using
Lax-Milgram theorem. This gives the existence of the solution u € HJ(€Q) to the problem (25). Suppose
there are two solution wuy, us to (25). Then u; — uy € HZ(S2) satisfies fQ V(u; — ug) - Vodx = 0 for all

v € HY(Q) and, taking v := u; — uz, we may write
0= [ V(u — u2) - ¥l — ) do = |9 — )]
Q

Hence V(u; — ug) = 0 in §2, which implies that u; — us = const. From homogeneous boundary conditions

we get u; = ug. Hence the solution u € H,(f2) to the problem (25) is unique.

We will now prove that the solution (u, ¢) obtained by solving equations (25), (24) is in fact the solution
of the problem (22). Firstly, using the interior regularity of the weak solutions to elliptic PDEs (see e.g.
Theorem 1 and the following Remark on pp. 327,328 of Evans [6]) we note that (25) gives u € H7 (), Au =
w almost everywhere in Q and ||Aul|z2 = ||w||z2 < co. Hence (u, ¢) € W. Noting that Wy C (H}(Q2))?, we
write, for (v,) € Wy,

(24)

0 n/Vw-Vvdx+a/wvdm+a/¢1/1dw+b/V(b-deac
Q Q Q Q

+c/ V¢-Vvdx+c/z/)wdx
Q Q

v
= —K w Avdr+ kK — w dS(x —J/Vu-Vvdx—l—a/gbz/de
/Q:&: a0 Ov 7 (@) Q Q

—|—b/VqS-Vz/de—l—c/Vqﬁ-Vvdx—c/Vu-dem
Q Q Q

= —n/AuAvdern/ @de(x)fcr/Vu~Vvda:+a/¢¢dm+b/V¢oV1/1dx
Q o] 0 Q Q Q

o OV

0 0
—c/ ¢Avdm+c/ 1) —UdS(x)—i—c/ PYAudr — au P dS(z),
Q 00~~~ Ov Q 00 OV ~~
=p =0
which, after taking —v in place of v, gives (22). This together with Lemma 3 proves that (u, ¢) obtained by
solving the system of equations (25), (24) is the unique solution of the minimisation problem (20).

Remark 1. Here we have assummed a C? regularity of 9, but the result is still true when 02 is only
Lipschitz. In fact, in the case of Lipschitz boundary one could replace Lemma 3 with stating only strict
convexity of F on W and hence the uniqueness of the solution. The existence of the solution follows from
solving problems (24), (25).

5 Numerical approximation of the solution

Here we want to find a discretized approximations of problems (13) (corresponding to the Dirichlet boundary
conditions) and (20) (corresponding to the Navier boundary conditions). In both cases we will use the finite
element method. We will use non-conforming Morley elements together with piecewise affine elements
for solving the Dirichlet boundary problem and piecewise affine elements for solving the Navier boundary

problem. In the discretisation we commit a variational crime of assuming that Q = € (where Qj, is the
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computational domain), where in fact 2, is going to be a polyhedral approximation.

5.1 Dirichlet boundary problem
5.1.1 DMorley elements

Now that we have existence for our problem we would like to solve it numerically. For this we use finite
element method. We will be using a combination of Morley elements (for u) and piecewise affine elements (for
@). The Morley elements are non-conforming ones, which means that the discretised function space is not a
subspace of the original space. In fact, the solution of the discretised problem may not even be continuous.
However, the advantage of this approach is that we can use lower order polynomial basis functions in each

triangle, which makes the implementation of the numerical scheme much easier.

The Morley element is used widely throughout different elliptic PDE problems (see e.g. [22], [18], [20]).
However, there are no results known to authors where a combination of Morley elements and piecewise affine
elements is used in the same system.

We approximate by a polyhedral domain Q. For a subset T C Qj let P%(T) denote the space of

quadratic polynomials on 7. Let 7 be a triangulation of the computational domain €.

Definition 1. The Morley Element is the triple (T, P?(T), N') where T is a triangular element, P?(T) is the
space of quadratic polynomials defined on 7', and N' = {N7, N2, N3, Ny, N5, Ng} is the set of nodal variables,

where

Nil) = wn(er), M) i= Stuna),
No(up) == up(z2), Ns(up) = %uh(%),
Nolm) = () Abm) = Gun),

More details about the Morley element can be found in [10] and [21]. From here we can define the

discretised function set.

5.1.2 The discretised function set

Let T = (T1,...,Tw) be a triangulation of the computational domain €. Let each triangle T € T be
eqiupped with the anti-clockwise local numbering ViT', ViI', ViI' of vertices. For k € {1,2,3} we will denote
by VL., the neighbouring (in the anti-clockwise direction) vertex of the vertex V;'" in the triangle T' € T
(in particular we identify VI = ViT'). We will say that the triangle 71 € T adjoins to the triangle T, € T
(denoted by T} || T») if they have a common edge, i.e. if there exist k,m € {1,2,3} s.t. V' V,I'| =V, I2 VTZ?H
(cf. Figure 4), where AB C R? denotes the interval with endpoints A, B € R2. If Ty || Tz, we also denote
MBT = (VI + V)2 = (Vi +V,E2,) /2 (cf. Figure 4).

T _ /12
Vit=Vs
T
V2 1 VQT Py

Tn _ 12
Vit =V
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Figure 4: The adjoining triangles T} and T» (here k = 1, m = 3).

Let u, ¢ be functions defined on €, such that ul, € P*(T), ¢, € PYT) for all T € T, where P"(T)
denotes the space of polynomials of degree n on T'C R?. Let T; || T; for some i,j € {1,...,M}. We say

that u agree on the common edge Vle ijzl =V Vgil of T; and Tj (denoted by u|, = u|Tj) if

T
u\Tl (Vk )= U‘TZ (Vw{?)a
T\ _ T>
U‘Tl (Vk—l) = U|T2 (Vm+1)~
In other words, u|Ti = u|Tj if the values of u agrees at the endpoints of the common edge of 7T; and

T;. Furthermore, we will say that u and its normal derivative at the midpoint agree on the common

edgeV, VI = V$2V$i1 of T; and Tj (denoted by ul,, < u|Tj) if uly, = u|Tj and
7(MT1T2) _ _7(MT1T2>7

where nl is the normal vector to VI VL | pointing outwards 7. In other words, uly, = u\Tj if the values
of u agrees at the endpoints of the common edge of T; and 7} and the outward normal derivative at the
midpoint M 775 from the side of T agrees with the inward normal derivative at the same point from the
side of T5.

Let

Vi = {(w,¢): Q=R : ulp € PXT), ¢l € PUT) VT €T,

ulg, < uly, and @y, = ¢l whenever T; || Tj}
be the discretized function space equipped with the norm defined by

1w, I, = > (1ullrzcry + 1911y -

TeT
We note V}, is the cartesian product of the Morley element space (for u) and the piecewise linear element
space (for ¢).
5.1.3 Mathematical analysis of the discretisation
Consider a symmetric, bilinear form a(-,-) : Vj, x Vj, — R defined by

a((u, @), (v,9)) = Z (/i/TAuAvdx—i—a/TVzrVvdac+a/T¢¢dx+b/TV¢-V¢dm

TeT

+c/¢Avdx+c/wAudx).
T T

We note that a(-,-) is bounded on V3, x V. Indeed,

a((u, ), (0, ) < Y (BllAul| 2y [|A0] | 2y + 0|Vl 20 [Vl L2 (1) + all@l| 2ol 21
TET

+0|[VO|| L2(1) [V 21y + cl|@ll L2y | A0 L2y + €l [¥]| L2y | Aul| L2 (1))
C(k,0,a,b,¢) (|[(w, d)[|v;, [|(v,¥0)[|vs3,) -

IA
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Now, let Vi,...,Vxn denote the nodes of the triangulation that are located on the boundary of € and let
M, ..., My denote the midpoints of the edges located at the boundary of 9€,.

Let 5
U(Ml):fu ila"'aN}7

v,
where g; = g(V;), fi = f(M;), p; = p(V;) and n; is the outward normal vector to V;V;41,7=1,...,N. The
discretisation of the problem (4.1.2) problem is:

Find (u, ¢) € V;"" such that

Vhfﬂg’p = {(u7¢) e Vh : U(‘/l) = Gi, ¢(‘/Z) = Di,

a((u, 9), (v,4)) =0 V(v,9) € V" (28)

This problem has a unique solution if ¢ < y/ka. We note that this is a weaker condition than ¢ < /ka+ Vb
considered in Lemma 1, but we hope that this result could be improved. For the proof of this result note
that we can decompose u into u, f + 0, and ¢ into ¢, + ¢o, where (ug 7, ¢,) € V;"9P and (ug 0, ¢o) € V2O
(this can be done by writing u as a linear combination of the Morley nodal basis functions corresponding to
the appropriate degrees of freedom in the triangles located at the boundary edges, and similarly for ¢ with
piecewise linear nodal basis functions). We can then rewrite (28) in the form:

Find (uo,0, ¢0) € V}?’O’O such that

a((u0,0, o), (v,9)) = I((v,9)) W(v,9) € V"0, (29)

where [((v,v)) := —a((ug,f, ¢p), (v,7)). Clearly I(-) is a bounded linear functional on Vj, (this is because
a(-,-) is a bounded bilinear form on V4, x V4,). What is more a(-, -) is an inner product on the space V}?’O’O. For
this, we only need to show that a(-,-) is non-degenerate. Clearly a((u, @), (u,¢)) > 0 for all (u, ¢) € V"0
Suppose now that (u, ) € V""" is such that a((u, ¢), (u, $)) = 0. We then have

0 = Z <’€||AU|2L2(T) +0|[VullFzir) + allolZ2 ¢y + BIIV |72 +20/ fbAUdﬂC)
TeT T
> > (H||AU||2L2(T) + 0| [VulT2 () + allll72 () + bVl 7201y — 2\/EHAUHL2(T)\/5||¢HL2(T))
TeT
> 3 (ol Vullie) + blIVEllEa ) =0,
TeT

which implies that Vu = V¢ = 0 in every T € T. This means that w is constant in each T € T and
from the fact that values of u agree at the vertices of every two neighbouring triangles (i.e. wuly = u|Tj
whenever T; || T;) we get that u is constant in €. From the fact that w(V;) = 0 for any V; € 0%,
we get w = 0. By the same argument we show that ¢ = 0. Hence a(-,-) is an inner product on
Vh(o,o,o) X Vh(o,o,o)_ Consequently, the existence of the solution of the problem (29) follows from the Riesz
Representation Theorem (see e.g. Yosida [23], p. 90). Hence the existence of a solution to the problem (28).
The uniqueness of solution to (28) follows from the observation that if (u1,¢1), (ug, d2) satisfy (28) then
(ur — uz, ¢1 — p2) € VOV satisty @((ur — uz, d1 — d2), (v,4)) = 0 for all (v,¢) € VOV

particular a((u1 —uz, 1 — d2), (u1 —ug, 1 —P2)) = 0 and non-degeneracy of a(-,-) implies (u1, p1) = (u2, P2).

. Therefore in

We do not prove convergence of the solution to the discretised problem to the exact solution. Some
results regarding convergence of the Morley element method can be found in [20], [18], [9], [13] and [22], but
the analysis of the convergence of the combination of Morley elements and piecewise affine elements exceeded

the time-frame of the research study group. Instead we will present the numerical convergence results.
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5.2 Navier boundary problem
5.2.1 Piecewise linear elements

Suppose that 7 = (T1,...,Ty) is a triangulation of the computational domain €. In the case of Navier
boundary conditions one can consider piecewise affine elements for w, ¢ and u. Let Vi, ..., Vi be the nodes
of the triangulation with Vi, ..., Vjy being the nodes in the interior of Qj and Vyy1,..., Vi being the nodes
on the boundary. Let

Wy, == {up € H'(Qp,) : up|p € PHT) VT € T}

be the discretized function space. This is the space corresponding to the the standard piecewise linear finite
element basis functions. Let also, for g € C(99),
W}‘(L] ={up € Wi, : up(Vnyi) =9(Vg1) Vi=1,...K — N}.

We note that W} C H{ ().

5.2.2 Mathematical analysis of the discretisation

We write the discretizations of the problems (24) and (25):

1. Find (wp, ¢n) € W,{ x WP such that
A((wn, ¢n), (vhy ¥n)) = 0 Y(vn, ¥n) € (W)2 (30)
2. Find uj, € W}/ such that

Vuy, - Vo de = / wp, vy, dx Yoy, € W,?. (31)

Qp Qp

The existence and uniqueness of solutions (wp, ¢p) € W/ (Q) x WP, u € WY to the problems (30) and (31),
respectively, follows by the similar argument as presented in Section 4.2.2. Indeed, here the discretized func-
tion spaces are subspaces of the respective Hilbert spaces considered in Section 4.2.2. Hence the boundedness
and coercivity of the respective bilinear forms and the boundedness of the respective linear functional follows

in the similar way as presented in Section 4.2.2.

5.2.3 Convergence rate of the approximation

We will prove the convergence rate in the case ¢ < 2min{xb, ca} (we note that this is the weaker condition
than the condition ¢ < \/ka++v/ob considered in Lemma 3). If this condition is satisfied then ¢? < 2min{(x—
€)(b—¢),(c —€)(a —€)} for every € > 0 such that

egémin{(n—i—b— (k—=0)2+2c2),(c+a—+/(c —a)®>+2c?)}.

It is important to note that the bilinear form A(-,-) is coercive on HE(Q) with such an e (cf. (27)).These
interactions seems to suggest a attractive/repulsive relationship exists between inclusions. Inclusions of the
same type desire to be a certain distance from each other. This is in contrast to the case of inclusions
with oposite Neumann values. Here the inclusions only repeal each other, the slight increases seen at long
distances are due to the inclusions being closer to the boundary of the whole domain. These ideal distances

are likely a result of the paramter conditions. We do not know if the paramter values we have taken are
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biologically accurate. For this we need to make several assumptions. We assume 2 = . In other words we
will derive an error bound between uy, ¢ solving (31), (30) and u, ¢ solving (25), (24), but in the domain
Q), instead of Q (as considered in Section 4.2). This is one of the variational crimes. We also take f, g, p to
be constant functions on each components of the boundary 9, and assume that u € Hj (), w € H}(Qh),
¢ € H} () solving (25), (24) belong to the function space H?(2).

Let T be such that maxyper diam T < h for some h > 0. Let (wp, ¢p) € W,f x W} be the (unique) solution
to (30) and let u € W} be the (unique) solution to (31) (with the right hand side depending on wy,).

Let also (w,¢) € H(Qp) x Hy(Qp) be the (unique) solution to (24) and let u € Hy(Qp) be the (unique)
solution to (25) (with the right hand side depending on w). We note that w — wp, ¢ — ép,u — up, € HE(Q4)
(because f, g, p are constant on each component of 9). Taking v := v, € WP and ¢ = ¢, € W in (24)
and subtracting (30) we obtain the following Galerkin orthogonality relation:

A((w —wp, ¢ — én), (vn,¥n)) =0 Y(vp, ) € W (32)
We write, for all (vp,, ) € WP,

e([lw = wnll7 + 116 = dnll7n) < Al(w —whn, ¢ = @), (W — wp, & — 61))
D A((w = wny ¢ — 6n), (W — vhy & — 1)
Coy/llw = wil s +116 = a3 \/llw — vl By + 116 — nl 3,

where Cj is the boundedness coefficient of A(-,-). Taking min,, .,)e(wp)z in the above inequality we obtain

the Cea’s lemma of the form

C’
V1w = wnl By + 116 — énll3 < min Il = onl 4110~ vnllE. (33)

€ (vn,¥n)E(WP

Now using the interpolation result

v;ILIélVIl}h llw — vl @) < Chlwlaa,), (34)

which holds for some positive constant C (see e.g. Theorem 4.4.20 on p. 108 of Brenner & Ridgway Scott
[2] for the proof), we get

—. 2
CyC
0= wnlfsqauy + 16 = SnlBnany < (2 ) W2(ulhia + 9o (35)

which is an error bound for wy, and ¢;,. In particular we get

CoC

lw = wrllL2(0,) < h\/|w|H2(Qh) + |¢‘H2(Qh) (36)

Now let uj, € W/ be the (unique) solution to (31) and u € H,(Q2) be the (unique) solution to (25). Take
v:=wvy, € W) in (25) and subtract (31) to get

/ (Vu — Vuy) - Vo, dz = / (w — wp)vp dx (37)
Qp Qp

We can see that we don’t get the Galerkin orthogonality relation in this case. This is because of the variational
crime (note that the right hand side functional is different in (25) and in (31)) and in what follows we will

need to make use of the error bound (36) to get an error bound for wj. Similarly as before we note that
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u—up, € H} (). Hence, using the Poincaré inequality (10), we can write, for all v, € W},

1
1+C

(10)
lu—uplzn < ||[Vu— V|3 z/ (Vu = Vup) - (Vu — Vuy,) dz
Q

0 /Q (Vu = Vuy) - (Vu — Vo) — / (w — wp)(up — vp) dz

Qp

< ||VU—Vuh||L2||VU—VUh||L2-‘rH’w—’whHLzHuh—vhHLz
< lw = unl[a|[Vu = Von|[2 + [lw = wal|z2 (Ilu = unllgr + [[u = vnllg2)-
Hence 1
e =l < = ol + o = wnll + o = w2 2=
and taking min,, ewo of this inequality gives
v h
. o [lu—onl[r2
[luw — up|| g < (14+C) min |ju—wvp|lgr + 1+ O)||lw —wpl|g2 | 1+ min ————
onEW) vnewy ||lu—unllL>
<1

(34),(36) . Co
< v en (o + Lol + o, )

Hence we have proved the following result:

Theorem 1. Suppose that ¢ < 2min{xb,oca}, Q = Qy, each of the functions f,g,p : 9Q — R is constant
on each component of 9§ and that the u,w,$ € H?(Qy). Then if the functions u, w, ¢ solve the system of
equations (25), (24), then the following error bounds hold:

IN

_ CO
lu=wlln < 0+ O (lulron + Ll + 9o, )

CoC
\/Hw - whH2H1(Qh) + ¢ — ¢h||%{1(gh) < h\/|w|?{2(9h) + Wﬁqz(gh)

€

for all € > 0 such that € < $min{(k + b — \/(k — )2+ 2c2), (0 + a — /(6 — a)? + 2c2)}.

6 Numerical Implementation

6.1 Introduction

In the numerical implementation we are going to focus on the Dirichlet boundary conditions (4.1) only. They
are more interesting because the convergence rate is unknown and the numerical scheme requires use of two
different elements in the same problem. The aim is hence to use the above numerical scheme to compute
up and ¢p. Our software is Dune, which uses C++ coding, and MATLAB. Firstly we need to generate a

computational mesh.

6.2 Grid Generation

Recall that we wish to simulate the effect of protein inclusions on a small patch of the surface of a cell.
We will take our computational domain to be a square (—1,1)? with inner circular boundaries representing
inclusions. We then can triangulate this domain to get a macro triangulation. We create the mesh using the
PDE toolbox in MATLAB (see Figure 5).
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Figure 5: An example of a mesh created using MATLAB’s PDE toolbox.

In order to get more accurate results the macro triangulation needs to be refined, which can be also done
in MATLAB. In the refinement we pay special attention to the circular inclusion. When a new vertex is
created on a boundary edge it is projected onto the of the non-polyhedral domain inner boundary of Q (see
Figure 6). This reduces the variational crime of the domain € by the polyhedral computational domain €y,.

The mesh can be then applied in the numerical solution implemented in Dune.

Figure 6: Example of projecting onto the inclusion boundary the new vertices, which are created during the
refinement process

6.3 Matrix Vector formulation of the Model

We now have to rewrite the numerical scheme (29) in a matrix formulation. Let 6;, i = 1,...,6M, where
M is the number of triangles in triangulation 7, denote the nodal basis functions related to the i‘" degree
of freedom of the function u; and let 7, k£ = 1,...,3M denote the nodal basis functions related to the
kth degree of freedom for the piecewise affine ¢,. By taking in turn vy, := 6;, i = 1,...,6M, ¥y, = n,
k=1,...,3M in (28) we obtain

0 = Z<I<,/AuhAai—i-O'/Vuh'Vei-Fa/¢hnk+b/V¢h'vnk+0/¢hA9i+C/nkAuh)
T T T T T T

TeT
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fori=1,...,6M, k=1,...,3M. Now writing u;, and ¢, as linear combinations of nodal basis functions 6;

and 7 we can get

6M
0= > YU (/TmejAei+a/Tvej-v9i+c/TnkAej>

TeT j=1
3M

+> ) @ (a/TW?k-Fb/TVm'Vﬂk-f—C/TmAQi)

TeT I=1

fori=1,...,6M, k=1,...,3M. We can rewrite this in the following block-matrix form: of as a set of

block matrices which then represents the discretised PDE system. We want to have a matrix of the following

KL+0K| cD U\ _,
DT | aM +bN ® )
where L, K € ROM*6M A N ¢ R3M>X3M and D € ROM>3M are defined as follows,

L;; = Z/TAHZ'AGJ*, K; ;= ZAVQiVHj, D;; = Z TAij,
TeT

TET TET

M; ;= Z/Tmnj, Ni,j = Z/TVWV%‘

TET TeT

form,

and U, ® are vectors of coefficients of up, ¢p, respectively. We note that each of the block matrices
L,K,D, M, N is sparse since the entries are only non-zero for adjacent elements. For the sake of using less

memory, we only store those entries that are non-zero.

6.4 Boundary Conditions

Next, we want to incorporate the boundary conditions into the system. Denote 92, = 0 UT'; UT'5, where
I" denote the inclusions’ boundaries and Qg = (—1,1)2. We need to impose boundary values for both 9
and T". Specifically we have the Dirichlet condition for ¢ on both boundaries and the Dirichlet and Neumann
conditions u on the same boundaries.

To introduce these into the system, we check row by row on the matrix whether the corresponding basis
function relates to an edge (only for Morley elements) or vertex of an element lying on any of the boundaries.

In the case that this is true, the process in the code is to:
1. Set the entire row of the matrix to zero,

2. For each entry of the right hand side vector, say RH S}, subtract A; ; * BC, where 4 is the row number

and BC is the imposed boundary value,
3. Set the entire column to zero,
4. Set the diagonal entry to one,

5. Finally set RHS; to be equal to the imposed boundary value.

6.5 Solving the system and generating the output

Once the boundary conditions have been imposed, the system can be solved for U and ® by inverting the

matrix. This is done using the conjugate gradient method. The assumption that the matrix is symmetric is
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trivial and positive definiteness follows from the coercivity of the bilinear form a(:,-). The solution can be

visualised using the program Para-View.

7 Simulations

7.1 Convergence

We would like to observe the convergence of the scheme. One possible option is to adjust the right hand
side of the Euler-Lagrange equations (16) so that the exact solution is a function of our choice. Taking
Q = B1(0)\Bo5(0) and considering the functions u(x) = 1 — |z|* and ¢(x) = 1 — |z|? we can get the

following strong form of the Euler-Lagrange equations:

kA2u — o Au + cAp = 160|x|? — 4c — 64k,
a¢ — bAG + cAu = —(a + 16¢)|x|? + 4b + a.

(38)

Solving the discretised problem corresponding to these Euler Lagrange equations allows us to compare the

discrete solution u; and the exact solution u (see Fig. 7).

vikSolphi
0.975 vikSolu

0.6

Figure 7: The approximate solution uy (left), ¢p (right) to (38) with BCs of the exact solution u, ¢.

We also plot the total energy F of the approximate solution uy,, ¢p, versus number of nodes in the triangulation
(Fig. 8).

240 . — . — . ——

Total energy
- n [
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T T T
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Figure 8: The total energy of the system vs. number of nodes.
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We can see that the energy seems to be tending to a constant value. This suggests that the numerical scheme
seems to converge. While we don’t have proof of convergence we believe this test is a strong indication of

convergence. Following this we can now look to investigate the interactions in our model.

7.2 Moving Inclusions

Here we consider two inclusions in the membrane. Let us denote 9, = 00 UT'; UT'5, where I'1, I's denote

the inclusions’ boundaries, Q9 = (—1,1)? and each inclusion has diameter 0.22.

_ Oup _ _ _ _ ;
We set uplyg, = 5o |8QO = ¢nlpn, =0 and ¢plp, = énlr, = 1. We consider two cases
1. Here we consider boundary conditions —8“h| = un| = 1. We solve the system for several values
ov 1Ty ov 1Ty

of the distance between inclusions (see Figure 9). For each experiment we can compute the energy of
the system (Fig. 10) , which describes the interaction between inclusions.

vikSolu
O -

,
=

Figure 9: Plot of wy, for different distances (0.3 on the left and 0.6 on the right) between inclusions (3990
and 4047 nodes respectively).
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Distance of Radii

Figure 10: The energy of the system vs. distance between inclusions (with O(10%) nodes). The red curve
corresponds to the total energy (i.e. (5), while the other curves corresponds to its components (i.e. terms
with coefficients k, o for the blue curve, terms with coefficients a, b for the yellow curve and the coupling
term for the green curve.

The smaller the distance between the inclusions the bigger deformation of the membrane between the in-
clusions and hence the larger energy of the system. The increase of total energy for distances > 0.5 may
be justified by the inclusions approaching the boundary of the square (—1,1). From here we can see that

the total energy of the system attains its maximum at some distance (a 0.4), which corresponds to the
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equilibrium state, i.e. the distance which would attained between inclusions if they were allowed to move
freely in the horizontal direction.

| =1, 2| = —1. We run similar experiments as in
r » v T,

the case 1 and plot the respective results on Fig. 11, 12.

2. Here we consider boundary conditions %}

Figure 11: Plot of uy, for different distances between inclusions (3990 and 4047 nodes respectively).
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Figure 12: The energy of the system vs. distance between inclusions (with O(10%) nodes).

Oup,

In this case (i.e. when G|,

has a different sign at I'; and at I's) we observe the decrease of the energy as
distance increases.

These interactions seems to suggest a attractive/repulsive relationship exists between inclusions. Inclu-
sions of the same type desire to be a certain distance from each other. This is in contrast to the case of
inclusions with opposite Neumann values. Here the inclusions only repeal each other, the slight increases
seen at long distances are due to the inclusions being closer to the boundary of the whole domain. These
ideal distances are likely a result of the parameter conditions. We do not know if the parameter values we

have taken are biologically accurate.

8 Conclusion and Further Directions

8.1 Moving forward

The model could be extended in several ways. A more accurate description of the lipid composition would

be to consider the double well potential as outlined in the proposal. This could be potentially analysed using
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a gradient flow scheme which could be designed by making suitable changes to our existing code. We would
then have implemented non-linear terms. The lipid concentrations should then exhibit phase separation
around the inclusions. Ideally we would also like to solve the fully non-linear problem (i.e. not considering
the linearised form (2) of energy FE) but this is much more difficult.

Another point would be to analyse the current model with non constant boundary conditions. While
these may seem to represent the biological system best, there may be such inclusions that do not bind
uniformly to the surrounding membrane. Another model assumption that could be dropped is the graphical
representation of the membrane. This would be a more realistic model of a membrane if the work was to be
extended to outside of a small patch of the cell or to consider closed surfaces.

One could also modify the model to use Neumann boundary conditions for ¢ (see e.g. Turner [15]). This
would biologically relate to having no outflow of ¢. This would allow for direct comparison of the two models
with one inclusion. As for the Navier boundary conditions (4.2), we could also implement the respective
numerical scheme and compare the experimental results with the convergence rate derived in Section 5.2.3.
We could also seek a relationship between the distance between inclusions and the boundary conditions of

the inclusions.

8.2 Conclusion

We have analysed a model for the biological membrane with the protein inclusions. We have considered the
model with various boundary conditions and found a restriction on the value of ¢ for the existence of a unique
solution. A similar restriction was found in the discrete case but we suspect this result may not be sharp.
We have implemented the numerical scheme in the case of Dirichlet boundary conditions and investigated
the effect of distance between two inclusions on the total energy of the system in the two cases of prescribed
boundary values. The scheme was implemented in Dune using a combination of Morley element (for w)
and affine elements (for ¢). From this we have seen that for inclusions of the same type (same boundary
conditions at the edge of inclusion) we observe an equilibrium distance between them. For inclusions of
the opposite type we instead see only a repulsion between the two proteins. This suggests that biologically

proteins of a similar type may naturally try to group with other proteins of the same type.
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