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Books: Introduction to Commutative Algebra by Atiyah and Macdonald. Commutative Algebra
by Miles Reid.

1 Rings and Ideals

All rings R in this course will be commutative with a 1 = 15.
We include the zero ring 0 = {0} with 1 = 0. (in all other rings 1 # 0)

Example. Algebraic geometry: k[z1,...,z,]| with k a field. (The polynomial ring)
Number Theory: Z, + rings of algebraic integers e.g. Z[i]
Plus other rings from these by taking quotients, homomorphic images, localization,...

Ring homomorphisms: R — S (maps 1z — 1g)

Subrings: S < R (< means subring) is a subset which is also a ring with the same operations and
the same 1g = 1.

Ideals: I <1 R: a subgroup such that RI C I

Quotient Ring: R/T the set of cosets of I in R (x+I) with a natural multiplication (x+1)(y+1) =
xy+1

Associated surjective homomorphism: 7 : R — R/I defined by x — x + I

1 to 1 correspondence: {ideals J of R withJ > I'} <> {ideals J of R/I} defined by J — J = 7(J) =
{z+IT:xz€J}and J— J=7"1(J)

More generally if f : R — S is a ring homomorphism then ker(f) = f~}(0)<R and im(f) = f(R) <
S and R/ker(f) = im(f) defined by z + ker(f) — f(z) and we have a bijection {ideals.J of R, J >
ker(f)} « {ideals J of im(f)}.

Example. f : Z — Z/nZ. ker(f) = nZ,im(f) = Z/nZ. ldeal of Z/nZ <ideals of Z,> nZ i.e.
mZ/nZ, m|n

1.1 Special elements, special rings

Definition 1.1. x € R is a zero-divisor if zy = 0 for some y # 0

x € R is nilpotent if 2™ = 0 for some n > 1 (= z is a zero divisor except in 0 ring)

x € Ris a unit if zy = 1 for some y € R (then y is uniquely determined by x and hence is denoted
1t

The set of all units in R forms a group under multiplication and is called the Unit Group. Denoted

R* (or R*)

R is an integral domain (or domain) if R # 0 and R has no zero divisors.

Principal ideals: Every element x € R generates an ideal 2R = () = {ar : r € R}. () = R =
(1) <= z€eR*. () ={0}=(0) < 2=0

A field is a ring in which every non-zero element is a unit. In a field k the only ideals are (0) = {0}
and (1) = k.
Example. Z, k[z1, ..., x,] are domains but not fields (n > 1).

Q, k(x1,...,x,) are fields.

0 fn=1
Z/nZ = < a field if n is prime

not a domain if n is not prime

Definition 1.2. Prime ideal: P < R is prime if R/P is an integral domain. ie. P # R and
xyeEP < zecPoryecP

Mazximal ideal: M < R is maximal if R/M is a field. ie. R>I>M=I=RorI =M

An ideal T < R is proper if I # R ( <= I does not contain 1 <= I does not contain any units)

Every maximal ideal is prime, but not conversely in general.

Note. 0 (the 0 ideal) is prime <= R is a domain. 0 is maximal <= R is a field.

Example. R =Z. 0 ideal is prime but not maximal. pZ (p is prime) is maximal.
If R is a PID (Principal Ideal Domain) then every non-zero prime is maximal:



Proof. R2 (y) 2 () =P #0 = = = yz for some z € R. P prime =y € Por z€ P. If y € P then
(y) = (x) = P. On the other hand if z € P then z =t = ytz = z(1 — yt) = 0, but z # 0 since x # 0
but R is a domain = yt=1= (y) = R O

Definition 1.3. The set of all prime ideals of R is called the spectrum of R, written Spec(R)
The set of all maximal ideals is Max(R) and is less important.

Let f : R — S be a ring homomorphism, and let P be a prime ideal of S then f~!(P) is a prime
ideal of R. R 5 8 5 S/P has kernel f~1(P) and S/P is a domain so f~!(P) is prime.

Alternatively: If z,y ¢ f~1(P) = f(2),f(y) € P = f(ay) = f(2)f(y) € P = zy ¢ f~1(P).
Hence f: R — S induces a map f* : Spec(S) — Spec(R) by P +— f~(P)

e.g. If f is surjective we have a bijection between {ideals of R > ker(f)} <> {ideals of S} which
restricts to Spec(R) O {primes ideals of R > ker(f)} <> {prime ideals S} = Spec(S) with P — f*(P).
So f* is injective

Example. If f: Z < Q is the inclusion. 0 € Max(Q) but f~1(0) =0 ¢ Max(Z)

Spec(Z) = {0} U {pZ : p prime},
Spec(Q) = {0} = Spec(k) for any field k
SpecClz]" =" {oo} U C =PYC)
oideal a€C—(X—a)
SpecClz,y]’ =" {oo} U {irreducible curves in C2} U C?
P [z.y] { 0 yut e.g. lines X +Y =0 ) (a,b)(X—a,X—-b)={f:f(a,b)=0}

Theorem 1.4. Fvery non-zero ring has a maximal ideal

Proof. Uses Zorn’s Lemma:

Lemma. Let S, < be a partially ordered set (so < is transitive and antisymmetric x < y and y <
x = x=y)

If S has the property that every totally ordered subset T'C S has an upper bound in S, then S has
a mazimal element.

We apply this to the set of all proper ideals in R. Let T be a totally ordered set of proper ideals
of R. Set I = J;cpJ. Claim: I <R, I # R then I is an upper bound for the set 7' so Zorn = 3
maximal proper ideal.

l.Letzel,reR=>zecJforsomeJeT =reeJCIl=rzel

2. Let z,y € I then x € J; and y € J5. Either J1 C Jo = x,y € Jo = x+y € Jo C I or similarly
Jo C Jiq.

Notice that 1 ¢ JVJ hence 1 ¢ UJ so I is a proper ideal of R O
The same proof can be used to show

Corollary 1.5. Every proper ideal I is contained in a mazximal ideal (Apply theorem to R/I)
Corollary 1.6. Every non-unit of R is contained in a mazimal ideal (can use corollary 1.5)
Definition 1.7. A local ring is one with exactly one maximal ideal (it may have other prime ideals!)
Example. p prime number Z¢,) = {§ € Q : p { b} %%@ has unique maximal ideal pZ,, with
Ly PLpy = L/pZ = {3 :p | a,p{b}. Zpy \ pZLpy = {§ : pta,ptb} = set of units in Z,) In general
in a local ring R with maximal ideal M the set of units R* = R\ M. Note that (0) is a prime ideal
o Zk(plzield, R = k[[z]] = {power series in X with coefficients in k} = {f = Y ;2 a;z’ : a; € k}. Can

check fis a unit <= ap # 0. fisnot aunit < ag=0 <= f € (z) = (r) = M is the unique
maximal ideal.



1.2 Two radicals: The nilradical N(R) and the Jacobson radical J(R)
Definition 1.8. N(R) = {z € R : z is nilpotent}
Proposition 1.9.
1. N(R)< R
2. N(R/N(R)) = 0
Proof.

1. (a) Let x € N(R),r € R. So 2" =0 for some n > 1 = (rz)* =r"2" =0 = rz € N(R).

(b) 2" =0,y™ =0 (m,n > 1)= (x+y)™" !t =0, cx’y’ = 0since i +j = m+n+ 1 = either
i1>norj>m

2. Need to show that R/N(R) has no non-zero nilpotents.
2"+ N(R)=(z+ N(R))"=0=0+ N(R) (in R/N(R))

2" € N(R)

()™ =0

" =0

x € N(R)

x+ N(R)=0in R/N(R)

A

Proposition 1.10. N(R) is the intersection of all the prime ideals of R

Proof. Let x € N(R) so ™ = 0 but since 0 € PVP & Spec R hence 2" € PVYP € SpecR = x € P
since P is prime = @ € (\pegpec p £

For the other way we use the contrapositive. Let x ¢ N(R). So z,2% 23,... are all non-zero.
Consider all ideals I which contain no power of x e.g. 0. In this collection there is a maximal element
say P. Then P < R and z ¢ P. We need to show that P is prime. Let y,z ¢ P, then P+ (y) 2 P
and P + (z) 2 P. By maximality of P each of P + (y), P + () contains a power of . Say (p1, P2 €
Py, 2 € R)

o= pityy
2™ = py+zd
= 2™ =pips +prz2’ + payy’ +y2(y')
ep
2™ e P+ (yz)
P+ (yz) # P
yz ¢ P

el

O

Definition 1.11. J(R) = intersection of all maximal ideals of R. N(R) C J(R) (since maximals are
primes)

Proposition 1.12. z € J(R) <= 1—xzy € R*Vy € R.

Proof. 7 = 7: f 1 —xy ¢ R™ then 1 —xy € M for some ideal maximal ideal M = x ¢ M (else 1 € M
contradicting maximality of M) = = ¢ J(R)



x ¢ J(R) x ¢ M for some M
M+ (z)=R
l=m+zy(me M,y € R)

1—zy=m¢ R

N

Example. R = A[[z]] (Ais aring). R* = {} ;2 a;z" : ap € A*} (Exercise).
=z € J(R)since l —xf € R*Vz € R.

1.3 New ideals from old
Sum If I,J<Rthen I+J={x+y:x€l,yec J} <R. (The smallest ideal D both I and J)

Intersection I NJ < R (The largest ideal C both I and J)

Product [J = ideal generated by all zy withz € I,y € J ={>"" |z, ca; € I,y; € J}. 1J CINJ,
equality does not hold in general.

Powers: I" =ideal generated by all product z125 ...z, (z; € I)

Example. R =Z.

e (m)+ (n) = (d) where d = ged(m, n)
e (m)N(n) = (1) where | = lem(m,n)
e (m)(n) = (mn)

o (m)* = (m")

R =k[zy,...,z,]- Let M = (1,29,...,2,) = (1) + (22) + - + (z,,). (M = ker(¢ : R — k) where
o(f) = f(0,0,...,0)) R/M =k

M? = (...,z;zj,...) = {polynomials with 0 constant terms and 0 linear terms}
These operation are commutative and associative, not all distributive.

o I[J+K)=I1IJ+IK

Proof. Each side is generated by zy,zz forx € I,y € J,z € K O
o IfI+J=(1)thenINnJ=1J

Proof. Take (I+J)(INJ)=I(INJ)+J(INJ)CIJ+JI=I1Jsol+J = (1)thenINnJ CIJ O

Definition 1.13. [ and J are coprime/comazimal/relatively prime if and only if I + J = (1) <—
x+y=1forsomexel,yecJ.

Example. For R = Q|z,y] we have (z)+ (y) = (x,y) = {elements f € R such that f(0,0) = 0} # (1).
So (x) and (y) are distinct prime ideals but they are not coprime.

Lemma 1.14. If I and J are coprime then I™ and J" are coprime for any n,m > 1.

Proof. x +y = 1 for certain z € I,y € J. Consider 1 = (z+y)™ ™! € I + J" hence I"™ and J" are
coprime. 0



Chinese Remainder Theorem. If I1,..., I, are pairwise coprime ideals of R then

R/HI —H (R/1;)

Proof. The first equation is true for n = 2. We are going to use induction so assume n > 2 and
the statement is true for n — 1. Let J = H;:ll I, = ﬂ?;ll I; by the induction hypothesis. We have
I +I = (1) forall i = 1,...,n — 1. So take x; +y; = 1 for some z; € I, and y; € I, then

H:clf i (1 —y)=1 mod I, so J + I, = (1). Hence [[} L =JIL,=JNL, =N, L

W—’
eJ
Define ¢ : R — [[;, R/I; by x = (x + I1,x + I, ...,z + I,,). Kernel is (,_, I; = [\~ I;, now we
just need to show surjectivity. The element H?;ll x; maps to (0,...,0,1) (the z; are taken from the
first paragraph). By symmetry all “unit vectors” of [[(R/I;) are in the image hence ¢ is surjective.
Then we use the first isomorphism theorem to get R/ [[I; — [[(R/I;) O

If ideals are not coprime, still get a ring homomorphismR/ (., I;) < [[(R/I;) but not surjective.
Proposition 1.15. 1. If I C \J!, P; with P; prime, then I C P; for some i
2. If P>, I; and P is prime, then P D I; for some i

3. 2. is also true with “=

Proof. 1. We prove by induction if I ¢ P; for all i then I ¢ [J;, P;. In the case n = 1 it is obvious.
So suppose n > 1 and the statement is true for n — 1. Suppose I ¢ P;Vi. Then by induction
I¢ U, Pj hence 3z; € I such that x; ¢ (J,,; Pj so for all j # i we have z; ¢ P;. If for some
i we have x; ¢ P; then z; € T\ U;’:l P; and we are done. So assume z; € P; for all 4. Let
Y= i T1Ta...Ti—1Tit1... Ty € I. The ith term is in P; for all j # ¢ but not in P;. Given j
we see that all but the jth term are in P; so y ¢ P;, hence y ¢ U?=1 P;

2. Suppose P 2 I; Vi, then 3z; € I; \ P for every i. Then [[a; € (N L)\ P
3. If P=(I; then P D I, for some i by part 2 and P = (I; C I; hence P = I;

1.4 Quotients and radicals

Definition 1.16. Let I, .J be ideals, define the quotient (I : J) = {z € R|xJ C I} (This is an ideal,
but not exactly the same as in algebraic number theory)
Special case: (0: J) =annihilator of J = Ann(J)

Example. IF R = Z, ((15) : (6)) = (5). More generally if m = pri and n — pr then ((m) -
(n)) = ( ) where a = Hpmax{& fi,0}

Fact. 1. IC (I:J) (since IJC1)
2. (I:J)JCI

8. ((I:0):K) = ([:JK) = ((I: K):J)

4 (NI Ty =N )

5. (L0 =N : )

Definition 1.17. Let I be an ideal, define the radical of I tobe r(I) := {z € R|z™ € I for some n > 1}
Special case: 7(0) = N(R)



Given I, let ¢ : R — R/I. Then p=*(N(R/I)) = {x € R : p(z)" = 0 for some n} = r(I). Hence
r(I) is an ideal.

Example. R = 7. If m = [[pF, k; > 1 then 7((m)) = ([]p:)
Fact. 1. IfI C J thenr(I) Cr(J).

2. r(I) 2 1 (take n =1 in the definition)

3. r(r(D)) = (1) ((x™)" = &™)

4. 17y =r(INJ) = r(I) Ar(J)

5. 1(I) = (1) < I=(1) (useler(l))

6. r(I+J) = r(r(I) +r(J))

7. r(P") = P where P is a prime ideal and n > 1
8. (1) = poy

P prime

Proposition 1.18. I,J are coprime if and only if r(I),r(J) are coprime if and only if I"™,J" are
coprime for every/any m,n > 1

Proof. I and J coprime then I"™, J™ coprime for all m,n was lemma[T.14]. If Vm,n I"™, J" are coprime
= JIm,n I™,J" are coprime is trivial.If 3m,n > 1 such that I, J™ are coprime then I4+J D I+ J" =
(1) hence I + J = (1) (i.e they are coprime)
We now just need to prove I, J coprime <= r(I),r(J) are coprime
“=" obvious because r(I) +r(J) 2 I+ J = (1), sor(I) +r(J) = (1)
r(I+J)=r(r(I)+r(J)) =r((1)) = (1) hence by fact 5. we have I + J = (1) O
1.5 Extension and Contractions

Definition 1.19. Let f : R — S be a ring homomorphism. For I < R, let the extension of I, I¢ be
the ideal generated by {f(z) € S|z € I}. So I¢ = {4 e Sif (@) | 55 € S, € I}
For J <1 8, let the contraction of J, J¢ = f~1(J) C R (this is an ideal)

Example. If R < S then J*=JNR,I°={> s;z; | s; € S,z; € [} = the S-ideal generated by I
Fact. If P is a prime ideal of S then P°¢ is a prime ideal of R (seen). This is not true for extensions:
Example. Z — Z[i]. If we take (5)¢ = 5Z[i] = (2 +7)(2 — ¢)Z][d] is not a prime ideal.
Proposition 1.20. Let I <R and J < S

1. I CI° (sincex € f~1(f(x)) )

2. J D J% (easy)

3. I¢ =1°° and J¢ = Jee°

4. Let C' = set of contracted ideals in R and E = set of extended ideals in S. Then C = {I < R|I =
I}, E={J < S|J = J} and there is a bijection C — E given by e whose inverse is c.

Proof. 1 and 2 are easy. For 3 we have I¢ D I¢°¢ by 2 applied to J = I but by 1 we have I C I°® and
apply extension hence I¢ C I°°. 4 is easy to prove using 3 O

Example. Counter example to reverse inclusion of 1. Z — Q, (2)*°=Q°=Z = (1) # (2)

Theorem 1.21. Let f: R — S be a ring homomorphism and I — I° and J — J¢ be the extension
and contraction maps. Then

o Eaxtension:

1. (Lh+L)e=1If+ 1§



I
I : L) CI¢: IS

Contraction:

(S )2 If+ TS
(N Ja)E = TN TS
. (J1J2)¢ D JLJS

. (J1 s J)e CJf e JS
r(J)e=r(J°)

R N I

Proof. None of these is too hard to show O

Example. Counter example to show cases where equality does not hold

Contraction 1: Take f : k — k[z] (with k any field), J1 = (z) and Jo = (z + 1). Then
J¢ = Js = (0) but J1 + Jo = (1) which contracts to (1).

Extension 2: Take f : Z[x] — Z to be the “evaluation homomorphism” which maps x + 2. Let
I = (z) and Iy = (2) then I N Ix = (2z) so (I; N I3)¢ = (22)¢ = 4Z while I§ = I§ = 2Z so
Iy NI§ =27

Contraction 3: Take f :7Z — Z[i], J1 = (2+14),J2 = (2 —4). Then Jf = J§ = (J1J2)¢ = (5)

Extension 4: Take f : Z[z] — Z to be the “evaluation homomorphism” which maps = +— 2. Let
I = (z) and Iy = (2) then (I : Iy) = I (since z|2f <= z|f) so (I1 : [2)® = (x)° = 2Z while
It = IS = 27 with quotient Z

Contraction 4: Take f : Z — Z[i], J1 = (2+1),J2 = (2—14). Then Jf = JS = (5)so (Jf: J§) =7
but (J; : J2) = J1 which contracts to (5).

Extension 5: Take f : Z < Z[i],I = 2Z. Then r(I)¢ = (2Z)¢ = 2Z[i] while r((2)¢) = r(2Z[i]) =
(1+14)Z[4]

From the theorem we can see that the set of extended ideals of S is closed under the sum and
product, while the set of contracted ideals of R is closed under intersection and radical.



2 Modules

Definition 2.1. An R-module is an abelian group M with a scalar multiplication R x M — M sat-
isfying (rim)=rm

1. (r1 +re)m=rim+ram

2. r(m1 +mg) = rmq + rmoy

3. r1(rem) = (rire)m

4. 1lpm=m

For each r € R the map M — M, m — rm is an endomorphism of M (by 2.) 1,34 says R —
End(M) is a ring homomorphism

Example. 1. R itself is an R-module. So are all ideals of R
2. If R is a field k then an R-module is a k-vector space
3. Every abelian group A is a Z-module

4. A k[z]-module is kvector space V together with a k-linear map V' — V given the scalar multi-
plication by x

5. Let G be a finite group (abelian). Let R = k[G] the group algebra. Then a k[G] module is a
representation of G.

Definition 2.2. An R-module homomorphism f: M — N is a map M — N which satisfies
L f(m1 +m2) = f(m1) + f(me)
2. f(rm) =rf(m)

Where M, N are both R-module. f is called R-linear
Hompg(M, N) = {all R-linear map f : M — N} is another R-module with point-wise operations

Example. Homg(R, M) = M by f <> f(1g) since f(r) = f(r-1) =rf(1)

Definition 2.3. N C M is a submodule if it is closed under addition and scalar multiplication, (in
particular 0 € N). We will use N < M as notation.

Example. R-submodules of R are the ideals of R.

Definition 2.4. Quotient Modules: If N < M then M/N is again an R-module via r(z+N) = rz+ N
(well-defined since rN C N)

Kernels and Cokernels: If f € Hompg(M, N) then ker(f) < M, im(f) < N and coker(f) =
N/im(f)

So f is injective <= ker(f) = 0. f is surjective <= coker(f) =0 <= im(f) =N
First Isomorphism Theorem. If f € Hompg(M, N) then M/ker(f) = im(f) via m+ker(f) — f(m)

Definition 2.5. Sums of Submodules: Let M; < M for i € I. Then Zie] M; = {all finite sums
Zie[ m; with m; € Mz} <M

Intersection of Submodules: Let M; < M for i € I. Then (),.; M; <M

iel
Second Isomorphism Theorem. Let N < M < L be submodules of R. Then
L/N ~ £
M/N M

Proof. The map L/N — L/M defined by x + N — x+ M (x € L) is surjective with kernel M /N, then
use the first isomorphism theorem. O



Third Isomorphism Theorem. Let My, My < M be R-modules. Then

M+ M, _ M
My MM

~

Proof. The map M — My + My — (M7 + My)/M; defined by y — 0+ y — y + Miis surjective with
kernel M; [ Ma. Then use the first isomorphism theorem. O

Definition 2.6. Product of Ideal and Modules: Let I << R and M a R-module. Define the product of
I and M tobe IM = {37, aimjla; € I,m; € M} < M.

A special case I = (r) we write rM = {rm/m e M} <M

Quotient: Let M, N be R-module such that they both are submodules of L, we define the quotient
tobe (M:N)={reR:rTNCM}<R

Special case: M =0, (0: N)={re R:rN =0} = Anng(N)< R

Mis a faithful R-module if Anng M =0

If I C Anng M then M may be regarded as an R/I-module via (r + I)m = rm. In particular
taking I = Anng M we may view M as a faithful R/ Anng M-module.

Example. If A is an abelian group (hence a Z-module) which is p-torsion (meaning pA = 0 for some
prime p) then A is Z/pZ-module, i.e., a vector space over F,,.

Definition 2.7. Cyclic Submodules: x € M an R-module generates (z) = Rx = {rz|r € R} < M
is the cyclic submodule generated by z. In particular if M = Rz for some x then M is cyclic and
M = R/ Anngp x (as R-modules)

Finitely Generated Module: We say M is finitely generated (f.g.) if M = >""" | Rx; for some finite
collection x1,...,2, € M. More generally {x;};c; generates M if every x € M is a finite R-linear
collection of the x; € M.

Example. M = R[z] is generated by 1,z,2% 23,... but M is not finitely generated.

Definition 2.8. Let M, N be R-modules. We define:
Direct Sum: M @& N = {(m,n) :m € M,n € N} is an R-module with coordinate operations.
Direct Product: M x N ={(m,n): m &€ M,n € N} is an R-module with coordinate operations.
Similarly if M; (i = 1,...,n) are R-modules we can form @7 | M; = {(m,...,my)|m; € M;Vi <
n}=Ii_, M;
Infinite Direct Sum: If we start with {M;};er we define @;erM; = {(m;)icr : m; € M; Vi,all but
finitely many m,; = 0}
Infinite Direct Product: If we start with {M;}ic; we define [[,_; M; = {(my)ier : m; € M;Vi}

Example. As an R-module R[z] = © R where the isomorphism is defined by Z?:o rizt v (ro, 71,72,
R[[z]] = I];2y R (as R-modules)

Definition 2.9. Free Modules: M is free if M = @®;c; M; where each M; = R.
A finitely generated free module M = R®---® R=R"
—_——

n

Lemma 2.10. M is finitely generated if and only if M = a quotient of R"™ for some n

Proof. “=": If x4, ..., 2, generates M then map R™ — M by (r1,...,rn) — >, 7@; is surjective
(since M is finitely generated) so R™/ker = M

“&” R™ is finitely generated by (1,0,...0),(0,1,0,...,0),... So R"/K is finitely generated by
images of these in R"/K O

Proposition 2.11. Let M be a finitely generated R-module, J<AR and ¢ € Endg(M) = Homp(M, M).
Suppose that (M) C JM. Then Jay,as,...,a, € J such that

P a1 a4 andy =0

in Endg(M) and Iy is the identity map M — M

10
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Proof. Let x1,...,x, generate M. Vi < n,p(z;) = Z?Zl a;x; where a; € J.

Z((Sij@ — ai]‘I).Ti =0

j=1
0 i#j
1 i=j

(8i5), X = (z1,...,7,)T. Multiply by adj(I¢— A) whose entries are all in Endg(M) = det(Ip—A)x; =
0Vi=det(Iy — A) =0 € Endr(M). If we multiply out det(I¢ — A) to get the equation above. [

for i = 1,...,n where §;; = . We can rewrite this as (I — A)X = 0 where A = (a;5),] =

Applications:

1. z € C. If M is a non-zero finitely generated Q-submodule of C such that M C M then z is
algebraic.

Corollary 2.12. The set of all algebraic numbers in C forms a field.

2. x € C, M C C a non-zero finitely generated Z-submodule such that zM C M = x is an algebraic
integer

Corollary 2.13. The set of algebraic integers in C is a ring.

Proof Of Applications and Corollary. € C is algebraic <= Jmonic f € Q[z] such that deg f =
n >1and f(a) =0 < IM C C a finitely generated Q-submodule of C with aM C M. (For =
M = Qo] =Q+Qa+ Qa?+---+Qa™ 1)

a € C is an algebraic integer <= 3 monic f € Z[x],such thatdeg f =n > 1 and f(a) =0 <—
M c C afinitely generated Z-module with aM C M (Again for =: M = Z[a| = Z+Za+---+Za™ 1)

Let R = Q or Z and let o, be {algebraic numbers or algebraic integers respectively}, then
a =+ B, af are also {algebraic numbers, algebraic integers}. Let the polynomial of a be f(z),deg f =n
and of 8 be g(z),degg = m with f,¢g € R[z] monic. Let M be the R-submodule of C generated by
a'fl0<i<n-10<j<m—-1,ie, M = Eiijoﬂﬂj. Clearly oM C M and BM C M. Then
(e £ B)M C M and aSM C M quite clearly hence a + 8 are {algebraic numbers, algebraic integers}.
Hence both sets are subrings of C. If v is an algebraic number a # 0 then o~ ! is also algebraic (easy)
so {algebraic numbers} is a subfield of C. O

Corollary 2.14. If M is an finitely generated R-module and J < R such that JM = M then Ir € R
such that tM =0 andr =1 mod J (i.e.,r—1€J)

Proof. Apply the proposition with ¢ = identity map. So the proposition tells us (1+a1+- - -+an—1)M =
Owitha;eJ. Soletr=1+a;+ -+ an_1- O

Corollary 2.15 (Nakayama’s Lemma). If M is a finitely generated R-module and I < R such that
ICJ(R). If IM =M then M =0

Proof. By Corollary Jr € Rsuch that rM =0andr—1€ I =r—1¢€ J(R) but this implies (by
Proposition yre R*so M =r—rM =0 O

Corollary 2.16. Let M be finitely generated and I < R such that I C J(R). Let N < M. If
M =1IM + N then M = N.

Proof. Apply Corollary to M/N (which is still finitely generated), using I(M/N) = (IM +
N)/N (%), since M = IM + N = I(M/N) = M/N = M/N =0= M = N. To check (x) holds we
use the map ¢ : IM + N — I(M/N) defined by am 4+ n +— a(m + N). ¢ is clearly surjective and has
kernel = N (hence use the first isomorphism theorem) O

Corollary 2.17. Let M be a finitely generated R-module, where R is a local ring with (unique) mazimal
ideal P and residue field k = R/P. Then

1. M/PM is a finite dimensional vector space over k

11



2. x1,...,x, generates M as an R-module <= T7,...,T, generates M/PM as a k-vector space.
(Here T =x+ PM € M/PM)

Proof. 1. M/PM is an R-module which is annihilated by P hence is a module over R/P = k.

2. “=™ Clear. T € M/PM = 3x; € R such that z = >, rjz; =T =Y, 7;%;. (Note that this
also proves the finite dimensional claim of part 1)
“<” Let 1,...,x, € M be such that Z7,...,T, generates M/PM. Set M = Z?:l Rx; < M.
We want to show M = N. We are going to use Corollary noting that J(R) = P, with
I = P. Then we can apply the Corollary if M = PM + N. Let « € M, then Z € M/PM so Ir;
such that # = > r;@; in M/PM = x — > rx; € PM =2 € N+ PM
O

Example. R = Z¢) = {$ € Q| 51 b}. This is a local ring with maximal ideal P = 5R. We can
check that R/P = Z/57. Let M = Q, but PQ = Q = Q/PQ is 0 but Q is not finitely generated as
an R-module. (see exercise)

2.1 Exact Sequences

Definition 2.18. Let L, M, N be R-module. A sequence L —>= M . N of R-module homo-
morphism is ezact if im(«) = ker(f).
Note: This implies 5-a =0 (<= im(«) C ker(8))

Example. Key Examples:
o L %> M-—-0 isexact <= « is surjective
e 0——= M —2> N isexact <= a is injective
o — « Qi1

e A longer sequence ...— M; e M s M;y1 —— ... is exact <= ker(q;) =
im(ai_l) Vi

e Short Ezxact Sequence 0 L—>M N 0 is exact <—
— « is injective (L — M)
— ([ is surjective (so N = M/ ker j3)
— im(«a) = ker(8)
— Thatis L 2 a(L) < M and M/a(L) 2 N

2.2 Tensor products of modules

Let R be a ring. Given two R-modules, A, B we will define/construct an R-module C = A ®p B with
the following properties

1. C is an R-module and there is an R-bilinear map g: A x B — C

2. (Universal property) For any R-bilinear map f : A x B — D (with D any R-module) there is a
unique R-linear map h: C'— D such that f =hog

C=A®rB
=

Ax B h

T

These properties uniquely determine A ® g B up to unique isomorphism. This is because:

D

e Taking D = C shows that idg : C — C'is the only map such that g = id¢g og

12



o If D also satisfies 1., 2. then 3h; : C — D such that f = hy; o g and Jhy : D — C such that
g = hoo f. Then we see that f =hjohso f = hjohy =idp and g =hoohjog = hyohy =id¢

Existence:
We construct C as follows

e Take the free R-module F' with A x B as generating set i.e. generators (a,b)Va € A, b € B.
F = {E?:I ’I“i(ai,bi)h“i S R, a; € A,bi € B}

e Factor out the submodule L consisting of all elements of the form (r1a; + r2a2,b) — r1(a1,b) —
TQ(CLQ, b) and ((1,le1 — ’/‘ng) — ’1"1((17 bl) — Tz(a, b2)VT1, ro € R,a, a1,a2 € A, b, bl, b2 cB

e Set C = F/L. Denote the image in F/L of (a,b) by a ®b. Then F/L is generated by {a ® bla €
A, b e B} with “relations” (7’10,1 + 7’2@2) (24 b= 71 (a1 X b) + T‘Q(CLQ (24 b) and a X (7’11)1 + ’I"sz) =
r1(a®b1) + ra(a ® ba) (*)

So each elements of A ®g B has the form > | 7;(a; ®b;). But (by (x)) we have r(a®b) = (ra) @b =
a® (rb). Using this, every element of A®pg B is a finite sum of “atomic tensors” a ® b. Can we simplify
these sums further? Not in general! e.g. a1 ® by + as ® by can not, in general, be rewritten as a single
“atom” a ® b.

Example. If A, B are both cyclic R-modules, say A = Rx, B = Ry then every a € A has the
form a = rx for some r € R and similarly every b € B has the form b = sy for some s € R. Then
a®b=rz®sy =rs(x®y). A general element of AQp B is thus a finite sum of )" | t;(z®y) = t(zQy)
where t = 3" | t; € R. Hence A®p B is cyclic, generated by z ® y

Fact. More generally if A, B are finitely generated by x1,...,x, for A and yi,...,ym for B. Then
(Do) @ (2 sy5) = 225 ;(risj) (s ® ;). Hence A®p B is also finitely generated by z; ® y,

Exercise. R =k a field. z1,...,x, a basis for A and y1,...,y, a basis for B then the z; ® y; are a
basis for A ®; B and hence dimy A ®; B = mn = (dimy A)(dimy, B)

Similarly we can define A®@pr B ®p C for any three R-modules A, B,C and A1 g A R - Qr A,
for any n R-modules Ay,..., A,. We get nothing essentially new since A ® g B ® g C turns out to be
isomorphic to (A ®r B) ®r C and to A®pr (B®r C)

Lemma 2.19. 1. AR B2 B®rA
2. AQpr R= A
3. (AeB)®rC =2 (A®rC)® (B®gr(C)

Proof. 1. We have an R-bilinear map A x B — B®gr A via (a,b) — b®a. (Since (ria; +reasz,b) —
b®(ria1+raaz) =r1(b®a1)+r2(b®as) < r1(a1,b)+r2(az,b)). Hence there is a unique R-linear
map hy : AQr B — B®p A with a ® b — b ® a. Similarly we get ho : BQr A - A®p B with
b®a+ a®b, hence hy o ho =id and hy o hy = id

2. Define a map A x R — A by (a,r) — ra. It is surjective (take r = 1) and R-bilinear, hence
induces a map f : A®r R — A with a ® r — ra surjective. Define g : A - A ®g R by
gla)=a®1 e A®gr R. We can easily check that fog=1ids and go f =idagpr -

3. Exercise
O

Definition 2.20. Tensoring maps (i.e., R-module homomorphism): Let f: Ay — As,g: By — Bs be
R-linear maps where A, Ay, B1, By are R-modules. Then there is an R-linear map f®g: A1 ®r B1 —
As ®p By which sends a®b — f(a)®g(b). This is induced by the R-bilinear map A; X By — A ®p Bo
which sends (a1,b1) — f(a1) ® g(b1)
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2.3 Restriction and Extension of Scalars

Or: How we usually think about tensor products Let f: R — S be a ring homomorphism.
Then every S-module becomes an R-module via rz = f(r)z.

Example. Special Cases:
1. S is an R-module (rs = f(r)s)
2. R a subring of S and f the inclusion map R < S. Then every S-module is an R-module too.

Example. If K, L are fields with K C L (i.e., L is an extension of K) then L-vector space is a
K-vector space. (Restriction of scalars). In particular L is a vector space over K. dimg L is the
degree of the extension (< 00).

Standard Fact: If L. D K D F (fields) and L is a finite extension of K and K is finite over F
then L is finite over F.

Proposition 2.21. Let f : R — S be as above. If M is a finitely generated S-module and S is a
finitely generated R-module then M is a finitely generated R-module.

Proof. Straightforward O

We are now going to try to go the other way. Let f : R — S and M be an R-module. Let
Mg = S®pg M, this is an R-module. It can be made into an S-module via s’(s@m) = (s's) @ m. (The
R-module structure of Mg can be done in two ways r(s®@m) = (f(r)s) @ m =s®rm). It R =5 and
f =id we just get R®r M = M (= Mg)

Definition 2.22. We say that Mg is obtained from M by extension of scalars

Remark. If {x;};cr generates M as an R-module then {1 ® x;};c; generates Mg as an S-module. i.e.,
M =73 Rr; = Ms =) ,.;5(1®ux;). By abuse of notation we often just write Mg = ), Sz;
where > s;x; is shorthand for ) s; ® z;.

icl
Example. 1. Q(i) ®p R = C. Q(¢) is generated as Q-module by 1,4 hence Q(7) ®g R is generated
as an R-module by 1®1,7® 1. And we abbreviate (1 ® 1) + y(1 ® i) as x + yi where z,y € R.

2. Let R and S be two ring with f : R — S is the “structure map” giving S the structure of an
R-module. Then R[z] ® S = S[xz]. Strictly: elements of the left side are polynomials in z ® 1

3. R"@pS = S" Ifey,...,e,are the “standard” generators (1,0,...,0),...,(0,...0,1) for R™ then
R™ ®p S is freely generated by e; ® 1.
2.4 Algebras

Definition 2.23. 1. Let R be a ring. An R-algebra is a ring A with a ring homomorphism f :
R — A, which turns A into an R-module. (via ra = f(r)a)

2. Conversely if A is both a ring and an R-module ((r,a) — 7 - a)then it is an R-algebra if the two
structures of A are compatible, i.e.:

(ri+re)-a=ri-a+ry-a

ri(r2-a) = (r1r2) - a

el-a=a

r-(a1a2) = (r-a1)az = a1 - (raz)

We recover the structure map f: R — A by setting f(r) =r-14 € A.

To go from one definition to the other: 1 = 2: Define r - a = f(r)a (show that this satisfy the
axiom given).
2 = 1: Define f(r) =r-1, € A (Show that this does give a ring homomorphism)

14



Definition 2.24. Let A, B be R-algebra with structure maps f : R — A,g : R — B. Then an
R-algebra homomorphism from A — B is a map h : A — B which is both a ring homomorphism and
R-linear such that g =ho f

Tt

What we have proved: A ring homomorphism A : A — B is an R-module homomorphism <= hof =g
Special Cases:

1. R =k afield, A # 0 then the structure map f : k — A must be injective (f(1x) =14 so f # 0).
So A is a ring with k as a subring.

Example. A = k[X] is a k-algebra, C is an R-algebra (and a Q-algebra)

2. R =7. Any ring A is a Z-algebra whose structure map is the unique ring homomorphism Z — A,
n—n-la=14+14+.---4+1
—_——

n>0

3. k a field. Extension fields of k are k-algebra. If k C Ly,k C Lo (L1, Lo are fields). Then a map
h: Ly — Ly is a k-algebra homomorphism if it is a ring homomorphism (necessarily injective)
such that h(z) = 2 Vz € k.

Ly

v

Lo

2.5 Finite conditions
Let A be an R-algebra.

Definition 2.25. Ais a finite R-algebra if it is finitely generated as an R-module, i.e., Jaq,...,a2 € A
such that A = Ra; + --- + Ra,

A is a finitely generated R-algebra if there is a surjective ring homomorphism R[zq,...z,;] — A
for some n defined by x; — a;. Denote this by A = R|ay,...,a,]. Hence every element of A is a
polynomial in the finite set aq,...,a,

Example. A = R[z] is a finitely generated R-algebra (generator = x), but it is not a finite R-algebra
since it is not finitely generated as an R-module. (it is generated by 1,z,22,... but not by any finite
set of polynomials)

If o € C then Q[q] is a finitely generated Q-algebra, and is a finite Q-algebra <= « is an algebraic
number.

A = Z]a] is finitely generated Z-algebra, and is a finite Z-algebra <= « is an algebraic integer.
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2.6 Tensoring Algebras

Let A, B be R-algebras with structure maps f: R — A,g: R — B. The R-module C = A ®zp B may
be turned into a ring and hence an R-algebra by setting (a1 ® b1)(as ® by) = ajas ® bibs. (extended
by linearity)

Proof that this is well defined and turns A @g B into a ring. Map AXBxAxB — C by (a1,b1,a2,b2) —
aias ® biby. This is clearly R-multilinear and hence induces an R-linear map from (A ®g B) Qg
(A®r B) — C, i.e, C®pr C — C is a well defined map, which in turns gives our multiplication.
lc=14®1p and 0¢ = 04 ® 0. Checking C is a ring is straightforward. The structure map R — C
isr—r-(1®l)=1®g(r)=f(r)®1

f/ A \i%m—m@l

C:A®RB

>\ B /@0—)1@1)

R
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3 Localization

Rings and Modules of Quotients Recall: If R is an integral domain then we construct its field
of fractions as follows: take the set of ordered pairs (r,s),r € R,s € R\ {0} with equivalence relation
(r1,81) ~ (re,s2) <= 1182 = r251. Denote the class of (r,s) by Z. Define ring operations by via the
usual formulas {+ + 2 = % Lots of checking of well-defined-ness and axioms shows that this
. _ O _ 1 _ _ .

1Tssa_ﬁelldK. 0=7,1=7,=0 < r=0soweget R~ Kbyr— {,s0if - #0= 2 € K and
sT

1
Definition 3.1. A rmultiplicatively closed set (MCS) in a ring R is a subset S ofR such that:

1.1€S
2. 51,82 € S =s150€8
We’ll often assume 0 ¢ S

Example. If R is an integral domain, S = R\ {0}.
R any ring, P prime ideal of R, S =R\ P

Given a MCS S take the set of pairs R x S with the relation: (r1,$1) ~ (re,$2) <= 3Is € S
such that s(ryse — res1) = 0. This is an equivalence relation: Reflexivity and Symmetry are trivial.
For Transitivity: (r1,82) ~ (r2,s2) and (ra,s2) ~ (r3,s3) = Is,t € S such that s(risg — resy) =
0,t(ross — r3s2) = 0 = sast(ri1s3 — r3s1) = stsyrass — stsgrasy = 0.

Let S™'R = {£ :r € R,s € S} where % is the equivalence class of (r,s). So % = g—z
s(r182 — r2s1) = 0 for some s € S. This forms a ring under the usual addition and multiplication
of fractions. (Check ring axioms + well-defined-ness). O0g-1p = %, lg-1p = % and we have a ring

homomorphism f : R — S~!R defined by r 7 which is not injective in general. - = 2 <= ds€ S
such that s(ry —re) =0, 1e., 71 —7rg € {r € R:rs =0 for some s € S} = ker(f) < R.

Note. f(s)is a unit in S7'R: since f(s) = % and £1 =1 =1.

Proposition 3.2. Let S be a MCS in R and f : R — S™'R as above. If g : R — R’ is a ring
homomorphism such that g(s) is a unit in R’ for all s € S then there is a unique map h: ST*R — R’
such that g = ho f

SR

‘g factors through h”

Proof. Uniqueness: Suppose such an h exists. Let £ € S™!R,
h(5) = h(F(r) = g(r) = g(s)h(%) = g(r) = h(Z) = g(r)g(s) "
Existence: Define i : ST'R — R’ by h(%) = g(r)g(s)~". Tt it well-defined? > = 2 = s(rysy —
ras1) = 0 for some s € § = g(s) (g(r1)g(s2) — 9(r2)g(s1)) = 0 = g(r1)g(s2) = g(ra)g(s1) (Since g(s) is
a unit) = g(r1)g(s1)™! = g(r2)g(s2)™! (again because g(s1 ) and g(sz) are units). It is easy to check
that % is a ring homomorphism. h(f(r)) = k(%) =g(r)g(1)"' =g(r)Vre R=ho f=yg O

= T = A(R(E) = h() but

w3

s
1

So the pair (S7!R, f) with f : R — S71R is determined up to isomorphism by:
1. s€ S = f(s)is a unit
2. f(r)=0 <= rs=0 for some s € S

3. STIR={f(r)f(s)"'Ire R,s € S}
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Example. 1. P < R prime ideal and S = R\ P. Set Rp = S™!R in this case. “the localization of
R at P". f: R — Rp, r — 1, the extension of P to Rp is PRp = {% : 7 € P,s ¢ P} which is
the set of non-units in Rp. So this is the unique maximal ideal in Rp, so Rp is a local ring.
Special Case:

(a) R an integral domain, P = 0 then Rp is the field of fractions of R. (e.g., R = Z then
Rp=0Q)

(b) R=17Z, P = pZ (p a prime number) = Rp =Z) ={- € Q:r€Z,s € Z\pZ} CQ
Let f € Z. Write f(p) to be the image of f in Z/pZ = F,. Then p is a zero of
f < [f(p) =0 <= [f € pZ What about f € Q? Write f = %, f(p) =

{r(p)s(p)_l ifpts(+< s(p)#0) F,U{oo} if pisa prime

. So f gives a function on Spec Z with f(p) € {

0 otherwise Q ifp=0
(¢) R = k[x1,...,x,] where k is an algebraically closed field (e.g., K = C). M < R,M =
(x1 — a1, ...,y — an) where (a1, as,...,a,) :=a € k™.

Note. 1. M is ker(eval, : R — k defined by f — f(a)) = M is maximal since R/M = k
ii. Every maximal ideal of R has this form (by the Hilbert’s Nullstellensatz)

R C Ry C k(z1,...,2,) and Ry = {g : f,9 € R,g(a) # 0} = subring of k(z1,...,z,)
consisting of rational functions which are “defined at a”. The unique maximal ideal in R,,
is MRy = {L: f(a) = 0,9(a) # 0}. Finally Ra;/MRy =k = R/M

2. 0€ S = SR =0 (The zero ring)

3. If S C R* then f: R — S™!'R is an isomorphism (and conversely)

4. f€R,S={1,f f% ...} then ST'R is denoted Ry :{fi re€ R,n>0}

Example. R=7Z,f =2, Ry = Z[%]

3.1 Localization of Modules

Given an R-module M and a multiplicatively closed set S C R, let S~'M = {equivalence classes: o

of pairs (m,s) with m € M,s € S modulo the relation (m,s) ~ (m’,s") <= r(sm’ —s'm) = 0 for

some t € S}. Define 0 4 ™2 = S2mudsime gpd LM — 1M Thig tyrns S~ M into an S~!R-module.
S1 S92 S182 S1 S2 S182

Alsoif ¢ : M — N is an R-linear map then we define S~'¢ : S™'M — S™'N by (S71¢)(2) = %m)
This is an S~!R-linear map.

If we have M; % M, % M; is a sequence of R-linear map then S7(py) = (S71)(S1v) :
S~'M; — S~'Ms since they both map 2 — 2 ym ¢ g=1p7,

. . st st
Proposition 3.3. If M, i) Mo ﬂ M is an ezact sequence of R-modules then S~ M, —>w S M, —>¢
S~ M5 is an exact sequence of S~ R-modules.

Proof. We need to prove that: im = ker ¢ = im(S~11)) = ker(S~1¢)
imy Ckergp = ¢ptp =0 = (S71)(S7 1) = S~ (p) = 5710 = 0 = im(S~ 1) C ker(S~1¢)
Conversely: Let 2 € ker(S~'¢). Then 0 = @ so 3t € S such that tp(ms) = 0 = ¢(tms) = 0.

—1

So Im; € M such that tmy = (my). Now 22 S¥ dltm) _ tmg _ ma g 22 ¢ im(S™1Y) as

ts ts ts s

required. O
Special Case: M; = 0, i.e., ¢ injective: If M < N then S~'M < S~IN
Corollary 3.4. Let N, N1, Ny be R-modules of M. Then:
1. S7YNy + No) = STIN; + S71 Ny (as submodules of S~ M)
2. STY N1 N Ny) = S7IN; N S~INy (as submodules of S™*M )
3. STYM/N)= S~ 1M/SIN
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Proof. 1. Trivial: Both sides consist of elements of @ =2+ 2 (r; € Njys € 5), and S+ =

82

2281488122 the numerator is in Ny + Na and denominator in S, hence the whole fraction is in

STH(Ny + N)
2. Exercise

3. Apply the proposition to the short exact sequence 0 - N — M — M/N — 0 to get that 0 —
STIN — S=1M — S7Y(M/N) — 0 is exact then by first isomorphism theorem S~!(M/N) =
STIM/STIN

O

Proposition 3.5. S7'M = ST'R ®p M via the map T ®@mw ==, That is S~IM is obtain via
“extension of scalars” using the standard map f: R — S™'R as the structure map

Proof. Map S™'R x M — S~'M by (£,m) = . This is bilinear so it induces a well defined map
g:ST'R®gr M — S™'M as in the theorem. We check ¢ is an isomorphism.

g is surjective: g(% ®@m)="2

Observe that every element of S™'R®pg M has the form 1 @ m since Y | L@m =), ®m;
where s = s152...5,. But Y0 Z@m; = >0 L @rim = 1o (3, rim;). Now we show g is
injective. Suppose g(% ®m) =0= "= =0= 3t c S such that tm = 0. Now % ®m = é ®m =
i ®tm = % ® 0 = 0. Hence g is injective. O

’
noorg
=1 s

Proposition 3.6. Let M, N be R-modules and S a MCS. Then S™'M ®@,-15 S7IN = S~} (M ®r N)
(as S~ R-modules)

Proof.
STIM®g-1p STIN = (M ®rS 'R)®g-15 S 'N by the preceding proposition
~ M®g(ST'R®g-1r STIN) by associativity
~ M®rS™'N by Lemma [2.19
~ M®p (S 'R®pg N) by preceding proposition

I

ST'R®p (M ®p N) rearranging terms
St (M ®g N) by preceding proposition

1

O
Special Case: Let P <1 R be a prime ideal. Let S = R\ P and denote S™'M by Mp. (which is a
module over the local ring Rp = S™'R). Then Mp ®r, Np =2 (M ®r N)p

3.2 Local Properties

Definition 3.7. A property of R-modules is called local if: M has the property if and only if Mp has
the property VP € Spec R

Proposition 3.8 (Being zero is a local property). Let M be an R-module. Then the following are
equivalent:

1. M=0
2. Mp =0 for all prime P< R
3. Mp =0 for all mazimals P <1 R

Proof. 1=2=- 3 is trivial. To show 3 = 1, suppose M # 0. Let x € M,z # 0, set I = Anngxz = {r €
R:rz =0} <R, # R (as 1 ¢ I), so there exists a maximal ideal P O I. Then § € Mp is non-zero:
for § =0 <= sz =0 for some s € R\ P, which is a contradiction. O
Proposition 3.9. Let ¢ : M — N be a homomorphism of R-modules. The following are equivalent:

1. ¢ is injective

19



2. ¢p : Mp — Np is injective for all primes P

3. ¢p : Mp — Np is injective for all mazimals P
Moreover the same holds with “injective” replaced by “surjective” throughout.
Proof. Surjective case: 1 = M % N = 0is exact = Mp ox Np — 0 is exact for all primes P= ¢p is
surjective for all P= 2.

2 = 3 is trivial

3=1:Let N'=¢(M)<N. Then M - N — N/N' — 0is exact. = Mp 28 Np — (N/N)p =0
is exact ¥V maximal P = (N/N')p = 0 for all maximal P = N/N’ = 0 (by previous proposition)

= N = N’ hence ¢ is surjective.
(Injective case uses the same argument with the exact sequence 0 — M — N) O

3.3 Localization of Ideals

Ris aring, S a multiplicatively closed set C R, f : R — S™'R defined by r — T+ Recall that for <R
we have I = ST' T ={Z:rel,se S} <S 'R (Wewilluse ] <R and J < S™'R)

Note. Any finite sum ) 2= can be put over a common denominator
Proposition 3.10. 1. Everyideal J <1 ST1R is the extension of an ideal I < R. (Namely J = J°)
2. If I QR then I°¢ = Uses(T : s); hence I¢ = (1) if and only if INS # 0.

3. If I < R then I is the contraction of some ideal J < S™'R if and only if no element of S is a
zero divisor in R/1.

4. The correspondence P ++ S™1P gives an order-preserving bijection between the prime ideals P
of R which do not meet S and the prime ideals S~'P of S™'R.

5. 871 commutes with sums, products, intersections and radicals:

(CL) S~ (Il+12) 871[14*571[2
(b) S™HI112) = (ST11)(S™ )
(C) S (Il ﬂIg) S 1[1 05_1]2
(d) S~1(r(I)) =r(S7I)

Proof. 1. We always have J 2 J°. We prove the containment the other way, let = € J <5~ 'R=
teJ=>relJ = gfng(JC)e Hence J = Je°.

re[eC:(Sflj)C zgforsomeael,seS
s

=3

t(sr —a) =0 for some a € I,s,t € S
rsy € I for some s; € S

r € (I:sp) for some s; € S

r € Uses(I:95)

rreet

SoIf=(1) < I*“=(1) & 1€ Uges(I:5) < INS#

Je=]Jece

3. Iis a contraction <= [°°C ] <= (sr el forsomesec S=recl) <= (57 =0in R/I for
some s € S =7 =0) <= Vs € 5,5 is not a zero divisor in R/

4. One way is clear: If Q is a prime of S™!'R then Q¢ is a prime of R. Conversely: let P be a prime
of R = R/P is a domain. Now S~!(R/P) = S™1R/S™!P (where S is the image of S in R/P).
But S~!(R/P) is a subring of the field of fractions of R/P, so is either 0 or an integral domain.
If 0 then S7'P = S71R = (1). If # 0 then S~ P is a prime ideal of S~'R. The first case occurs
«— 0€8 < SNP 0.
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5. Easy Exercise

O

Remark. Here’s a quick proof that f € R not nilpotent = 3P with f ¢ P and P prime.
Take S = {1, f, f2,...} # 0= S™!'R is a non-zero ring, so it has a maximal ideal Q = Q°= P isa
prime of R,PNS=0= f ¢ P.

Corollary 3.11. N(S7'R) = S~1(N(R))

Corollary 3.12 (Special case when S = R\ P, P prime). INS =0 <= I C P. Hence the proper
ideals of Rp are in bijection with the ideals of R which are contained in P.

R SR
;

%I<—> J

0 0

Corollary 3.13. The field of fractions of the domain R/P (P is prime) is isomorphic to the residue
field of Rp

Proof. S = R\ P. The residue field of Rp is Rp/S™'P = S™'R/S™'P = S~'(R/P) = field of fraction
of R/P since S = (R/P)\ {0}. O

Corollary 3.14. If P, C P, are primes of R then (R/P1)p, = Rp,/P1,, - a ring whose prime
correspond to primes of R between Py and P;
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Geometrical Interlude 1

Let k be an algebraically closed field (e.g. k = C). Let k™ be affine n-space over k: {a = (a1,...,an) :
a; € k}. Algebraic geometry studies solutions to polynomial equations S = {f;(z1,...,n,)} C
k[xl,. .. ,Z‘n}. V(S) = {Q ek : fj(g) = OVfJ S S}

Definition. The set V(S) is an affine algebraic set

Clearly V(S) = V(I) where I is the ideal of k[z1,...,z,] generated by S and V(I) = V(r(I)),
since fer(l) < frel(n>1)

Hilbert Basis Theorem. Every ideal I < k[z1,...,x,] is finitely generated
Proof. Later O
H7=_(_f,. ..,f) then V(I)=V({f1,...,fx}) It is not hard to check that:

° n

0)

V( k
e V(1)=10
o V(U;S;))

U;S;) = n;V(S;)

V(IJ)=V({I)UV(J)

Hence the collection of all algebraic subsets of k" is closed under intersections and finite unions, so
they form the closed sets of a topology on k™ called the Zariski topology on k™.

In the other direction: let S C k™ and define I(S) = {f € k[z1,...,z,] : f(a) = 0Va € S}, which
is an ideal of k[z1,...,zy], and in fact r(I(S)) = I(S).

Fact. V(I(S)) = S (for S C k", S is the closure of S in k™)

Fact. I(V(J)) = r(J) for J < k[xy,...,x,]. This is called “Hilbert’s Nullstellensatz”, we will prove
this later.

The conclusion is that V' and I gives (inclusion order-reversing) bijections between radical ideals
of k[z1,...,x,] and closed subsets of k™.

Definition 3.15. An algebraic set is irreducible if it is not the union of two proper closed subsets.
( < any two non-empty open subsets intersects non-trivially). These are V(P) for P a prime ideal
of k[z1,...,x,]. Irreducible algebraic sets are often called algebraic varieties

Example. n =1: k" = k! = k. Now k[z] is a UFD so the primes are (0) and (z — a) with a € k
(since k is algebraically closed). Note (x — a) are maximals and correspond to points of k while
(0) is not maximal and correspond to the whole of k. The closed sets are k itself and all the
finite subsets of k. (So every infinite subset of k is dense)

n = 2: k[r1,x2] = k[z,y]. Primes have 3 types:

e (0) < V(0) = k2

o P = (f(x,y)) < V(f) = irreducible curves in k2 (f irreducible). e.g., V(22 +y? — 1) =
circle in k?

o M = (z—a,y—>b)« V(M)=/{(a,b)} singleton in k? (a,b € k)

Coordinate rings (of algebraic sets)

Every element f € k[z1,...,x,] defines a polynomial function k™ — k (defined by a — f(a)). f,g
agree on V(I) <= f —g e I(V(I)). Without loss of generality we can assume I = r(I) so f, g agree
onV(I) <= f—gel

Definition. Define k[V] = k[x1,...,2,]/I. Then k[V] is the ring of polynomial function on V. This
is called the coordinate ring of V.
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Ideals of k[V] < ideals J with I C J<k[zy,...,x,]. M, = Maximal ideals of k[V] <> maximal ideals
M DI ie, M= (r1—ay,...,x,—ay,) witha = (ay,...,a,) € V. M, = {f € k[V]: f(a) = 0} =kernel
of map k[V] — k defined by f — f(a).

If V is a variety then k[V] is an integral domain, (since V = V(P) so K[V] = k[z1,. .., ky]/P where
P is prime)

We have a correspondence between

e Algebraic sets (or varieties) in k™
e finitely generated k-algberas (or domains)

This correspondence extends to one which takes polynomial maps between algebraic sets to morphism
of k-algebras.
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4 Integral Dependence

Definition 4.1. Let A be a subring of the ring B. An element b € B is integral over A if it satisfies
an equation
b"+an_1b"_1+--~—|—a0 =0,a; € A (41)

Let f(z) = 2% +a,_ 12" 1 +---+ag € Alz]. If a € A then a is a root of  — a, so a is integral over
A

Example. A=7,B =C, z € C is integral over Z <= =z is an algebraic integer

A =Q, B = C gives algebraic numbers

A=7,B=Q,z € Qintegralover Z <= z € Z,i.e,letz =L, r,s € Zcoprime. If (£)"+---+ag =
0 then r™ 4+ ay_17"s+ -+ ags™" = 0= s|r" = s = +1,x € Z.

Ais a UFD, B its field of fraction gives similar result as the previous example.

Theorem 4.2. Let A be a subring of B, b € B. Then the following are equivalent:
1. b is integral over A
2. A[b] is a finitely generated A-module
3. B contains a subring C D A[b] which is finitely generated as an A-module
4. There exists a faithful A[b]-module M which is finitely generated as an A-module

Proof. 1 = 2: If b satisfies equation then A[b] is generated by 1,b,...,b" ! since equation
= b = —(an,lbnfl + -+ ao)

2 = 3: Take C' = A[b]

3= 4: M = C. This is a faithful A[b]-module as A[b] is a subring C' and 1 € C. So if ra = 0Vr €
Albl,z € M = C then r1 = 0, hence r = 0.

4 = 1: Given M as in 4. let mq,...,m,be generators of M as an A-module. Let ¢ : M — M be
the map defined by  — bx. This is A-linear so ¢ € End4(M). Hence there exists ag,...,a,-1 € 4
such that ¢" + a, 16" ' + -+ + a9 = 0 (in Enda(M)), ie., (¢" + -+ ag)y = OVy € M =

n n—1 — n n—2 —
(" 4+ an—1b +-~-+a0)y—0Vy€MMf3hfulb + ap_1b 4+ 4+ay=0 O
Corollary 4.3. For alln > 1, if by,...,b, € B are all integral over A then Alby,..., b,] is finitely
generated as an A-module.

Proof. We prove this using induction on n.

n = 1: Use the previous theorem.

In general: Let Ay = Alby,...,b,—1]. Then A; is finitely generated as an A module. Afby,...,b,] =
Ai1[by], but by, is integral over A;, hence Aj[b,] is finitely generated as an A;-module, so Ay [b,] is finitely
generated as an A-module O

Corollary 4.4. Let C = {b € B|b integral over A} C B. Then C' is a subring of B containing A.

Proof. We need to show that for all z,y € C then z £ y,zy € C. Since z,y € C by the previous
corollary we know A[z,y] is finitely generate as an A-module and it contains 4y, zy. By the previous
theorem (3.=1.) all elements of A[z,y] are integral over A O

Definition 4.5. Using the notation of Corollary 4] C'is the integral closure of A in B.
If C = B we say B is integral over A
If C = A we say A is integrally closed in B

Example. Z is integrally closed over Q
The integral closure of Z in C is the ring of algebraic integers.

Definition 4.6. If A is an integral domain, we say that A is integrally closed if A is integrally closed
in its field of fractions.

Example. Z is integrally closed
Any UFD is integrally closed
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Corollary 4.7. If A C B C C then C is integral over A <= B is integral over A and C' is integral
over B

Proof. “=": Obvious

“e” Let c € C. Then ¢ + b, 1" 1 +---+by =0, b; € B. Define By := Albg,...,b,_1]. Then
c is integral over By and By is finitely generated as an A-module. By the theorem c is integral over
A O

Corollary 4.8. The integral closure of A in B is integrally closed in B
Proof. Trivially follows from previous corollary O

Example. Let K be a number field (that is a field containing Q with finite degree). Then the integral
closure of Z in K is the ring of algebraic integers of K, called the ring of integers. That is, the ring of
integers is K N {ring of all algebraic integers}. We will denote this Ok (or Zk). e.g.:

o K =Q(i), Og = Z[i] (the Gaussian integers)

o K =Q(v/-3), Ok contains Z[/=3]. In fact Ox = Z[H\Q/j?’]

e K = Q(3/10). The integral closure of Z in K is O = Z[M]
Proposition 4.9. Let B be an integral extension of A. Then:

1. Forall J< B, I =J¢=JNA we have B/J is integral over A/I

2. If S is a multiplicatively closed set in A then S™'B is integral over S™1A.
Special Case: P a prime of A, S = A\ P = Bp is integral over Ap

Proof. Let b € B satisfy b" +a1b" ' +---+a, =0 (in B) = b"+ab" '+ ---4+d, =0 (in B/J)=b
is integral over A/T
bes-'B= (%)n +a(byn=t 4y demr(b) 4 % — 0 = D s integral over STA O

sn—1\g sn s

Lemma 4.10. Let B be an integral extension of A, with A and B both domains. Then B is a field if
and only if A is a field

Proof. Assume A is a field. Let b € B,b # 0. Let b" +a;b" ' +--- + a,_1b + a, = 0 be an integral
equation of minimal degree n. Then a,, # 0 so a,, ! exists in A. Hence the equation can be rewritten

as b(b" 1+ 4 a,_1)=—a, =b"t=—a (" 1+ - +a,_1) € B. Hence b as an inverse, so B is
a field.

Conversely suppose B is a field. Let a € A,a # 0. Then a~! exists in B. So there is an

equation: (¢~ H)" + a;(a™1)" 1+ --- +a, = 0 (a; € A), which can be rearranged to give a=! =

—(a1 + aza + -+ aya™t) € A. O

Lemma 4.11. Let B be an integral extension of A. Let Q < B be prime and P = QN A, a prime of
A. Then P is mazimal if and only if Q is mazimal

Proof. By Proposition B/Q is integral over A/P so by Lemma Q is maximal <= B/Qis a
field < A/P is afield < P is maximal O

Theorem 4.12. Let B be an integral extension of A and P a prime of A. Then:
1. There exists a prime Q of B with P=Q N A
2. If Q1,Q4 are primes of B with Q1 NA=P=0Q2NA and Q1 2 Q2 then Q1 = Q>.
Proof. Consider the following commutative diagram:
AC int B

o s
ApCS Bp

25



Let M be a maximal ideal in Bp. Let Q = 371(M), a prime in B. Now Q N A = P since M N Ap is
maximal in Ap (Lemma but Ap has only one maximal ideal namely PAp, which contracts to
P:a ' (MNAp)=P=ANnB Y (M)=ANnQ.

Let @, and Q)2 be as in the statement. Then let Ny = Q1Bp and Ny = Q2 Bp their extension in
Bp. These are primes of Bp (by Proposition and the fact that Q; NS = ) where S = A\ P).

Claim: N7, Ny are maximal.

This follow from N; N Ap are maximal (using Lemma, but NyNAp = NN Ap = PAp since
both contract to P. Hence each N; is maximal. But if Q1 2 Q2 = N1 D Na = Ny = Ny = Q1 =

BHN) = B7H(N2) = Q2 O

Example (Counter-Example showing the requirement of part 2). A = Z, B = Z[i], P = 5Z, then if
we let Q1 = (2+i),Q2 = (2—1) we find Q1 NZ = 5Z and Qs N7Z = 5Z

The “Going Up” Theorem. Consider the following set-up.

B Q1 C - C Qu(primes of B)

int\j\

A PCPC---CP,C---C P, (primes of A)

with Q; N A =P, (for all 1 <i < m). With that set-up there exists Qum+1,--.,RQn primes of B with
Qm CQmi1 C---CQpand Q;NA=PF, (form+1<i<n)

Proof. By induction we reduce to the case m = 1,n = 2. That is we must find Q2 such that Q1 C Q-
anngﬁA:Pz. (WhereP1 QPQ and QlﬂAzpl)

Let A= A/P,B = B/Q;. Then B is integral over A (by Proposition and Py/P; is a prime
of A so there exists a prime of B above it. This prime has the form Q,/Q; with Q2 D Q1 and @, a
prime of B. Then (Q2/Q1)NA=Py/Py = Q2NA=DP, O

4.1 Valuation Rings

Definition 4.13. A wvaluation ring is an integral domain R such that for every = € K (the field of
fractions of R) either x € Ror 2! € R

Example. Z is not a valuation ring (2 ¢ Z, 2 ¢ Z)
Zp) is a valuation ring
R = K: any field is a valuation ring.

Proposition 4.14. Let R be a valuation ring with field K. Then:
1. R is a local ring
2. RC R C K = R is a valuation ring
3. R is integrally closed

Proof. 2. trivial

1. The units of R are the (non-zero) * € K with both #,2=! € R. Let M = {non-units in
R} ={r e R:27' ¢ R} U{0}. We’ll show that M <1 R, then it’s the unique maximal ideal of R. Let
x € M,r € R. Then rz is not a unit since otherwise 2= = r(rz)~! € R, contradiction, i.e., 7z € M.
Let x,y € M be non-zero. Then either % € Ror £ € R If% € R then z +y = y(% +1) e M.
Otherwise if £ € Rthenz +y=2(1+%)ec M

3. Let € K be integral over R. Then 2™ +rz" '+ .-+ 7, =0 (r; € R). If x € R there is
nothing to prove. If 71 € Rthen z + (ry + roz '+ -+ rp(z )" ) =0=2€ R O

Definition 4.15. Let K be a field. A discrete valuation on K is a function v : K* — Z such that:
L v(zy) =v(z) +v(y) Vo,y € K
2. v(z+y) > min{v(z),v(y)}Vo,y € K* with x +y # 0

We extend v to a function K — Z U {oo} by setting v(0) = co. Now 1., 2. holds for all z,y € K
with the obvious conventions.
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Example 4.16. K = Q, p a prime number, v = ord,, defined as follows: for x € Q* write x = p"¢
where a,b € Z and p{a,b and n € Z. Set ord,(z) = n.

Associated to every discrete valuation of K there is a valuation ring R,. R, = {z € K : v(z) > 0}.
Clearly R, is a ring (by 1. and 2.). Also R, is a valuation ring since v(z~!) = —v(x) for all z € K*.

Definition 4.17. These R, are called discrete valuation ring (DVR)

Example. K = Q has a DVR for each prime p, namely v = ord,, then R, = Z,).
Note. NpZp) =7

Exercise. Every valuation ring of Q is Q itself or Z(,) for some prime p.

Example. Let K = k(x) where k is a field. K is the field of fractions of k[x]. Let p(x) be a monic
irreducible polynomial in k[z]. Every element of K* can be written as p™ § where a,b € k[z] and p 1t a,b
with n € Z. In this case n is uniquely determined. Define ord,(p"§) = n, just as for K = Q this is a
discrete valuation. The associated valuation ring is {% € k[z] : p(x) t g(x)}
e.g. K = C(z). The monic irreducible monic polynomial are p(z) =  —a (z € C). Then
n >0 if h has a zero of order n at a
ordy(h) = ¢ n < 0 if h has a pole of order n at a.
0 if neither

8. K = k(z). Define v(}) = deg(g) — deg(f) then v is a discrete valuation. Note k(x) = k(}).
This v is just ord; /,

Let v be a discrete valuation on K such that v : K* — Z is surjective. (This only involves rescaling
v, unless v is identically 0). Let 7 € K be such that v(7) = 1.

R,={re K :v(zx)>0}- M,UU,

M, ={x € K : v(z) > 0} - maximal ideal of R,

U, ={z € K : v(x) =0} - set of units in R,

If v,y € R, then x|y <= 2 € R, <= v(¥) >0 <= v(y) > v(r). Soif x, is an element with
v(x,) =n (for all n € Z) then x,|x,11 ¥n hence R, D (z1) D (z2) D ...

Every z € R\ {0} can be written uniquely as © = 7™« where n = v(z) > 0 and u € U,. (Since if
n=v(z) then u = 77"z = v(u) = —n+v(z) =0 = u € U,), i.e., R, is a UFD with only one prime,
namely 7.

Every ideal in R, is principal: the only non-zero ideals are (7™), n > 0. M, = (7) sincez € M,, <—
vig) > 1=wv(r) < wlz. ¥I < R,,I #0let n = min{v(z): xz € I}. Then I = (x") since Jz € I
withv(z) =nVyel,v(ly) >n=zlysol = (z),and v(z) =v(n") =2z =7"u = (z) = (7") = (7)".
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Geometrically Interlude II: Hilbert’s Nullstellensatz.

Algebraic form of Nullstellensatz. Let k be a field and let F' be a field which is a finitely generated
k-algebra. Then F is a finite algebraic extension of k. In particular if k is algebraically closed then
F=k.

Weak form of Nullstellensatz. Let k be an algebraically closed field and I <k[zy,...,x,]. If I # (1)
then V(I) £ 0 (i.e., Ja € k™ such that f(a) =0Vf e l)

Corollary 4.18. The mazimal ideals in k[zy,...,x,] (k algebraically closed) are precisely the ideals
My = (21— a1,...,y —an), a € K"

Strong form of Nullstellensatz. Let k be an algebraically closed field and I < k[xq,...,xz,]. Then
I(V(ID))=r(I) (ie., if gla) = 0 whenever f(a) =0Vf € I then gN € 1)

Proof that Algebraic form = Weak form. Let k be a algebraically closed field and I j klxy,...,xn] =

I C M a maximal ideal. Consider k — k[z1,...,2,] — E[z1,...,2,]/M. Now klzi1,...,z,]/M is
a field which is a finitely generated k-algebra. By the Algebraic form the composite of the previous
map is surjective (k[z1,...,2,]/M = k as k is algebraically closed), so for all ¢, Ja; € k such that
zi—a; € M. So M D (z1—a1,...,2, — an) = M,. But M, is maximal so M = M,. Now for all
fel=feM= f(a)=0 O

Proof that Weak form = Strong form. I < klzy,...,z,]. We know that I(V(I)) D r(I) since g €
r(I) =gV el =g"N(a) =0vYacV(I) = g(a) =0=g € I[(V(])).

Conversely let g € I(V(I)), then (x) (f(a) =0Vf € I) = g(a) = 0.

Extend the ring k[z1,...,z,] by adding a new variable y to get k[z1,...,Zn,y]. In k[x1,...,Tn, Y]
form the ideal J generated by all f € I and 1 —g(z1,...,z,)y, le., J = (1—g(x)y)+ 1 -k[z1,..., 25,y
Now V(J) =0 (in k") since if (a1,...,a,,b) € V(J) then

1. f(ary...,a,)=0Vfel
2. 1—g(as,...,an)b=0

This is clearly a contradiction to (x). So by the Weak form, we have J = k[z1,...,z,,y], l.e., 1 € J.
So
1= h(ml,...,xn,y)(l—g(xl,...,xn)y)—i—Zhj(xh...,:En,y)fj(;cl,...,xn)fj el
J

1
T1,...Tn

Substitute y = o j to get an equation in k(z1,...,2,).

1

g(xz1,...,Tn

1:Zhj($1,...,(1;‘n, )fj(!L‘l,...,LL'n)
J

The RHS is a rational function whose denominator is a power of g. So for large enough N > 0:

gN = Zilj((ﬂl,...,l’n)fj(.Tl,...,l'n) c I
J

for some l~1j € klz1,...,z,]. Hence g € v(I) O

Proof of Algebraic Form of Nullstellensatz. F = klx1,xa,...,2,] (where z; € F are the generators of
F) is a field. We must show that each x; is algebraic over k. We are going to use induction on n

n=1: F = k[x;]. Write x;l as a polynomial in z7, then we can get an equation for x; over k.
(Alternative: if xy were not algebraic then k[z1] is a polynomial ring, not a field)

Inductive Step: F = k(x1)[za,...,x,] (since F is a field) is a finitely generated algebra over k(1)
with only n — 1 generators. So each z; for j > 2 is algebraic over k(z1). If we can show that x; is
algebraic over k then we are done. For all j > 2, we have a polynomial equation for z; over k(z1).
Let f € A := k[z1] be a common denominator for all coefficient for all these polynomials. Consider
the ring Ay = S™'A where S = {1, f, f%, f3,...}. All the n — 1 polynomials are monic in with
coefficients in A;. Hence each z; (j > 2) is integral over A;. It follows that F' is integral over A
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since F' = Alzg,...,x,) = Af[za,...,2,]. By Lemma@, since F'is a field, so is Ay. Let K = k(x1),
a subfield of F, the field of fractions of both A and Ay. Now A =k[z1] C Ay C K = k(z1) and Ay a
field implies that Ay = K (since K is the smallest field containing A, being its field of fractions)

If 21 were not algebraic over k then A = k[z1] would be the polynomial ring in one variable over
k and k(z1) = K its field of fractions. Take any irreducible g € k[x1] with ¢ 1 f, then é ¢ A;. (NB:
Ek[x1] would have infinitely many irreducible) This leads to a contradiction hence x; is algebraic
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5 Noetherian and Artinian modules and rings

Proposition 5.1 (Definition). An R-module M is Noetherian if it satisfies one of the following
equivalent conditions:

1. ACC (Ascending Chain Condition): any ascending chain My C My C M3 C ... of submodules
of M terminates, i.e., for some n we have M, = M, 1 = ...

2. Every non-empty collection of submodules of M has a mazimal element
3. Every submodule of M is finitely generated

Definition 5.2. A ring R is Noetherian if it is so as an R-module, i.e.; the ideals of R satisfies ACC
and every ideal if finitely generated.

Proposition 5.3 (Definition). An R-module M is Artinian if it satisfies the following equivalent
conditions

1. DCC (Descending Chain Condition): any descending chain My O Ms O M3 O ... of submodule
of M terminates, i.e., for some n we have M, = M, 11 = ...

2. Every non-empty collection of submodules has a minimal element

Proof of Propositior5.1, 1) <= 2): If we had an infinite AC M} G My & M3 G ... then {M, :n >
1} has no maximal elements. Conversely if S is a non-empty set of submodules of M with no maximal
elements, then pick My € S, 3My 2 My,3M3 2 My, ...

2) = 3): Let S be the set of finitely generated submodules of N, where N < M. 0 € S so S has a
maximal elements, say Ny. So Ng < N and Ny is finitely generated, if Ny # N take x € N \ Ny, then
No + Rz 2 Ny and is finitely generated, contradiction.

3) = 1): Given M; C My C M3 C ..., let N = U2, M,,. Then N is a submodule of M. Let
z1,...,T, generate N. For large enough k, Mj contains contain all of the x;. Then M, = N =
Mygy1 =My = ... O

Note that the proof of 1) <= 2) can easily be adapted to prove Proposition
Example. 1. Every finite Z-module is both Noetherian and Artinian

2. If Ris a field k then R-modules are k-vector spaces and they are Noetherian <= they are finite
dimensional <= they are Artinian.

3. Z is a Noetherian ring (every ideal is generated by 1 element) but is not Artinian: Z D (2) D
4)>@)>---D(2M)D....

4. R = k[z1,x2,...] polynomials in a countable (non-finite) number of variables. R is neither

Noetherian nor Artinian: (z1) C (z1,22) C (z1,22,23) C ... and (x1) D (22) D (23) D ...

Proposition 5.4. If 0 — M; = M, LA Ms — 0 is a short exact sequence of R-modules then My is
Noetherian <= both My, M3 are. Similarly Ms is Artinian <= both My, M5 are.

Proof. The proof for both cases are the similar, so we are just going to prove the Artinian case.

“=7": Suppose My is Artinian. Any Descending Chain in Mjmaps isomorphically under « to a
Descending Chain in M5 which terminates. Similarly any Descending Chain in M3 lifts to a Descending
Chain in Ms via 87! , hence terminates

“<” Suppose My, M3 Artinian. Let Ny O Ny D N3 D ... be a Descending Chain in M. Then
a 1(Ny) D a"}(Ny) D ... is a Descending Chain in M; hence stops, and S(N;) C B(Ny) C ... is a
Descending Chain in M3, hence stops. So there exists n such that a=}(N,) = a7 }(N,41) = ... and
B(Nyp) = B(Npt1) = .... This implies N,, = Ny41 since let z € Ny, then B(x) € B(N,,) = B(Npy1) =
Jy € Npq1 with 5(z) = B(y). So x —y € ker(f) = im(«), so x — y = a(z) for some z € M; and since
a(z)=2—y € Np,z€a H(N,) = a Y (Npy1) = a(z) € Nypy1 80 2 =y + a(z) € Nyy1. O
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Corollary 5.5. Any finite sum of Noetherian (respectively Artinian) modules is again Noetherian
(respectively Artinian)

Proof. The sequence 0 — M; — My & My — Ms — 0 is exact. O
Note. A subring of a Noetherian ring is not necessarily Noetherian, e.g. R = k[z1,29,...] C k(z1,22,...).

Corollary 5.6. If R is Noetherian and M is a finitely generated R-module then M is Noetherian.
Same for Artinian.

Proof. R = R&R®---® R is a Noetherian R-module, since R is. Every finitely generated R-module
M = Rzxy + --- + Rz, is the homomorphic image of some R", i.e., 0 — ker - R* — M — 0 is
exact. O

Later we’ll prove that R Noetherian = R[z] is Noetherian (Hilbert Basis Theorem). Hence
R[zq,...,z,] is Noetherian, e.g, R = k a field. Hence any finitely generated R-algebra is Noeth-
erian.

5.1 Noetherian Rings

Lemma 5.7. If R is a Noetherian ring and f : R — S a surjective ring homomorphism then S is
Noetherian

Proof. R/ker(f) = S=- S is Noetherian as an R-module=- S is Noetherian. O

Lemma 5.8. Let R < S with R Noetherian. If S is finitely generated as an R-module then S is
Noetherian.

Proof. S is Noetherian as R-module by Corollary hence is also Noetherian as S-module. O

Example. Z is Noetherian = any ring which is finitely generated as Z-module is Noetherian.
Z|a] with « an algebraic integer is Noetherian

Lemma 5.9. If R is a Noetherian ring and S a multiplicatively closed set in R then SR is Noeth-
erian.

Proof. By Proposition there is a bijection, preserving inclusion, between the set of ideals of S™'R
and a subset of the ideals of R. So Ascending Chain Condition for R = Ascending Chain Condition
for S7'R O

Corollary 5.10. If R is Noetherian and P < R prime then Rp is a Noetherian local ring
Hilbert Basis Theorem. If R is a Noetherian ring then so is R[x]

Proof. Let J < R[z]. For n > 0 let I,, be the ideal of R consisting of all leading coefficients of f € J
with deg(f) = n and 0. It is easy to check that I,, is an ideal. Then Iy C I; C I, C ... since
deg(f) = n = deg(zf) = n + 1 and they have the same leading coefficients. By Ascending Chain
Condition for R there exists n such that I, = I,41 =.... Let fin, fon,- .., fk,.n €J be polynomials
of degree n whose leading coefficients generates I,,. For each 0 < m < n let fim,..., fr,.,m (km > 0)
be polynomials in J of degree m whose leading coefficients generates I,,,. (Use k,, = 0if I,,, = 0)

Claim: J is generated by all f; ,,, with m < n,i <k,,.

Let g € J. Proceed by induction on deg(g). Our base case is the 0 polynomial, since this is trivial.

Case 1. deg(g) > n: Then the leading coefficient of ¢ are in I, = Iry,...r;, € R such that
le(g) = lc(Zf;1 rifim) where le(f) = leading coefficient of f. = leading term of g =
leading term of (g1 = Y- r;z°89)=" f1 ), g1 € (fi ;). So go = g — g1 has deg(ga) < deg(g1).
By induction go € (fi ;) so g € (fi,;)

Case 2. deg(g) = m < n: Now an R-linear combination of f;,,, (1 < i < k,;,) has the same leading
term as g. The rest is as in Case 1.

Hence J is generated by the finite set {f; ; : 1 < ¢ < ky,,0 < j < n}. Hence every ideal in R[z] is
finitely generated, so R[z] is a Noetherian ring O
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Corollary 5.11. If R is Noetherian so is R[x1,xo,...,x,] for alln >1
Proof. Since R[z1,...,zn_1][xn] = R[z1,22,..., 2] O

In particular if k is a field then k[zi,...,z,] is Noetherian. Hence any system of polynomial
equation has the same set of zeros as a finite system

Corollary 5.12. If R is Noetherian then so is any finitely generated R-algebra.
Proof. Any finitely generated R-algebra is of the form R[a,...,a,] - a quotient of R[zy,...,z,] O

Example. Any finitely generated k-algebra (k a field) is Noetherian.
Any finitely generated Z-algebra is Noetherian. (e.g., the ring of integers in a number field is
Noetherian: NB theses do not all have the form Z[a] with a single generator)
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6 Primary Decomposition

In general rings we don’t have a factorization theory which expresses elements as products of prime
powers. Instead we make do with writing ideals as intersections of primary ideals.

Definition 6.1. A primary ideal Q < R is a proper ideal such that zy € Q = x € Q or y" € Q for
some n > 1, i.e., zy € Q = either z € Q or y € r(Q).
Equivalently: R/Q # 0 and every zero-divisor is nilpotent.

Proposition 6.2. 1. Every prime ideal is primary.

2. The contraction of a primary is primary.

3. If Q is primary then r(Q) is prime. It is the smallest prime containing Q.
Proof. 1. Clear from the definition (n = 1)

2. Let f : A — B be a ring homomorphism, Q <I B primary = Q¢ = f~!(Q) < A is primary. To
see this: 1 ¢ Q¢ since f(1) =1 ¢ @, hence A/Q° # 0. Also note that f induces an injective map
A/Q° — B/Q so A/Q° also has the property that zero-divisors are nilpotent.

3. Let P =r(Q). Suppose zy € P. Then 2"y" € @Q (for some n > 1) so either 2™ € Q or (y"™)™ € Q
(for some m > 1), so either z € P or y € P. For the last sentence use the fact that the radical

of I is the intersection of prime ideals containing I
O

Definition 6.3. If ) is primary and r(Q) = P we say that @ is P-primary
Example. 1. In Z the primary ideals are (0) and (p"), p prime, n > 1.

2. R = klz,y). Let Q = (2,4*) = P = r(Q) = (z,9). P? = (2%,2y,94>) G Q@ & P. Now
R/Q = k[y]/(y?) in which we see that {nilpotent} = {zero-divisors} = {multiples of y}. This is
an example of a primary which is not a prime power.

3. An example of prime power needs not be primary. Let R = k[X,Y, Z]/(XY — Z?) = k[x,y, 2]
where ,y, z satisfies the relation zy = 22. Let P = (z,y), then R/P = k[X,Y, Z]/(X,Y) =
k[Y] = P prime. Now zy = 22 € P? which is not primary, since 2 ¢ P? and y ¢ P.

Proposition 6.4. 1. If r(I) is mazimal then I is primary
2. If M is mazimal then M™ is M-primary for alln > 1

Proof. 1. Let M = r(I). Then M/I is the nilradical of R/I, and M/I is prime so R/I has a
unique prime ideal, namely M/I. So every non-nilpotent element of R/I is a unit, so it is not a
zero-divisor.

2. r(M"™) = M (since r(M™) O M and M is maximal)

Lemma 6.5. Any finite intersection of P-primary ideals is again P-primary.

Proof. Let Q; be P-primary for i = 1,...,n. Set Q@ =N, Q;. Then 7(Q) = r(N_,Q;) = N 1(Q;) =
N P=P. Ifzy €@ and z ¢ Q then Ji such that zy € Q; but z ¢ Q;. Hence y € (Q;) = P =y €
r(Q) O

Lemma 6.6. Let QQ be P-primary and let © € R. Then:
l.ze@Q=(Q:z)=R
2. ¢ Q= (Q:x) is P-primary
3. 2¢P=(Q:2)=0Q

To make sense of the three cases remember that Q C P C R.
Recall: (Q:z)={yeR:2y€Q}2Q
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Proof. 1. If z € Q then zy € QVy € R.

2. We have Q C (Q : ) C P, where the second containment holds because zy € Q,z ¢ Q = y € P.
Sor(Q) =P Cr(Q:z) Cr(P)=P=r(Q:z) =P Nowsuppose yz € (Q : x) with
y¢P=yrze@Q@=y(rz)eQ=22€Q=2€(Q:x). So (Q: ) is indeed P-primary.

3. IfzyeQbutx ¢ P=yeqQ.
O

Definition 6.7. A primary decomposition of an ideal I <t R is an expression I = Q1 N Q2N ---NQ,
with each @; primary.

Remark. Such a decomposition may or may not exist. It does always exists when R is Noetherian.

Let P; = r(Q;) - the primes associated with the decomposition.
Minimality Condition 1 If some Q; 2 N;%;Q; then @; may be omitted.

Minimality Condition 2 If more than one @; has the same radical we may combine them (using
Lemma [6.5))

We call the decomposition minimal if:
1. No Qj 2 Mjxi Q.
2. The P; are distinct.
It will turn out that the primes P; are uniquely determined by I, but the ); need not be.

Example. Let I = (22, zy) < k[z,y] where k is any field. Then I = P; N P§ where P, = (z) and
Py = (z,y) (note P; is prime hence primary, and P, is maximal hence PJ is primary). This is a
minimal primary decomposition. Note that P; C P, (this means V(P,) C V(P;), we say P, is an
embedded prime). Also I = P; N Q2 where Q2 = (22, ) with r(Q2) = P, again.

Theorem 6.8. Let [ = Q1 N Q2N ---NQ, be a minimal primary decomposition. Let P; = r(Q;).
Then P, ..., P, are all the prime ideals in the set {r(I : x)|lx € R}. Hence the set of P; is uniquely
determined by I, independent of the decomposition.

Proof. Consider (I : ) = (N-,Q; : ©) = NI4(Q; : x) by the Fact on page [6] This means r(I :

z) = r(N(Q; : ) = Nyr(Q; : x). But r(Q; : =) = {ﬁ i;gl by Lemma Hence

r(I:x) = Niwgq, Pi-

If r(I : x) is prime, P say, then P = N,¢q,P; = P = P; by Proposition

Conversely for each i choose z € Q; (Vj # i), ¢ @, (this is possible by minimality condition 1)
then r(I : z) = P,. O

Notation 6.9. To each I with a primary decomposition we have a set of primes P; called the associated
primes of I. Any minimal elements of this set is called an isolated or minimal prime of I. Any other
primes associated to I are called embedded primes.

We’ll prove later that P; isolated = @; is uniquely determined.

Corollary 6.10. Suppose that 0 is decomposable. Then D := {zero-divisors in R} =union of all
primes associated to 0.
N = {nilpotent in R} = N(R) = intersection of all minimal primes associated to 0

Proof. Note that D is not an ideal (in general), but we can still define (D) = {x € R: 2™ € D for
some n > 1} = D (exercise: if 2™ is a zero-divisor, so is z). Note that D = U,-0(0 : z) so if we take
radicals D = (D) = Uy2r(0 : ). Let 0 = Q1 N Q2N ---NQp be minimal primary decomposition.
Let  # 0, 7(0 : ) = Nygq,P; C Pj, where z ¢ Qj,. Note that jo exists since x # 0. Hence
D = Ugzor(z : 0) C Uj_; P;. But each P; = r(0: z) for some x # 0 so each P; C D

N(R)=7r(0) =nr(Q;) =NPk,. O
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Corollary 6.11. Let I = Q1 N Q2N ---NQy be a minimal primary decomposition and P; = r(Q;).
Then U (P, ={x € R:(I:x)#I}(x)

Proof. Apply the previous corollary to R/I: Note that I = Q1 NQ2N---NQ, = 0=0Q1NQ2N---NQ,,
where as usual Q; < R/I. Each Q; is primary in R/I since (R/I)/Q; = R/Q;. So the zero-divisors in
R/I are the union of all 7(Q;) = r(Q;) = P; and ¥ is a zero-divisors in R/I <= 3Jx ¢ [:yz €] +—
y in RHS of (¥). While 7 € UP; <= y € UP; O

6.1 Primary Decomposition and Localization

Proposition 6.12. Let ) be P-primary and S a multiplicatively closed set in R
1. SNP#0=5SNQ#0 and ST'Q =S~'R
2. SNP=0= S71Q is ST P-primary and (S71Q)° = Q

Proof. 1. SN P # (), then there exists s € SN P = s™ € SN Q for some m. We can now use
Proposition (part 2.) to show S™1Q = S~!R.

2. Q°° = Uses(Q : s) by Proposition (part 2.) but x € (Q :s) = z-s5s € Q,s # P D
Q= S"¢QVn = x € Q= Q% = Q. To show that S~1Q is S~!P-primary, note 7(Q°) =
r(S7'Q)=S5"1r(Q) =S5"'P,alsoif £- % € S7Q (so there exist u € S such that uay € Q) and
fgéS_lQ:>a:§éQbutQisstillprimary,henceuyeP,ueSandSﬁP=®:>y€P:>%:
e SP= S571Qis S™! P-primary.

O

Notation. We denote S(I) = (S71)¢ = Uges(1 : s)
Proposition 6.13. Let S be a multiplicatively closed set in R and I = Q1 N ---NQ, be a minimal
SNP=0 1<:<m

SNP#0 m+1<i<n
and S(I) = N, Q;. Both of these decomposition are minimal primary decompositions.

primary decomposition of I numbered so that { . Then S71 =nm,S71Q;

Proof. For i € {1,...,m} we have S™1Q; is S™!P;-primary by the previous proposition, furthermore
S~1P; are distinct primes of S™'R (by Proposition part 4.) therefore S~ = S~ ,Q;) =

ne_,S~1Q; = N, S71Q; is a minimal primary decomposition. From this it is clear
i>m=5-1Q;=5S"1R

that S(I) = N, Q;. 0

Recall: A prime P is minimal (or isolated) for an ideal I if it is minimal under inclusion in the set
of associated primes of 1. More generally we define:

Definition 6.14. A set & of primes associated to I to be isolated if P € &, P’ C P and P’ is
associated to I then we have P’ € 2.

Theorem 6.15. Let I be an ideal of the ring R. Let &2 = {Py,...,P,} be an isolated set of primes
associated to I. Then Q1N ---N Q. is independent of the minimal primary decomposition of I.

Proof. Let S = R\ U™, P; then S is a multiplicatively closed set and P;NS =0 <= P; € &. Indeed
P; € & means P;N S =0 and conversely P; ¢ & = P; ¢ P,YP,€ & = P; ¢ U, P, = P, NS #0.
Therefore S(I) = Q1 N Q2NN Q,,. This ideal only depends on the primes in . O

Corollary 6.16. The isolated primary component of I are uniquely determined.

Proof. Choose & = {P} where P is a minimal prime, let S = R\ P, then S(I) = Q with Q is the
unique P-primary factor of I. O
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6.2 Primary Decomposition in a Noetherian Ring

The main aim of this sub-section is to prove the existence of primary decomposition in a Noetherian
ring.

Definition 6.17. An ideal [ is irreducible if I = J; N Jy then [ = J; or I = Js.
Lemma 6.18. In a Noetherian ring R, every ideal is a finite intersection of irreducible ideals.

Proof. Let S be the set of ideals which are not finite intersections of irreducible ideals. If S # () then S
has a maximal element, I (since R is Noetherian). Then I is not irreducible, therefore I = J; NJy with
Ji, Jo 2 I. So Jy,J2 ¢ S, hence they are finite intersection of irreducible ideals. Since the intersection
of two finite intersection of irreducible ideals, I is the intersection of irreducible ideals, i.e., I ¢ S. This
is a contradiction. Hence S = () O

Lemma 6.19. In a Noetherian ring R, all irreducible ideals are primary.

Proof. Let I be irreducible. Let x,y € R with xy € I. We must show that either z € I or y™ € I for
some n > 1.

Define I, = (I : y™) form =1,2,.... Then I CI; C I, C ..., since R is Noetherian there exists
N such that I,, = I, 11

Claim: I = (I + (z))N(I+ (y™))

It is clear that I C (I+ (z))N (I + (y™)). Let z € (I + (x)) N (I + (y™)), 80 2 = i1 +r1x = ig + roy”
for some iy,io € I and r1, 79 € R. Then yz = iyy+rixy € I (since i1, 2y € I). So roy" Tt = yz —iqy €
I=roe(l:y"™)=1,1=1,=my"€l, hence z€I. So (I + (x))N(I+(y")) CI

Since [ is irreducible, either:

e [+ (x) =1, in which case x € T

e or I + (y™) =1, in which case y" € T

Theorem 6.20. In a Noetherian ring R, every ideal I has a primary decomposition.
Proof. This follows directly from the previous two lemma. O

Proposition 6.21. Let R be a Noetherian ring, every ideal I contains a power of its radical. In
particular, the nilradical is nilpotent.

Proof. Let x1,...,x; generate r(I) (R is Noetherian). For large enough n we have z € I'Vi. Now
r(I)*™ C I since r(I)" is generated by elements of the form z7" 23" ... z"* where > m; = nk, so at
least of one of the m; > n = the generators of 7(1)*" is in I, hence r(I)k" C I.

For the in particular part, just apply the proposition to I = 0. O

Corollary 6.22. Let R be a Noetherian ring, M a mazimal ideal and Q an ideal. Then the following
are equivalent:

1. Q is M-primary
2.r(Q)=M
3. M" CQ C M for somen > 1.

Proof. 1. <= 2. (by Definition [6.3)
2. = 3.: By the previous Proposition
3. = 2.: Take the radicals M =r(M™) Cr(Q) Cr(M)=M =r(Q)=M O

Krull’s Theorem. Let I be an ideal in a Noetherian ring R. Then NS I™ = 0 if and only if 1 + 1
contains no zero-divisors.
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Proof. “=": If 1+ I contains a zero-divisor 1 — z, with & € I, such that (1 — z)y = 0 for some y # 0,

then y = vy =22y =23y =--- = 2"y € I". So y € N°_, 1", hence N, 1™ # 0
“< Let J =N I
Claim: IJ = J.

Certainly IJ C J. Let IJ = Q1N Q2N --NQ, be a minimal primary decomposition of I.J with
r(Q;) = P;, so we must show that J C Q;Vi. We have IJ C Q.

Casel. If I C P; then Q; O P™ (by Proposition |6.21) 2 I™ 2 J = J C Q;

Case2. If I ¢ P;then J C Q; since if x € [,x ¢ P, then J C IJ C Q; so for all y € J,zy € Q;
but z ¢ r(Q;) = P, = y € Q.

Hence J CNQ; =1Jso J=1J.
By Nakayama’s Lemma since J is finitely generated, xJ = 0 for some z € 1+ I. If 1 + I has no
zero-divisors then z is not a zero-divisor, so xJ = 0= J = 0. O

Corollary 6.23. In a Noetherian domain R, if I # R then N32,;I" =0

Proof. Obvious O
Corollary 6.24. If I C J(R) then N2, 1" =0

Proof. Obvious from Proposition [1.12 O
Corollary 6.25. In a Noetherian local ring with maximal idea M, NS M™ =0

Proof. Obvious since M = J(R).
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7 Rings of small dimension

Proposition 7.1. In the ring R, suppose 0 = MM, ... M, with M; mazimal ideals. Then R is
Noetherian if and only if R is Artinian.

PTOOf. RD M1 2 M1M2 2 M1M2M3 2 cee 2 M1M2 .. Mn = 0. Let V; = M1M2 . .Mifl/MlMQ .. .Mi,
notice that each V; is a module over the field R/M;, i.e, is a vector space. So each V; is Noetherian
<= Artinian <= finite dimensional. We then use Proposition [5.4] over and over again on the
following set of short exact sequences.

0 My R Vi—0 R Noetherian <= M,V are both Noetherian
0—— MM, My Vo—0 <= MM, Vi, Vs, are all Neotherian
0— MiMyMg —— M M, V3 —20 <~ M1M2M3,V17Vv2,‘/é are all Noetherian
My M,... M,
00— =0 —MM,.. M, 1—V,—0 = Vi, Vo, ...V, are all Noetherian
My M,... M,
00— =0 —MM,.. M, 1—V,—0 = Vi, Va,...,V, are all Artinian
0 M, R Vi—0 <— R is Artinian

O

Proposition 7.2. Let R be a Noetherian local ring with maximal ideal M. Then either M™ # M"+1
for alln > 1. Or M™ =0 for some n in which case R is Artinian and M is its only prime ideal.

Proof. Suppose M™ = M™*! for some n. Then M"™ = M1 = M1 = ... So N2, M* = M™, but
by Corollary we have ﬁzolek =0, hence M"™ = 0. By previous proposition, R is Artinian.
Let P be a prime of R. Then P 2 0 = M™, taking radicals P =r(P) 2 r(M™)=M,soP=M O

Definition 7.3. A ring in which every prime is maximal is said to have dimension 0.

Example. Any field
Z/nZ (since primes are pZ/nZ, p { n)
Any finite ring (since every finite integral domain is a field)

Proposition 7.4. Artinian rings have dimension 0.

Proof. Let P < R be a prime. Let R = R/P, a domain. Let Z € R, T # 0 (so x € R\ P). Now in R

we have (%) 2 (%) 2 (z*) 2 .... By Descending Chain Condition in R (which is also Artinian) there
exists n such that (") = ("), so " = "*'y for some j € R. Since T # 0 and R is a domain,
cancel T from both sides n times to get 1 = Ty. Hence R is a field and P is maximal. O

Proposition 7.5. An Artinian ring R has only finitely many mazimal ideals.

Proof. Consider the set of all finite intersections of maximal ideals My N My N ---N M,,n > 1. Since
R Artinian, this set has a minimal element M1 " MsN---N M, = I. Let M be any maximal ideal in
R. Then M NI C I, so by minimality of I we have MNI=1I=MDOI=MN---0NM, =M DO M,
for some ¢ by Proposition hence M = M; for some i. O

Proposition 7.6. Let R be an Artinian ring, then N(R) = J(R) is nilpotent, i.e., (N(R))* = 0 for
some k > 1.
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Proof. Let N := N(R), and consider N 2 N2 D N3 D ... so by the Descending Chain Condition
there exists k such that N¥ = Nk+1 = N¥+2 — ... —. ], We want to show that I = 0. Suppose
I #0. Let S = {ideals J < R such that I.J # 0}. Notice S # ) since R € Sas I # 0. Solet J € S
be minimal (which exists since R is Artinian). Then 3z € J such that =l # 0, so (z) C (J) and
(x)I # 0 so (x) € S and by minimality J = (z). Now ((z)I)I = (x)I? = (x)I # 0 since I? = I, so
(x)I € S and (x)I C (x) = J so by minimality of J we have (z)I = (z). So there exist y € I such that
ry=z=axy=ay’ =ay>=---=ay" = ..., but y € I C N so y is nilpotent, so y® = 0 for some
n = x = 0. This contradicts the fact I # 0 = () O

Proposition 7.7. Every Artinian ring R is Noetherian

Proof. Let My, Ms, ..., M, be the complete set of all maximal ideals of R (by Proposition. SoN =
N(R) = J(R) = N, M;. Also N¥ =0 for some k > 1. Consider MFM% ... MF = (MM, ... M,)* C
(MiNMyn---NM,)* = N* = 0. So MM} ... M} = 0 so by Proposition[7.1] we have that R Artinian
= R Noetherian. O

Remark. Every Noetherian ring of dimension 0 is Artinian. (c.f. Atiyah and Macdonald pg.90)

The Structure Theorem for Artinian Rings. Every Artinian ring is uniquely isomorphic to a
finite direct product of Artinian local rings.

Proof. Existence: Let Mj, ..., M, be the maximal ideals of R. Then [, M} = 0 for some k. The
ideals Mik are pairwise comaximal so by the Chinese Remainder Theorem we have

R = RJO
= R/HMik
=1

= R/ n MY} by comaximality
i=1

1

@ R/MY} by Chinese Remainder Theorem

i=1

Now each R/M} has only one maximal ideal, M;/MF so is an Artinian local ring.
Uniqueness: c.f. Atiyah and Macdonald pg. 90 O

7.1 Noetherian integral domains of dimension 1
Including Dedekind domain and Discrete Valuation Rings

Definition 7.8. The dimension of a ring R is the maximal length (> 0) of a chain of prime ideals
PSP S-S P inR.

Dim0: All primes are maximal

Diml: e.g., R = Z and any integral domain, not a field in which all non-zero primes are maximal.

Example. k[z1,...,x,] has dimension n.

Proposition 7.9. Let R be a Noetherian domain of dimension 1. Then every non-zero ideal I of R
has a unique expression as a product of primary ideals with distinct radicals.

Proof. Let I = Q1N ---NQ, with each @; primary and each P; = r(Q;) maximal. (P; 2 Q; 2 I #0).
No P; C P; (i # j) so no embedding primes, hence the @); are unique. The P, are pairwise comaximal
(P; + P; = R for all i # j) hence so are the Q;. To see this r(Q; + Q;) =r(P;+ P;) =r(1) = (1) =
Qi+Qj=(1). Hence Q1N---NQy =Q1...Qn.

Conversely if I = Q1Q5...Q,, where Q) are primary with distinct radicals 7(Q}) . As before the
Q) are comaximal, so I = [[ Q} = NQ}. By uniqueness of primary decomposition, m = n and Q; = Q;
after permuting. O
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Recall: A DVR (Discrete Valuation Ring) is the valuation ring R of a (Z-valued) discrete valuation
v: R — ZU{cc}. Such an R has the properties:

e R is local with maximal ideal M = {z : v(z) > 1}

e M is principal: M = (7) with v(7) =1

e All non-zero ideals of R are M™ = (™), n > 0.

e Hence R is Noetherian (it’s a PID) and a domain

e R has dimension 1 since the only primes are 0 and M

Lemma 7.10. Let R be a Noetherian integral domain of dimension 1 which is local, with mazimal
ideal M and residue field k = R/M. Then

1. Every ideal I # (0), (1) is M -primary, so I O M™ for some n.
2. M™# M"1vn >0

Proof. R has two prime ideal, (0) and M. Let I < R with I # (0), (1), then r(I) = intersections of the
primes containing I. So r(I) = M, and M is maximal, hence I is M-primary. Now I O M™ for some
n > 1 since R is Noetherian.

If M™ = M™*! then M™ = 0 which implies R has dimension 0. O

Proposition 7.11. Let R be a Noetherian integral domain of dimension 1 which is local, with mazimal
ideal M and residue field k = R/M. Then the following are equivalent:

1. R is a DVR,
. R 1is integrally closed,

. M is principal,

2

3

4. dimg(M/M?) =1,

5. every non-zero ideal of R is a power of M,
6

. there exists m € R such that every non-zero ideal is principal, of the form (7™), n > 0.
Proof. 1 = 2: Every valuation ring is integrally closed (See Proposition [4.14])

2=3: Let a € M, a # 0. If (a) = M we are done. Otherwise (a) & M. Choose n > 0 such that
M™ C (a),M™ ! ¢ (a). Such an n exists since (by the previous lemma) r((a)) is a power of
M and (a) 2 M™ for some n. Choose b € M"~1\ (a) so 2 ¢ R. Let 2 = ¢ € K, the field of
fractions of R.

Claim M = (x).

Since b ¢ (a), 7' ¢ R. Since R is integrally closed, ™! is not integral over R. This means that
7'M ¢ M. To see this suppose x~'M C M, then M is a module over the ring R[z~!] which is
a finitely generated R-module, since R is Noetherian, and faithful as an R[z~!]-module (since K
has no zero-divisors so if y € R[x~!] satisfies yM = 0 then y = 0); and these would imply that
x~!is integral over R. But = 'M C R, since bM C M" M = M"™ C (a). So z~*M is an ideal
of R not contained in its unique maximal ideal. Hence x='M = R, and hence M = (z) proving
the claim.

3 = 4: Let M = (), i.e., x generates M (as R-module), so T generates M /M? (as k = R/M-module),
ie., dimy M/M? < 1. But M # M? = M/M? # 0 hence dim M/M? > 1.

4 = 5: For any T which generates M/M?, the element * € R generates M. (By Corollary .
So M = (x), so M™ = (z™) (Vn > 0). Let I be a proper non-zero ideal of R. So I C M,
since N, M* = 0 there exists n > 1 such that ] C M™ and I ¢ M"™*!. Let y € I\ M"*!,
sincey € I € M™ = (2"), we have y = ca”, with ¢ ¢ M = (z). So ¢ is a unit of R, so
M™ = (a") = (y) €I C M™. Therefore I = M™
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5= 6: Let 7 € M \ M2. Then (7) = M by 5. so every non-zero ideal I = M™ = (7).

6 = 1: Note that M = (7) where 7 is given as in 6. So M™ = (7") Vn > 0. Let a € R,a # 0,
then (a) = M™ for some n > 0. Define v(a) = n. Extend to a function v : K* — Z by setting

v(%) =v(a) — v(b) € Z. Easy check that:

1. v is well define
2. v is a group homomorphism. (v(zy) = v(y) + v(z))
3. v(m) =1 = v is surjective

4. v(z +y) > min{v(z),v(y)}

So v is a discrete valuation and R = {z € K : v(x) > 0}

7.2 Dedekind Domains

These are Noetherian integral domains R of dimension 1 such that every localization R, (for all
maximal p) is a DVR.

Lemma 7.12 (Definition). A Dedekind Domain R is a Noetherian integral domain of dimension 1
satisfying any of the following equivalent conditions:

1. R 1is integrally closed.
2. Every primary ideal of R is a prime power.
3. Every localization R, (at non-zero primes P) is a DVR.
Proof. 1 <= 3: Since being integrally closed is a local property, so we use the Proposition [7.11]

2 = 3: Let P be a non-zero prime and let M = P, be the extension of P to R,, so M is the unique
maximal ideal in R,. Every ideal (# (0), (1)) in R, is M-primary. Every P-primary ideal of R
is a power of P (by condition 2.) so its extension to R, is M-primary and is a power of M. So
all non-zero ideals of R, are powers of M. So we can use 5. from Proposition and hence R,
is a DVR.

3 = 2: Let Q be P-primary in R (where P is a non-zero prime). Its extension to R, is M-primary so
is a power of M, hence @ is a power of P. Since QQ = (M™)¢ = (M¢)" = P"
O

Corollary 7.13. In a Dedekind domain, every non-zero ideal has a unique factorization as a product
of prime ideals.

Let I be an ideal of a Dedekind domain R. Then I = P Py** ... P;"* with each P; distinct maximal
and n; > 1. If P is any non-zero prime the extension of I in Rp is the product of the extensions of
the P"in R,. If P; # P, the extension is the whole ring R,. If P, = P the extension is the maximal
ideal of Ry, Pp. So I, = P}’ where n is the exponent of P in the factorization of I,n > 0.

Define v, to be the discrete valuation which has valuation ring R, so v, is a discrete valuation of
the field of fractions K of R. Hence

I= H prr),

P non—zero prime
Consequences:

e ICJe———— J|I Note I, = Py*D 1, = YY) Therefore I € J <= J|I

VP :Ip C Jp<==1vp(J) <yp(I)VP
“to contain is to divide”
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o v(I+ ) = min{u (1), ()}
o v (I0J) = max{v, (D), v,(])}
o 1(17) = v, (D) + ()

7.3 Examples of Dedekind Domains
1. Every PID is a Dedekind Domain.

e Noetherian (every ideal has 1 generator)
e Integrally closed (since a UFD)

e Dimension 1 (the non-zero primes are () with 7 irreducible - these are maximal)

2. Let K be a number field, i.e, a finite extension (field) of Q, of degree n. n = [K : Q] = dimg K.

The ring of integers O is the integral closure of Z in K, i.e., Ok is the set of all algebraic
integers in K.

Claim: O is a Dedekind Domain

Proposition. Ok is a free Z-module of rank n, i.e., there exists aq,...,a, € Ok such that
Ok =Zay + Zas + -+ - + Zay, (“integral basis”). This implies K = Qag + ... Qa,.

Proof. Omitted (See Algebraic Number Theory Course) O

Corollary 7.14. Ok is Noetherian.

Ok 1is integrally closed, being in the integral closure of Z in K. We need to check that it has
dimension 1. Let P be a non-zero prime of Ox. We want to show that P is maximal.

Method 1: Show Og/P is finite. (In fact P is also a free Z-module of rank n). Now every
finite integral domain is a field so P is maximal.

Method 2: Consider P N Z, this is a prime ideal of Z. It is non-zero since Ok is an integral
extension of Z so we cannot have both 0 and P (prime of O) contracting to 0, primes of
Z. So PNZ = pZ for some prime number p. Now pZ is maximal so P is maximal.

All of this proves that Ok is a Dedekind Domain.

Two special properties of Ok, not shared by Dedekind Domains in general:

(a) (Dirichlet) O (the group of units) is finitely generated. If K = Q(«), where o has minimal
polynomial f(x)Qlx], irreducible of degree n (the degree of the number field). Let m be the

number of irreducible factors of f in R[z]|. Then there exists units €1,...,€,_1 € O such
that every unit is uniquely Ce'e5?...€," ", where ( is a root of unity and n; € Z.

(b) Let I,J <1 Ok be non-zero ideals. Define an equivalence relation: I ~ J < ol = 3J
with «, 8 € Ok and non-zero. In particular I ~ Ok if and only if [ is principal.

Exercise. [ ~ J <= I = .J as Og-module
The equivalence classes form a group (induced by ideal multiplication), i.e., VI there exists

J such that IJ is principal. This is called the ideal class group (attached to any Dedekind
Domain). For rings of integers O it is a finite group.

3. The coordinate ring of a smooth irreducible plane curve C. Let f € C[X,Y] be irreducible then
C = {(a,b) € C?: f(a,b) = 0}. The coordinate ring of C' is R = C[X,Y]/(f) = C[z,y] with
f(z,y) = 0. This is an integral domain (since f is irreducible)

Claim R is a Dedekind Domain:

e R is Noetherian (By the Hilbert Basis Theorem)

e Every non-zero prime of R is maximal.
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Proof. Let P be a prime of C[X,Y] with P 2 (f). Let g € P\ (f), so ged(f,g) = 1.
View f,g € C(X)[Y] (as this as Euclidean property), then there exists a,b € C(X)[Y] such
that af +bg = 1. Write a = %,b = % where a;,b; € C[X,Y] and d € C[X], d # 0. So
a1 f 4+ b1g = d = the set of common zero of f, g has only finitely many z-coordinate (roots
of d). So f,g have only finitely many common zeroes. In fact there is only one common
zero, (o, %o), (after some work) this implies P = (X — x9,Y — yo) which is maximal. (Fill

in the gaps yourself) O

We’ll show that every localization Rp is a DVR, where P a non-zero prime of R. Without
loss of generality, P = (x,y), i.e., P is associated to the point of (0,0). P is smooth:
8‘3{1, % do not vanish at (0,0). So f = aX + bY +higher term, a, b not both zero. Without
loss of generality, we can assume ¢ = 0 and b = 1. So Y = 0 at the tangent to C at (0,0).
Now f(X,Y) =Y -G(X,Y)+X2H(X) with G(0,0) = 1. Module f we have 0 = y-g+z2-h
where ¢ = G(z,y),h = h(z) € R. The maximal ideal of Rp is generated by z,y. Rp =

{(tem) ) s € R, 5(0,0) # 0}. The maximal ideal PRp is {£ : #(0,0) = 0,5(0,0) # 0}, i.e.,

s(z,y)
r € P. But yg = —2%h so y = —332% where ¢(0,0) = 1 # 0, so —xQ% € Rp. So z alone
generates P - Rp, hence Rp is a DVR.
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