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Motivation

=inf{E(Up) | Up eU*?}, T9 =inf{EI(Up)| Ur cU?}. (1)



Motivation - Existing Work

» [Cances, Ehrlacher (2011)] - Local defects are always neutral in the

Thomas-Fermi-von Weizsacker theory of crystals, Arch. Rational
Mech. Anal.

» [Ehrlacher, Ortner, Shapeev (2013)] - Analysis of Boundary
Conditions for Crystal Defect Atomistic Simulations, Preprint.

» [Catto, Le Bris, Lions (1998)] - The Mathematical Theory of
Thermodynamic Limits: Thomas—Fermi Type Models, Oxford
Mathematical Monographs.
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The TFW Model

Let u,m: R3 — Rx( denote
> u - square root of the electron density,
» m - nuclear distribution,
> ¢ - potential generated by u and m, which solves

—A¢ =4r(m— u2).

The Thomas-Fermi-von Weizsacker functional is then defined by

1
ET™W(u,m) = / |Vul? + / ut/3 4 §D(m —u? m—u?),

fg)—// x)g dxdy.
R3xR3 |X—Y|

For finite systems, with v € H'(R3) and m € L%5(IR3), this is well-defined.
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Existence and Uniqueness of Solutions

Theorem (Catto, Le Bris, Lions (1998))

Let m be a non-negative function satisfying:

(H1) sup / m(z) dz < oo,
x€R3 J By(x)

1
H2) i inf — dz =
( ) R—LTOO XIGn]R3 R Br(x) m(Z) ‘ +OO,

then there exists a unique distributional solution (u, ¢) to
5 7/3
—Au+ §u — ¢u =0,
—A¢ = dr(m — v?),

satisfying u € H2.«(R3) N L°(R3),inf u > 0, € L2 (R3).

unif

where [|f]|2 (r3) = supeeps ||l 2(8,00)s Il 12 (3) = SUPxers | Fll2(By(x)-



Lattice Displacements

Let A = Z3 and ey, e, e3 denote the standard normal basis of R3.

U=U"?={Unr: A= R*|[VU|e(pn) < o0},

3 1/2

IV UAll(ny = (ZZ |Un(] + &) — U/\(/)!2>
len i=1

1/2

~ VUM = D0 D0 e PIUAI+p) = Un(1)?

IEN peA~{0}
Useful embeddings,
UT2 — (B(N) — £°(N),
by the Gagliardo-Nirenberg-Sobolev embedding theorem.
Also, define
U = { Vp € UH? | Vi has compact support}.



Nuclear Configurations

Let n € C2(B1/4(0)) be non-negative and radial.

Mper(x) =Y _n(x = 1), mu(x) = n(x — 1= Un(1)),
len len

_Auper + %U;ég - ¢peruper =0, —Auy + %UZJ/3 — ¢yuy =0,

—A¢per = 4m(Mper — uger), —A¢y = 4dn(my — ”121)



Homogeneous Energy Difference

For Up € U2, define

g(U/\) = ETFW(UUa mU) - ETFW(Uper mper)

= /|Vuu|2+/ 0/3 4 /¢>U my — ugy)
10/3
[Tl [ 055 [ o~ i)

Since Mper, my € C?(R3), by elliptic regularity
uy, Uper, du, ¢per S W4’OO(R3)-

Direct estimates give

[E(UA)| < C(fluu — UperHWl’l(R-”) + léu — ¢per||L1(R3)
+Imy = Mper||11(@3))- (4)



Nuclear Configurations

Let pTic € C2(IR®) represent the density of a defect.

Mper(x) =Y _n(x = 1), my,q(x) = my(x) + pgef (x — Un(0)) > 0,
len
_Auper + %ugéf - ¢peruper =0, _AUU dt+3 UZJ/d ¢U dUu,d = =0,

—Ad)per = 47r(mpe, — uger), —A(]SU,d = 47r(mu,d uU’d).
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Defective Energy Difference

For Up € U2, define

gd(U/\) = ETFW(UU,d, mU,d) - ETFW(Uper’ mper)

0 1

= /|VUU7d|2+/ub’g3+§/¢U,d(mU,d_u12J,d)
1

— /|VUPer|2—/U;1)2/3_ §/¢per(mper_ u;2)er)'

|gd(U/\)| < C(l|uv,a — Uper||W1»1(R3) + lpu,a — ¢per||L1(R3)

+ [Imy,d — mper||L1(R3))'

Similarly,

Translational Invariance

For any c € R3, myse = my(-—¢), myicqd = myd(-— c),
= E(Upn+¢c) =E(Up), E9Upn+c)=E%Up). (5)

11/34



Energy Differences

Questions:
1. For Up € U2, how do we compare (uy, du) and (Uper, Pper)?
2. Are E£(Up), E9(Up) well-defined for all Uy € U*2?
3. Regularity of £,£97

4. Do minimisers decay?

Strategy:
» For 1, show exponential estimates.

Answer 2 and 3 for Uy € U€.

Utilise lattice symmetries when Uxy =0
and translational invariance for all Uy € U12.

v

v

Find a suitable renormalisation, use the density of € in U2,
Answer 2 and 3 for Uy € U2.

v

v
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Exponential Estimates

Theorem 1

Suppose that my, my are nuclear arrangements satisfying (H1), (H2) and
my — my = Ryue € WH(R3). Then there exist unique solutions to the
following systems

—Au + %Uz/3 — ¢ =0, —Aw+ %U;B — ¢oux =0, (6)
—A¢1 = 47r(m1 — u%), —A(/)Q = 47T(m1 — Ll%) =+ Rnuc,

with ug, u25¢15¢2 S W37OO(R3)'
Then there exists C,5 > 0 such that for all 0 < v <7 and all y € R3

lo|<3

<c / S 0% Ruue(x) 262 dx. (7)

I81<1

v
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Exponential Estimates

Suppose the conditions for Theorem 1 are satisfied and in addition
Roue € HY(R3), then

ln — w2l pe(rs) + llP1 — d2ll w33y < CllRnucll e (rs)- (8)

Remark: The constants C from Theorem 1 and Corollary 2 depend on

C = C(inf(uy + u2) ™, max{[|u1||wroe, |U2]|wros }s

max{[|g1|wree, 2]l wroe})-
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Sketch Proof of Theorem 1

Define w = 1y — up, ¥ = ¢1 — ¢o.
Key steps:
L. Initial estimates: fix & € H1(R3), then

242 242 242
[wwpe s [ we s [ wope
2 2 2 2
§C</R3Rnuc¢€ +/R3(W +¢)|V§’> (9)

2. Higher order estimates:

242 a2 a, ) 12) ¢2
[ [ 3 (omwit o) ¢

2<[a|<3

Ié] 22 2 2 2
<C(/R3ZG Rnuc| ¢ +/R3(w +¢)V§)-

18I<1



Proof of Theorem 1

3. Combine (9) and (10)

/ S (0Pl + o) e

|| <3
(/ > 107 Rouc P + /(w2+w2)vg2).

181<1
(11)
Let y € R3and 0 < = \/—7 then choose
I
< Le.

§(x) = e P = [VE)® <
Finally, this gives

/ Z (10°w[? + |0°9[2)€2 < C / S 07 RuePE2.

|a|<3 18]<1
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Application I.I - Local Defects

Let Up € U2, consider

—Auy + Suf] [P buuy=0, —Duyg+}3 UUd du,duu,d =0,
—Apy = 47T( my — u}), ATV ES 47T( my — “U,d) + Pgef »

Rm = pif € C2(Br(UA(0))).
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Application I.I - Local Defects

Lemma (Application L.I)

Let Uy € U2, then there exists C(Up, pa),v(Un, p7L<) > 0 such that

(wwd = w) W) + IV (uud = w0 _ - —y-uno)

(Gud — S| + [V(bud — S0)W)] (12)

Proof: Let w = uy — Uper, ¥ = v — @per-
Applying Theorem 1 gives

L

laf<3

(|aaw<x>|2 n |a“w(x)|2) e 21bv1 dy

=C (’Rm(x)’2 + ’VRm(X)lz) e~ 27Ix=yl 4x

Bri(z

< ClRmll7a (s, unoyy €7
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Application I.I - Local Defects

Idea: Restrict the integral to Bi(y) and use the embedding
H3(Bi(y)) = CY*(Bi(y)).

(W) + VW) + [ ()P + V() P)
<C (HWHcla(Bl o)y T ’|¢"C1&(BI(Y)))
C (”WHH3(Bl(y)) + ||¢||H3(BI(Y)))

< Ce” / > <|8aw(x)]2+|8°‘w(x)|2> =27yl gy
Bl(}’)| |<3

< C/ > <|aa (x)[2 + 109 (x)| >e—2ﬂx—y dx

|a|<3

< C ”RmHHl(BR/(UA(O))) e—2’Y|)’—U/\(0)|'
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Application I.Il - Compact Displacements

Let VA € U with spt(VA) C Bgr(2).

7/3 7/3
_Auper + %Upér - ¢peruper =0, —Auy + %U\// — ¢yuy =0,
—A¢per = dr(Mper — uger), —A¢py = dr(my — u3),

Rpn=my — Mper € CE(BR/(Z))
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Application I.Il - Compact Displacements

Lemma (Application LI1)

Let Vp € U with spt(V) C Bgr(z). Then there exists C(Vp),y(Va) > 0
such that

|(UV — Uper)(_)/)| - |V(UV — uper)(}/)l e—'y|y—z|
|(¢V - ¢per)()/)| + |V(¢V — ¢per)(}/)| =C : (13)

Proof: This follows immediately from the proof of Application I.I. O
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Energy Differences for Compact Displacments

Proposition 3

E,E9: U — R are well-defined.

Proof: Let Vi € U with spt(VA) C Bgr(z), then by Applications I.I and
111,

my — Mper, My g — Mper € CE(R3) C LI(R3),
‘V(UV - Uper)‘; ‘UV - Uper|7 ’¢V - (Zsper’ < Ce—’y\'—2| € Ll(R3)7
‘V(Uv,d - Uper)‘; ‘UV,d - Uper" |¢V,d - ¢per‘

< C(e 2 4 e =Uh 0 ¢ [1(R3),

hence by direct estimates (4),
|E(VA)| < o0, 1E9(Vp)| < o0.
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Application Il - Change of Variables Estimates

Let Uy € Y12, now consider

Y
P
7/3 7/3
—Auper + %upé, — Gpertper = 0, —Auy + %UU/ — ¢yuy =0,

_A¢per = 47T(mper - U?)er)7 _A(bU = 47r(mU - U(2j)
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Application Il - Change of Variables Estimates

We can not estimate uy — uper directly, instead we use (Uper, Pper) and Up
to construct predictor variables (uy, ¢y).

Application Il

Let Up € U2, then there exists (Gy, dy) € W4 (R3) satisfying

luy — Gull sy + v — dull sy < CIV Unlleqny- (14)

Proof: Let Uy € U2, We interpolate Uy to R3 to find
U,Y € C®(R3,R3), satisfying:

Y is invertible,
Y(x) = x + U(x),
VU] 2gsy + [[V2U ] 2r2) < ClIVUnll2qn)- (15)
The predictor variables are defined by
0y =Uper oYY, Gy =chperoY L.
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Application Il - General estimates

Also,
-1
Mper © Y = my+ Roye,

where Rpuc € C2°(Bgr(0)). The predictors (iiy, ¢y) satisfy

—Auy + %5(7/3 — $uliy = Ry, —Auy + %UL/3 — ¢pyuy =0,
Aoy = 47r(mU — IJ%) + R + Raue, Aoy = 47r(mU — U%J)

The residual terms Ry, R, Ryuc satisfy
> (197Ri ()] + 107 Re(x)] + 07 Raue (X))
|81<1
< C(IVUxX)|+|V2U(x)|) € L*(R?).
By Corollary 1, we have
luy—Tull sy + llou — dullmeges)
< ClIVU| 2(rey + IVl 22y < CIVUAllany- O
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Application Ill - Decay estimates

Application Il

Let Up € UY? and suppose

VUMD < €+ 1)~

Then

|(uy = Bu)()| + |V (uw = Bu) ()l _ L+ Iyl) (16)
(6u = b)) + IV (¢u = Su)(¥)| '

v

Proof:

IVUA(D| < C(L+ 1)
= |[VU(x)| + |[V2U(x)| < C(1 + |x|) 7.
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Application Ill - Decay estimates

Using Theorem 1,

[, 3 (1% = @) + 1070w ~ G0 ) e 2 0x

|| <3
< c/ (VUG + [V2U(x)?) e 277 dx
R3
< c/ (1+ |x])™¥ e 27l dx
R3
<C(L+ly)™
Arguing as in Application I.I gives

[(uy — tu)(x)| + [V(uy — uy)(x)|

- - <C(1+|x)~. O
(v = du)(X)| + [V(du — du)(x)|
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Variations of the Energy Difference

For Up € U1’2, Va, Vi, Vb e UC
(6E(Un), V) is well-defined,

(FPE(UNVL, Vo) = Y VA(i) T Hij(Up) Val),
ijeN

where for i # j
Hig(Un) = = [ o) Vil 5 = Un(3) e,
|Hi j(Up)| < C e iU —i=Ur()|
Translational Invariance:
> Hij(Un) = Hij(Un) =0.
ien jen
Consequently

<525 U/\ Vl,v2 Z Vl( Ij U/\ (VZU)_ V2(i))'

ijeEN 28/34



Renormalisation Sketch (*)

Lattice symmetries: for Uy = 0, Va, V4, Vo € U2

£(0)=0, (5£(0), Vo) =0,
(62€(0) V1, V)| < CIIV Villzay IV Vallezqny:

using the lattice Fourier transform.

Changes of Variables Estimate:
[Hij(Up) = Hij(0)] = I/Wu,i(X) -Vin(x —j = Un(j)) dx
~ [ Woi(x- Vunlx ) x|

~ ] [ (0030 = Fui) - Tt~ - Un(3)
~ F,'(U/\)e_’y‘x_”.
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Renormalisation Sketch (*)

F(UA) : N — R is approximately

. 1/2
Fi(Up) = (/\VU(x)yZe—zﬂx—' dx) ,
[FCUNle2(ny < CIIV Unlle2(ny-
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Renormalisation Sketch (*)

For Vi,V € U€

{(82€(Up) — 6%£(0)) V4, V)|
< > IVA@IF(Un)e | Va(j) = Va(i)]
ijen

< Z Z (|v1 NFi(Up)e™ 7/2\/)\) <e‘“//2|p||DpV2(l)])

IeN peA~{0}

(55 mornuren)”
IeN peN~{0}
-(Z > e—vlpquVQ(,)\z>

IeN peN~{0}
< ClVallgeo (I F (UM 2 IV Vall
< CIVUAlem IV Vil ey IV Vallza

1/2
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Renormalisation Sketch (*)

Hence for V4, Vo € U2

[(02E(Up) Vi, Va)| < [(6%(E(Up) — £(0)) Vi, V)| + [(6°E(0) V1, Va)|
< C(L+ [[VUAle )V VAl ey IV Vall 2y

Renormalisation: for Uy € U€
1
E(Up) = £(0) + (5€(0), Un) +/ (1 — £)(02E(tUp) Un, Up) dt
0

1
_ / (1 — £)(3E(tUn) Un, Up) dt.
0
So
E(UA)| < C (L4 [V Unlleany) IV UnllZ2nys
hence £ can be continuously extended to Z/%2. Similarly, this can be used

to show £ can also be extended to U/1:2.
32/34



» Exponential estimates.

» Estimates for compact displacements.
» Change of variables, global L? estimates.
» Decay of displacement implies decay of correctors.

» Exploiting lattice symmetries for Uy = 0, translational invariance for
Up € U2, equivalence of norms and embeddings of 2412

» Renormalisation implies the minimisation problems (1) are
well-defined.
Outlook:

» Approximating the global minimisation problem by a finite problem.
Numerical simulations.

» Dislocations.
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Thank you for your attention!
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