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1 Introduction

In 1801, while studying binary quadratic forms, Gauss constructed a composition law in his Dis-
quisitones Arithmeticae [Gauss(1986)]. This composition law gave a group structure to the set of
equivalence classes of primitive binary quadratic forms of a given discriminant, which was remarkable
as this was done before the notion of a group existed. A useful consequence of this group structure
was discovered by Dirichlet around 1838, when he showed a bijection between this set and the set of
ideal classes of quadratic orders. This had a twofold impact: in one direction it gave a simpler method
of showing that composition did turn the aforementioned set into a group; while in the other direction
it gave a tool to compute and understand the ideal classes, a tool which is still used today.

It seems natural to ask if we can find other sets of equivalent forms and equip them with a generalised
composition law, which will not only turn the set into a group, but also give us a tool to explore different
number fields or rings. In 2004 Bhargava started to answer this question in a series of four articles,
where he finds fourteen composition laws which can be used to find information on number rings and
their class groups. He finds these composition laws by considering different size cubes of integers and
creating different forms from them. This idea was revolutionary as with this he managed to shed some



light on quartic and quintic number fields. Due to the impact they had the cubes are now referred to
as Bhargava’s cubes.

This paper is divided in two main parts, in section 2 we will look at binary quadratic forms. We will
spend some time on the reduction theory of positive definitive forms, look at Dirichlet’s composition,
before proving the correspondence between equivalence classes of primitive binary quadratic forms and
ideal classes of oriented orders of quadratic fields. The aim of this section is to both show the depth
of information we have from binary quadratic forms, we will only cover a minute fraction of it, and to
introduce the main idea which links binary quadratic forms and ideal classes.

The second part, that is Section 3, will follow Bhargava’s first, out of the four, papers. We will
look at 2 x 2 x 2 cubes of integers, and construct different objects which will be in correspondence
with different modules of a quadratic ring. Since we will be exploring quadratic rings, among our
constructions we will recover Gauss’s composition law, but we shall look approach it from a different
angle than in Section 2. The five objects we will be looking at are: binary quadratic forms; 2 x 2 x 2
cubes of integers; binary cubic forms; pairs of binary quadratic forms and quaternary alternating
2-forms.

Notation. In this paper if D < 0 then v/D will be the notation for i\/|D].

2 A classical view on Gauss composition

2.1 Some definitions

To start this section we are going to follow [Cox(1989)] and [Lemmermeyer(2010)] to introduce the
concept of quadratic forms and how this led Gauss to create a composition law. We start by defining
our object of interest, namely:

Definition 2.1. A binary quadratic form is a polynomial in two variables of the form f(z,y) =
az? + bxy + cy?® with a, b, c € Z.
Furthermore we say a binary quadratic form is primitive if gcd(a,b,c) = 1.

Strictly speaking the above definition should be called “integral binary quadratic forms” but since
in this paper we will only deal with integral forms, that is where the coefficients are over Z, we will drop
the adjective “integral”. In this paper, to represent the binary quadratic form ax? + bry + cy?, we will
alternate between the notation (a, b, ¢) (as used originally by Gauss [Gauss(1986), Section 153]) when
we are not worried about the value of z and y, and the notation f(x,y) (as used by Cox [Cox(1989)]).
We note that any binary quadratic form is an integer multiple of a primitive binary quadratic form.
An important number related to a binary quadratic form is the discriminant:

Definition 2.2. The discriminant, D, of a binary quadratic form (a, b, ) is the integer D = b? — 4ac.

If we consider the group SLo(Z), that is the set of all two by two matrices with determinant 1 and
integer entries equipped with the multiplication operation, we can define an action on the set of binary
quadratic forms as follow. Let f(z,y) be a binary quadratic form and

S = ("t" Z) € SLy(Z).

Then we can define a new binary quadratic form f°(x,y) = f(rz + sy, tx + uy).

Definition 2.3. We say two binary quadratic forms f(z,y) and f'(x,y) are equivalent if there exists
S € SLy(Z) such that f3(z,y) = f'(z,y).

A number m is represented by a binary quadratic form f(z,y) if there exists (z1,%1) € Z%\ {(0,0)}
such that f(xz1,y1) = m.

Next we note a few invariants of the action of SLy(Z).
Proposition 2.4. Let f(x,y) and f'(z,y) be two equivalent binary quadratic forms then:
1. f(x,y) and f'(x,y) have the same discriminant,

2. f(z,y) and f'(x,y) represent the same numbers,



3. let g and g’ be the ged of the coefficients of f(x,y) and f'(z,y) respectively. Then g = ¢'.

Proof. First we note that to every binary quadratic form corresponds a two-by-two matrix. Namely if
f(z,y) = ax? + bxy + cy?, then the matrix

is such that f(z,y) = 27 Az, where z = (2, y) is a column vector. We can see that det A = ac—% = -2,

where D is the discriminant of f. By definition f’ = f° = (Sz)TA(Sz) = 27 (ST AS)x and since
det S = 1 we have that det(ST AS) = det 4, i.e., the discriminant of f is the same as the discriminant
of f'.

The binary quadratic form f can be considered as a map from Z?2\ {(0,0)} — Z mapping (z,y) —
f(z,y). Letting f' = f° we get the following commutative diagram:

722\ {(0,0} L -7

1R

S

72\ {(0,0)}

Since SL2(Z) is a group, every element S € SLy(Z) has an inverse, hence S really gives a bijection as
showed in the diagram. So the image of f’ is the same as the image of f, that is, they represent the
same numbers.

Let ¢’ the ged of the coefficients of f'(x,y). Then notice that the numbers that f'(z,y) represents
are all divisible by ¢’. Also note that f(1,0) = a, f(0,1) = c and f(1,1) = a + b+ ¢, so using the
second statement of this theorem we know that ¢'|a, ¢'|c and ¢'|(a + b + ¢), hence ¢'|b . Hence ¢'|g,
and a symmetrical argument gives g|g’, so we have g = ¢’ O

f/

The last part of the theorem gives in particular that if f(x,y) is primitive, then so is any binary
quadratic form equivalent to f(z,y). We note that 4af(z,y) = (2az + by)? — Dy?, using this identity
we can see that if D is positive then f(z,y) can represent both positive and negative integers. On the
other hand if D is negative then (2az + by)? — Dy? is always positive so f(x,y) can only represent
positive integers if a is positive or only negative integers if a is negative. This leads to the following
definition:

Definition 2.5. A binary quadratic form (a, b, c¢) is called:
e positive definite if D < 0 and a > 0,
o negative definite if D < 0 and a < 0,
e indefinite if D > 0.

2.2 Reduction of positive definite forms

In this subsection we will only study definite binary quadratic forms. Since the study of negative
definite binary quadratic form can be deduced from the study of positive definite quadratic forms, we
will not worry about them. Furthermore we assume all binary quadratic forms are primitive. We will
look at primitive indefinite binary quadratic forms in a later subsection.

The next question to arise is how to determine when two binary quadratic forms are equivalent?
Lagrange came up with a reduction algorithm [Cox(1989), p35] which turns every binary quadratic
form into a unique equivalent form with minimal coefficients.

Theorem 2.6 (Definition). Every (primitive positive definite) binary quadratic form is equivalent to
a unique binary quadratic form Q = (a,b,c) where Q has the property that

|b] <a <c¢ inallcases,
b>0 if |b| = aora=c.

The form @ is said to be (Lagrange) reduced.



Remark. While there is a notion of reduced form in the indefinite case, the reduced form is not unique.
That is, an indefinite binary quadratic form can be equivalent to several reduced forms. For this reason
the theory of indefinite binary quadratic form is quite interesting, but it would take us too far afield
to what we want to do.

Proof. For the proof of existence of such a quadratic form we will follow the constructive proof in
[Lemmermeyer(2010), p9] while for the uniqueness part we will have a close look at [Cox(1989), p27].

Existence: Let
n_ (1 n (0 -1
()= (0 7)) s

and let our binary quadratic form be (a, b, ¢). Note that T—" turns (a, b, ¢) into (a, b—2an, an? —bn+c)
and U turns (a, b, ¢) into (¢, —b,a). We are going to apply the following algorithm:

1. If |b| > a, then apply T, with an appropriate n, to (a,b, c) to reduce b mod 2a so that |b] < a.
2. If a > ¢, then apply U to (a,b,c).
3. If |b| < a < ¢, then stop; else go to 1.

This algorithm terminates when |b| < a and a < ¢, i.e., when the first two required conditions are met.
This algorithm has to terminate, because at every loop of the algorithm we are making |b| smaller
and since |b] € N we can not keep reducing |b| indefinitely. We now need to consider the two cases: if
|b| = a, or a = ¢ with b < 0. In the first case the transformation T~ takes (a, —a, c) to (a,a,c) which
is of the required form, while in the second case we use the matrix U to change (a,—b, a) into (a,b,a).
This proves the existence of reduced binary quadratic forms.

Uniqueness: Before we proceed we show that if f(x,y) = (a,b,¢) is reduced, then the smallest
number it represent is a. Let f(x,y) be reduced. Notice that f(+1,0) = a and f(0,£1) = ¢. Suppose
that 2% < y%. Then |z| < |y| so f(z,y) > ax®+bry+ca® > ax?—|bzy|+cy? > 2% (a—|b|+c). Similarly if
y? < 22 then f(z,y) > y?(a—|b|+c), so putting these together we get f(z,y) > min{z?, y?}(a—|b|+c).
Hence if zy # 0 then f(xz,y) > a — |b| + ¢, and since f(x,y) is reduced a — |b| + ¢ > ¢ > a. So a is
the smallest number represented by f(x,y). If furthermore we say a number is properly represented
if ged(x,y) = 1, then, when a # ¢, we see that ¢ is the next smallest properly represented number of
f(z,y).

Let f(z,y) = (a,b,c) be reduced with a < ¢ < a — |b| + ¢, we deal with the case |b] = a or
a = ¢ in the next paragraph. Suppose that g(z,y) = (a/,¥,¢') is an other reduced binary quadratic
form which is equivalent to f(x,y), then since the represent the same numbers (Proposition 2.4)
they must have the same first coefficient, i.e., a = a’. We know a < ¢/, (as g(z,y) is reduced) so
suppose a = ¢’ then g(+1,0) = ¢g(0,£1) = a. In that case, since g(x,y) is equivalent to f(z,vy),
f(z,y) must also have four different solutions to f(z,y) = a. This is a contradiction as we know: if
zy # 0 then f(z,y) > a—|b| + ¢ > a; and f(0,y) = cy? > a; so (£1,0) are the only two solutions to
f(z,y) = a. Hence a < ¢ which, since ¢ is the next smallest number properly represented by g(z,y),
means that ¢ = ¢/. Since f(z,y) and g(x,y) are equivalent they have the same discriminant hence,
since a = a’,¢ = ¢/, we have b’ = +b. By assumption g(z,y) = f(rz + sy, tx + uy) with ru — st =1, so
a=g(1,0) = f(r,t) and ¢ = g(0,1) = f(s,u). This implies that (r,t) = (+1,0) and (s,u) = (0,+1).
So f =g¢'9 or f =g~ where id is the identity 2 x 2 matrix and — id the 2 x 2 diagonal matrix with
—1 as entries. In either case, this implies that ' = b, i.e., f(z,y) = g(x,y).

If |b| = @ or a = ¢ then we no longer have the inequality a < ¢ < a — |b| + ¢. In both cases we still
have that a is the smallest number represented by f(x,y), hence a = a’. We show that in both cases
c=c. Ifa=canda < then g(z,y) = a means (z,y) = (£1,0) but f(z,y) = a has at least four
different solutions which is a contradiction so we must have that a = c implies a = ¢, i.e., c = . If
|b| = a and a < ¢ then since we still have the inequality a < a — |b| + ¢, we can use the same argument
as before to show that a < ¢’ and conclude that ¢ = ¢/, as ¢’ is still the next smallest number properly
represented by g(z,y). So in all cases we have a = a’,¢ = ¢’ which means ¥/ = +b as f(z,y),g(z,v)
have the same discriminant. Since either |b| = a or a = ¢ we have b > 0 and either [b'| = |b] = a or
d=c=a=d.Henced >0and v/ =b,ie., f(z,y) = g(z,y). O

This theorem is useful in the study of equivalence classes of binary quadratic forms as it gives a
natural representative of such class. If we fix a discriminant D < 0 and denote by [f(z,y)] (or [(a, b, ¢)])



the equivalence class of f(x,y), which we can represent by its reduced binary quadratic form, we can
look at the set of all equivalence classes of binary quadratic forms with discriminant D. We will let
h(D) denote the number of equivalent classes.

Theorem 2.7. Let D < 0 be fized, then h(D) is equal to the number of reduced forms of discrimin-
ant D. Furthermore h(D) is finite.

Proof. The first part follows from the previous theorem. For the second part fix D < 0 and let f(z,y) =
(a,b,c) be a reduced binary quadratic form of discriminant D. Then —D = 4ac — b* > 4a? — a? = 3a?,
hence a < y/—D/3. Since |b| < a and a,b € Z there are only a finite number of possibilities for a and
b. Furthermore since ¢ = £ jllf we have that ¢ is determined once a and b are known. So for a fixed
D < 0 there are only a finite number of reduced binary quadratic forms with discriminant D. O

2.3 Dirichlet composition

Stepping back to include indefinite binary quadratic forms, we use the same notation [f(x,y)] to denote
the equivalence class of f(z,y). We have a set of equivalence classes of primitive binary quadratic
forms, so one might ask is can we find a binary operation to turn this set into a group? Gauss
answered this question by defining how to compose two binary quadratic forms of a given discriminant
D [Gauss(1986), section 235]. Unfortunately it is regarded by many mathematicians to be “difficult,
sometimes even very difficult” to understand and work with [Shanks(1989)]. It is often easier to follow
Dirichlet’s basic idea (first appearing in [Dirichlet(1871), 10th Supplement]), which originally was
somewhat more restrictive as it imposes some conditions to the two forms to be composed, but does
have the advantage of having an explicit formula. We can slightly modify Dirichlet composition to
overcome the restriction imposed.

Dirichlet then found a group isomorphism between the set of equivalence classes of primitive binary
quadratic forms of a fixed discriminant and equivalence classes of proper ideals of fixed orders of a
quadratic field, hence easily establishing that the equivalence class of binary quadratic forms form an
abelian group. Intuitively, since binary quadratic forms represent an infinite sets of numbers, given
two binary quadratic forms we want to find a third one that represents the pairwise products of the
numbers the two binary quadratic forms represent. For a historical point of view we are going to give
Gauss’ definition of composition first.

Note. For this subsection we assume that D # 0 and that our binary quadratic forms are primitive.

Definition 2.8. Let f(z,y) and g(x,y) be two binary quadratic form. Define a direct composition to
be a form F(x,y) = ax? + bry + cy? such that

f('r7y)g(z7w) = F(Bl(x7y;z7w)aBQ(m7y;Zaw)) )
arby — azb; = f(170)7

arcz — aze; = g(1,0),
where B;(z,y; z,w) = a;2z + bjzw + ¢;yz + d;yw, with a;,b;, ¢;,d; € Z, are bilinear forms.

As we can see, this definition is not very easy to work with as it does not give a way of automatically
creating a direct composition. For this end, Dirichlet’s composition is much easier to use and is often
regarded as the way to do composition nowadays. To define Dirichlet’s composition we need the
following lemma.

Lemma 2.9. Let f(z,y) = (a,b,¢) and g(z,y) = (d’,V, ') be two binary quadratic form of discrimin-
ant D and let ged(a,a’, b%b/) =e. ( Note that b and ' must have the same parity since f(x,y), g(x,y)
have the same discriminant). Then there is a unique integer B modulo 223/ such that:

2
B = bmod—a7
e
2/
B = b'mod—a,
e
4/
B2 = D mod a2a
e



Proof. This proof loosely follows [Cox(1989), p 48]. First we are going to show that the three given
condition can be rearranged to give three equivalent conditions. If an integer B satisfies the first
two congruences then B? — (b + b')B + b0’ = (B — b)(B — V') = 0 mod 4%, Hence rearranging

and dividing by 2e, which we can, since 2e|(b + b") and 2e| (b(b + b’) dac) = (bb' + D), we get that
b+b'B _ bb +D mod 2aa

- Multiplying the first two congruences by < and ¢ respectively we have that
out initial condltlons become

! / 2 !
a—B = a—b mod a—;,
e e e
2 /
B = 29 mod a—za,
e e e
b+ b bb + D 2aa’
B = d . 2.1
2e 2¢ o e2 (2.1)

We can just work backward to see the implication the other-way, as the first two congruence are
equivalent to B =0 mod %‘l and B=1V" mod 27‘} Then the argument works in reverse.

So we need to ﬁpd B which satisfy the latter three conditions, which is easierlto find as the equations
are all modulo 2%~ and all linear (we removed the B? term). Slnce ged(2, %, b;—b) = 1 by Euclid’s
b+b

algorithm we know there exists n1,n2,n3 € Z such that ni ¢ + ng— + ng = 1. Fix such ni,no,ng

and let B be the unique number between 0 and 2aa’ such that B = nl% —|—n2%b +ng bb;e'D mod 2““ .

Note that since D = b2 — 4d/¢’ = b? — 4ac then o’D = a'b? mod 22;‘/ and aD = ab’® mod 2’;2’?

!
2aa.  Now we can see that

’

furthermore since b = b’ mod 2 we have aa’b = aa’b’ mod

a_  dat a'a’b a'bt +d' D a a b+v\d, _ d 2aad’
—B=mn + ng + ns =(n—-+ny— +ns —b= —bmod ——
e e? e? 22 2¢ e e e?
b' b by’ "D ! b+ 2aa’
,B aa aa2 ng% = <n1a + nga— +ns ;r ) 2y = 20 mod a;z
e e e e e
b—|—b’B abb’ + ab’? N a'b? +a't'b n b +Db+b b+ D od 2aa’
=n n n = m
2¢ ! 2e2 2 2e2 372 2e 2¢ e?

Hence we have constructed a B which satisfies the congruences (2.1). Suppose that there is a second
B’ which satisfies the three relations, then after some rearrangement we have ’L—l(B B')=4(B-DB') =
b';eb/ (B—B')=0 mod 2;‘;‘/. Hence we have 2““/ |2(B - B), 2‘“ |a (B—B') and 2‘” b+b/ (B- B,
this implies that 2¢,2¢|(B — B’). Using the fact that ged(2 g bby — 1 and the last divisibility

e’ e e’ e’ 2e

condition we see that 29" |(B — B'), i.e., B= B’ mod 22¢". Hence we have found a unique (modulo
240’y B which satisfies the conditions. O

Definition 2.10. Let f(z,y) = (a,b,¢), g(z,y) = (a/,V', ) be two binary quadratic forms of discrim-
inant D. Then the Dirichlet composition of f(z,y) and g(x,y) is the form

/ 2B2—D
F(x,y):ae%x—i—Bxy—i—e(i) 2

where B is the (unique up to modulo 2‘“‘

) integer B of Lemma 2.9.

Remark. The proof of 2.9 gave us an explicit formula to calculate the integer B that we can use for
Dirichlet composition, namely B = nl%’/ + ng% + ngbl’;%D where nq,n9,n3 are such that nia +
noa’ + ns bgb = e. At this point the reader might wonder why we went to prove a non-trivial lemma
instead of defining B for Dirichlet composition as in the previous sentence, which is a nicer and more
straightforward definition. One of the reasons is that way we established some of the congruences that
B satisfy, which we will use in other proofs of this paper, and, in a few cases, the congruence gives an

easier B to work with than the explicit formula, which still involve running Euclid’s algorithm.

Naturally we need to check a few properties of Dirichlet composition to see that they it is useful
when considering equivalence classes of binary quadratic forms, especially the implied claim that the
Dirichlet composition of two binary form is unique, in fact one can easily see that it is not. The
following theorem will clarify these issues.



Theorem 2.11. Let f(z,y) = (a,b,c) and g(z,y) = (a’,b',c) be two binary quadratic forms of
discriminant D that are both positive definite or both indefinite and F(x,y), F'(x,y) be two Dirichlet
compositions . Then

o F(x,y) is a primitive binary quadratic form with discriminant D. If D < 0 then F(x,y) is
positive definite.

o [F(z,y)] = [F'(z,y)].

Proof. For ease of notation we will assume ged(a, a’, b%b/) = 1 (one can check that replacing a,a’, b+Tb/

by ¢ a bib respectively in the right places will still make the argument hold). We prove that F is

e’ e’ 2e

primitive. Let C = B°-D g, that F(x,y) = ad’x® + Bry + Cy?. Recall that (a,b,c) is equivalent to

4aa’
(a,b+ 2an,an?® + bn + c) (see proof of 2.6) and by definition B = b+ 2an for some n € Z. Notice that
o/ C = B2=D _ 4a’n?+dban+b?—b+dac

1o o = an?+bn+-c, hence (a, b, ¢) is equivalent to (a, B, a’C) similarly
(a’, ¥, ) is equivalent to (a’, B,aC). Notice that if we let X = 22 — Cyw and Y = azw + a’yz + Byw
then we can see that

F(X,Y) = ad2?2* +aBa’zw + a*Cr*w? + ad C*yPw?
+a"2Cy*2% + o/ BCy* 2w + B*zyzw + aBCxyw?
= (ax® + Bxy + d'Cy*)(d’2* + Bzw + aCw?)

Since (a, B,a’C) and (a/, B, aC') represent the same numbers as (a, b, ¢) and (a’,V', ¢') respectively we
see that F(x,y) represents all the numbers of the form f(x1,y1)g(21,w1). Suppose that F(z,y) is
not primitive, that is, there is a prime p that divides the coefficients of F(x,y), then p divides all the
numbers F(x, y) represents. Hence we have that p divides all the numbers of the form f(x1,y1)g(z1,w1),
so plaa’. Suppose that p { a, then p|a’. But p|ac’ implies p|¢’ and p|a(a’+b +¢’) hence p|b’ contradicting
the primitivity of g(x,y). So we have that p|a and pla’, but the same argument can be repeated on
pled’ implying that p divides ¢ and ¢/. Furthermore p|(a + b + ¢)(a’ + V' + ¢’) implies p|bb’ so either
all the coefficients of f(xz,y) or all the coefficients of g(x,y) are divisible by p again, contradicting
primitivity of f(z,y) or g(z,y). Hence there is no prime p that divides the coefficients of F'(x,y). The
discriminant of F(z,y) is B? — 4(aa’) Bja;/ = D. If D < 0 then both a,a’ > 0, hence so is aa’, so
F(z,y) is positive definite.

Let F(z,y) = (ad’,B,C) and F'(z,y) = (ad’, B’,C’) where B’ = B + 2aa’n for some n € Z and
C' = B2=D_ Then applying T~" to (ad’, B,C) we get (aa’, B',C"). Hence [F(z,y)] = [F'(z,y)] O

4aa’

2.4 The group of positive definite binary quadratic forms.

We are now on our way to show that the set of (primitive) binary quadratic forms of discriminant D,
which for this section we will denote C'(D), is a finite abelian group. We will split the proof in two
cases: when D < 0 and when D > 0 and square-free. The second case is a slight generalisation of the
first case and the proof is fairly similar, in fact it covers the first case. We split it into two cases so to
introduce new concepts slowly.

We are going to look at quadratic fields, let us denote such a field as Q(\/ﬁ ) where N is a square-
free integer. So if & € K = Q(v/N) then a = a + bv/N for some a,b € Q, we denote the conjugate of
a, i.e., the non-trivial automorphism acting on «, by @ = a — bv/N. Also in this paper by minimal
polynomial of an element o we will mean the least degree polynomial f € Z[x] with coprime coeflicients
such that f(«) = 0 and the leading coefficient of f is positive, not the least degree monic polynomial
f € Q[z] such that f(a) = 0.

Definition 2.12. Let K = Q(v/N) be a quadratic field. We defined an order O in K to be a subset
of K such that

1. O is a subring of K,
2. O is a finitely generated Z-module,
3. O contains a Q-basis of K.



We note that O has rank two over Z and hence we can define it by its basis «, 5. We use the notation
[, B] to mean the Z-module with a, 8 as its basis.
Let Ok denote the mazimal order and define the discriminant of K to be as follow:

N if N =1mod 4,
drg = .
4N otherwise.

The conductor of O is the index [O : O] = f and define the discriminant of the order O = [, (]

to be )
a «
D = [ det - .
(005 5))
One can show that Ox = [1,wg]| where wg = % (a fact from MA3A6 Algebraic Number
Theory) and if f is the conductor of O then O = [1, fwk]|. Since the discriminant does not depend on
the choice of basis we can see that D = f?dx using the previous basis. We can see from the this that if

D is the discriminant of O the quadratic field, K, which O is an order of is K = Q(+/D), furthermore
D satisfies D = 1,0 mod 4.

Definition 2.13. Let K be a quadratic field and let I be an ideal of an order O. We say that I is a
proper ideal if O = {f € K : 58I C I}.

A fractional ideal I of O is a O-module such that wl C O for some w € O. Given a fractional
ideal I, we say that it is invertible if there exists a fractional ideal J such that IJ = O.

Note that the definition of proper extends to fractional ideals, also by the definition of proper ideal,
every ideal I is a proper ideal of a unique order O. Recall that the norm of an element o € K is
N(a) = a@, while the norm of an fractional ideal I = [o, 8] <O = [1,7], is

a

N(I):abs<6 3

)

where D is the discriminant of O (or K), or equivalently if « = a1 + a7, 8 = by + ba7, then

_ a; a2
N(I)_aubs<b1 b2>'
This is often thought as the index of I in O, that is, N(I) = [[LL::(IQ]] where L is lattice containing both

O and I, that is, L is a Z-module of rank 2 which contains both O and I. Note that we have to take
the absolute value so that the definition is independent of the choice of the basis for 1. We will use Tr
to denote the trace functions which maps « to o + @.

Theorem 2.14. Let K = Q(7) be a quadratic field and ax® + bx + c the minimal polynomial of T.
Then [1,7] is a proper fractional ideal for the order [1,at] of K.

Proof. We can easily see that [1,7] is an [1, a7]-module as 1,7,ar and at? = —br — c are all in [1, 7],
furthermore a[l,7] C [1,a7], hence [1,7] is a fractional ideal of [1,a7]. From this it follows that
[l,ar] C {8 e K :p[l,7] C[1,71]}

The condition {let 8 € K be such that 8[1,7] C |} is equivalent to the condition {let g € K
be such that 8 € [1,7] and 7 € [1,7]}. Now 8 € | means that there existsm,n € Z such that
B =m+nt. Hence B = mr+n1? = mr+2(—br—c) = =24 (=22 + m) 7. So B7 € [1, 7] if and only if

a|n (since ged(a, b, ¢) = 1 as they are the coefficients of the minimal polynomial). Hence 8 = m+an’'r,
implying that {8 € L: 8[1,7] C [1,7]} C [1,a7]. So {8 € K : B[1,7] C [1,7]} =1, a7] O

1,7
1,7]

In particular the previous theorem states that [1,7] is a proper ideal of only [1,ar]. The next
theorem shows us a property of quadratic fields, which in general does not hold for higher degree
number fields.

Theorem 2.15. Let O be an order in a quadratic field K and let I be a fractional O-ideal. Then I is
proper if and only if I is invertible.



Proof. Suppose [ is invertible, that is, there is another fractional ideal J such that IJ = O. If g € K
and BI C I then O = p1J C IJ = O. Since SO C O we have g € O, hence I is proper.

Suppose I = [, 8] (o, 8 € K) is a proper fractional ideal. Letting 7 = g we have I = «[1,7]. Let
ax? + bx + ¢ be the minimal polynomial of 7. Then by Theorem 2.14, we know that O = [1,ar]. Since
T is also a root of the minimal polynomial of 7 we know that [1,a7] = [1,a7] = O and by Theorem 2.14
I = @[l,7] is proper fractional ideal of O. Next consider all = aaa[l,|[1,7] = N(a)[a, at, a7, a77].
Furthermore since we have an explicit quadratic polynomial which has 7 and 7 as its only roots we
know 7+ 7 = —2 and 77 = £, so all = N(a)[a,ar, —b,c] = N(a)[1,ar] = N(a)O (where the second
to last equality follows from the fact ged(a,b,c) = 1). Hence there exists a fractional ideal, namely

J = N‘(la)f, such that IJ = O O

Definition 2.16. Let O be an order of a quadratic field K. Let I(O) denote the set of invertible
fractional ideals of O, and P(O) be the set of non-zero principal ideals of O.

It is quite clear, since every invertible ideal has an inverse and the multiplication of any two
invertible ideal is an invertible ideal, that I(O) forms an abelian group under multiplication. Notice
also that P(O) C I(0O), which allows us to define our object of interest.

Definition 2.17. Let O be an order of a quadratic field K. We define the ideal class group of O to
be C(O) = I(0)/P(0O).

We can finally prove our claim of C'(D), with D < 0, forming a group by relating C(O) to C(D).

Theorem 2.18. Let D < 0 and O = [1, fwk] an order with discriminant D of the quadratic field
K= (@(\/5), where f is the conductor of O and wx = % with dgx the discriminant of K.

1. If f(z,y) = (a,b,c) is a binary quadratic form with discriminant D then [a,
ideal of O,

%} 1S a proper

2. C(D) is a group and the map sending f(z,y) to [a, %] induces an isomorphism between

C (D) and C(O). Hence the order of C(O) is the class number h(D).

Proof. This proof follows [Cox(1989), p 137]. Let f(x,y) = (a,b,c) be a binary quadratic form with
discriminant D < 0. Since D < 0, the complex roots of f(z,1) = ax? + bz + ¢ are not real, so let 7 be
the unique root with positive imaginary part, we say 7 is the root of f(z,y). Since a > 0, it follows

that 7 = _b‘ga\/ﬁ, hence {a, _l’%ﬁ} = [a,a7] = a[1,7]. Recall that if D is the discriminant of O then

K = Q(v/D) hence 7 € K. Now by Lemma 2.14 we know that a[1,7] is a proper ideal of the order
[1,a7] so we want to prove that O = [1,ar|. First recall that f?dgx = D = b?> — 4ac hence fdx and b
have the same parity, so % € Z. We use this fact to show:

—b+ VD

at 5
. —b+ fVdk
B 2
b+ fdg dg + Vdg
2 2
b+ fd
— _ﬂ + fwK
2
Hence [1,a7] = [1, fwk], so we have finished proving the first part.
Before we prove the second part, we claim that if 7 € C and r,s,f,u € Z then
ox
s (TTES) Cqer (T 5) 20 (2.2)
tr+u t u) jtr 4 ul?



To prove this, let 7 = x + iy then

o (TTHS\ o ((rztriy+s)(ta — tiy + u)
2(ir) - o )

tr +u (u+ tx)? + t2y?

m%(rtixy + ruiy — rtixy — stiy)

1 r S .
— 7|tr+u\2det <t u> S(iy)

We are going to show the map is well-defined. Let f(x,y) and f'(z,y) be binary quadratic forms of
discriminant D and 7,7’ be their respective root. Suppose that they are equivalent, i.e., let f(z,y) =
I (rx + sy, tx + uy) with ru — st = 1. Then

T+ S
0=f(r,1)=f Jt =(t 2y 1, 2.3
Jr 1) = i+ s,tr+u) = (7 + S (o (23)
but using equation (2.2) we have that :TTIZ has positive imaginary part, hence by uniqueness of 7/ we

have 7/ = {72 Let A = t7 +u € K* then A[1,7] = (t7 + w)[1, &3] = [t7 + u, 77 + 5] = [1, 7].
To show that the map is injective we work backward. Conversely suppose [1, 7] = A[1, 7] for some

A € K* then [1,7] = [\, A7'], in other words A7/ = r7 + s and A = ¢t7 4 u for some r,s,t,u € Z, such

that the matrix
r s
s=(: 2)

is invertible. Rearranging we get 7/ = :TTIS, but since 7 and 7’ both have positive imaginary parts
by equation (2.2), we have that the determinant of S is positive, i.e., ru — st = 1. Then by equation
(2.3) we have that f'(rz + sy,tx + uy) and f(z,y) have the same roots, so it follows that they are
equal hence f(x,y) is equivalent to f'(z,y). We have just shown that two binary quadratic forms are
equivalent if and only if [1,7] = A[1,7’], but the last equality is the same as saying that [1,7] and
[1,7'] are in the same quotient. So we have proved that the map sending f(x,y) to a[l, 7] induces an
injection C'(D) — C(O)

Now we show the map is surjective. Let I be a fractional ideal of O and let I = [a, ] for some
a, B € K. Switching « and § if necessary we can assume that 7 = g has a positive imaginary part and
let ax? + bz + ¢ be the minimal polynomial of 7 with a > 0. Let f(z,y) = ax? + bxy + cy?, note that
since 7 is a root and is not a real number the form f(z,y) must have a negative discriminant and hence
is positive definite. Furthermore since the discriminant of @ = [1,a7] is D = (a7 — a7)® = b% — 4ac we
have that the discriminant of f(x,y) is D. So f(x,y) is a binary quadratic form (it is primitive as it
ax? + bz + ¢ is a minimal polynomial) that maps to a[l,7]. But a[l, 7] lies in the class of I = [a, 8] =
a[l,7] in C(O) so the map is surjective. We have a bijection between the sets C(D) — C(O).

Let f(z,y) = (a,b,¢) and g(z,y) = (a’,V/,¢') be two binary quadratic forms of discriminant D
~EVD], o, D), (g, SEE)

e2

and F'(z,y) their Dirichlet composition, then their images are [a, a

respectively where e = ged(a, a’, b%b/) and B = é(nlab’—i—nga/b—&—ngbb/%’j) for some ny,ns,ng € Z such

that nia +nga’ + ngb%b/ = e. To prove our claim that Dirichlet composition corresponds to multiplic-

—b-E\/BHa/’ —b -&2-\/5]

ation of ideals (up to equivalence classes in both cases) we need to show that [a,

’ 1 ’ 1 ’ ,
[aa’, a=2 *2"57 a _b'g‘/ﬁ, 2(0b +D) > (b+ )\/ﬁ] is equivalent to [2%-, %]. We claim that in fact the

product is equal to [“7“/, %e]. To see this, if we recall that the norm is multiplicative, we see
’ 1 ’ 1 / ,

that the N([aa’,a=2 42_\/5’(1/ _b‘g‘/ﬁ, 2 (0'+D) 5 (b+b )\5]) = aa’ = N([2+, %e}), furthermore we

472\/5][6/ 7b’j§\/5} C

we can use our congruences (2.1) and the fact e|a, e|a’, e\b%b/ to show that [a,

(e’ =B4VD o] (for example a =UEYD — 189 e =BVD where m = @ and n is such that B = 4}/ +
2n997). Putting these two facts together together we have [a, _bg‘/ﬁ][a’, _blgﬁ] = [o2, %e],
but [“T“/, %e] = %[ae—%/, %], hence they are in the same ideal class, completing the proof. O

Remark. We make a remark about the map we described when proving surjectivity of the bijection.
Note that if 7 has for minimal polynomial az? 4+ bz + ¢ then N(7) = £ and Tr(7) = 2. Furthermore,

we have that N([1,7]) = 1, so the binary quadratic form associated to [1,7] was m2+ﬁ5\;gﬁyj]§v(7)y2.
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— 8 = BooB — MM and Tr(£) = Te() = Nag- So

we have that the binary quadratic form associated to I = [«, 3] is

Now if 7 = £, notice that N([1,7]) =

o’

Tr(oB N _
a? + N((aﬁ))l“y + NEQ y? B N(a)z? + Tr(aB)xy + N(B)y? _ N(az+ By)
X0 - N(D) STND

2.5 General case

We are now going to consider the equivalence classes of primitive indefinite binary quadratic forms.
The reason the previous proof would fail if D > 0 is that the roots of f(xz,1) are real, and hence our
inverse map is not unique as it depends on the choice of v/D. This can be rectified by considering the
narrow class group instead of the class group. Before we can define this we need a few definitions.

Definition 2.19. An order O of discriminant D is said to be oriented once a choice of v/D has been
made.

Once this choice has been made we can define a map 7 : O — Z by n(7) = T‘;, which has the

particularity that 7(x + y\@) = 2y With the idea of oriented order comes the idea of orientating
fractional ideal.

Definition 2.20. An oriented fractional ideal of an oriented order O is a pair (I,€), where I is a
fractional ideal of O and € € {£1} is the orientation. We say (I,€) is positively oriented if € = 1,
otherwise it is negatively oriented. B

A basis «, 8 of an oriented fractional ideal (1, €) is said to be correctly oriented if w(ap) = L\/ﬁaﬁ
has the same sign as e.

We define the product of two oriented fractional ideal (I, €) and (I’,€’), of an order O of discriminant
D, to be (IT',e€’). This can easily be extended to the product of an oriented fractional ideal and an
element of Q(v/D) to be a(I,¢) = (al,sgn(N(a))e), where sgn(a) is the usual sign function. We will
from now on assume that all fractional ideals of an oriented order are themselves oriented, hence we
will write I to mean the pair (I,¢). Furthermore, when talking about a basis of an oriented ideal,
we will amuse that the basis is correctly oriented. We just need one more definition, a refinement of
equivalent ideals for our new setting, and then we can define the narrow class group.

Definition 2.21. Two oriented fractional ideals, I, J of an order O of a discriminant D, are equivalent
if there exists & € Q(v/D) such that ol = J.

We defined the narrow class group, C*(O), of an oriented order O, to be the set of equivalence
classes of oriented fractional invertible ideals.

Remark. In many literature, the narrow class group is defined differently as follows: Let PT(O) be
the set of principal fractional ideal of O with a generator of positive norm. The narrow class group is
Ct(0O) = I(0)/P*(0). While the usual narrow class groups has the property that C*(0) = C(O)
when D < 0, it has the problem that you need to deal with positive definite binary quadratic forms
separately from negative definite binary quadratic forms. Our definition has the advantage that it
gives the correct notion when D < 0 as it does not distinguish between positive definite and negative
definite, a distinction that we can not make in section 3.

Another side remark is that we can relate C*(O) to C(O) by considering the following short exact
sequence:

1— {£1}/N(O*) *>C+(O) —C(0)—1
e—— (0,¢) (I,e)r——1

If the discriminant D of O is negative, then every element of O, including units, have a positive norm,
hence {£1}/N(O*} = {£1}. Furthermore the short exact sequence split, since the map defined by
I— (I,1) is a section of the map (I, €) — I, it is only well defined since ideals are only equivalent to
ideals with the same orientation. Since the short exact sequence split, we have by the splitting lemma
CH(0) 2 {£1} x C(O). If D > 0 and O has a unit with negative norm, then {+1}/N(0*) =1, so
CT(0) = C(O). Finally if D > 0 and O does not have any unit with negative norm, then all we can
say is that C*(0) - C(O).
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With the above remark we redefine C'(D) to be the set of equivalence classes of primitive binary
quadratic forms of discriminant D. In particular when D < 0 then C(D) includes both positive definite
and negative definite form, hence it is twice the size of our previous C(D). With oriented fractional
ideals, we need to make a slight modification to the definition of the norm of an ideal. Recall that
when we defined it, it was pointed out that we had to take the absolute value so that the definition is
independent of the choice of basis. It turns out that with oriented fractional we do not need to take
the absolute value anymore, or equivalently the norm of an oriented ideal is e N(I). Tha is if «, 5 is a

correctly oriented basis of I, then
a a) 1
N(I) = = —
0 (ﬁ 5) VD

Theorem 2.22. Let D be a non-square integer and O an oriented order with discriminant D of the

quadratic field K = Q(v/D). Then there is a bijection between the C(D) and C*(O) defined by [(a, b, c)]

maps to the equivalence class of |a, %]. This bijection is an isomorphism of groups.

Proof. This proof will follow the same structure as the proof of Theorem 2.18 with a few slight alter-

ation. We first show that [a, _b';\@] is a proper ideal of O. Let f(z,y) = (a,b, c) be a binary quadratic

form. Let 7 be the root of f(x,1) = az? + bx + ¢ such that 7(7) has the same sign as a. Explicitly,
—b+\/5}
2

using the quadratic formula, we have 7 = %. Since N(a) > 0, we have [a, = all,7] is
equivalent to [1,7] in CT(0). By Theorem 2.14 we know [1,7] is a proper ideal.

We now check the map is well defined. Suppose that f(z,y) = (a,b,¢) and f'(z,y) = (a’,V,¢)
such that f(x,y) = f'(rx + sy, tr + uy) with ru — st = 1, this means that a’ = au? — but + ct?. Let
7 be the root of f(x,1) with m(7) having the same sign as a, and 7’ the root of f'(x,1) with 7(')

having the same sign as a/, we show how to relate 7 and 7’. Consider
)

0= f(r,1) = f'(r7 + s, tt +u) = (t7 + u)?f’ (::j:j, 1) (2.4)
and we calculate that
<7“T+8> B ((TT—i—s)(tT—l—u))
"\trru) 7 N(tT + u)
B (TtTT + su 4+ rut + 5t7>
N N(tr +u)
(ru— st)(t —7)
N(tT 4+ u)vV'D
()
N(tr 4 u) (2)

But we have that N(t7 + u) = (t7 + u)(#7 + u) = u? + Tr(7)tu + N(7)t? = u? — gtu + &2 = %/ So

we have two cases:
Case 1. N(tr +w) > 0: in which case a and @’ have both the same sign and 7/ = % Then if we
let A = t7 +u € Q(v/D)*, we have N()\) > 0 and A[1,7'] = [1,7]. Hence our two ideals are

equivalent, as both [1,7'] and [1, 7] have the same orientation.

Case 2. N(tT +u) < 0: in which case a and o’ have different sign and 7/ = 72, Then if we let

A = tr +u € Q(vD)*, we have N(\) < 0 and A[1,7] = [1,7]. But since [1,7'] and [1,7]
have different orientation, we have that they are in fact equivalent.

Conversely, to show injectivity, suppose that [1,7] = \[1,7'] for some \ = t7 + u € Q(v/D). Then we
have A7/ = r7 + s and XA = t7 + u for some r, s,t,u € Z such that the matrix

(%)

and by equation (2.5), we have

r7+s

. . . ;L
is invertible. Rearranging we get 7/ = o

(1)

m(7)

N(\) =ru — st.
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But since if N(A) > 0 then 7(7) and 7(7’) have the same sign, while if N(A) < 0 then 7(7) and 7(7’)
have different sign, we have that ru— st = 1. So S is in SLo(Z) and f(z,1) and f’(x,1) have the same
roots, hence they are equivalent. We have shown that two binary quadratic forms are equivalent if and
only if [1,7] = A[1,7’] for some . Hence we have proved the map is injective.

We finally show the map is surjective. Let I be a fractional ideal of O and let I = [«, 5] for some
a, 8 € K. Without loss of generality we can assume N («) > 0, as every ideal has a basis with N(a) > 0
which can be achieved by taking the smallest & € Q>9 N I. Let 7 = g, so I = a[l,7]. Consider the
quadratic form

N(z+71y) 2%+ Tr(r)zy + N(7)y?

Iy =Jim) - N )

Let ax? + bxy + cy? be the minimal polynomial of 7 with sgn(a) = sgn(7 (7)), hence ged(a,b, c) =
1. Then by Theorem 2.14 we see that that [1,7] is a proper fractional ideal for the order O, with
N([1,7]) = % Therefore f(z,y) = ax?aTr(1)ry + N(7)y?> = ax?® + bry + cy?. This shows that the
map is surjective since f(z,y) — [, =25¥2] and I = a[1,7] = afl, %} are both in the same ideal
class as N(a) >0

Now that we have shown the bijection between C(D) and C*(0), we claim that the work we have
done in Theorem 2.18 shows how the bijection induces the isomorphism. O

We know that, for D < 0, C(D) is finite and since Dirichlet composition is symmetric we have
that C'(D) is a finite abelian group, we can prove the same results for D > 0, but this requires more
background in the reduction theory of indefinite forms. We note that the inverse of the bijection is
given in the above theorem, that is I = [«, 5] — W

We finish this section by finding the identity and the inverse of every element in C'(D), as this is
often essential to group calculations.

Theorem 2.23. Let D = 0,1 mod 4. The identity element of C(D) is the class containing the principal
form

mQ—%yQ if D=0 mod 4,
xQ—xy—i—%yQ if D=1 mod 4.

The inverse of the class containing the form ax? + bxy + cy? is the class containing ax? — bxy + cy?.

Proof. Let f(z,y) = (a,b,c¢) and I(z,y) be the principal form. Let e € {0,1} be such that e = D
mod 4. First we note that ged(a, 1, b;re) = 1. We show that in this case B = b, where B is the integer
needed in Dirichlet composition. Since D = b? — 4ac we easily see that b> = D mod 4a, furthermore
b = b mod 2a. Soif 4|D then 2|b so b =0 mod 2. If on the other hand 4t D then 2t bso b =1 mod 2.
Hence b satisfy the three congruence relation needed to find B in the Dirichlet composition. Hence

the Dirichlet composition of f(x,y) and I(x,y) is ax? + bry + bkufia%“)gﬂ = f(x,y) as required.

Let f(x,y) = (a,b,c) and f(x,y) = (a, —b, c). Recall that (a, —b, c) is equivalent to (¢, b,a) = g(z,y)
and ged(a,b,c) = 1. Tt is easy to see that b satisfies the three congruence relations needed to find B,
hence the Dirichlet composition of f(z,y) and g(z,y) is acx? + bry + bi;cD y? = acx® + bry + y? =
(ac,b,1). While this is not the principal form, recall that (a, b, ¢) is equivalent to (a, b+2an, an?+bn+-c)
for any n € Z. If D =0 mod 4 then 2|b so let n = % then, if we let ~ denote equivalence, notice that

(CLC, ba 1) ~ (17 _ba CLC)
~ (1,=b+2n,n* —bn + ac)

b? — 2b% + 4
~ (1,0, J)
4
D
~ (1,0,
(1,02
which is the principal form when D = 0 mod 4. Similarly if D = 1 mod 4 we can show that (ac,b,1)
is equivalent to the principal form by noticing that 2 1 b so if we let n = b;zl then (ac,b,1) ~
(1, =b+2n,n*—bn+ac) ~ (1,1, b2+2b+1_ib2_2b+4ac) = (1,—1,2152). Hence in both cases the Dirichlet
composition is in the class of the principal form, proving that the inverse of (a,b,¢) is (a, —b,¢). O
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3 Bhargava’s cubes

3.1 A new look at Gauss composition

In this section we will refer to several types of equivalence, so we will say two objects A, B are G-
equivalent if there exists g € G such that A = BY, where G is a group and BY the image of B after being
acted on by ¢g. Note that by this definition, in Section 2 we talked about SLs(Z)-equivalent binary
quadratic forms. We will also switch from multiplicative notation to additive notation for the group
of binary quadratic forms, since we know the group is abelian. Furthermore throughout this section
we will assume all our spaces are non-degenerate, that is, whenever we talk about the discriminant of
an object; be it a cube of integers, a quadratic ring or otherwise, we will assume that it is non-zero.

As noted before, there is a link between binary quadratic forms and 2 x 2 matrices, so one might
wonder if we can find anything of interest using 2 x 2 x 2 cube of integers. This is what Bhargava does
[Bhargava(2004)]: he considers cubes of integers and explores six different ways these cubes of integers
can represent forms; with each of these forms he explores the question of whether a composition law
can be associated to the forms so to create a group. We shall explore five different composition laws
complete with proofs and examples.

Consider the space (ZQ)®3, this has a basis {e; ® e; ® ey, : 4, j,k € {1,2}} where e1, e are the
standard Z-basis of Z2. So using this basis we have that each element of (Z?)®? is uniquely determined
by the eight integers a;; x, that is = Zm.,k aijr(e; ®ej Qeg). If we let

(a,b,c,d,e, f,g,h) = (a1,1,1,01,1,2,01,2,1,01,2,2,02,1,1,02,1,2, G2,2,1,02,2,2)

then we can can represent every element of (Z?)®3 by a 2 x 2 x 2 cube of integers:

e—f (3.1)
a/b/

So (Z*)®3 can be identified with the space of all 2 x 2 x 2 cubes of integers.

If we let I' = (SLy(Z))3, we have a right natural action on (Z?)®3, that is v = 71 X 72 x 73 € T
gives amap 71 ® 72 @ 3 : Z2 @ Z? ® Z? — 7? ® 7> ® 7?2, with the map ~; : Z?> — Z? being the usual
left action. We want to see what this corresponds to in terms of cubes of integers. Let A € (Z%)®3
and note that A has three different ways to be “represented” by two matrices namely

_f(a b (e f\.
Ml_(c d>7N1_(g h)7
a ¢ b d
= (3 g m= (7 7):
_fa e _(c g
=3 5) (o )

Let us consider v x id x id acting on our cube, and for ease of use let us temporarily go back to a; j x
notation. With this in mind we see that M; can be put in correspondence with > al’j,k(el ®e;@eg),
Ny with Y ag jk(e2 ® ej ®ep), Ma with Y~ a; 1 k(e; ® e1 ® ey), ans so on. Let

= (1 3) esm@

then the map ~ : Z2 — Z? sends (e1, e2) — (re; + sea, te; + uey), from this we see that the image of
Yoaijkler @ej @eg) + > azjrles ®e; @ ex) under v x id xid is )" a1 ,x((req + te2) @ e; @ ex) +
Yo azjk((ser +ues) ®ej @ ey). Regrouping terms together, we get Y (ra1 jr + saz ;1) (e1 ® €; Q ex) +
Y (tar jk +uasji)(e2 ®e; @ex). When putting this back in terms of matrices, we see that v x id x id

Cc
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sends (M1, N1) — (rM;y + sNy,tM; +uNy). If we repeat this argument with id X xid and id x id x+,
then we see that in general, the natural action is defined as follows: we take an element

_ ("1 Ss1 T2  S2 r3 S3

then we define the action of v on A, denoted A7, by replacing, in any order, (M;, N;) by (r;M; +
t;N;, s; M;+u;N;). Notice that at each “stage” all the M;, N; are affected but from our above discussion
we see that the order in which you apply each individual v; does not matter.

Example. Let A be the cube which has

12 11\ (2 1\ _ (-1 0
m=ni= (o Do=(a) G o) (0 4)

We calculate A7: at the first stage we replace (M7, N1) by (M7 + N1, M7 + 2N7) so we get

(6 8)6 )

hence A’ = (2,4,6,8,3,6,9,12). Next we need to replace our new My and N, being respectively

2 6 4 8
3 9)’\6 12)°
by (2Ms+43Ny, M>+2N5) which gives A” = (16, 10, 36, 22, 24, 15, 54, 33). Finally we apply the last com-

ponent of v, which just negates every entry to find that A” = (—16, —10, —36, —22, —24, —15, —54, —33).
So we have that

o 15
A /
—16—L— —10
AT = |
54— |— 33,
/ /
36— —2

Definition 3.1. Let A € (Z?)®3 be a cube and M;, N; for i € {1,2,3} be as above, then we construct
three binary quadratic forms Q#!, denoted Q; if A is obvious, by setting Q;(z,y) = — det(M;x — N;y)

Explicitly
Qi = —((ad—be)z’ + (cf +bg — de — ah)zy + (eh — fg)y?)
= —(det My2® + (cf + bg — de — ah)zy + det N1y?).

We recall from Section 2 that the discriminant of a binary quadratic form ax?+bxy+cy? is D = b>—4ac.
An explicit calculation shows that, given an arbitrary A € (Z?)®2, the discriminant of @1, Q2 and Q3
is the same, leading to the following definition.

Definition 3.2. We define the discriminant of A to be
D = Disc(Q;)
a’h? + V2 g% + A2 f? + d*e? — 2(abgh + cdef + acfh + bdeg + aedh + bfcg) + 4(adf g + beeh)

Lemma 3.3. Let A € (Z%)®3 give rise to Q1,Q2,Q3 and v =1 X 2 X 73 then A" gives rises to the
three binary quadratic forms Q]*, Q3> and Q3*. That is QZ(.AV) = (QM).

Proof. We will only prove this for ()1 as the exact same argument can be used for @2 and Q3. Let v =
id X7y X 3, where id is the 2 x 2 identity matrix. By definition id does not change our original M7, Ny
while 5 (respectively ~3) just do column (respectively row) operations on M;, N7 simultaneously.

More precisely if
_(r s
2=\t w
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and we denote the columns of Miz — N1y by ¢1, co, then we have that v, acts by the column operation
c1 = reyp +teg and ¢ = M. So the determinant of Myx — Nyy is, using linear algebra,
scaled by a factor of r - “’t”“ = det(vl) = 1. Hence det(M;i2z — N1y) is unchanged under ~,, so @1 is
unaffected by ~.

Next consider v = 3 x id x id. In this case M;, N7 are only affected by

_(r s

=1y 4
and an explicit calculation shows that — det((rMy +tNy)x — (sM71 +ulNy)y) = Q1 (rz + sy, tx + uy) =
Q! 0
So a cube A € (Z*)®3 gives rise to three binary quadratic form with the same discriminant. We
want to establish an operation on those three binary quadratic forms so to find a group. Barghava

inspired himself from the group law on elliptic curves: if three points P, P», P; on a an elliptic curve
are collinear then the sum of Py, Py, P3is 0

Axiom (The cube law). For all Q7,Q%, Q% that arise from some A € (Z?)®® we have that the sum
of Q,Q%, Q4 is zero.

A useful consequence of this axiom is that it leads to an identification of two equivalent binary
quadratic forms. By that we mean if v = 7; X id x id then, as in the proof, we have two sets of
three binary quadratic cubes Q1,Q2, @3 and Q7', Q2,Q3, but we know the sums of these two sets
are zero, hence )1 becomes identified with Q7*. As in Section 2 given a binary quadratic form Q
we will denote by [Q] the set of SLy(Z)-equivalence classes of Q. We denote by C((Sym222)’F ;D)
the set of equivalence classes of primitive binary quadratic forms with discriminant D. Note that
C((Sym?®Z?)”; D) is the same as C(D) in section 2, but we now specify (Sym?Z?)* to make it explicit
that we are considering binary quadratic forms. We use the notation Sym? Z? to mean that we are
looking at the space of 2-variable (i.e., binary) symmetric (if we look at the associated matrix) forms
of degree 2 (i.e., quadratic). Furthermore we use (...)* to mean that the associated matrix does not
necessarily have entries in Z, in other words, if our quadratic form is (a, b, c), we do not require b to
be even.

Theorem 3.4 (Gauss composition). Let D =0,1 mod 4 and let

Oup = 2 — Ly? D=0 mod4
iD= x2—xy+1Dy2 D=1 mod4

Then there exists a unique binary operation to turn C((SymzZQ)* ; D) into an additive group with:
1. [Qia,p] is the identity,

2. for any cube A of discriminant D such that Q7',Q4, Q4 are primitive we have [Qf] + [Q4] +
[Q4] = [Qia.p]- (Part of the cube law)

Given Q1,Q2, Q3 with [Q1] + [Q2] + [Qs] = [Qia,p] then there exists a unique, up to I'-equivalence,
cube A € (Z*)®3 of discriminant D such that A gives rise to Q1,Q2, Q3.

Before we prove this, we are going to show that the cube law axiom is equivalent to Dirichlet
composition. Hence this theorem is a restatement of the fact that Dirichlet composition turns C(D)
into a group, which we have proved in the cases when D is not a square.

Let Aiq,p be the following cube

1——0
AV
07

1

Aig,p = ‘

D
0—|—2,

- v

depending on whether D =0 mod 4 or D =1 mod 4 respectively. Then we note that Qiq,p, what
we have called the principle form in section 2, is such that Aiq p gives rise to Q1 = Q2 = @3 = Qia,p-

Ajgp =

1
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Definition 3.5. We say that A is primitive if the three binary quadratic forms it gives rise to are
primitive

Using this definition we can now show how the cube law axiom and Gauss composition are
equivalent. If we start with a primitive cube, as in figure (3.1), we note that since the cube is
primitive its coefficients have gcd 1. To see this let G = ged(a,b,c,d, e, f, g, h) this implies that
G|ged(be — ad,ed + ah — bg — fe, fg — eh) = 1, where the equality is due to the fact that @y is
primitive, which implies that G = 1. We use that fact to find v € I' such that A" is of the form
(1,0,0,d,0, f, g, h) for some new d, f, g, h by applying the following steps: first let

U= (2 01> T = ((1) ’11) € SLy (7).

By applying appropriate copies of U x id x id, id xU x id and id x id xU, we can assume without loss
of generality that a is the smallest non-zero absolute entry of A. If a is coprime with either b, ¢ or e, we
can use Euclid’s algorithm to find a matrix in SLy(Z) changing « into 1. If not then apply appropriate
copies of T™ x id x id, id xT™ x id and id x id XT™ to reduce b, ¢ and e modulo a. We can then replace
a with the smallest non-zero absolute entry and repeat the process. We either stop as soon as we have
a = 1, or if the first case does not occurs when we end up with A being of the form (a,0,0,d,0, f, g, h).
In the latter case, notice that ged(a, f) = 1 for primitivity to hold, and we can apply T to A to get
(a,0,d,d, f, f,g + h,h), but then we are back in the case of gcd(a,e) = 1. Hence we can find v € T
such that A7 is of the form (1,b,¢,d, e, f, g, h), then use the 1 to reduce b, ¢ and e to 0, i.e., we have

00—
AN

‘ 0
g—|—h.
0———d
The three binary quadratic forms this cube gives rises to are
_ | * Iy | _ ) 2
Q= 9 dz® + hxy + fgy
€T —dy 2 2
- _ = —gr° + hxy+d
Q2 —fy gr—hy g y+dfy
_ _|* —9Y | _ _ ;2 2
Qs = —dy  fx—hy fa® + hay + dgy
Note that by construction Q# € [Q;], and the cube law states that [Q1] + [Q2] = —[Q3]. In terms of

Dirichlet composition, noting that ged(d, h, fg) = 1 implies ged(d, g, h) = 1, we have [Q1] + [Q2] =

[—dz? + hxy + fgy?| + [—g2? + hay + dfy*] = [dng + By + %;Admyz} for some B that satisfies

B = h mod 2d,B = h mod 2¢, B2 = h® + 4dfg mod 2dg. We can easily see that B = h works
hence [@1] + [Q2] = [dgw2 + hxy — fyz], but recall that az? + bry + cy? ~ cy? — bxy + ax?, hence
[Q1] + [Q2] = [—f2® — hay + dgy?] which in terms of Dirichlet composition we know is —[Q3]. So
Dirichlet composition corresponds to the Cube Law.

Proof of first part of Theorem 3.4 in the case D is not a square. The preceding paragraph shows how
the cube law is equivalent to Dirichlet composition. So, in the case D is not a square, Dirichlet
composition is a binary operation that satisfy the given condition since: we know it is an additive
binary operation defined on C((Sym?Z?)*; D); its identity is the equivalence class of the principal
form, now denoted [Qiq,p]; it is equivalent to the cube law. Furthermore, the preceding paragraph
shows that if a binary operation satisfy the cube law, then it is Dirichlet composition, proving the
uniqueness part of the statement. O

We will not finish the proof of Theorem 3.4 as such, but instead it will be proven as parts of other
discussion and proves of later section. We will cover the case of when D is a square as part of the
second proof of Theorem 3.6, which we do on page 22. As for the second statement of the theorem,
we will show how we can extend Theorem 3.7 to prove this.
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3.2 Cubes of integers

Now that we have a definition of primitivity we can use this along with the notation [A] to denote the
set of I'-equivalence classes of A. We will denote this new set of equivalence classes of primitive cubes

by C((Z2)®3 : D) . We show that we can equip this set so to form a group.

Theorem 3.6 (Composition of cubes of integers). Let D = 0,1 mod 4 and let Aiq.p be as defined
)®3

above. Then there exists a unique binary operation that turns C’((Z2 ;D) into an additive group

such that:
1. [Aja,p] is the identity,

2. fori=1,2,3 the maps [A] — [Q{] are group homomorphism from C’((ZQ)?);D) to
C((SmeZZ)* ;D).

Proof in the case D is not a square. This can be deduced from Theorem 3.4 by defining the addition
of cubes as follow. Let A, B be two primitive cubes with discriminant D. Now since ([Q{] + [QF]) +
([Q4] + [QF]) + (1Q4] + [QF)) = [Qia,p] in C((Sym?Z?)"; D) by Theorem 3.4 we have that there
exists, up to I'-equivalence, a unique cube C of discriminant D which gives rise to representatives of
QA +[QF], [Q5]+QF], [Q4] +[QF]. We define the composition of [A] and [B] to be [A] +[B] = [C].
One can easily see that the composition of cubes directly relates to the composition of binary quadratic
forms. By the way we have defined composition of cubes one can easily see that if f;([A]) = [Q#] then
fi([A]+[B]) = £i([0) = [QY] = [QA] + [QF] = f:([A)) + fi([B]) hence proving 2. For part 1 we know
that Ajq,p gives rise to Qiq,p three times, hence by definition and the fact [Qiq,p] is the identity we
have that [Aiq,p] is the identity.

Conversely, if we have an other binary operation satisfying 2, then because of the group homo-
morphism, the binary operation it maps to has to be Dirichlet composition. Moreover, once we have
chosen the identity of the group, as part 1 does, then the binary operation has to be unique. O

We are going to later re-prove this theorem, on page 22, the way Bhargava does, as it follows a
similar approach to the proof of Dirichlet composition and hence at the same time proves Dirichlet
composition including the case when D is a square. While this is a useful theorem it does not give
an explicit formula (in the proof we will do later we will see a way of constructing the composition,
but it is not practical), much like Theorem 3.4 did not give an explicit formula. But in that case we
had showed that the binary operation was the same as Dirichlet’s composition to which we have a
formula. Lemmermeyer took a more computational based approach to binary quadratic forms, and
when he looked at Bhargava’s paper he wrote down a theorem [Lemmermeyer(2010), p80] with an
explicit formula, namely:

Theorem 3.7. Let D =0 or 1 mod 4. For any pair of primitive binary quadratic form Q1 = (a, b, c)
and Qo = (a’,b', ') with discriminant D there is a cube A such that Q1 = Q7" and Q2 = Q3.
More precisely: if aa’ # 0 and if we let e = ged(a, d’, b+Tbl) then there exists an integral solution
f, g to the equation
af—ag b=V
e 2

such that if we define
_fb+7b’ —ec
h=—"—2
a

then h is integral. Furthermore for all such f,g,h the cube

S (3.2)
VA

|
v
e f



gives rise to Q1, Q2.

Proof. We follow closely [Lemmermeyer(2010), pg 67]. The first paragraph is a restatement of the

second part of Theorem 3.4. But the second part will give us an explicit construction of a cube with
given two quadratic forms, as we will show that f, g can be found using Euclid’s algorithm.

Without loss of generality assume a’ # 0. Let A be the cube of ﬁgure (3.2) and let M;, N; for

= 1,2,3 be as usual. Notice that —det M; = a and —det My = a’ as required We also want

b= (M -4 “le) and V' = (b%b' -2 f+ “9) which can be rearranged as 5> = % fe 29 Notice that
ged(2, 2|85 as D = b —4ac = b/ —4d/¢’ implies ac—a'c’ = (%) (b ul ) and ged(2, &, b)) = 1.

Hence we can use Euclid’s algorithm to find f, g € Z which satisfy the equation f ag — b=b b/

Next we check what the conditions are needed on h so that A is the reqmred cube, that is h

bt g
—ga'h = c and —det Ny = i

needs to be such that —det Ny = . - c. Recalhng that
bzzblz = ac—da'c (since the two determinants are the same) and that g = — (b b/) () - T we have
—fb%b/ —ec
ho= a
_ —ag b'gb b—10b b+ e ec
B aa’ <2)<2)(aa’)a
B gbgb/ e(ac—a'c) — aec
B a aa’
nggb’ —ec
a/

Hence the two requirements boil down to showing that there exists f (or g) such that h € Z, where

b —ec’

btb
h is given as in the formula of the theorem. If fzi € Z then we are done. If not notice that

f%h = 2 9 ¢ € Z and similarly for —%" ¢ Z, hence the denominator of h divides ged(2, 7) =gq,
SO write h = p Note that ged(q, b;reb ) = 1 hence there exists r € Z such that rb+b =p mod q. Let
!/ /
Ni = (f' }gl/) = Ny — = M;, then by the definition of ¢ we have that ¢’ = e, f’ and ¢’ are all integers.
btb "(f_ray_q(g—ral
Furthermore b/ = =2 ¢ 7, afe_ag S qe) “9e) _a fe 29 as required. Hence we have
constructed our cube with all entries in Z which glves rise to our two quadratic forms. O

While the above theorem only gave a construction for A given two binary quadratic forms, we
can still extend it to prove the second statement of Theorem 3.4. Given (1, @2, Qs such that their
equivalence class sum to 0, we use the above theorem to construct a cube A which gives rise to @)1 and
Q2. Then we know that Q% is equivalent to Q3, so there exists v € SLy(Z) such that (Q4)Y = Qs3,
hence A4 X14X7 gives rise to @1, Q2 and Q3.

We note that to define [A] 4+ [B] where A, B € (Z?)®3 we just need to calculate [Q{] + [Q4]
and [Q4] 4+ [Q4] as, as discussed before, the cube constructed from representatives of these two
equivalence classes has to give rise to a third binary quadratic form representing [Q4] + [Q4']. Hence
we can use Theorem 3.7 to write an explicit composition law. Given two primitive cubes of integers
A and A’ of discriminant D, we know by our discussion in section 3.1 that they are equivalent to the
cubes (1,0,0,d,0, f,g,h) and (1,0,0,d’,0, ,¢', h'). Hence we have that [Qf] + [QF] = [(d, h, fg)] +

2_
[(d, K, fg)] = [5/2 x2+ By + %yz] and, recalling that [(a, b, c)] = [(c, —b, a)], we have [Q3'] +

(QF] = [(df, ~h )] + [(d ', =1, )] = [“54L 02 + Blay + “{r=PY], where B, B' satisfy
B = h mong B = —h mod 2%
B = hn modZ% B = -k m0d2def,
B2 = D mod4%  B? = D mod 4L

and e’ = ged(d, d', hgh/), e = ged(df, df’, h';h/) From this we notice that €’le, so let a = &, and that
B"'TB/ = “?fjm+%n = “Tfl/m’+%n’ for some m,n,m’,n’ € Z. Using the fact that ged(ab, ¢) = lem(a, b)
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if a|c and blc, if we let Gy = ged(%, L), Gy = ged(& d/f/), Gz = ged(4 d/f,) and Gy = ged(%, 4,

e’ e e e e e e’ e
then we have gcd(“i‘id/, dde];f , B‘EB/) = lem(G1,Ga,Gs,Gy). So let E = lem(Gy,Ge, G3,G4) (notice

that E does not depénd on B or B’) then we know we can find 4, j, k that satisfy
dd/(ffll — agj) . B-B b _ia2dd/(B + B’) B Ea2(B2 - D)

e’E 2 2¢e? af f!
Then [A] 4 [A'] = [A”] where A” is the cube

dd'ff’ B+B’

e?F —2F

/

dd’a?
‘ Ee?

0

j — k.

7

The above paragraph, being full with formula which do not look pleasant, can become easily
confusing. So we give an example below to illustrate each steps of the above discussion.

Example. Let A = (11,6,—7,77,5,1,—3,39) and B = (-2, —4, 2,3, —19, —35, —14, —28) be two prim-
itive cubes with discriminant D = —167. We can apply

1 0 . .
(_2 1) x id x id

to A to get A’ = (1,4,—1,—1,5,1,—3,39). Since we have a 1 as a first entry we can clear b, c and e

by using
(1 —5) " (1 —4) " (1 1)
0 1 0 1 0 1

and end up with A" = (1,0,0, 3,0, —19,2,17) where

(G ) )6

Similarly we find that B¥2 = (1,0,0,2,0,—14, 3, 13) where

(1 0y (2 -3 (0 -1
2710 1 -1 2 1 0)°
This gives rise to the quadratic forms Qf' = —32% + 17zy — 3842, Q4 = —222 + 172y — 57y? and

QF = —22% 4+ 13zy — 42¢y%,QF = —32% + 132y — 28y%. Since ged(—3,—2,15) = 1 we can apply
Dirichlet’s composition on Q', Q¥ and Q4', Q¥, we just need to find B, B’ which satisfy

B = 17 mod 6 B = 17 mod 4
B = 13 mod 4 B = 13 mod 6
B?2 = —167 mod 24 B? = —167 mod 24

One can check that B = 5 and B’ = 1 satisfy these conditions. So we get two new binary quadratic
forms Q¢ = 622 + bay + 8y? and QY = 622 + zy + Ty%. Now we set e = gcd(6,6,3) = 3 and we need
to solvergﬁg =2,6h=—-3f—3-7. An easy solution is f = 1,9 = 0,h = —4. Hence [4] + [B] = [C]
where C' = (0,2,3,1,2,—1,0,—4). In turns of cubes:

-19 -35

5 —1
S S s /
11‘76 -2
_|_

— N

-

g
‘ —4 0——2
—3—|—39 14—

s / P S

7 — 7 2————3 3——1
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We can check that [Q4]+[QF] = [~1922 +17zy +6y?] + [~ 1422 + 132y + 6y?] = [42% -5y +12y?] =
[QY]. For this we calculate that Q4 + QF = 26622 + 321xy + 97y?, recalling that (a,b,c) ~ (¢, —b, a)
and (a,b,c) ~ (a,b+ 2an,an? + bn + c), we see that (266, 321,97) ~ (97, —321,266) ~ (97,67,12) ~
(12, —67,97) ~ (12,5,4) ~ (4, —5,12) hence [Q] = [26622 + 321zy + 97y?] as expected.

Theorem 3.8. The inverse of the equivalence class containing A = (a,b,c,d, e, f,g,h) is the equiva-
lence class containing —A = (a, —b, —c,d, —e, f, g, —h).

Proof. We calculate that Q{ = (bc — ad)x® + (de + ah — cf — bg)xy + (eh — fg)y? = le_A and
Q4 =—Qy " Hence [Qf'] + Q1) = [Q4] + (@3] = [Qia.p], forcing [A] + [-A] = [Aia p]- O

3.3 Another proof of Theorem 3.6

We are now going to prove Theorem 3.6 in a similar way to the proof of Theorem 2.18, in such a way
to cover the case when D is square. Recall though that throughout this paper we exclude the case
D = 0. To do this we will need to generalise our notion of orders and introduce the new concept of
quadratic rings, which we will use for the remainder of this paper.

Definition 3.9. A quadratic ring O is a (commutative) ring isomorphic as an additive group to Z2.

From the definition, we have that O has has rank 2 in Z, furthermore as O is aring 1 € 0. So O
has a basis of the form [1,7], since 72 € O we have that T solves a quadratic equation 2% + bz +c¢ =0
with b, c € Z.

Definition 3.10. The discriminant of a quadratic ring O = [1,7] is D = b? — 4c, where b, ¢ are such
that 72 + b7 + ¢ = 0.

A quadratic ring O of discriminant D is said to be oriented if a choice of vD € O\ Z has been
made.

For this paper, we will assume, unless stated otherwise, that our rings are oriented. Note that D is
congruent to 0 or 1 mod 4. Conversely given D € Z such that D = ¢ mod 4 with € € {0, 1}, then there
exists a unique, up to orientation preserving isomorphism, oriented quadratic ring, namely O = [1, 7]

where 72 = e1 + Df. Let us define the conjugate of an element o« = x + 7y € O, denoted by @, to be

x + Ty, where T is the other root (not in Z) to the equation 2? — ex — £ = 0. With this we define
a—a

amap 7 : O — Z, by n(a) = <75 and we say an element a € O to be positive if m(a) > 0. While

we will not need to actually choose v/D, all our work only requires a choice to have been made, we
assume from here on that we take the positive square root, that is 7(v/D) > 0.

Notice how quadratic rings are a natural extension to the definition of orders in Section 2. To see
this note that if the discriminant D is square-free and not 1 then O is just the maximal order Ok of
K = Q(v/D). More generally if D is not a square then D = f2Dg and 22 + fDox + M is a
quadratic polynomial with discriminant D and root fwy, using the notation of Section 2.4. So O is an
order of the quadratic field Q(v/D). For the remainder of this paper we will let K := Q @z O. In the
case that O has a non-square discriminant D = f2Dy, then using the fact O is an order, we have that
K = Q(VD) = Q(vDy).

We use the same definition of fractional ideals and oriented ideals for quadratic rings as we did for
orders. Hence we also have the same definition for the narrow class group of a quadratic ring O, that
is, CT(O) is the set of equivalence classes of invertible oriented fractional ideals of O.

Recall that the Cube Law Axiom was taken as an analogy of collinear points on an elliptic curve.
For a similar reason we are going to define what it means for three fractional ideals to be collinear, the
reason for the term being that they will end up being in correspondence with binary quadratic forms
that add up to 0.

Definition 3.11. Let O be a quadratic ring, we say the fractional ideals Iy, I, I3 are collinear if
11]213 - O and N(Il)N(IQ)N(Ig) =1

If all three ideals are invertible then we have in fact equality, i.e., I1IoI3 = O. In the same way we
define equivalence of oriented fractional ideals we have the following definition.

Definition 3.12. We say two triples of collinear fractional oriented ideals, (I1, I, I3) and (I7, I4, I}),
are equivalent if there exists ay, a, a3 € K such that I; = o, I} for i = 1,2, 3.
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We will denote the set of equivalence classes of collinear triples of oriented invertible fractional
ideals of an oriented quadratic ring O, by C(Colil,l; O). This can easily be seen to be a group when
we equip it with the binary operation (11, Iz, I3) - (I1, I}, I5) = (1111, I}, IsI}). The notation Colim,
stands for the fact that we are considering three objects that are collinear, furthermore the 1,1,1
represent, that we do not require our three ideals to be equal to each other, a requirement that we will
impose in later cases. We will now state and prove a theorem that will also prove Theorem 3.6.

Theorem 3.13. Let D = 0,1 mod 4 and O the oriented ring of discriminant D. Then there is a
bijection between C((Z*)®3; D) and C(Colim; 0).

Proof. We are going to follow the ideas established by [Bhargava(2004), p 17]. For the moment let
us forget that we need our cubes to be primitive and our ideals to be invertible, we will deal with
that later on in the proof. Let (1, I2, I5) be a representative of an equivalence class of collinear triple
of fractional ideals of the quadratic ring O and let D = Disc(O). Let 1,7 be a positively oriented
basis of O such that 72 = er + DZE, with e € {0,1} and e = D mod 4. Let aq,as9; 81, f2; and v1,792
be correctly oriented basis of I, Io and I3 respectively, since ;1213 C O we have the following eight
equations

@Bk = Cijk + Qi kT (3.3)
with a; jx, ¢ijx € Z. We define a map mapping (I3, 2, I3) to a cube A by setting

A= (a1,1,1, a1,1,2,01,2,1,01,2,2,02,1,1,02,1,2, @221, 02,2,2)~

We show that this map is well defined. Suppose that we choose another basis for 11, say rag +tas, sa +
ucy with ru — st = 1 (our change of basis needs to be in SLy(Z) so to keep the correct orientation of
I,). Then we have that our triple gives rise to AY*1d*id where

y = (: Z) € SLy(Z).

Hence changing the basis of the three ideals does not change the equivalence class of A. Furthermore
if we take an equivalent triple, say ki1l1,kols,k3l3, since they need also to be collinear we have
that N(x1)N(k2)N(k3) = 1, in other words kikoks is a unit in O, hence our cube A does not
change. So we have shown that the map is well defined. Notice that the above map can be defined as
ai g = (i)

Next we show that the cube has discriminant D. To this end, we show that the equations (3.3)
imply Disc(4) = N(I1)2N(I2)>N(I3)?Disc(0O). This can be checked by direct arithmetic using the
formula of the discriminant of A, the formula for the norm of an ideal and the set of equations (3.3).
There is a more interesting approach done by [Bhargava(2004), p 18]. Start with the special case
L=5L=1I3=0,a1 =01 =v =1and ag = B3 = 7y, = 7, this gives rise to the cube A;q p from
which we can easily see that Disc(A) = Disc(O). Now suppose we change I; to a general oriented
fractional ideal [aq, ], this is done by a transformation T7 € GL2(Q). Then the new cube A is
obtained by transforming Aiq p by 7" x id x id. If we let

r s
(i)
then we know from the proof of Theorem 3.3 that Q1! = QF 1, and Q4" = Q4' = det(T)Qia,p, s0 we have
that the discriminant of all three binary quadratic forms are scaled by a factor of det(T)? = N(I;)2.
Hence, recalling that the discriminant of A is the same as the discriminant of Q#, we have that the
discriminant of A is multiplied by a factor of N(I;)?. Again using the proof of Theorem 3.3, we can
find a similar result for changing I, I3 from our current cube A, hence proving that for all cube
A we have Disc(A) = N(I)2N(I3)2N(I3)?Disc(O). But since our ideals are collinear, and hence
N(I)N(I3)N(I3) = 1, we have Disc(A) = Disc(O).

We need to verify that the map mapping I1, I, Is to A gives rise to exactly one set of equivalence
classes of cubes, i.e., we need to prove the map is both surjective and injective. To show this we fix a
cube A = (a1,11,a1,1,2,---,0G2,2,1,0a222) of discriminant D and consider the set of equations (3.3). As
we have only a; ; 1 determined, the set of equations seems to be made of mostly indetermined variables,
namely o, 5,7 and c; ;5. We will show that in fact the cube determines all these indeterminate,
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proving surjectivity, but also we will show that the oy, 3;,7; that A gives rise to gives a unique
equivalence class of collinear triples, hence proving injectivity. First we show that A determines the
Ci jk- Since we are in a commutative ring we have

(i Bivr) (e Biryer) = (i By ) (B ) = (uBjeve) (e Bivie) = (0 Biyer ) (s By i )

so for example (alﬂl'yl)(ozgﬂzfyg) = (042,81"}/1)(011B2’}/2) which implies (617171 +a171717')(627272 +a272,27') =
(c2,1,1+a21,17)(c1,2,2+a1,227). We can use the property of commutativity to write out nine different
possible equations, see the appendix for which nine and why. With those nine equations, once we
multiplied them out, we can equate the coefficients of 1 and the coefficients of 7 to get a total of 18
linear and quadratic equations. Solving those 18 equations in terms of ¢; ;; and using the fact that
we need N(I;)N(I2)N(I5) > 0, since [1,7] is positively oriented, we find that there exists a unique
solution, see appendix, given by:

cije = (@ —=i)F" =) —Fk)
[@ir 4,k @i jr k@i ke + o @iy (@i k@i 1 = Qi ol g b g i g Qi gk Gt 7 k)]
1
—éai,j,ke (34)

where {i,i'} = {4,7'} = {k,k'} ={1,2} and € € {1,0} with e =D mod 4.

Now that we have the a; j i, ¢ j,x we can determine appropriate «;, 55,7 which yields the correct
;. jk, Ci j,r under the set of equations (3.3). One can see that, since a;(aef;v7:) = a2(a18;7k), the
ratio oy : ag is determined by the ratio (¢1 5 +a1,j,67) : (¢2,j,k + a2,;£7), and this is true for any fixed
J. k € {1,2}. Similarly we can determined the ratio 81 : 82 by the ratio (¢; 1 x+a;1,57) : (Ci 2.k +Ci2,kT)
for any fixed i, k € {1,2}. Once a; and §; have been chosen, we can determine ;, by the set of equations
(3.3). Note that while o, 3;, v are only determined up to scalars in K, this does not matter as we are
we want collinear triples of oriented fractional ideals up to equivalence. So if we can show that in fact
the Z-module generated by a1, as, the Z-module generated by (51, 82 and the Z-module generated by
71,72 are in fact fractional ideals of O, then we have showed that to any cube A, there exists a collinear
triple of oriented fractional ideals which maps to it, showing surjectivity of the map. Furthermore, due
to the uniqueness of the solution (3.4), we have that the equivalence class of collinear ideals mapping to
A is unique, which, with a bit more thoughts, shows injectivity. To see that we have proved injectivity
suppose we have two collinear triple of oriented fractional ideals, say (I1, I, I3) and (J1, Ja, J3), which
maps to A and A" respectively, where v = 71 X 72 X y3 € I'. Then we can change the basis of Jy, Jo, J3
by 71_1, 72_1 and 'y?)_l respectively so that (Ji, Ja, J3) maps to A, by the work we did at the beginning
of the proof. But since the equivalence class of collinear ideals mapping to A is unique, we have that
(I1, 15, I3) and (J1, J2, J3) must be equivalent.

To check that the Z-module generated by a7, as, the Z-module generated by (1,82 and the Z-
module generated by 1,2 are fractional ideals of O, we need to check that they are O-modules, so we
need to show that they are closed under multiplication by 7. To this end let us fix c; = (¢;,1,1+a4i,1,17),
Bj = (ca,j2+as ;o7), forcing v = Bl_l and v = a;l. Moreover let us denote by Q; = a;x%2+b;zy+ciy?,
the three binary quadratic forms associated to A. An explicit calculation, see appendix for example of
the first one, shows that we have in fact

b +e€
Ty = 5 a1+ ajag
b1 — €
—Tay = cC1o1+ (o)

2

where € is as usual. Similar equations can be worked out for the basis of I3, I3. So in particular we
have showed that I, I, I3 are fractional ideals of O.

All the above work did not require our ideals to be invertible or our cubes to be primitive, so the
above map is a bijection between equivalence classes of collinear triples of ordered fractional ideals of
O and equivalence classes of cubes of discriminant D. To finish the proof of the theorem as stated, i.e.,
that the bijection is between C’(Colim; 0) and C((Z*)®3; D), we need to show that primitive cubes
are mapped from invertible ideals. We recall that if a cube is primitive, then it is equivalent to a cube
A =(1,0,0,d,0, f,g,h). We use the above map to find the ideals which maps to it, specifically if we
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let Il = [011171 -+ a1,1,17,€2,1,1 + 04271’17'] and IQ = [61’172 + @1,1,27,C1,2,2, + al,gygT], then we find that
I =[fg, h+2‘5] and I = [df, h+2‘5}. On the other hand we know that the first two binary quadratic
forms A gives rise to are —dz?+hay+fgy® ~ fgx?—hry+dy? and —gz?+hay+dfy? ~ df 22 —hxy—gy>.
So we have Gauss composition by defining a map which maps I; to @;, which is the same map as in
section 2. Since we know from the work in section 2 that this map is well defined, and that if Q; is
primitive then I; is invertible, we have by definition that A being primitive means all the Q;’s are,
hence we have that indeed the ordered collinear ideals are invertible. On the other hand if (I3, I, I3)
are all invertible then due by Gauss composition they correspond to primitive binary quadratic forms.
Since by definition A is primitive if its associated binary quadratic forms are, we have that collinear
triples of oriented fractional ideals maps to primitive cubes of integers. Hence we have finished proving
that there is a bijection between C((Z?)®3; D) and C(Colim; 0). O

This proof had several aim. One was to see Bhargava’s neat approach which we are going to use
for a few more proofs, that is to think about these objects in more algebraic and abstract terms. We
showed along the way that each I correspond to one of the binary quadratic forms associated to the
cube of integers. Furthermore this theorem can be used to prove both Theorem 3.4 and Theorem 3.6.
To see how this proves the first theorem, notice that under the bijection mapping equivalence classes of
ideals and equivalence classes of binary quadratic forms we have that O maps to [Qiq,p]. We also have
that for any primitive cube A, then the three ideals it gives rise to satisfies I;I3I5 = O, so the unique
group law which satisfy point 1 and 2 of Theorem 3.4, is the one that correspond to multiplication
of oriented ideals under the bijection CT(0O). Finally, we have that given any three ideals I, I5, I3
such that I1I5I3 = O, then they map to a primitive cube A which gives rise to Q1, Q2, @3, the three
primitive binary quadratic forms which corresponds to the ideals. Hence we have also proven the last
statement of Theorem 3.4.

As for proving Theorem 3.6, this follows from the given bijection, as the three maps of part
2, translate into the map sending (I1, Iz, I3) — I; € C1(0O), which we know is a group homo-
morphism. We have also showed that (O, O, O) maps to Aiq,p in the proof, so the unique binary
operation satisfying the theorem, is the one that correspond to multiplication of collinear triple of
invertible oriented fractional ideals. We also note out of interest that we have a natural bijection
from C(Col‘il’l;(’)) — CT(0) x C*(0) defined by (I, Is,1I3) — (I1,I2), with inverse defined by
(117_[2) — (11712, (11[2)_1).

3.4 Binary cubic forms

We now move on to binary cubic forms. In the same way that we have previously described that
a symmetric 2 X 2 matrix can represent a binary quadratic form az? + 2bzy + cy?, we can have
a symmetric 2 X 2 X 2 “matrix”, or what we have called a cube, to represent a binary cubic form
ax® + 3bx?y + 3cxy® + dy?, namely using the triply symmetric cube:

If M;, N; are as defined as in subsection 3.1 then az® + 3bx?y + 3cxy? + dy® = (gTMl-g, gTNig)g

for all ¢ € {1,2,3}, where z = (z,y) is a column vector. In the same spirit as Sym? Z? denoted the

set of binary quadratic forms we use Sym®Z? to denote the set of binary cubic forms. Using the

correspondence between binary cubic forms and triply symmetric cube we have a natural inclusion
. 3 72 2)®3

t:Sym°Z° — (Z ) .

Definition 3.14. The discriminant of C(x,y) = az® + 3bx?y + 3cxy? + dy® is D = a?d® — 3b*c* +
4b3d + 4ac’ — 6abed

We say a binary cubic form C(z,y) = ax® + 3bx?y + 3cay? + dy? is primitive if the corresponding
triply symmetric cube ¢(C) is primitive.
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If we calculate the three binary quadratic form that ¢(C) gives rise to we see that

axr —by bxr—cy
bx —cy cx—dy

= —((ac — b*)x? + (bc — ad)zy + (bd — c*)y?)

(C (C (C
(O) _ QU _ )

hence we have that C is primitive if and only if ged(ac — b, bec — ad, bd — c*) = 1. We define an SLy(Z)

action on C as follows: Let
r s

then C7(z,y) = C(rz + sy, tx + uy). As usual if we let [C] denote the SLy(Z)-equivalence class of C
(noting that this gives rise to the ['-equivalence class of «(C) where I = {yx v x v : v € SLy(Z)} <T)
and C'(Sym® Z?; D) denote the set of equivalence class of primitive binary cubic forms with discriminant
D, then we have the following theorem.

Theorem 3.15 (Composition of binary cubic forms). Let D = 0,1 mod 4 and let Ciq,p be defined as

Cia,p =

)

3aty + LyP D=0 mod4
3x2y + 3xy? + %ys D=1 mod14

then there exists a binary operation which turns C’(Sym3 72; D) into an additive group such that

1. [Cia,p] is the identity,

®3

2. the map given by [C] — [(C)] is a group homomorphism from C(Sym?®Z?; D) to C((z*)™"; D).

Remark. At this point the reader might be surprised by the omission of the word unique in the above
theorem, but we will show in the example after the proof that the map described in 2. is non-injective in
certain cases. Hence we can construct different binary operations that will satisfy the given conditions.
This will be remedied as in the proof we will give a bijection between C (Sym3 Z?; D) and a group,
hence we will have a natural binary operation. So when talking about the composition of binary
cubic form, except in the next example, we will mean composition with respect to this natural binary
operation.

Proof. Again we follow [Bhargava(2004), p 21], which is in the same style as the proof of Theorem
3.13. To this end let us introduce C(Col3; ©) to denote the set of equivalence classes of the pair (I,),
where I is an ordered invertible fractional ideal of O and § € K* = (O ®z Q)* such that I3 = 6O and
N(I)3 = N(6). Here two pairs (I,d) and (I’,§’) are equivalent if there exists o € K such that I’ = ol
and &' = o6. The notation is meant to represent the fact that we give one ideal, hence the subscript
1, but we require this ideal to be a “triple collinear”, hence the Col®. The words “triple collinear” are
quoted, as we are not actually using the property of collinearity (otherwise I? = O) but something
that looks very much like it. We can easily turn C' (Col?; O) into a group when we equip it with the
multiplication (I,4) - (I’,8") = (II',58").

Under this notation we will show that there is a bijection between C(Sym?® Z?; D) and C(Col}; 0),
where O is oriented quadratic ring of discriminant D, as then the proof will be straightforward. As in
the proof of Theorem 3.13, we will ignore, and not use, the fact that our ideals need to be invertible
and our binary cubic need to be primitive for the time being. Let 1,7 be a positively oriented basis of
the oriented order O of discriminant D, such that 72 = er + D4_6, where € € {0,1} and e = D mod 4.
Fix the pair (I,d) of oriented fractional ideal and invertible element of K, such that I* C §O (we do
not necessarily have equality when the the ideal is not invertible) and N(I)® = N(§). We know that
I needs to be positively oriented for I3 C §O to hold, so let o, 8 be a positively oriented basis of I.
Since I® C §O, we know that

a® = §(co +agr),
o?B = 61 +arT),
afB? = 6(cy+ asT),
8% = (s +as7), (3.5)



for some a;, ¢; € Z. We define a map mapping (I, d) to the binary cubic form C(z,y) = (ag, a1.a2,a3) =
aox® + 3a12%y + 3aszy® + asy’. ‘We need to check this map is well defined. For this if we let 7: O — Z

be defined as before, 7(¢) = %, then we have

M‘mg‘,

W(«Wﬂy)) (et (e - ety 34— w4 (5 - S
’ VD

(1 —7)(agx® + 3a12y + 3aszy® + azy®) + (1 — 1)(cox® + c12?y + coxy? + c39)

VD
(1 = 7)(aoz® 4 3a12*y + 3azzy® + azy®)
T—T

= C(z,y)

Hence we can use the map 7 to give a basis-free description of C(x,y) as the map (I,0) — Z defined

by (¢,d) — 71'(%). So if we change «, 8 by an element v € SLy(Z) to another basis of I (again we
have that v € SLo(Z) as the new basis needs to be positively oriented), then we change C(z,y) by the
same element ~, that is, the equivalence class of C'(z,y) is independent of the choice of basis for I.
Conversely, if C'(z,y) is in the same equivalence class of C(z,y), then C’ = C7, for some v € SLy(Z),
and C” can be obtain from I as described above with the change of basis by . Finally if we take
another pair equivalent to (I,), say (kI,x38), then we find that the x3 cancel each other out in the
set of equations (3.5), hence the pair (kI,x3§) map to the same cube C(xz,y) as (I,6).
We show that the discriminant of C(x,y) is D. Similar as in the proof of 3.13, we show that the
equations (3.5) give the identity Disc(C(x,y)) = N(I)°N(§)~?Disc(O). Start with the special case
= [1,7] and 0 = 1, this gives rise to the binary cubic form Ciq p from which we can easily see
that Dlsc( (z,y)) = Dlsc((’)) Now suppose we change I to a general (positively) oriented fractional

ideal [« 8] by a transformation T € GL2(Q),

r s
(i)
Then the new binary cubic form C'is obtained by transforming Ciq p, by that same element, i.e., in the
case D =0 mod 4 we have C(z,y) = (3r2t+t3 2 r2u+2rst+L212u, s%t+2rsu+2tu?, 3s>u+Lu?). We
can then calculate that the discriminant of C(z,y) is (ru—st)®D = det(T)°D. Since N (I) = det(T), we
have that changing ideal scales the discriminant of C(x, y) by a factor of N(I)®. On the other hand if we
change 1to § = a+b7, we have that, using equations (3.5), our new cube is C(x,y) = ﬁ(b, a, 2b, 2a),
(again this case is for D =0 mod 4) and we calculate that the discriminant is

1 . 4D
Ny )

2,2, D 9 4 Dys D 2 2D D

8ab(4) +4b(4))—N(6)4(a b4) = NoE
So changing § scales the discriminant by N (&) ~2, and since the changing I does not affect our argument
for changing & and vice versa, we have proved that Disc(C(z,y)) = N(I)°N(§)2Disc(O). But we have
that N(I)® = N(d), hence Disc(C(z,y)) = Disc(O).

We now show that the above map is bijection, by showing that each equivalence classes of pairs
(I,6) map to exactly one set of equivalence classes of binary cubic forms, i.e, we need to prove the map
is both surjective and injective. To show this we fix a binary quadratic form C(z,y) = (ag, a1, a2, as)
of discriminant D and we consider the set of equations (3.5). As we only have a; determined, the set
of equations seems to be made of mostly indetermined variables, namely ¢;, a, 5 and §. We will show
that in fact the binary cubic form determines all these indeterminate, proving surjectivity, but also we
will show that the a, 3,6 that A can give rise to give a unique equivalence class of collinear triples.

First we show that C'(z,y) determines the ¢;. Since we are in a commutative ring we have that
(a?B)? = a3aB? and (aB?)? = o?BB3. By expanding them using equations (3.5), recalling that
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and quadratic equations:

2 2
CoCo + apar—— = c] +aj
4 4
coas + caag + €agas = 2ciaq + ea%
D—e¢ 9 oD —ce¢
cics3 +ajas = ¢ tay——
4 4
ciaz + csa1 + €aiaz = 2c0a9 + eag

We can use SAGE 4.8, which uses Maxima [Stein et al.(2012), SAGE], to solve this set of equations
and find four different solutions. Recalling that the basis a, 3 was positively oriented, hence that
m(aB) > 0. we can try each of the four solutions and see that only one solutions works, namely:

1

co = 5(2a:1)’ — 3apaias + agas — eag)
1
¢ = §(a%a2 — 2apa3 + apaaz — eay)
1 2 2
cy = —i(alaQ — 2ajas + apasas + €az)
1
cg = —5(2@ — 3ajazaz + apa3 + eaz) (3.6)

where again e = D mod 4, with € € {0,1}. Now that we have ¢; and a;, we can determine appropriate
a, 8 which yields the correct ¢; and a; under the set of equations (3.5). One can see that, since
equations (3.5) implies § = E‘;:[Z?: = 2;12; = gigg:, we have that the ratio « : 3 is determined.
Hence «, 5 are determined, up to a scalar factor in K. Once «, 8 have been fixed, then ¢ is determined,
and it is clear that if we scale both o and 3 by &, then ¢ change by a factor of x3. If we can show
that the Z-module generated by «, § is in fact a fractional ideal of O, then we have showed for every
binary cubic form C(z,y), there exists an oreitned fractional ideal and § which maps to it, showing
surjectivity. Furthermore, due to the uniqueness of the solution for the ¢;, we have that the equivalence
class of collinear pair (I, ) mapping to A is unique, which, with a bit more thoughts, shows injectivity.
To see that we have proved injectivity, suppose we have two collinear pairs, say (I,d) and (I’,¢'),
which maps to C(z,y) and C”(z,y) respectively. Then we can change the basis of I’ by y~! so that
I’ maps to C(z,y). Then by the uniqueness of the equivalence class of collinear pairs which maps to
C(z,y), we have that (I,§) and (I’,4") are equivalent.

To check that the Z-module generated by «, 5 is a fractional ideal of O, we need to check that it
is an O-module, so we need to show that they are closed under multiplication by 7. To this end let us

fix @ = (c1 + a17), B = (c2 + az7), then 6 = af. We can use direct calculation to show that:

apas — a1a2 + €

= f& + (a2 — agaz)B
apasz — a1a2 — €

—B

= (ag—alag)a—i— 5

see the appendix for an example on how to check the first equality.

All the above work did not require I to be invertible nor our binary cubic form to be primitive, so
the above map is a bijection between equivalence classes of collinear pairs (I, d) of @ and equivalence
classes of binary cubic forms. So to finish our claim that there is a bijection between C’(Sym3 72; D)
and C(Col?; O), we need to show that the pair (I,§) map to a primitive cube when I is invertible,
and that primitive cubes are mapped from a pair where the ideal is invertible. For this we consider
the map [C] — [+(C)], and have a look at what this translate to in terms of oriented fractional ideals.
Using equations (3.4) and equations (3.6), we find that in fact c111 = c¢o, c112 =121 = €211 = €1,
€122 = €212 = C221 = C2 and ¢z 29 = c3. Hence it is not hard to see that the map [C] — [(C)]
correspond to the map sending the equivalence class of (I,0) to the equivalence class of (I,1,I). Now
by definition a binary cubic form Cis primitive if and only if ¢(C') is, but a cube is primitive if and only
if its three ideals are invertible, hence C' is primitive if and only if I is invertible. So we have proved
that there is a bijection between C(Sym?®Z?; D) and C(Col?; 0).

This is proves the theorem as along with the bijection, we saw that (O, 1) maps to Ciq,p, and that
the group homomorphism C(Col}; O) — C(Colilyl; O) correspond to the map [C] — [¢(C)]. Hence
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the binary operation satisfying the theorem, is the one that correspond to multiplication of pairs (I, )
under the bijection between C(Col}; O) and C(Sym® Z?; D). O

Before we move on we consider the map which sends the equivalence class of (I, 0) to the equivalence
class of I in C5(O), where C5 (O) denotes the subgroup of C*(0O) whose elements have order d1v1ding
3, i.e., the set of equivalence classes of ideals I such that I?* = ©. We note that the map C/(Col3; 0) —
C’+((9) is quite clearly surjective, but it is not injective. If (I, ) maps to the identity in C5 (O) then
I = O, but there is no condition on §. Now two pairs (I,d) and (I’,d’) are equivalent if there exists
k € K such that kI’ = I and k36’ = 6. The only x such that kO = O is if k € O*, hence the kernel
has for cardinality the number of units over the number of units which are cubes. This map highlight
the fact why the map [C] — [:(C)] is not injective, and what we expect the kernel to be. In the
next example we show directly that this map is not injective and show how this gives rise to different
groups.

Example. Consider the set C'(Sym?® Z?;229), we are going to show that the map C(Sym?® Z?2;229) —
C((Z?)®3;229) defined by [C] — [¢(C)] is not injective. Following this we will give two different
binary operations that turn C(Sym3 72;229) into a group satisfying the conditions of the theorem.
Let (ag, a1, as,as) denote the binary cubic form agz® + 3a,2%y + 3aszy® + 3°, then C(Sym? Z2;229)
has 9 elements which can be represented by

(0,1,1, 8) 1,2, -1 5) 1,-2,-1,-5)
(1,0,1,15) (1,0,3,—11) (—2,1,1,6)
(1,0,1,—15) | (-=2,—1,1,—6) | (1,0,3,11)

which we will also refer to as (Co,0,Co,1,Co,2,...,C22), eg., Co1 = (1,0,1,15). The above table
was found using the bijection given in the above theorem, as it was easier to find the elements of
(Coli’;Z[L@]), but for the sake of the example, we will forget the ideals and § associated to each
binary cubic form. We will now show that [¢(C; )] = [¢(Ci.1)] = [¢(Ci,0)], it will be easier to do this
if we use the bijection between C((Z?)®3; D) and C((I1, Iz, I3); O) where O is the oriented quadratic
ring of discriminant D. Let 1,7 be a positively oriented basis of O with 72 = 7 + 57.

For Cy,o we have that +(Cp ) = (0,1,1,1,1,1,1,58), if we use equation (3.4) we find that {¢; j »} =
(1,0,0,57,0,57,57,57). We let an = c111 +a1,117 = 1, ag = ¢211 + a2117 = 7,01 = c21,2 +
a2,12T = 57+ T, B2 = €222 + A2227 = 57 + 587‘ and from them construct Iy = [ag,as] = [1,7],
Iy = [B1,B2] = [T+ 7,57+ 587] and I3 = [B; ", a5 '] = [357T, =], We check that I;[>]5 = O as
required, (hence N(I;)N(I3)N(I3) = 1), so [2 (Cl,l)] correspond to the equivalence class of the collinear
triple (I1, I, I3). Using the exact same process we find that a representative of the equivalence class
of collinear triples that correspond to [¢(C; ;)]:

Cij (IlaIZaIS) label
(0,1,1,58) ([1,7], 67+ 7,57 + 587]. [ 505, =52 ]) (I, Iz, I3)
(1,0,1,15) ([7+7’ 1], [-8 + 7, —121 + 157], [T + 7, —1]) (I}, 15, 1%)
(1,0,1,-15) | ([-8+7,—1],[7+, —106-1—157’] [-8 4+ 7,—1]) (Iy, 1y, 1)
(1,2,-1,5) (134, 1+27‘] [22 —29 + 57], [Zr, =3t21]) (J1,J2, J3)
(1,0,3,—11) ([=6 + 7, —9],[15 + 37, —82—117] [= Sr,—gjﬁ (J1, g5, J4)
(-2,-1,1,-6) | ([- 15f27f — 7], [=12 4 7,47 - 67], [ == ,4415 L) (J7, Jy, JY)
(1,-2,-1,-5) | ([-14+ 7,3 —27],[-21 — 7,—24 — 57], 32;2*2257]) (K1, Ko, K3)
(—-2,1,1,6) (17 — 27, =4 + 7], [11 + 7,41 + 67], [5127;, =) (K}, Kb, KY)
(1,0.3,~11) | ([5+7,~9], [~18 + 37, ~93 + 117], [%2, =17) (KU KJ, K7

We can now verify that in fact ), = I} = I{ = O; g=i=1Iy = I} = I = O; (57 +7)13 = Ig =
I = O. Hence [(Co)] = [2(Co.1)] = [1(Co,2)] as required. We also check that 37J; = J| =
Jy = Jy = Boir gy gy = =S = 245 g unplying that [1(Ch o)) = [(01 )] = [(01,2)]
Finally 427K, = Kl = K/; Ky = 66+7TK2 = Ké’ s K3 = _29+57K3 = 1+TK", implying that
[1(C20)] = [ (Co1)] =l (02,2)}

So we have showed that the map sending [C] to [¢(C)] is not always injective. We can now construct
a binary operation such that C(Sym?®Z?;229) = Cy and the map becomes a group homomorphism.
Define the map ¢ : C(Sym® Z2;229) — Z/9Z by [C; ;] + i + 37, this is clearly a bijection and it gives

7
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rise to a unique binary operation, which we will denote +9. We now see easily that [C] — [¢(C)] is a
group homomorphism

On the other had we can construct a second binary operation such that C(Sym?® Z?;229) 2 C5 x Cs
and the map f is still a group homomorphism. Define the map ¢ : C(Sym?® Z?;229) — Z/3Z © Z./37.
by [C; ;] = (i, 7). It is easy to see that the map defined by [C] — [¢(C)] is still a group homomorphism

While the example above shows that we do not have a unique binary operation, the proof of the
previous theorem gave a natural binary operation to use, which we will call the composition, that is the
one that under the bijection correspond to (I,9)- (I',0") = (II',04"). Let us calculate the composition
of two binary cubic forms. Let C(x,y) = aox®+ 3a12%y +3ax2y* +azy® and C'(z,y) = box> +3b1 2%y +
3bazy? 4+ bsy> be two binary cubic forms of discriminant D = agag — 3a%a% —6agaiazas +4(a0a§ +a:{’a3).
Let O = [1, 7] such that 72 = er + £-¢, where € € {0,1}, e = D mod 4. Defining ¢; as in theorem for
C(z,y) and d; for C'(x,y), welet I = [¢1 +a17,ca+aa7] = [, f] and I’ = [dy +b17,da + ba7] = [, ]
Then § = af,0" = /8" We now need to calculate (11’,06"). Now §¢’ is clear to calculate, but IT' is
slightly harder. We will use binary quadratic composition, but we need to be careful that we do end
up with I’ and not an ideal equivalent to it, otherwise our 8’ would also need to change. Recall

from section 2 that a binary quadratic form attached to I = [«, 8] = a1, ’8] is W If we let the

(03

binary quadratic forms corresponding to [1, g}, 1, %] to be f, f’ respectively we have
Fo= N(e)z® + Tr(aB)zy + N(B)y?
; N(I) ’
po_ N2+ Tr(@B ey + N3y
N(I") '

Calculating their composition and recalling that to the ideal attached to the binary quadratic form

(a,b,c) is [a, _bg‘/ﬁ], we find that

4] 5] - e

. vl 5 r(aB) Tr(a'B’ ! aa’
with B = ok (1N (@) Te(o/B)+na N (of) Tr(af)4ng DT LENONIID) 1y0q 2ea)
where e = %Cd(%((?)) ; %(Q‘),) )ﬂ;?vﬁ(ﬁl\;v(({/))ﬂ(a Z)) and n1,n9,n3 are such that ny %((?)) + ng ]]\\7[((?,)) +
ng NUID DB NI Tr(0'5) _  Then hecause of the factor of a and a’ we left out, we have

2N(DN(T)

11 =

ao/ N(I)N(I')e? N(ao/) —B++VD
e N(aa) N(I)N(I")e?’ 2

Recalling that /D = 27 — ¢, we have the following set of formulas (from rearranging equations(3.5)):

& +aor = (;‘50‘/2;

svar = SEE N ()
oy )
v - M ey

Hence our the composition of C(xz,y) and C’(z,y) will be C(z,y) = dpa® + 3a122y + 3dzxy? + dsy®.

Example. Let us compose the two binary cubic forms C(z,y) = 23 +622y —32y* +5y° and C’(z,y) =
—2x3 4+ 322y +3zy® +6y>, notice that this is C1 o and Cs 1 of the previous example, so we have D = 229
and € = 1, hence 72 = 7 + 57. First we calculate the corresponding cy, co, ¢}, ch. Using (3.6) we find
that ¢ = 1, o = 22, ¢] = —4 and ¢, = 11, giving us the ideals I = [o,8] = [1 + 27,22 — 7] and
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I' = [o,p'] = [-4+ 7,11 + 7]. We can now calculate N(I) = 45, N(I') = 15, N(a) = —225,
N(a') = —45, Tr(af) = 315 and Tr(a/p’) = —195. So we set e = ged(—5,—3,—3) = 1 and it follows
that we can pick ny = 1,ny = —2,n3 = 0 giving B = 107 mod 30 = 17. Putting this together we have

co+apr = 107 —117

~ o~ 1

a+ar = (107-117)- T (-9+71)

~ o~ 1

G+ ayr = (107 —117)- 25 (138 — 177)

~ o~ 1

és+azr = (107 —117)- 3 (—2211 + 2747)

meaning that ap = —11, a3 = 13, a2 = —14 and a3 = 15. So [23 + 622y — 3zy? + 53] + [-223 + 322y +
3zy? + 6y3] = [—1123 + 3922y — 42292 + 153°%] = [C"'(x,y)]. Now if we apply the element

G ‘f) € SLo(2)

to C”(z,y), we find that C”(z,z +y) = 2 + 3zy* + 15y = Cp 1 in our example, leading to think that
C(Sym? Z?;229) = C3 x C3. We can in fact check that this is the case.

Theorem 3.16. The inverse of the equivalence class containing the primitive binary cube C(x,y) =
(a,b,c,d) = ax® + 3bxy + 3cxy® + dy® is the equivalence class containing the primitive binary cube
—C(z,y) = (a,—b,c,—d) = ax® — 3bx?y + 3cxy? — dy?.

Proof. Let us calculate the pairs (I, §) associated to each of the two cubes. For this end we use equations

(3.6), and where ag = a,a; = b,az = c and a3 = d . Notice that ¢{, = £(—2b%+3abc—a?d—ea) = —co—

ae. Similarly we find ¢} = ¢1+¢€b, ¢y = —co—ecand ¢ = c3+ed. If we let I = [, 5] = [co+aT, c1 +b7],

then I' = [—cy — (¢ — 7)a,c1 + (¢ — 7)b] = [~@, B]. This means that § = o and "> = a?. Now we

recall from Theorem 2.15 that the inverse to I = [«, 8] is ﬁf, and furthermore we have since seen
N(a)

that a = N In our case, making sure we orient I positively to keep with in line with I, we have
the inverse of I is x;5(~@, 5]. So we calculate that II' = N(I)II~' = N(I)O. Now N(I)* = N(d),

but N(§) = N(a)? = §§', so the pair (1,0) is equivalent to the pair (68, I1’), meaning that our cubes
are inverses of each other. O

3.5 Pairs of binary quadratic forms

We now have a quick look at pairs of binary quadratic forms. The idea is that for binary cubic forms
we looked at triply symmetric cube and found a subgroup of I' which act on this triply symmetric
cubes and preserved the triple symmetry. In this case we will look at double symmetry, that is a cube
that when looking at two of the binary quadratic forms associated to them, they are the same. Such
cubes take the form

e—|— f.
b———c

This cube can be sliced into two 2 x 2 symmetric matrices, so they can be viewed as a pair of binary
quadratic forms (ax? + 2bzy + cy?,dz? + 2exy + fy?) (as opposed to looking at the normal binary
quadratic forms associated to such a cube). Let us denote the space of pairs of binary quadratic forms
with an even middle coefficients by Z? @ Sym? Z2 (Here Z? denotes the fact that we are using pairs
and Sym? Z? the fact that we are using binary quadratic forms with even middle coefficient as appose
to (Sym?Z?)* which allowed odd middle coefficients). Then we have the natural inclusion map 7 :
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72 ®Sym? Z? — (Z?)®3. We can equip this set with an SLy(Z) x SLy(Z)-action by (f(z,v), g(z,y))Y =
(rf2(z,y) +tg" (z,y), sf7(x,y) + ug™(z,y)) where

N = (: Z) X 75 € SLa(Z) x SLa(Z)

and f72(z,y) denotes the usual SLy(Z)-action on binary quadratic forms. Note that under the inclusion
map j, the group action is transformed by the map SLo(Z) x SL2(Z) — I defined by (y1,72) —
(v1,72,72). If both f(z,y) and g(z,y) are primitive (under the normal definition of primitive for
binary quadratic form) then we can see that 3(f(x,y), g(x,y)) is a primitive cube.

Definition 3.17. We define the discriminant of ((a,2b,c), (d,2e, f)) to be D = c?d*+a?f? —2afcd —
4(aebf + bdce — ace? — b? fd). This is in fact the discriminant of the cube 3(f(z,v), g9(x,y))

If we denote the SLo(Z) x SLy(Z)-equivalence classes of P € Z? ® Sym? Z? by [P], and the set
of equivalence class of pairs of primitive binary quadratic forms by C(Z? @ Sym? Z?; D) we have the
following theorem.

Theorem 3.18 (Composition of pairs of binary quadratic forms). Let D = 0,1 mod 4 and let

P (2zy,2* + 2y?) D=0 mod4
ap (2zy +y2, 2% + 22y + 22¢?) D=1 mod4

Then there exists a unique binary operation to turn C(Z* @ Sym? 72; D) into an an additive group
with.:

1. [Paq,p) is the identity,
2. the map given by [P] — [)(P)] is a group homomorphism from C(Z*®Sym? Z?; D) to C((Z*)®3; D)

Proof. For this proof we use Col‘z”1 to denotes the set of triple collinear invertible oriented fractional
ideals (I3, I3, I2), that is, we use Col® to denote the fact we need three ideals to be collinear, while 1,1
stands for the fact only at most two of them are different. Let C' (Colil; O) be the group of equivalence
classes of Col? ;, we claim that there is a bijection between C(Z?®Sym?* Z?; D) and C(Col; ;; O) where
O is the oriented ring of discriminant D. The proof of this claim is the same as the previous two proofs
and so we only give a sketch of it in the appendix.

With this bijection in mind, we can define another bijection, this time between C(Colil; 0) —
CT*(0), by sending the equivalence class of (11, I, I) to the equivalence class of I5. This is clearly bijec-
tive as the inverse defined by the equivalence class of I maps to the equivalence class of ((I2)71,1,1),
is well defined. Translating this back into forms we have a group isomorphism between C(Z? ®
Sym? Z?; D) — C((Sym? Z2)*; D) defined by [P] — [QQ(P)]. This group isomorphism is enough to prove
the theorem, as [Pgq,p] is clearly isomorphic to [Qiq,p], furthermore the isomorphism [P] — [Q;(P)]
is the composition of [P] — [3(P)] and [A] — [Q4]. Since we know the second of these two map is
a group homomorphism and that the composition is an isomorphism, we have that the first of these
two maps needs to be an injective group homomorphism, proving part 2. Hence the unique binary
operation is the one corresponding to the unique binary operation on C((Sym? Z?)*; D). O

We can use the group isomorphism to compose two pairs of primitive binary quadratic forms.
Before we do that it would be useful to see the inverse of [P] — [Qé(P)]. If we start with a primitive
binary quadratic form (a, b, c) then we need to find a cube such that Q2 = Q3 = (a,b,c). If we use
Theorem 3.7, we can see that we let e = ged(a,b) andf = g be such that h = # € Z. This leads
to the inverse being defined as (a,b,c) — ((0,22, %), (e,2f, {2-)).

Let P = ((a,2b,¢),(d,2e, f)) and P' = ((a/,2V,¢"),(d',2¢, f')) be two pairs of primitive binary
quadratic forms. Then we calculate that

Qé(P) = (db—ae)2® + (af — dc)xy + (ec — bf)y?
Qé(P’) _ (d/b/ _ a/€/>$2 + (a'f’ _ d/CI>I‘y + (e/cl _ b/f/)yQ
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Then we let E = ged(db — ae,d'b' — d'e’, 3(af + d'f' — dc — d'c)), n1,n2,n3 be such that ny(db —
ae) + na(d't —a'e’) + 2 (af +a' f' —dc—d'd) = e and set B = +(ny(db— ae)(d'f' —d'c) + nao(d'V —

ae)(af —dc)+ 2 ((af —dc)(a'f' —d'c') + D)), then

(db— ae)(d'V —d'e)
2

E?(B% - D) 3
(db— ae)(d'V — a’e’)y

Qé(P) + Qé(Pl) 2% + Bxy + 1

Unfortunately, this does not simplify much more.

Example. Let us compose P = ((—5,2-2,-3),(0,2-1,-3)) and P’ = ((—11,2-12,-13),(0,2-7, —17)),
that is P = (—52? + 4wy — 3y?, 22y — 3y?) and P’ = (—1122% + 242y — 13y?, 142y — 17y?). We can
calculate that the discriminant D = 165. We have

WP) = 52 + —15zy + 37,

Qé(P/) = 772+ 187xy + 113y

Then we see that ged(5,77,86) = 1 and that we can let ny = 31,ns = —2,n3 = 0. So we set
B=31-5-187T—2-77-—15 mod 2-5-77 = 495. Hence we have

QI+ Q) = 38522 + 495wy + 1592,

From here we let e = ged(385,495) = 55, and we need to find f such that h = % is integral.
One can check that we can let f = 1. Hence [P]+ [P'] = [((0,14,9), (55,2, —24))]. Writing out in full:

(=522 44wy —3y?, 20y —3y?)| +[(— 1122 + 242y — 13y?, 14xy —17y%)] = [(142y+9y?, 5522 422y — 24y?)]

Theorem 3.19. The inverse of the SLa(Z) xSLa(Z)-equivalence class containing P = ((a,2b, ¢), (d, 2e, f)) €
7?2 @ Sym? Z? is the SLy(Z) x SLa(Z)-equivalence class containing —P = ((a, —2b,¢), (—d, 2e, —f)).

Proof. We use the isomorphisms between C(Z? @ Sym? Z?; D) and C((Sym?* Z?)*; D). We have [P] +
[=P] = [QF]+[Q™F] = [(db—ae,af —de,ec—bf)]+[(db—ae, —(af —de),ec—bf)] = [Q7] - [QF] =0,
hence [P] + [-P] = 0. O

3.6 Pairs of quaternary alternating 2-forms

We will now look at a fourth way of constructing a form from our 2 x 2 x 2 cube of integers, but to start
our motivation we need to take a different look at (Z?)®3. Recall from Linear Algebra that the dual
of V, denoted V'V, is the group Homgz(V,Z) of Z-linear maps from V to Z, furthermore if V is finite
dimensional then there is, once we have chosen a basis of V, a natural isomorphism between V and
VV. Also recall from Rings and Modules that Homgz(V ® W, C) = Biling(V x W, C). We say a linear
map ¢ is alternating if ¢(v1,..., 0, Vig1,...,0n) = —0(V1,...,Vit1,0;,...,0,) for all v; € V and any
i € [1,n], or alternatively if the associated matrix M is skew-symmetric, i.e., such that M7 = —M.
We now formally define the wedge product:

Definition 3.20. Let V be a Z-module and T(V') denote the tensor algebra of V, that is the set of
finite sum of v ® w with v,u € V. Let I <T(V) be the ideal generated by all elements of the form
v®@uv,v € V. Then the wedge product of V is A(V) = T(V)/I. The wedge product of two elements
u,v €EVisuAv=u®v mod I.

We let A¥(V) denote the k*® wedge product, which is the vector subspace of A(V) spanned by
elements of the form v1 Avg A -+ Av, with v; € V.

One can see that the wedge product map V xV — A%V is alternating, so we have Homz(VAV,C) =
AltBiling(V x V,C). This extends to Homz(A*V,C) = (alternating bilinear forms on V*). If V is
finite dimensional and we have chosen a basis for it, we can use the isomorphism between V and V'V
to define an isomorphism between (AFV)Y and AF(VV).

For ease of notation, let L; for i € {1,2,3} denote a copy of (Z?)V, since L; is finite dimensional we
have LY = Z?. With this setup we can think of (Z?)®? as the space of Z-trilinear map Li x Ly x L3 — Z.
Given a trilinear map ¢ : Ly x Ly x L3 — 7 we can construct a new trilinear map ¢ : L1 x (Ly @
L3) x (Ly @ L3) — Z given by o¢(r, (s,t), (u,v)) = ¢(r,s,v) — ¢(r,u,t), which is alternating in the
second and third variable (i.e, ¢(r, (s,t), (u,v)) = —é(r, (u,v), (s,t)) ). Let us use Bhargava’s notation
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id ®Az 2 to denote the map which takes ¢ to ¢, where id represent the fact that the first variable stays
fixed, while Ag 2 denotes the fact we “fused” (Bhargava’s terminology) together the second and third
variable, so that they alternate. So we have a map Triliz(L; x Ly X L3,Z) — (L1 @ A*(Lg x L3))Y =
(L1)Y @ AltBiling((Ls x L3)?,7Z). If we fix the basis of L; to be the dual of the standard basis of Z?2,
then we can use the isomorphism L; = Z? and Lo x L3 = Z*. This means we have a Z-linear map
id®@Ag2 1 (Z2)®3 — 72 @ A*Z*, which takes 2 x 2 x 2 cubes of integers to pairs of alternating 2-forms.
We want to see how this map acts more visually so let us denote the basis of L; by dy, ds, such that
dj(e;) = d;j, where ey, e is the standard Z-basis of Z2, and fix A = (a,b,c,d, e, f,g,h) € (Z*)®3. Let

us restrict ourselves to
a b
M =
1 (C d) 9

then ¢ € BilinZ(L2 x Ls, Z) is deﬁrled by ¢(di, dJ) = a(di(el) ®dj (62)) + b(dz(el) ®dj (62)) +C(di(€2) &
d;(e1)) +d(di(e2) @ dj(e2)), and ¢((s,t), (u,v)) = ¢(s,v) — ¢(u,t). With this we can calculate that
d)((dlao))(d]ao)) = ¢(d270) - ¢(d]v0) = 07 QS((dlaO)v(Oadl)) = ¢(d17d1) - ¢(0,0) =a-0= a,
¢((d1,0),(0,dz)) = ¢(d1,d2) — $(0,0) = b and so on. Repeating the argument on

e f
Nl(ﬁ h>

we get:
0 0 a b 0 0 e f
0 0 ¢ d 0 0 g h
¢ ! —a —c 0 O0|’|—-e —g 0 O
/ ‘ / b —d 0 0 —f —h 0 O
a————05b —

|
c——d
Let T" = SLy(Z) x SL4(Z), then I” acts on Z? ® A2Z* in the following way: let (Fy, Fy) € Z% ®@ A?Z*
and

N = (Z Z) x 1 € SLa(Z) x SL4(Z),

then (F1, Fy)Y = (rFy" + tF)*, sF)* + uFy"), where F)" = v Fiy; as usual (that is the action on
a binary quadratic form @Q was y7'Sy where S is the associated matrix to Q). We denote the I'-
equivalence class of (F1, Fy) by [(Fi, F2)]. Back to the map id ®Aq 2, we want to see how the group
action on 2 x 2 x 2 cubes of integers translate to the group action on Z? ® A%2Z*. To this end we
consider first how v; xid xid € I" acts on A = (a,b,¢,d, e, f, g, h), it is quite clear that this correspond
to v x id € I acting on (id ®Az,2)(A). Now we look at id xvy2 x id € T', this gives rise to

0 0 ar+bt as—+bu 0 0 er + ft es+ fu

0 0 cr+dt cs+du 0 0 gr+ ht gs—+ hu
—ar —bt —cr—dt 0 0 | —er— ft —gr—nht 0 0 ’
—as—bu —cs—du 0 0 —es— fu —gs—hu 0 0

r

when v, = (t Z) € SLy(Z).

We can see that this corresponds to the action of id x+} € TV where

, (v O . id 0
Yo = (O id) or equivalently (O 72) € SL4(Z).

Similarly when considering how id x id xv3 € I" acts on A, we find that this corresponds to the action
of id x5 € I'" where

r (73 0 . id 0
Vg = (0 id) or equivalently (0 73) € SL4(Z).
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With this in mind it is not hard to see that that

(ld ®/\2’2)(A71X72X’Y3) = ((ld ®/\2’2)(A))71X(72@73) where vo & y3 = (f)(/)? 3) S SL4(Z)
3

So the map id ®Aq 2 gives rise to a well defined map sending [A] to [(id ®A2,2)(A4)].

Definition 3.21. We say that an element (Fy, Fy) € Z? @ A?Z* is primitive if it is I'-equivalent to
(id ®A2,2)(A) for some primitive cube A.

The determinant of a skew-symmetric matrix, M, can be calculated to be a square, so we can
define a define a function Pfaff(M) = /det(M), where the sign of the square root is taken such that
Pfaff(I) = 1, where

So to any pair (Fy, Fy) € Z? ® A?Z* we can associate a binary quadratic form Q = Q(-¥2) by setting
—Q(z,y) = Pfaff(Fiz — Fay). If we let

0 p a b 0 r e f
= :2 —Oc 8 ;l Py = :Z —Og g g ’
b —d —q 0 —f —h —-s O
then explicit calculation shows
—Q(z,y) = (pq—ad+be)x® + (ps+1rq—ah —ed+ cf +bg)xy + (rs —eh + gf).

Notice that if (F1, F») = (id ®Ag,2)(A) then —Q = Q4 (where Q1! is as in the subsection on page 14),
since in this case we have p = ¢ = r = s = 0. We set the discriminant of (F, F») to be Disc((F1, Fz)) =
Disc(Q).

We use C(Z?® A%Z*, D) to denote the set of [-equivalence classes of primitive pairs of quaternary
alternating 2-forms (M, N) with discriminant D.

Theorem 3.22 (Composition of pairs of quaternary alternating 2-forms.). Let D = 0 or 1 mod 4
and let Fia,p = (F1,F2)ia,p := (id ®A22)(Aia,p). Then there exists a unique binary operation which
turns C(Z? @ N\?Z*; D) into an additive group such that:

1. [(F1, F2)ia,p] is the identity,
2. There is a group homomorphism C((Z*)®3, D) — C(Z*®@A*Z*, D) defined by [A] — [(id ®A2,2)(A)]

3. There is a group homomorphism C(Z?> ® N*Z*, D) — C((Sym?®Z?)*, D) defined by [(F, F»)] —
QU

Proof. We know the map of 2. is well defined by our discussion before the theorem. Furthermore since
an element F' € O(Z? ® A2Z*; D) is primitive, we know that there exists a primitive cube A such that
[(id ®A2,2)(A)] = [F]. Hence this map is clearly surjective. From this it follows that the map gives
rise to a unique binary operation, which clearly has [Fiq p] as the identity. As for the homomorphism
of part 3., it is constructed by finding A such that [(id ®A2,2)(A)] = [(F1, F2)] and sending [4] to
[Q7']. To show that the homomorphism of part 3. is well defined, we can after long and tedious
calculation of elements in [(Fi, F2)iq,p], show that the map acts trivially on the kernel of the map
[A] = [(id ®A2,2)(A)]. Hence by the fundamental theorem of homomorphism of groups we have that
the map [(Fy, Fb)] — [QUF2)] is well defined. O

Due to the tedious and long calculation, while the rest of the above proof seemed fairly easy, this
was not a very enlightening. In fact, we can take a more interesting, if less straight-forward approach,
by constructing a bijection in the same style we have been doing so far, this will also prove something
stronger. But for this we need to extend some of the notions we applied to ideals into more general
module of a quadratic ring. So let O be an oriented quadratic ring and K = O ®7 Q.
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Definition 3.23. We define a rank n ideal of O to be an O-module of K" having rank 2n as a
Z-module, hence it can be written as (a1, 51, .., an, Ba], with «;, 5; € K™

Two rank n ideals are said to be in the same rank n ideal class if there exists an element A € GL,,(K)
mapping one to the other.

This is a generalisation of fractional ideals which are rank 1 ideals by that definition and the
definition of rank 7 ideal class is compatible with fractional ideal class since GL; (K) & K*. With rank
n ideals also comes the idea of oriented rank n ideals, like in the case of fractional ideals. Recall that
af—af

D

I = [a, f] is positively oriented if > 0, which is equivalent to the determinant of the matrix

transforming [1, 7] to [a, B8] being positive. So in the same spirit we define:

Definition 3.24. The basis of a rank n ideal M = [ay, 81, ..., an, 8] is positively oriented (respec-
tively negatively oriented) if the matrix transforming

[(1,0,...,0),(r,0,...,0),(0,1,...,0),(0,7,...,0),...(0,0,...1),(0,0,...,7)]

to M has positive determinant (respectively negative determinant).

As usual the norm of an oriented rank n ideal M is defined to be the index of M in O™, to be more
precise N(M) = |L/M|-|L/O|~! where L is any lattice in K™ which contains both O™ and M.

Let Det(M) denote the ideal in O generated by all elements of the form det(zq,...,x,) where
x; € M C K™ and det is the canonical map (K™)" — K defined by taking the determinant.

In particular if M 2 I1®- - -®1I, C K" for some ideals I3, ..., I, in O then Det(M) = I; ... I,. With
this we can see that we can say, in the same spirit of a triple collinear oriented fractional ideals, a k-tuple
of oriented O-ideals My, ... M, of ranks nq, ..., ng respectively is collinear if Det(M;) ... Det(My) C O
and N(My)...N(My) = 1. Similarly we say two such collinear k-tuples (M, ..., M) and (M, ..., M))
to be equivalent if there exists elements A1,..., A\, in GL,, (K),...,GL,, (K) respectively such that
Ml/ = )\zMz for all 1.

In the same spirit as before, let us use the notation Col%,2 to denote the set of collinear pairs
(I, M), where I is an oriented rank 1 ideal and M an oriented rank 2 ideal. Then we denote the set of
equivalence classes of collinear oriented invertible pairs of ideals of rank 1 and 2 respectively, (I, M),
of a quadratic ring O by C(ColiQ; O) and we get the following theorem.

Theorem 3.25. There is a bijection between C(Z?>@A*Z*; D) and C(ColiQ; O) where O is the oriented
quadratic ring of discriminant D.

Proof. As usual this will follow the work of Bhargava [Bhargava(2004), p 24]. For the moment let us
forget the conditions of primitive and invertible. As usual let O be and oritented ring and let D be
its discriminant. Let 1,7 be a positively oriented basis of O (with 72 = e7 + £:<), and let (I, M) be
such that IDet(M) C O and N(I)N(M) = 1. Let a1, a2 be a correctly oriented basis of I and let
B1, B2, B3, B4 be a correctly oriented basis of M. Since (I, M) are a collinear pair, we can use the fact

that IDet(M) C O to write a priori 32 equations:

a; det(B;, Br) = ;Z,)C + agf,lT (3.7

)

for i € {1,2}, 5,k € {1,2,3,4} and cgzl)g,ay,l € Z. Noticing that det(3;, 3;) = 0Vj we have ¢;; =

ajj = 0, furthermore since det(S;, Bx) = — det(B4, 5;) (Linear Algebra), we have that cgll)c = —cg’)j and
agf,)v = —ag,)j cutting the number of unknown constant down to 24. Set F; = {ag.?,)c}M € My(K),i €
{1,2}, by our previous two comment we have that the diagonal entries of F; are 0 and F;l = —F}, so
they are both 2-alternating forms. Hence F = (Fy, Fy) € Z? ® A2Z* is our desired pair of quaternary
alternating 2-forms.

If we choose another basis for I, M, we are applying a change of basis by an element v € SLy(Z) x
SL4(Z) = T’, again the element has to be in SLy(Z) x SL4(Z) to keep the orientation of I and M
the same, and by constructions of the map we can see that this will simply change F' by the same
element . Hence our map is well defined and independent of choice of basis. Furthermore, if we take
an equivalence set (k11, kM), since we have that N(x1)N(det(k2)) = 1, we have that they map to
the same F'. So our map is well defined and independent of the choice of basis.
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We show that F has discriminant D, by showing that equations (3.7) implies Disc(F) = N (I)2N (M )?Disc(O).
First if we let I = [1,7] and M = [(1,0), (7,0), (0,1), (0, 7)], we see that F = Fiq p, in which case the
identity holds. Now suppose we change I to a general rank 1 ideal [a, 8] by a an element

T= (: Z) € SLy(Z),

this changes Fiq p = (F1, F») to (rFy + tFy, sFi1 + uF5), hence, once we have calculated the quadratic
form associated to it, changes the discriminant by a factor of det(7)? = N(I)2. Similarly, if we change
M to a general rank 2 ideal, then we find that the discriminant is scaled by N (M)?2. Hence giving the
identity Disc(F) = N(1)2N(M)?Disc(O). But since N(I)N(M) = 1, we have that Disc(F) = Disc(O).

As usual, we want to show that under this map every equlvalence classes (I, M) get map to exactly
one [F]. For this end we fix F = (F1,Fy) € Z? @ A\?Z* with F; {a] )} and consider the set of
equations (3.7). We first need to following identity, that can easily be check through direct calculation:
If v1,v9,vs3,v4 are four planar coordinates then det(vi,vs) - det(ve,vs) = det(vy,ve) - det(vs,vq) +
det(v1, v4) - det(ve, v3). We can use this identity to write

Q; det(ﬂka Bm) s Oy det(ﬁla ﬁn) = Oy det(ﬁkﬂ Bl) s Qe det(ﬁma ﬁn) + det(5k7 Bn)aj” det(ﬂh B’m)

for u,j € {1,2}, k,l,m,n € {1,2,3,4} and (¢,5') and (¢", ;") are any ordered pairs equal either to
(4,4) or (j,4). If we expand this with all the different possible combination and equates the 7 and 1
separately we gets 94 linear and quadratic equations. Bhargava states [Bhargava(2004), p 25] that
these 94 equations plus the condition that N(I)N (M) > 0 give the following unique solution:

= (i —)[al) Phaff(F,)

al\) (Plaff(Fy + Fy) — Plaff(Fy) — Paff(F,))] — -al’)e (3.8)
where {i,i'} ={1,2}, 4,k € {1,2,3,4} and € € {0,1} as usual.
Once the a% and c(% are know we can determine «; and $;. First notice that equations (3.7)

implies that a; : ay = ( (1) + agl) ) : (651]3 + a(?,ZT) for j,k € {1,2,3,4}, we know the right hand
side of the equation is the same for all j, k ‘e {1, 2’, 3,4} due to the restrictions of equations (3.7). So
a1, as are uniquely determined up to a scalar factor in K, hence we can set «; = 051)2 + a(lz)QT for
i =1,2. Once we have fixed our choice of a;, @z, we can use equations (3.7) to determine the values of
det(B;, B). Hence B1, B2, B3, B4 are uniquely determined as elements of K2 up to a factor of SLo(K),
since det(y - (85, Br)) = det(B;, Bx) for v € SLo(K). Once we have showed that these two Z-modules
are modules over O, then we have showed that to any pair of alternating quaternary 2-forms, there
exists a collinear pair (I, M) which maps to it, showing surjectivity of the map. Futhermore, due to the
uniqueness of the solution (3.8), we have that the equivalence class of collinear pair (I, M) mapping
to F' is unique, which as before shows injectivity.

We need to check that these two Z-modules, one with basis ay, as, the other with basis 51, 82, 53, B4
are modules over O. As with previous proofs we can use direct calculation to show the structure of
I = [ay, ag] is determined by

b1+ ¢
T = 5 a1 +ajas
bl — €
—Toy = (101 + B (o2}

where —Pfaff(Fixz — Fyy) = a12? + biaxy + riy?. Let us use sgn(i,j, k,1) to denote the sign of the
permutation (i, j, k l) of (1,2,3,4), for example sgn(2,1,3,4) = —1 and sgn(3,2,4,1) = 1. As we have
(l) 5+ a 7' we can let £ = (1,0) and By = (0,1) forcing 5 = (a3 + b7, cs + ds7), Bs =

(ag + by7,Cy + dyT) Where a; +b,7 = ag (célz) + aé 37’) and ¢; + d;7 = oy (cgll) + aglz

check, after some long calculations that

fixed o; = ¢

). We can now

4
B = Z tii B
j=1
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where W @ (1 .
sgn(i, 5, k, 1) (af)a}) — alllal?) i#]

17

ti: = . .
R EDVIRSEENC ik (aVa 5} alal?))+ie j=i

Hence we have that M is in fact an O-module.

We have showed that given F € Z2®A?Z*, we construct a, up to equivalence, unique pair of collinear
ideals of rank 1, 2 respectively, which under the map given by equations (3.7) maps to F'. Let us consider
now the map id®As2. Consider A = (a,b,c,d,e, f,g,h) € (Z*)®3, this correspond to (I, I, I3)
where I; = [01,171 +ar,c21,1 + 67’], I, = [02,172 + fr, 2,22+ hT],Ig = [(62’172 + fT)_l, (0271,1 + 67’)_1]
and ¢; ; is given by equation (3.3). On the other hand (id ®A22)(A) correspond to (I, M) where

I= [cgl) + ar, c(1 % + e7], (we can not use cg )2 + a( )

M = (0, 61’4 + f7), (0, (2) L+ h7), ((cﬁ +fr)7L, ), ((cgzg +e7)71,0)], (we use a slightly different basis
for M than expected for ease of calculatlon, one can easﬂy check that (I, M) is a collinear pair giving
(id ®A2,2)(A)). Notice that M = I, & I; meaning that the map (id ®Az2) correspond to the map
which sends ((I1, Iz, I3),O) to ((I1, Iz & I3),0). Furthermore a theorem by Bass [Bass(1962), Thm
1.7] states: Let R be a Noetherian integral domain, then every torsion free R-module is a direct sum
of modules of rank one if and only if all finitely generated ideals of R have at most two generators.
In our case, O is a Noetherian ring with all fractional ideal having rank two, hence any torsion free
O-module M can be written as the direct sum of two fractional ideal. This means that the map sending
((I1,12,15,0) to ((I1,I> & I3), O) is surjective, i.e., id @Az 2 is a surjective group map.

None of the above required primitivity or invertibility, so to complete our proof, we need to show
that invertible ideals give rise to primitive pairs of quaternary alternating 2-forms. To do this we
use the above map id ®\22. Since a primitive pair of quaternary alternating 2-forms comes from a
primitive cube, and that a primitive cube is in bijection with invertible oriented fractional ideals we
have that (I, Io®1I3) have to be invertible. On the other hand since invertible ideals are only equivalent
to invertible ideal, an either I or M is not invertible, then they can not give rise to a primitive pair of
quaternary alternating 2-forms. Hence here completes the proof that there is an isomorphism between
the group C(Z? ® A2Z*; D) and C(Col3 20).

To finish proving Theorem (3.22) we finally, show that [(Fy, F3)] — [QUF2)] is a group homomor-
phism. (Fy, Fy) € Z* @ A?Z* correspond to pairs ((I, M), ) with (I, M) being a collinear pair, in
particular IDet(M) = O. Serre’s cancellation theorem [Serre(1957), Prop 7] states that a module of
rank k over a dimension 1 ring O is uniquely determined by its determinant. In our case since from
the previous paragraph we know M = I, @ I3 and using the fact that IDetM = 11313 = O, we have
that any pair ((1, M), ) is in fact of the form ((I,17! @ O),O). Hence we have a bijection sending
(I, M),0) to (I,0), which correspond to the bijection C(Z? ® A2Z*, D) — C((Sym? Z?)*, D) which
is defined by [(Fy, F»)] — [QU1:F2)] O

57 as it is zero and hence not invertible in K), and

Corollary 3.26. Every element in 7> @ N?Z* is T'-equivalent to (id ®Aa2)(A) for some cube A €
(22)%.

Corollary 3.27. There is an isomorphism of groups C(Z*> @ N2Z*) — C((Sym? Z?)*, D) defined by
[(F1, F)] = [QUF2)].

The second corollary is the most surprising one of the two, although the first one is quite important
in its own right. The advantage of having gone through all this work to show the isomorphism is
that along the way we saw the inverse of the map defined by [(Fy, Fy)] — [QUF2)]. Tt is the map
correspond to I +— (I,1-* @ O). Using the bijection between binary quadratic forms and fractional
oriented ideals, if we let O = [1,7] we have I = [a, =5 + 7] and hence I~! = 1[a, =%=¢ + 7]. With
some direct calculations we see that this gives the map

0 0 0 a 0 0 1 <P
(a.b,¢) > 0 0 -1 —<f 0 0 0 c
" o 1 0 0 |'|-1 0 0 0
—a 00 =ttt —¢ 0 0

where ¢ € {0,1} and € = > mod 4 as usual (since D = b> — 4ac). The entry ¢ was due to the

calculation (=5-¢)(=2=<) + (==<)e — &< = I’Z;GD = c. We can now look at how to compose two
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primitive pairs of alternating quaternary alternating 2-forms. Let F' and F’ be two such forms of
discriminant D, with associated binary quadratic forms

—QF = (pg—ad+bc)x®+ (—ps —rq+ ah +ed — cf —bg)xy + (rs — eh + gf),

_QF’ _ (p/q/ —dd + b/cl)l‘Q + (—p/S/ —r'gd +ah +ed —cf — b'g')a:y + (7“/8/ _ K +g'f’).
Then we set E = ged(pg—ad+be,p'q —d'd +V¢, 3(—ps—p's' —rq—r'q' +ah+a'h' = f' —bg—b'g"))
and we let ny,no, n3 be as usual. Then the composition of F' and F’ is

0 0 0 A 0 0 1 £
o 0 -1 -« 0 0 0 C
0 1 0 0 -1 0 0 O ’
—A 4B 0 0 =B _Cc 0 0
where
(pg —ad +bc)(p'q’ —a'd + ')
B = %(pq —ad+be)(—p's' —=r'd +d W +ed - f —Vg)
—|—%(p’q’ —a'd +bc)(—ps—rq+ah+ed—cf —bg)
+;%((—ps —rq+ah+ed—cf—bg)(—p's —r'¢ +dh +e'd - f —bg)— D)

E?(B? - D)
4(pg — ad + be)(p'q’ — o’d' + V')
Again, unfortunately not much cancellation or simplification seems possible, but we show in the next
example that the calculations are not hard.

Example. Let us compose the folloiwng two pairs of quaternary alternating 2-forms, F' and F’, which
gives rise to the binary quadratic forms

—QF = (10-0—(=5)-947-(—3)) 2> +(—=10-1—4-0+(=5)-(—=5)+(—4)-9—(—3)-8=T7-0)xy+(4-1—(—4)-(=5)+0-8)y* = 242> +32y
—Q"" = (31-0-0+0-0) 224+ (—3-(=5)—0-14-0-114(—5)-0—0-11—0-(—5)) 2+ (0-(—=5) — (—5)-114(=5)-11)y* = 32> +15zy—11
We calculate the discriminant D = 1545, hence e = 1, and E = ged(24,3,9) = 3,so welet ny =ng =0

and ny = 1. Therefore we get B = £(3-3) =3, A=8 and C = =345 = —48. Hence
0 10 -5 7 0 4 =4 87\] [/T0 3 0 0 0 0 -5 11
-10 0 -3 9 -4 0 0 =5 N -3 0 0 0 0 0 -5 11
5 3 0 0ol’|l4 0o o0 1 0O 00 1’5 5 0 -5
-7 =9 0 0 -8 =5 -1 0]/] [\[0 0 10 11 11 5 0
0O 0 0 24 0 0 1 —=17\] /fo o o 317 o o 1 -7
B 0 0 -1 -2 0 0 0 -16 N 0 0 -1 -8 0O 0 0 =110
- 0 1 0 0]']-1 0 0 O 0O 1 0 Oof’[-1 0o 0 o0
—24 2 0 0 1 16 0 0 |/ \|[-3 8 0 0] [7 110 0 0
(/7fo o o 81 [0 0 1 -1
B 0 0 —1 =2 0 0 0 —48
- 01 0 O0f’[-1 0 0o o0
\|[-8 2 0 o] [1 48 0 0

Theorem 3.28. The inverse of the class containing F € 72 @ N>Z* is the class containing —F €
72 @ N*Z*, where:

0 p a b 0 r e f 0 p —a D 0 —-r e —f
r_ -p 0 c d —r 0 g h - -p 0 c —d r 0 —g h

—a —c 0 gq|l’'|-e —g 0 s ’ a —c 0 ql|’|—-e g 0 -—s

-b —d —q O —f —-h —s 0 b d —q 0 f —-h s 0

Proof. Notice that [QF] = [(pq — ad + bc)x? + (—ps —rq+ah +ed — cf — bg)xy + (rs — eh + gf)] while
[Q™F] = [(pg — ad + be)a® — (—ps —rq+ah +ed — cf —bg)ry + (rs — eh +gf),]. So [Q~F] = ~[Q"],
hence [F] + [-F] = 0. O
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3.7 Diagrams

To summarise this section, we started with cubes of integers and we have constructed five different
objects. Between these objects we constructed the following discriminant-preserving maps:

Sym? 72
K3

@)

id ®Aa2,2 A 7
A—=Q;

2 24 2o _ -
pmant (F1,F2)—Q(F1:12) (Sym”Z7) Pl P ® Sym*” Z

The map @ and 7 were the natural inclusion discussed in subsection 3.4 and 3.5 respectively. It also
quite clear that the map sending A to Q{' is surjective, since we have by Theorem 3.4 we can always
construct cube that will give rise to (a,b,c) and (a, —b, ¢). This diagram in turn creates 5 groups with
the following group homomorphisms:

C(Sym®Z?; D)

O((2%)*% D)

2

Bi

o

4

C(Z? ® N*Z*; D) C((Sym?Z?)*; D) C(7? ® Sym* Z?; D)

o

This diagram only commutes in the left triangle when taking the map (1, while for the right triangle
you need to take the map f3. On the way we showed that:

e the map «, defined by [C] — [¢(C)] is neither injective, see the example in Section 3.4, nor
surjective. In the following example, we show, using two different method, a cube which has no
preimages.:

Example. Consider the cube

of discriminant —24. We want to show that it is not equivalent to a triply symmetric cube.

For the first method we stay within C((Z?)®3; —24). Note that if A71X72X7 = B where B is a
triply symmetric cube, then B = (A'd X727171”37171)71“1”1, so if B is triply symmetric, then
so is B X Xt = Aldx7297 %% Hence we just need to show that A7Y is not a triply
symmetric cube for any « € id x SLy(Z) x SLa(Z). Suppose there exists

_(+ 0 T2 52 r3  S3 .
T (0 1) - <t2 u2) % (t:s ug) € id x SL(Z) x SLa(2),

such that A7 is a triply symmetric cube, then using the triple symmetry of the cube and calcu-
lating A7 we have the following set of equality:

2usorsy 4 Sots = 2t9s3 4 roug = rorz — 3iots,

27.L283 + Souz = Sor3 — 37.L2t3 = T283 — 3t2U3.
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If we rearrange the second equality of the first line we have ro(ug — r3) = t2(—3t3 — 2s3), so
multiplying rous — sate = 1 by uz — r3 we have to(—3t5 — 2s3)us — ta(ug — 73)82 = (ug — 73).
The left hand side is t2((s2r3 — 3uats) — (2u2s3 + sausz)) = 0, so we must have uz = r3 and
to(—3t3 — 2s3) = 0. We have two cases:

Case 1. to # 0: In which case 3t3 = —2s3. Since we have rsus — s3t3 = 1, we need to solve
7'§+ %5% = 1, which has only the solutions r3 = ug = +1 and t3 = s3 = 0. Substituting
all of this back into the equations above, we find 2uy = ry and sy = —3t5. Again since

we have raus — sots = 1 we find 2u% + 3u% = 1, which has no solution over Z.

Case 2. ts = 0: In which case we have ro = us = +1. Looking at the second set of equality we
find 2uos3 + sorg = sarg — 3usts, since uy # 0 this implies s3 = —3t3. Then as in the
first case we find, since r3 = ug, that r3 = u3 = £1 and t3 = s3 = 0, leading again to
a lack of solution

We have showed that no such v can exist, hence A is not equivalent to a triply symmetric cube,
hence there is not binary cubic form C such that [a(C)] = [4].

For the second method we use the group isomorphism that we have constructed in this paper.
We will see that this is quicker and much easier than the above method. Let us use equations
(3.4) to construct the triple collinear oriented invertible fractional ideals which correspond to
A. Let 7 be such that 72 = —6 (since 8 = 0 mod 4), we calculate that ¢111 = 2, 211 = 0,
c21,2 = —6, c2.209 = 0. Hence we have I = [2,7], I = [-6,—37] and I3 = *%[1,7’]. Now quite
clearly I3 is equivalent to O = [1,7]. On the other hand we claim that I; is not principal. This
is due to the fact that N(2) = 4, N(7) = 6, hence any element « which would generate I, needs
to have norm dividing 2. Since I # O, we have that « is not a unit, furthermore, due to the fact
that N(a + br) = a® + 6b%, we have that no element of O has norm 2. Hence such an « does
not exist and I; is not principal. Since I; is not equivalent to I3, we have that (Iy, 2, I3) can
not be in the image of (1,9) for any I or . This examples shows how easier it is to work using
the bijection. We also have some free information, namely that Q4 is equivalent to Q3', since
I, = =3I, and we know that Q4 is equivalent to the principal binary quadratic form.

The maps 3;, defined by [A] — [Q#] for i = 1,2, 3 are all surjective. This is due to the fact that,
for 51, the lower right triangle commutes, and due to the isomorphism of €, we have that 8, has to
be surjective. Since the three maps are the same up, up to a composition with an automorphism
on C((Z*)®3; D). Tt is clearly not injective as one group is isomorphism to CT(0)? while the
second group is isomorphic to CT(0). Still we use the following example to illustrate how to
argue without using the isomorphism, and to show two non-equivalent cubes which give rise to
the same three binary quadratic forms.

Example. Consider the two following cubes of discriminant —31:

2—0 2——1
0 L 1 0 7‘ 1
A= | B= |

1—|— —4, 0—|— —4.

1—0 1—0
We calculate Q' = 22 — zy + 8% = QF, so we have 31(A) = B1(B). On the other hand
Q4 = 222 +ay+4y? while QF = 222 —2y+4y?, since they are both in reduced form, we know that
they are not SLs(Z)-equivalent. Now suppose [A] = [B], then there is v = 71 X 72 X 73 € I" such
that B = A7, but we recall that QEAW) = (Q#), so in particular if B = A7 then QF = (Q3')=.
Which is a contradiction since we have Q¥ and Q%' are not equivalent. Hence we have [A] # [B]
but [51(4)] = [Qf] = [QF] = [31(B)] showing that $; is not injective. A similar argument
can be used to show that neither (5,33 are injective. An interesting point to note is that
Qg“ =222 — 2y + 4y? and QF = 222 + zy + 4y?, hence while A and B are not equivalent they
both give rise to the same three binary quadratic forms.
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The map =, defined by [A] — [(id ®A2,2)(A)], is surjective, by Corollary 3.26, but not injective,
consider the following example

Example. Let us use the same two cube of discriminant —31 as above. Then if we find the pairs
of quaternary alternating 2-forms they map two and calculate their associated binary quadratic
forms: Q7)) = 22 — zy 4+ 8y? = Q4 = QF = Q"P) = 22 — xy + 8y>. Since they are the same
we have that v(A) and +(B) are equivalent, hence v is not injective.

The map J, defined by [F] — [QF], is an isomorphism, by Corollary 3.27.

The map ¢, defined by [P] — [QF], is an isomorphism, by Theorem 3.18.

The map ¢, defined by [P] — [3(P)], is injective, as seen in the proof of Theorem 3.18. It is not
surjective, consider the following example:

Example. Let us consider the following cube of discriminant —24
3——0
AR
4

/S
——0

We want to show that this cube is not equivalent to a doubly symmetric cube. Notice that if
AMX2X% = B a doubly symmetry cube, then Aid*id>x77%" = B¥ ' X% %% which is also a
doubly symmetric cube. Hence it is enough to show that there are no v € id x id x SLy(Z) such
that A7 is a doubly symmetry cube. To see this, suppose that

= 1) 0=

is such that A is a doubly symmetry cube. Calculating AY we see that we have 2r = u and
—s = 3t. Since we also need ru — st = 1, we need to solve 212 + 3t = 1. This has no solution in
Z, hence there is no v such that A7, is doubly symmetric. So there is no pair of binary quadratic
form, P, such that [((P)] = [A].

1

We can also look at the diagram in terms of the groups in a quadratic ring, note that in all the map
description we are talking about the equivalence class represented by:

(1,6)—(I)

C(Col}; 0) ¢y (0)

(1,8)—~(1,I,I)

(I, I2)= (I, I2,(I1 I2) 1)
CH(O) x CF(0) C(Coly ; 1;0)
(11,12713)H(11,12)

(I1,12,13)—(I1,12®1 Ii,I2,12)—(11,12,12)

(11,12,13)*—)(11)

(1,M)= (1) (D= () ~h0)
C(Coli »:0) c*(0) C(Colj 1; 0)

(D—(IL,I"*®M) (I1,12)—(I2)
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4 Conclusion and Further Work

In this paper we saw the construction of 5 different groups and their links to ideals and modules of
quadratic rings. As mentioned before Bhargava take this further and goes on to explore cubic, quartic
and quintic rings, where he goes on to find many more interesting and important results. In section 2
we talked a bit about reduction theory for positive definite binary quadratic forms, this is something
that we could explore further for binary cubic forms. It would also be interesting to study the effect
reducing pairs of binary quadratic forms have on the binary quadratic form they are associated to.
This would also link nicely with the idea of how to determine when two forms are equivalent, especially
in the case of binary cubic forms as we can not link them to binary quadratic forms.

Better yet we have a strong tool to analyse pairs of quaternary alternating 2-forms, that is, we can
use the the bijection with binary quadratic forms. We can study the link between a single quaternary
alternating 2-form, by letting the second map be of the form

0 id
—id 0/’

as then the pair is certainly primitive. In fact such a pair gives rise to the binary quadratic form
(bc — ad)x? + (a + d)zry + y*. So given a quaternary alternating 2-form given by the matrix

0 »p
Orlm
0 ¢
_agT
MiqO

with M € GLa(Z), the binary quadratic form associated to it is — det(M)z? + Tr(M)zy + y?. Most
of the composition we have seen ended up with big formula and variable everywhere, yet when we did
the examples, there was not much work to do. For that reason it would be interesting to explore each
composition in a lot more details and see if we can establish certain relations, such as congruence, that
the composition would need to satisty.
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A  Appendix

Al
A.l.1

Calculations to the proof of 3.13
Solving the 18 equations

We show the calculations which leads to the formula for the c; ;. We start with the nine equations
(which we get by writing out all possible equation and removing the redundant one, that is the one

that appears several time, or the one where we have the same thing on both side):

giving us the respective nine equation of the form (c;jr + aijr7)(Cir jo.or + Qi o wT) = (Cir jie +
air jx7)(Cijr b +ai jr 1 7). Now we recall that 72 = er + 27 where e = D mod 4, € € {0, 1}, and that

(a1 8171)(2B272) (a2B171) (1 B272)
(a1fim)(a2fBay2) = (cafeyi)(a2fiv2)
(%5171)(01252’72) = (a15172)(042ﬁ271)
(a1 Bim)(a1Bey2) = (c1fay1)(cnfBiv2)
(1 1m)(a2f172) = (a1fiv2)(e2f1m)
(a1fim)(a2fBay1) = (cafeyi)(azfim)
(a2B272)(a2B171) = (a2B172)(2fB2m)
(a2B272)(a1Bav1) = (a1Bay2)(a2f2m)
(a2fay2)(1five) = (aeBiye2)(aifay2)

4

2 9 2 9 2 2 2 9
D = ai110555+ 07120591 012105712+ 057110729

—2(a1,1,101,1,202,2,102.2,2 + Q1,1,1041,2,102,1,202.2.2 + G1,1,102,1,101,2,202,2.2

+01,1,201,2,202,1,102,2,1 + 01,1,202,1,201,2,102,2,1 + 1,2,101,2,202,1,102,1,2)

+4(a1,1,101,2,202,1,202,21 + A2,2102,1,2041,2,202.2,2),

we expand the equations and equate the coefficients of 7 and the coefficients of 1.

D —e¢ —
€1,1,1C2,2,2 + 1 a1,1,102,2.2 Cc21,1C1,2,2 + 1 2,1,1041,2,2
€1,1,10222 + C22201,11 + €a1,1,1G222 = C21,101,22 1+ C1,220211 + €A2,1101,22
D —e¢ —
€1,1,1C2,22 + 1 ai1,1a222 = C121C2 12+ 1 a1,2,102,1,2
€1,1,10222 + C22201,1,1 + €A1.1,1G222 = C€121021,2 1+ C21,20121 + €01,21021,2
D —e¢ D —e¢
C1,1,1C2,22 + 1 a1,1,10222 = C€1,1,2C221 1 1,1,202,2.1
€1,1,10222 + C22201,1,1 + €A11,1G222 = C€1,120221 +C22101,12+ €022101,1,2
D —e¢ D—e¢
€1,1,1C1,2,2 + 1 a1,1,101,22 = C121C1,12+ 1 a1,2,101,1,2
€1,1,101,22 + C1,22011,1 + €211,1G122 = C€1,2101,1,2 +C1,1,201,2,1 + €41,1,201,21
D —e¢ —
€1,1,1C2,1,2 + a1,1,10212 = C€1,1,2€2,1,1 + 1,1,202.1,1
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C1,1,102,1,2 + C2.1201,1,1 + €a1,1,102,1,2
D —e¢
4

€1,1,10221 + C2,2,1041,1,1 + €01,1,1022.1

€1,1,1€2,2,1 + a1,1,102,2.1

D —e¢
4

2220211+ C2,1,1042,22 + €A2.2 20211

C2,22C211+ a2,22021,1
D —e¢
4
2220121+ C1,210222 + €A22 201 21
D —e¢
4
2220112+ €1,1,2022,2 + €A2 2 201 1,2

C2,22C121+ 2220121

C2,22C1,1,2 + 2220112

C1,1,202,1,1 + C2,1,101,1,2 + €41,1,202 2.1

4
€1,2,10211 + €2,1,1041,2,1 + €a2.1,101,2.1
D—e¢
4
C2,1,20221 + C2,2,102,1,2 + €A2.1202 21

€1,2,1C2,1,1 + a1,2,102,1,1

C2,1,2C221 + 2,1,20221

4
€1,1,20221 + €2,2101,1,2 + €21.1,202 21
D —e¢
4
C2,1,201,2.2 + C1,2,202 1,2 + €A2.1 201 2 2

€1,1,2C2,2,1 + 01,1,202.2.1

C21,2C1,22 + 2,1,201,1,2

We can then use a computer program (SAGE 4.8 which used Maxima took roughly 24hr on a standard
computer [Stein et al.(2012), SAGE]) to find that there are two solutions. Since we have the condition
that N(I;)N(I2)N(I3) > 0, we can try both solution and notice that only one works, hence we have
a unique solution, which, when looking at the coefficients and sign of each solution, can be condensed
into the formula:

cige = (@ —=i)(F" =)k —Fk)
[ai g k@i g k@i + 550 (Q0g0a0 5 a — Qi jRkGig ke = Qi kG k= i G 1)
1
—iai’j,ke

where {i,¢'} = {4,5'} = {k,k'} = {1,2}, and € € {0,1} with e = D mod 4.

A.1.2 Showing I, I5, I3 are fractional ideals.

If I} = a1, a0] = [e111 +a1117,¢211 + az117) and Q1 = a12? + bizy + cy?, we want to show the
equalities

b1+€

Ty = a1+ ajas
bl — €

2

—Tay = cClag+ aso,

where e = D mod 4, € € {0,1}. For ease of use, let A = (a,b,¢,d,e, f,g,h) and we recall the following
formula:

D = a?h* + b?g? + 2 + d*e* — 2(abgh + cdef + acfh + bdeg + aedh + bfcg) + 4(adfg + beeh)

by definition of D;

a; = bc—ad
by = de+ah—cf—bg
1 = fg—eh
by definition of Q1;
1 1
c11a1 = bee+ ia(ah —cf —bg —de) — Sa¢
1 1
211 = —afg-— Qe(ed —ah —cf — bg) — e
by using formula (3.4);
2 D — €
T = €T +

4
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by definition of 7. From this we can calculate, recalling that € = e:

by +¢€ de+ah —cf —bg+¢
! o1+ a0 = 2f g (11,1 +a7)+ (be — ad)(c2,11 + eT)

1
= Z(aneh +ah? — a’cfh — a’bgh — acdef — a*cfh + ac® f? + abefg

—abdeg — a’bgh + abcfg + ab’g? — ad?*e* — a®deh + acdef + abdeg
—adee — a’he + acfe + abge + a’he — acfe — abge — adee — ac)

1
+§(bcd62 + abceh — bc*ef — b*ceg + beee + (ade + a*h — acf — abg + ae)T

—bede® + abeeh + belef + bPceg + ae*d® — a’deh — acdef — abdeg — beee + adee)
+(—abcfg + a*df g + (bce — ade)T)
1
= Z(agh2 —2a%cfh — 2a*bgh + ac® % + 2abcfg + ab®g? — ad*e® — 2adee — ae

+4abceh + 2ae?d? — 2a%deh — 2acdef — 2abdeg + 2adee — 4abefg + 4a’df g
+(2ade 4 2a*h — 2acf — 2abg + 2ae + 4bce — 4ade)T)

1 1
= —(aD —ae) + 1(2&(—6[6 + ah —cf — bg) — 2ae + 4ae + 4bce)T

4
D —e¢
= (111 +ae)T+ a
= 71(c11,1+ar)
= TOq
We can use the same approach for —asm = cja; + blgeag. While we will not got through the
calculations to show
by + ¢
Th = 22 B1 + azfB2
by — €
182 = c2fh+ 22 B2
b3 + €
™ = 5 Y3 + asvy2
b3 — €
—TYy2 = ¢33+ 5 Y2

we will write down the following equations that are needed to check that they are correct.

I, = [b1,62] =lc21,2+ fT,c22.2+ h1]
-1 -1 c212+ fe— [T c21,1 +ee—eT
I = [nyl=0Bal= 037172 tefearn — D4—€f27 03,1,1 +eeca — D4—ee2
a; = ce—ag
by = ah+bg—ed—cf
¢s = df —bh
az = be—af
by = ah+cf—de—bg
c3 = gd—ch
1 1
212 = bhe+§f(fcfah—de—bg)—§fe
c222 = —dfg— %h(ah—de—bg_cf) - %he
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A.2 Calculation to prove in Theorem 3.15
We need to show that, in the set up of Theorem 3.15, the following equality holds:

apas — a1ag + €

aT = f& + (a% — aoag)ﬂ
apas — a1ag — €

—6

-Br = (a%—alag)a—i— 5

where @ = ¢; + a17 and 8 = c¢o + as7. For ease of notation we let (a,b,c,d) = (ag,a1,az2,a3). We

recall that 72 = er + D4_€, where e = D mod 4, e € {0,1} and by definition

D = a*d® — 3b*c* + dac® + 4b*d — 6abed
Using formula (3.6) we find that

(b%c — 2ac® + abd — €b)

DN | =

cT =
Lo o 2
co = —Q(bc —2b°d + acd + ec)

We can now calculate that, using the fact €2 = e,

ad — bec+ ¢

1
5 (c1 +b7) + (b* —ac)(cy +c1) = l(ab%d —b3c? — 2a%c*d + 2abc® + a*bd® — ab’cd

+eb?c — 2eac? + eabd — eabd 4 €b*c — €b)
1
+§(adb7 —b%cr + ebr — b3 + 2b%d — ab®ed — eb?c
+abc® — 2ab*cd + a*c*d + eac?)

+(b%er — ac®r)
1
= 1(—b302 — 2a%c%d 4 2abc® + a*bd? + 2eb*c — 2eac® — €b

—2b3¢% 4+ 4b*d — 6ab®cd — 2eb’c + 2abc® + 2a%cPd + 2eac?
7(2adb — 2b%c — 2€b + 4eb + 4b%c — ac?))

1
= —(b(=3b*c* + dac® + a*d* + 4b3d — 6abed) — eb)

4
1

+T(§(adb —b%c — eb — ac® + 2b%c) + eb)

1
= Z(D —e)b+7(c1 + €b)

D—

= 7+ bler + e)
= Ta

Similar calculation can be done for —37 using all the information already given.

A.3  Proof of the bijection between C(Z?> ® Sym*Z?; D) and C(Col; ;; O)

As this is similar to the proofs of Theorem (3.13) and Theorem (3.15), we only give a sketch proof here,
pointing out the important formula that are needed. As usual let O = [1, 7] be positively oriented of
discriminant D. Then take (I, I2,I5) to be a representative of an element of C(Colil;(’)), and let
I = [a1,an] and I = [$1, B2] be correctly oriented basis, in particular I; has to be positively oriented.
Then we have the following six equations

Oéi/jf = 0t Q0T
a;ifif2 = cia+aaT
aif; = cio+aiaT (A1)

for some ¢; j,a;; € Z. Then we claim that the map sending the equivalence class of (11,13, 12) to
the equivalence class of P = ((a1,0,2a1,1,012), (a2,0,2a2,1,a22)) = (a1,02% + 2a1 12y + a1 2y%, az,0x* +
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2a2,1xy+a2’2y2) is the bijection we require. We can see that if we change the basis of I1 by v € SLy(Z)
(as it needs to keep the correct orientation), then we change P by «y x id, while if we change the basis
of I by v € SLy(Z) then we change P by id x~. Furthermore if we change to another set of equivalent
triple, then we still map to P. So this map is well defined.

We show that P has discriminant D, by using the same process as before and showing that the
equations (A.1) gives rise to the equality Disc(P) = N(I;)2N(I3)*Disc(O). But since Iy, I, Irare
collinear, we have N(I;)N(I3)? = 1.

We show that the map is injective and surjective by showing that every P is map unto by exactly
one equivalence class of C(Colil;(’)). To this end fix P = ((a1,0,2a1,1,01,2), (a2,0, 2021, G2,2)) and
consider equations (A.1). As usual we show that all the indeterminate c; ;,o; and §; are determined
by a; ;. We start by finding ¢; ; in terms of a; ;. Since we are in a commutative ring, the following
5 equations holds («;3162)? = (;8?)(c133) and (a1 3162)(eB1B) = (187)(2f3) = (2f?)(a133).
Expanding them using equations (A.1), recalling that 72 = e + 1< and equating coefficients of 7
and 1 we have a total of 10 equations. Solving those 10 equations, using [Stein et al.(2012), SAGE],
give two solutions. But recalling that N(I1) > 0 we have the following unique solution:

1

o ./ . 2 2
¢o = (l - Z)[ai71ai/,0 — a;001,1021 + 5(%’70@1’/,2 — @;201,002,0 — ai,OE)]
g
([C B— (l - 1)5[ i,101,002,2 + Q,102,001,2 — 201’,0%/,1&1,2 - ai,lf]
_ g N2 Loy
ciz = (I —ilajar2 — aipa1,102,1 + (a7 20,0 — 45,001,202,2 — 3 2€))]

As before we notice that the ration g; : 52 is determined by the ratio ¢; o + a; 07 : ¢;1 +a;,17, and
so the Z-modules are determined up to scalars in K. We finally check that these two Z-modules are
fractional ideals of O by checking they are closed under multiplication by 7. Once again we can show
that:

a1,062,2 + a2,001,2 — 2a1,102,1 + €

2
aT = 9 o] + (al,l — al,oal,g)ag
_ 9 a1,002,2 + G2,001,2 — 2a1,1a2,1 — €
—apT = (az; —azoaz2)on + 5 Qs
Q10022 —a12020 +€
it = 5 a1 + (az,061,1 — a1,0a2,1)02
_ a1,002,2 — 1,202, 0 — €
—for = (azpa12 —ai1a22)0n + o

2

To show that invertible ideals maps to primitive pairs of binary quadratic forms, we use the group
homomorphism (11, Iz, I3) — (I1, Iz, I2) between C’(Colil;O) and C(Col‘il’l;(’)), and the fact that
primitive pairs of binary quadratic forms correspond to primitive cubes. This finish the sketch proof
that there is a bijection between C(Z? ® Sym?® Z?; D) and C(Colil; 0)
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