CONTROL OF A-ADIC MORDELL-WEIL GROUPS

HARUZO HIDA

To John Coates

ABSTRACT. The (pro) A-MW group is a projective limit of Mordell-Weil groups over a number
field k (made out of modular Jacobians) with an action of the Iwasawa algebra and the “big”
Hecke algebra. We prove a control theorem of the ordinary part of the A-MW groups under mild
assumptions. We have proven a similar control theorem for the dual completed inductive limit in
[H15].

1. INTRODUCTION

Fix a prime p. This article concerns weight 2 cusp forms of level Np” for » > 0 and p 4 N, and
for small primes p = 2,3, they exists only when N > 2; thus, we may assume Np" > 4. Then
the open curve Y;(Np") (obtained from X;(Np") removing all cusps) gives the fine smooth moduli
scheme classifying elliptic curves E' with an embedding pn,» — E. We applied in [H86b] and [H14]
the techniques of U(p)-isomorphisms to Barsotti-Tate groups of modular Jacobian varieties of high
p-power level (with the fixed prime-to-p level N). In this article, we apply the same techniques of
U (p)-isomorphisms to the projective limit of Mordell-Weil groups of the Jacobians and see what we
can say (see Section 3 for U(p)-isomorphisms). We study the (inductive limit of) Tate—Shafarevich
groups of the Jacobians in another article [H16].

Let X, = X1(Np"),q be the compactified moduli of the classification problem of pairs (E,¢)
of an elliptic curve E and an embedding ¢ : pn,r < E[Np"]. Write J, /g for the Jacobian whose
origin is given by the infinity cusp co € X,.(Q) of X,. For a number field k, we consider the group
of k-rational points J,(k). Put jr(k) = lim_J, (k)/p"J. (k) (as a compact p-profinite module). The
Albanese functoriality of Jacobians (twisted by the Weil involutions) gives rise to a projective system
{J,(k)}, compatible with Hecke operators (see Section 6 for details of twisting), and we have

oo (k) = lim J, (k)

equipped with the pArojective limit compact topology. By Picard functorialitX, we have an injective
limit Joo (k) = lim Jr-(k) (with the injective limit of the compact topology of J;.(k)) and J[p™] o =
HA’IT Jr[p™] /@ (the injective limit of the p-divisible Barsotti-Tate group). We define

Joo (k) = lim Joo (k) /p" oo (k).

An fppf sheaf F (over Spec(k)) is a presheaf functor from the fppf site over Spec(k) to the category of
abelian groups satisfying the sheaf condition for an fppf covering {U;} of T}y, that is, the exactness
of

Resy. /1 Res i . —Res i3/U;
(L) 0 = F(T) —25 [[ F(0) —22 2 T F (),
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where Resy /v indicates the restriction map relative to U — V and Uy; := U; X7 U;. Since the
category of fppf sheaves over Q (e.g., [EAI, §4.3.7]) is an abelian category (cf. [ECH, I1.2.15]), if
we apply a left exact functor (of the category of abelian groups into itself) to the value of a sheaf,
it preserves the sheaf condition given by the left exactness (L). Thus projective limits and injective
limits exist inside the category of fppf sheaves. We may thus regard

R Joo(R) :=1im(J,(R) ®2 Z,) and R Joo(R)

T

as fppf sheaves over the fppf site over Q for an fppf extension R/, though we do not use this fact
much (as we compute Joo (k) as a limit of J,(k) not using sheaf properties of Ju.). If one extends
js to the ind-category of fppf extensions, we no longer have projective limit expression. We have
given detailed description of the value fs(R) in [H15, §2] and we will give a brief outline of this in
Section 2 in the text. We can think of the sheaf endomorphism algebra End(J/g) (in which we
have Hecke operators T'(n) and U(l) for [|Np).

The Hecke operator U(p) acts on J,.(k), and the p-adic limit e = lim,, o U(p)™ is well defined
on J.(k). As is well known (cf. [H86b] and [099]; see an exposition on this in Section 6), T'(n),
U(l) and diamond operators are endomorphisms of the injective (resp. projective) systems {Js(k)}s
(resp. {fs(k)}s) The projective system comes from w-twisted Albanese functoriality for the Weil
involution w (as we need to twist in order to make the system compatible with U(p); see Section 6
for the twisting). The image of e is called the ordinary part. We attach as the superscript or the
subscript “ord” to indicate the ordinary part. Since these Zj,-modules have natural action of the
Iwasawa algebra A through diamond operators, we call in particular the group joo(k)ord the pro
A-MW group (“MW” stands for Mordell-Weil). We define the A-BT group G,g by the ordinary
part Jso [p”]?&i of Jo[p™] /@ whose detailed study is made in [H14, §4]. Though in [H14], we made
an assumption that p > 5, as for the results over Q in [H14, §4], they are valid without any change
for p = 2,3 as verified in [GK13] for p = 2 (and the prime p = 3 can be treated in the same
manner as in [H86a] or [H14, §4]). Thus we use control result over Q of G in this paper without
assuming p > 5. Its Tate module T'G := Homyz, (A", ) is a continuous A[Gal(Q/Q)]-module under
the profinite topology, where M"Y = Homg, (M, Q,/Z,) (Pontryagin dual) for Z,-modules M. We
define the big Hecke algebra h = h(NN) to be the A-subalgebra of Ends(7TG) generated by Hecke
operators T(n) (n = 1,2,...). Then Jao (k)¢ and Jo (k)™ are naturally continuous h-modules.
Take a connected component Spec(T) of Spec(h) and define the direct factors

Jo(k)9 = T, (k)" @n T (s =1,2,...,00) and TGr:=TG @, T

of joo(k)"rd and T'G, respectively. In this introduction, for simplicity, we assume that the component
T cuts out Jao (k)9rd from Joo (k)°d a part with potentially good reduction modulo p (meaning that
Gr[y?" —1] extends to A-BT group over Zyp[pps]). This is to avoid technicality coming from potentially
multiplicative reduction of factors of Jg outside :];(k:)%rd.

The maximal torsion-free part T' of Z) (which is a p-profinite cyclic group) acts on these mod-
ules by the diamond operators. In other words, for modular curves X, and Xo(Np"), we identify
Gal(X,/Xo(Np")) with (Z/Np"Z)*, and T acts on J, through its image in Gal(X,/Xo(Np")).
Therefore the Iwasawa algebra A = Z,[[I']] = lim Z,[T'/T?"] acts on the pro A-MW group, the ind
A-MW group, the A-BT group and its Tate module. Then T'G is known to be free of finite rank
over A [H86b], [GK13] and [H14, §4]. A prime P € Spec(T)(Q,) is called arithmetic of weight 2 if P
factors through Spec(T @4 Z,[['/T?]) for some r > 0. Associated to P is a unique Hecke eigenform
of weight 2 on X;(Np") for some r > 0. Write Bp for the Shimura’s abelian quotient associated to
fp of the jacobian J,.. Let At be the set of all principal arithmetic points of Spec(T)(@p) of weight
2 and put Qp := {P € Ar|Bp has good reduction over Zy[pp]}. The word “principal” means, as
a prime ideal of T, it is generated by a single element, often written as «. In this article, we prove
control results for the pro A-MW group joo(k)ord and study the control of the ind A-MW-groups
Joo (k)™ in the twin paper [H15, Theorem 6.5]. Take a topological generator v = 1 4 p¢ of T, and
regard 7y as a group element of A = Z,[[I']], where e = 1 if p > 2 and ¢ = 2 if p = 2. We use this
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definition of e throughout the paper (and we assume that r > € if the exponent r — € shows up in a
formula). We fix a finite set S of places of Q containing all places v|Np and the archimedean place.
Here is a simplified statement of our finial result:

Theorem. If T is an integral domain, for almost all principal arithmetic prime P = () € Ar, we
have the following canonical exact sequence up to finite error of Hecke modules:

(1.1) 0 — Jo(k)r 2 T (k)p 225 B (k)r.

This theorem will be proven as Theorem 9.2. The exact sequence in the theorem is a Mordell-Weil
analogue of a result of Nekovar in [N06, 12.7.13.4] for Selmer groups and implies that jggd(k) is a
A-module of finite type. In the text, we prove a stronger result showing finiteness of Coker(p,) for
almost all principal arithmetic primes P if the ordinary part of Selmer group of Bp, is finite for one
principal arithmetic prime Py (see Theorem 10.1).

Put Joo (k)% = Homzp(joo(k:)ord,Zp). In [H15, Theorem 1.1], we proved the following exact
sequence:

joo(k);rd,P & joo(k):rd,P - AP(k);rd,P =0

for arithmetic P of weight 2, in addition to the finiteness of joo(k:);rd as a A-module. This sequence
is a localization at P of the natural one. The two sequences could be dual each other if we have a
A-adic version of the Néron—Tate height pairing.

Here is some notation for Hecke algebras used throughout the paper. Let

h(Z) =Z[T(n),U(l) : |Np, (n, Np) = 1] C End(J,.),

and put h,(R) = h,(Z) ®z R for any commutative ring R. Then we define h, = e(h,(Z,)). The
restriction morphism hs(Z) > h +— h|;. € h.(Z) for s > r induces a projective system {h, }, whose
limit gives rise to a big ordinary Hecke algebra

h=h(N) == limh,.

Writing (1) (the diamond operator) for the action of [ € (Z/Np"Z)* = Gal(X,/Xo(Np")), we have
an identity (l) = T(1)> — T(I*) € h.(Z,) for all primes [ { Np. Thus we have a canonical A-
algebra structure A = Zp[[I']] — h. It is now well known that h is a free of finite rank over A
and h, = h@x A/(7?" " — 1) (cf. [H86a]). Though the construction of the big Hecke algebra is
intrinsic, to relate an algebra homomorphism A : h — @p killing v*" — 1 for r > 0 to a classical

Hecke eigenform, we need to fix (once and for all) an embedding Q N @p of the algebraic closure
Q in C into a fixed algebraic closure @p of Q,. We write i, for the inclusion QccC.

The following two sections Sections 3 and 4 (after a description of sheaves associated to abelian
varieties) about U(p)-isomorphisms are an expanded version of a conference talk at CRM (see
http://www.crm.umontreal.ca/Representations05/indexen.html) in September of 2005 which
was not posted in the author’s web page, though the lecture notes of the two lectures [H05] at
CRM earlier than the conference have been posted. While converting [HO5] into a research article
[H14], the author found an application to Mordell-Weil groups of modular Jacobians. The author is
grateful for CRM’s invitation to speak. The author would like to thank the referee of this paper for
careful reading (and the proof of (10.4) in the old version is incomplete as was pointed out by the
referee). Heuristically, as explained just after Theorem 10.1, this point does not cause much trouble
as we are dealing with the standard tower for which the root number for members of the family is
not equal to —1 for most arithmetic point; so, presumably, the Mordell Weil group of Bp is finite
for most P.

CONTENTS

[a—y

1. Introduction
2. Sheaves associated to abelian varieties
3. U(p)-isomorphisms for group cohomology 7

W



CONTROL OF A-ADIC MORDELL-WEIL GROUPS 4

4. U(p)-isomorphisms for arithmetic cohomology 8
5. Control of A-MW groups as fppf sheaves 13
6. Sheaves associated to modular Jacobians 15
7. Abelian factors of modular Jacobians 19
8.  Mordell-Weil groups of modular abelian factors 21
9. Control theorems with an error term 22
10. Control theorem for a number field 24
11. Local error term 25
References 28

2. SHEAVES ASSOCIATED TO ABELIAN VARIETIES

Here is a general fact proven in [H15, §2] about sheaves associated to abelian varieties. Let
00— A— B — C — 0 be an exact sequence of algebraic groups proper over a field k. The field k
is either a number field or a finite extension of the l-adic field Q; for a prime [. We assume that B
and C are abelian varieties. However A can be an extension of an abelian variety by a finite (étale)
group.

If k£ is a number field, let S be a set of places including all archimedean places of k such that all
members of the above exact sequence have good reduction outside S. We use the symbol K for k%
(the maximal extension unramified outside S) if k is a number field and for k (an algebraic closure
of k) if k is a finite extension of Q;. A general field extension of k is denoted by k. We consider
the étale topology, the smooth topology and the fppf topology on the small site over Spec(k). Here
under the smooth topology, covering families are made of faithfully flat smooth morphisms.

For the moment, assume that k is a number field. In this case, for an extension X of abelian
variety defined over k by a finite étale group scheme, we define X (k) := X(k) ®z Z, for an fppf
extension x over k. By Mordell-Weil theorem (and its extension to fields of finite type over Q;
c.g., [RTP, IV]), we have X (k) = @nX(m)/p”X(ﬁ) if  is a field extension of k of finite type.

We may regard the sequence 0 — A — B — C — 0 as an exact sequence of fppf abelian sheaves
over k (or over any subring of k over which B and C' extends to abelian schemes). Since we find a
complementary abelian subvariety C’ of B such that C” is isogenous to C' and B = A+ C’ with finite
ANC’', adding the primes dividing the order |A N C’| to S, the intersection AN C’ = Ker(C' — C)
extends to an étale finite group scheme outside S; so, C'(K) — C(K) is surjective. Thus we have
an exact sequence of Gal(K/k)-modules

0— A(K) = B(K) = C(K) —0.
Note that E(K) = AK)®z Zy = Up E(F) for F' running over all finite extensions of & inside K.
Then we have an exact sequence
(2.1) 0 — A(K) = B(K) = C(K) — 0.

Now assume that k is a finite extension of ;. Again we use F' to denote a finite field extension of

k. Then A(F) = O%mA g A for a finite group Ap for the l-adic integer ring O of F' (by [M55] or
[T66]). Thus if I # p, A(F) := lim A(F)/p"A(F) = Ap ®7 Z, = A[p>®](F). Recall K = k. Then
A(K) = A[p™|(K) (for A[p>] = lim A[p"] with A[p"] = Ker(p" : A — A)); so, defining A, B and
C by A[p*>], B[p>] and C[p] as fppf abelian sheaves, we again have the exact sequence (2.1) of
Gal(k/k)-modules:

0— A(K) — B(K) - C(K) = 0
and an exact sequence of fppf abelian sheaves

0A—B—-C—0

whose value at a finite field extension x/Q; coincides with X (k) = @nX(n)/p”X(n) for X =
A, B,C.
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Suppose | = p. For any module M, we define M () by the maximal prime-to-p torsion submodule
of M. For X = A,B,C and an fppf extension Rz, the sheaf R — X®)(R) = li%mMNX[N](R)

is an fppf abelian sheaf. Then we define the fppf abelian sheaf X by the sheaf quotient X/X ®)
Since X(F) = OfmX ¢ X[p>](F) ® X#)(F) for a finite field extension F/;, over the étale site
on k, X is the sheaf associated to a presheaf R O¢mX @ X[p>](R). If X has semi-stable
reduction over O, we have X(F) = X°(Op) + X[p™®](F) C X(F) for the formal group X° of the
identity connected component of the Néron model of X over Op [T66]. Since X becomes semi-
stable over a finite Galois extension Fy/k, in general )?(F) = HY%Gal(FyF/F), X (Fy F )) for any

finite extension Fx (or more generally for each finite étale extension Fy); so, F' X (F) is a
sheaf over the étale site on k. Thus by [ECH, IL.1.5], the sheaﬁcation coincides over the étale site

with the presheaf F' — Hm X(F)/p"X(F). Thus we conclude X = lim X(F)/p"X(F) for any

étale finite extensions F'/;,. Moreover X(K) = Uk, r/k )/(\'(F) Applymg the snake lemma to the
commutative diagram with exact rows (in the category of fppf abelian sheaves):

AP = o Bl = o)

] gl ]
A — B —— C,
N N

the cokernel sequence gives rise to an exact sequence of fppf abelian sheaves over k:
03A—B—=C—=0
and an exact sequence of Gal(k/k)-modules
0 — A(K) — B(K) - C(K) — 0.

In this way, we extended the sheaves A B C to fppf abelian sheaves keeping the exact sequence
A < B —» C intact. However note that our way of defining X for X = A, B, C depends on the base
field k = Q,Q,, Q. Here is a summary for fppf algebras R j:

R X(R) ®z Zy if [k: Q] < oo,
(S) X(R) = { X[p>](R) if [k : Qi) < oo (I #p),
(X/X®P)(R) as a sheaf quotient if [k : Q,] < oo.

Here is a sufficient condition when X (k) is given by the projective limit: m X (k)/p"X (k) for
X=ABorC:
(2.2)
[k : Q] < oo and & is a field of finite type over k

)/(\'(n) Jim X ( )/p”X( ) if < [k: Q] < oo with [ # p and k is a field of finite type over k
" [k : Qp] < 0o and « is a finite algebraic extension over k.

A slightly weaker sufficient condition for X (k) = Jim X (k)/p"X (k) is proven in [H15, Lemma 2.1].

For a sheaf X under the topology ?, we write Hg (X) for the cohomology group H3 (Spec(k), X) un-
der the topology ?. If we have no subscript, H!(X) means the Galois cohomology H*(Gal(K/k), X)
for the Gal(K/k)-module X. For any Z,-module M, we put T,M = l£1n M[p"] = Homgz, (Qp/Zy, M).

The following fact is essentially proven in [H15, Lemma 2.2] (where it was proven for finite S but
the same proof works for infinite S as is obvious from the fact that it works under fppf topology):

Lemma 2.1. Let X be an extension of an abelian variety over k by a finite étale group scheme of
order prime to p. Then, we have a canonical injection

lim X (k) /5" X (K) < lim H' (X [p"]).

n
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Similarly, for any fppf or smooth extension k/k of finite type which is an integral domain, we have
an injection

lim X (%)/p" X (k) < lim H} (Spec(x), X [p")

n n

for 7 = fppf or sm according as k/k is an fppf extension or a smooth extension of finite type. For
Galois cohomology, we have an exact sequence for j =0,1:

0 — lim Y (X (k))/p"HY (X (k) — lim HIHH(X[p"]) — T, HI(X).

The natural map: lim HIPY (X [p"]) & T,H' (X)) is surjective if either j = 0 or k is local or S is
finite. In particular, HY (T, X) for T,X = Hm X|[p"] is equal to lim HY(X[p"]), and

0— X(k) = HY(T,X) = T,H'(X)[p"] = 0
18 exact.

We shall give a detailed proof of the surjectivity of = for Galois cohomology (which we will use)
along with a sketch of the proof of the exactness.

Proof. By p-divisibility, we have the sheaf exact sequence under the étale topology over Spec(k)

O%X[pn]%XLX%O.

This implies, we have an exact sequence
0= X[p")(K) = X(K) 25 X(K) = 0.

By the long exact sequence associated to this sequence, for a finite intermediate extension K/x/k,
we have exactness of

(%) 0 — HY(X(k)/p"H (X (k) = HH(X[p"]) = HITH(X)[p"] — 0.
Passing to the limit (with respect to n), we have the exactness of

0 — lim H7(X (x))/p"H’ (X (r)) — HTY(T,X) — T,H(X).

as Jim HITY X [p"]) = Hj+1(¥iinn X[p")) = H/(T,X) for j = 0,1 without assumption if j = 0 and
assuming S is finite if j = 1 (because of finiteness of X [p"](K) and p-divisibility of X; e.g., [CNF,
Corollary 2.7.6] and [H16, Lemma 7.1 (2)]).

Assume k = k. If k is local or S is finite, by Tate duality, all the terms of (x) is finite; so, the
surjectivity of (%) is kept after passing to the limit. If j = 0 and x = k, X (k)/p" X (k) is a finite
module; so, the sequences (k) satisfied Mittag—Leffler condition. Thus again the surjectivity of (x)
is kept after passing to the limit. O

-~

For finite S, the following module structure of H!(A) is well known (see [ADT, Corollary 1.4.15]
or [H15, Lemma 2.3]):

Lemma 2.2. Let k be a finite extension of Q or Q; for a prime l. Suppose that S is finite if k is a
finite extension of Q. Let Ay, be an abelian variety. Then H(A) ®z Z, = H'(A) is isomorphic to
the discrete module (Q,/Z,)" & A for a finite r > 0 and a finite p-torsion group A.

Hereafter we assume that S is a finite set unless otherwise indicated.
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3. U(p)-ISOMORPHISMS FOR GROUP COHOMOLOGY

For Z[U]-modules X and Y, we call a Z[U]-linear map f : X — Y a U-injection (resp. a U-
surjection) if Ker(f) is killed by a power of U (resp. Coker(f) is killed by a power of U). If f is
an U-injection and U-surjection, we call f is a U-isomorphism. If X — Y is a U-isomorphism, we
write X 2y Y. In terms of U-isomorphisms (for U = U(p), U*(p), we describe briefly the facts we
need in this article (and in later sections, we fill in more details in terms of the ordinary projector
e and the co-ordinary projector e* := lim,, o, U*(p)™).

Let N be a positive integer prime to p. We consider the (open) modular curve Y1 (Np") g which
classifies elliptic curves E with an embedding ¢ : p,r — E[p"] = Ker(p” : E — E) of finite flat
groups. Let R; = Zy[upi] and K; = Q[upi]. For a valuation subring or a subfield R of K., over
Z(py with quotient field K, we write X,/ for the normalization of the j-line P(j),z in the function
field of Y1 (Np") k. The group z € (Z/p"Z)* acts on X, by ¢ — ¢oz, as Aut(unyr) = (Z/Np"Z)*.
Thus T' = 1+ p°Z, = 7% acts on X, (and its Jacobian) through its image in (Z/Np"Z)*. Hereafter
we take U = U(p), U*(p) for the Hecke—Atkin operator U (p).

Let J./ g = Picg(T/R be the connected component of the Picard scheme. We state a result com-
paring J,.,r and the Néron model of J,/x over R. Thus we assume that R is a valuation ring. By
[AME, 5.5.1, 13.5.6, 13.11.4], X, /R is regular; the reduction X, ® g IF;, is a union of irreducible com-
ponents, and the component containing the oo cusp has geometric multiplicity 1. Then by [NMD,
Theorem 9.5.4], J,/ g gives the identity connected component of the Néron model of the Jacobian of
X,/g- In this paper, we do not use these fine integral structure of X, ,p but work with X, . We
just wanted to note these facts for possible use in our future articles.

We write X? /R for the normalization of the j-line of the canonical Q-curve associated to the
modular curve for the congruence subgroup I'; = I'y (Np") N Ty(p®) for 0 < r < s. We denote
Picg(sr/R by J;"/ g+ Similarly, as above, J;"/  is the connected component of the Néron model of X[ /K

Note that, for oy, = (¢ p(?n )

(81) P, TNy = {(§,% ) o mod p*"} = Ty (NP )\LL(ND s, Ty (ND).

Write UZ(p*~") : Jj/R — Jyyg for the Hecke operator of I'ja,_.I'1(Np"). Strictly speaking, the
Hecke operator induces a morphism of the generic fiber of the Jacobians and then extends to their
connected components of the Néron models by the functoriality of the model (or by Picard functori-
ality). Then we have the following commutative diagram from the above identity, first over C, then
over K and by Picard functoriality over R:

Jr/R AN JsT/R
(3.2) lu o L
Jyr T Tgs
where the middle ' is given by UZ(p*~") and u and u” are U(p*~"). Thus
(ul) 7 : Joyr — J{ g is a U(p)-isomorphism (for the projection 7 : X — X.).

Taking the dual U*(p) of U(p) with respect to the Rosati involution associated to the canonical
polarization of the Jacobians, we have a dual version of the above diagram for s > r > 0:

Joyr Tl
(3.3) tus St

Jop J7 -

Here the superscript “x” indicates the Rosati involution of the canonical divisor of the Jacobians,
and u* = U*(p)*~" for the level I';(Np") and u”" = U*(p)*~" for I'". Note that these morphisms
come from the following coset decomposition, for 3, := (p: (1)) T (Np),

(34) TS Tap) = { ()7 ¢) [a mod p™" | = T3 (Np )\ (ND' ) Ta (V).

From this, we get
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(u*l) 7t Jpyp — J:/R is a U*(p)-isomorphism, where 7, is the dual of 7*.

In particular, if we take the ordinary and the co-ordinary projector e = lim, o, U(p)™ and
e* = lim, 0o U*(p)™ on J[p™] for J = Jr/rs Js /R J;“/R, noting U(p™) = U(p)™, we have
* or 00l ~ grord[ oo . gr,co-ord| ool Av FCO-Or oo
™ (D ]2 IR ™) and 7. T ) = o p™]
where “ord” (resp. “co-ord”) indicates the image of the projector e (resp. e*). For simplicity, we
write G,/ = J;’;% *]/Rr, and we set G := @r G,.
Pick a congruence subgroup I' defining the modular curve X (C) = I'\($ U P1(Q)), and write
its Jacobian as J. We now identify J(C) with a subgroup of H*(I',T) (for the trivial T-module
T :=R/Z = {z € C* : |z] = 1} with trivial T-action). Since I'] >T'1(Np®), consider the finite

cyclic quotient group C' := By the inflation restriction sequence, we have the following

) ) . 'y (Np*)*
commutative diagram with exact rows:

HY(C,T) —— HYI?,T) —— Hl(Fl(Nps),T)Vprzl —— H?*(C,T)

09 ] 4 I I

? — J(C) — JLOPRKTT-1] @ —

T

Since C' is a finite cyclic group of order p*~" (with generator g) acting trivially on T, we have

HY(C,T) =Hom(C,T) = C and
H*C,T)=T/(1+g+-+g" H=T/p" "T=0.
By the same token, replacing T by T, := Q,/Z,, we get H*(C,T,) = 0. By a sheer computation

(cf. [H86b, Lemma 6.1]), we confirm that U(p) acts on H'(C,T) and H'(C,T,) via multiplication
by its degree p, and hence U(p)*~" kill H*(C, T) and H'(C,T,). We record what we have proven:

(3.6) U(p)*"(H'(C,T,)) = H*(C,T) = H*(C,T,) = 0.

This fact has been exploited by the author (for example, [H86b] and [H14]) to study the modular
Barsotti-Tate groups J,[p™].

4. U(p)-ISOMORPHISMS FOR ARITHMETIC COHOMOLOGY

To good extent, we reproduce the results and proofs in [H15, §3] as it is important in the sequel.
Let X — Y — S be proper morphisms of noetherian schemes. We now replace H(I', T) in the
above diagram (3.5) by

Higyoo(T, R f.G) = R' f.O%(T) = Picxys(T)

for S-scheme T and the structure morphism f : X — S, and do the same analysis as in Section 3
for arithmetic cohomology in place of group cohomology (via the moduli theory of Katz-Mazur and
Drinfeld; cf., [AME]). Write the morphisms as X © Y £ § with f = gox. Assume that 7 is finite
flat.

Suppose that f and g have compatible sections S 29y and S 2% X so that o s ¢ = 5g. Then
we get (e.g., [NMD, Section 8.1])

PICX/S(T) = Ker(s} : Hflppf(XT7 O;{) - Hflppf(Tv O’;))
Picy,s(T) = Ker(s) : Hiy 1 (Yr, 05, ) = Hiy (T, 05F))

for any S-scheme T', where s% : HY(Xr,O%, ) — HY(T,O7) and sy : H"(Yr,Oy; ) — H™(T,O7)
are morphisms induced by sy and s4, respectively. Here X7 = X xgT and Yr =Y xgT. We
suppose that the functors Picx,s and Picy,gs are representable by group schemes whose connected
components are smooth (for example, if X,Y are curves and S = Spec(k) for a field k; see [NMD,
Theorem 8.2.3 and Proposition 8.4.2]). We then put J, = Pic(?)/s (?=X,Y). Anyway we suppose
hereafter also that X,Y, S are varieties (in the sense of [ALG, IL.4]).

For an fppf covering U — Y and a presheaf P = Py on the fppf site over Y, we define via Cech
cohomology theory an fppf presheaf U — H?(U, P) denoted by H”(Py) (see [ECH, II1.2.2 (b)]). The
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inclusion functor from the category of fppf sheaves over Y into the category of fppf presheaves over
Y is left exact. The derived functor of this inclusion of an fppf sheaf F = Fy is denoted by H*(Fy)
(see [ECH, IIL.1.5 (c)]). Thus H*(G,, y)(U) = Hg, (U, Oy;) for a Y-scheme U as a presheaf (here
U varies in the small fppf site over V).

Instead of the Hochschild-Serre spectral sequence producing the top row of the diagram (3.5),
assuming that f, g and 7 are all faithfully flat of finite presentation, we use the spectral sequence
of Cech cohomology of the flat covering 7 : X — Y in the fppf site over Y [ECH, IIL.2.7]:

(4.1) H?(Xr [Yp, H (Gyy)) = Hiyp(Yr, 05,) = H" (Y1, 05 )

for each S-scheme T'. Here F' — H{ (Y7, F) (resp. F'+— H"(Yr,F)) is the right derived functor

of the global section functor: F — F(Yr) from the category of fppf sheaves (resp. Zariski sheaves)
over Y to the category of abelian groups. The canonical isomorphism ¢ is the one given in [ECH,
I11.4.9].
By the sections s, we have a splitting H/(Xr, 0%, ) = Ker(s%) @H?(T, Or) and H™(Yr, Oy, ) =
Ker(s?) @ H™(T,05). Write HY, for H*(G,,/v;.) and H*(HY, ) for H*(Yp /X7, HY,). Since
Picx,s(T) = Ker(s} p : H' (X1, 0%,) = H(T,0F))
for the morphism f : X — S with a section [NMD, Proposition 8.1.4], from the spectral sequence

(4.1), we have the following commutative diagram with exact rows:

HY(HYy,) —— HY(T,07) ®Ker(sy ) —— H(SE H'(Gny)) —— H*(HY,)

1] 3] i T

(4.2) H'(HY,) ——  Picp ®Picys(T) ——  HO(XZ Piey(T)) —— H*(HY,)

I ‘] Jo I

7 — Picr @Jy (T) — Picr ®HO (32, Jx(T)) —— 7,

where we have written J, = Pic} /S (the identity connected component of Picy,g). Here the horizontal
exactness at the top two rows follows from the spectral sequence (4.1) (see [ECH, Appendix B]).

Take a correspondence U C Y xg Y given by two finite flat projections m,75 : U — Y of
constant degree (i.e., m; Oy is locally free of finite rank deg(m;) over Oy ). Consider the pullback
Ux C X xg X given by the Cartesian diagram:

UX:UXYXSy(XXSX) — X x5 X

| !

U — 2 3 Y xgY

Let m; x =7 xgm:Ux — X (j =1,2) be the projections.
q

Consider a new correspondence U;f) = Ux Xy Ux Xy --- Xy Ux, whose projections are the
iterated product

T x(a) = M5 X Xy Xy Tjx: U)(g) — X(q) (] = 172>.
Here is the first step to prove a result analogous to (3.6) for arithmetic cohomology.
Lemma 4.1. Let the notation and the assumption be as above. In particular, w : X — Y is a finite

flat morphism of geometrically reduced proper schemes over S = Spec(k) for a field k. Suppose that
X and Ux are proper schemes over a field k satisfying one of the following conditions:

(1) Ux is geometrically reduced, and for each geometrically connected component X° of X, its
pull back to Ux by ma, x is also connected; i.e., 7°(X) Tox, mO(Ux);
(2) (fom,x):Ovy = f:Ox.
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Ifmy : U — Y has constant degree deg(ms), then, for each q¢ > 0, the action ofU)((q) on HO(X (@), O)X((q))
factors through the multiplication by deg(me) = deg(ma,x).

This result is given as [H15, Lemma 3.1, Corollary 3.2].
To describe the correspondence action of U on H%(X,0%) in down-to-earth terms, let us first
recall the Cech cohomology: for a general S-scheme T,

. X7
+1 —1)
{(Cio,-..,iq)|cio,--.7iq € HO(Xéq )70;(<Tq+1>) and Hj(cio...ij...iqﬂ Opio.i.ij“.iqﬂ)( = 1}

{dbiy. iy = Hj(bio...ij...iq Opio...ij..iiq)(fl)j|bio...%j...iq € HO(X(Tq)aO}X((Tq))}

where we agree to put H° (X(TO)7 Og?;) = 0 as a convention,

q q
X =X xy X xy -+ xy X x5T,0

x(o = Ox Xoy Ox Xoy =+ %oy Ox %0507,

Aenti +2 +1
the ldentlty HJ (C opio_,,;j,,.iq+1 ...%j...iq+1 : X'l(—'q ) - X;q )

is the projection to the product of X the j-th factor removed. Since T' x7 T = T canonically, we
q

)(_1)j = 1 takes place in OX(Tq+2) and p;

have Xq(wq) = Xp X7 -+ Xp X7 by transitivity of fiber product.

Consider a € H°(X,Ox). Then we lift 7] ya = aom x € H*(Ux,Ouy). Put ay = 7} yo
Note that mo x .Ouy is locally free of rank d = deg(mz) over Ox, the multiplication by «y has its
characteristic polynomial P(T) of degree d with coefficients in Ox. We define the norm Ny (ay) to
be the constant term P(0). Since « is a global section, Ny () is a global section, as it is defined
everywhere locally. If a € H(X, 0%), Ny(ay) € H°(X,0%). Then define U(a) = Ny(ay), and
in this way, U acts on H°(X,0%).

For a degree ¢ Cech cohomology class [¢] € Hq(X/y,ﬂO(Gm/y)) with a Cech g-cocycle ¢ =
(Cio,....i,)s U([c]) is given by the cohomology class of the Cech cocycle U(c) = (Ulci,,....i,)), Where
Ulci,...,i,) is the image of the global section c;,... ;, under U. Indeed, (’/TiXCiO’.__,iq) plainly satisfies
the cocycle condition, and (Ny (7} x¢i.....i,)) is again a Cech cocycle as Ny is a multiplicative
homomorphism. By the same tokerf7 this operation sends coboundaries to coboundaries, and define
the action of U on the cohomology group. We get the following vanishing result (cf. (3.6)):

Proposition 4.2. Suppose that S = Spec(k) for a field k. Let m: X —'Y be a finite flat covering of
(constant) degree d of geometrically reduced proper varieties over k, and let Y LU BB Y be two

finite flat coverings (of constant degree) identifying the correspondence U with a closed subscheme
T X T

U <"YxgY. Writemj x : Ux = U xy X — X for the base-change to X. Suppose one of the
conditions (1) and (2) of Lemma 4.1 for (X,U). Then
(1) The correspondence U CY xgY sends qu(ﬁ%) into deg(m)(H(HY)) for all ¢ > 0.
(2) Ifd is a p-power and deg(my) is divisible by p, HI(HY) for ¢ > 0 is killed by UM if pM > d.
(3) The cohomology H(HY) with q > 0 is killed by d.

This follows from Lemma 4.1, because on each Cech g-cocycle (whose value is a global section of
iterated product Xéqﬂ)), the action of U is given by U@+ by (4.3). See [H15, Proposition 3.3]
for a detailed proof. We can apply the above proposition to (U, X,Y) = (U(p), Xs, X7) with U
given by U(p) C X x X! over Q. Indeed, U := U(p) C XI x X7 corresponds to X (I') given by
['=T1(Np") NTo(p**!) and Uy is given by X (I) for IV = I'1(Np*) N To(p*T1) both geometrically
irreducible curves. In this case m; is induced by z — % on the upper complex plane and 75 is the
natural projection of degree p. In this case, deg(X,/X?) = p*~" and deg(m2) = p.

An easy criterion to see 70(U) = 70(X (@) (which will not be used in this paper), we can offer
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Lemma 4.3. For a finite flat covering V.= X Ly of geometrically irreducible varieties over a
field k, if a fiber f om of a k-closed point y € Y of V is made of a single closed point v € V (k) (as
q

a topological space), then V@ =V xy Vxy - xy V and X9 are geometrically connected.

Proof. The g-fold tensor product of the stalks at v given by
q

O%, = Ov,y 0y, Ovp R0y, "+ @0y, Ov

is a local ring whose residue field is that of y. This fact holds true for the base change V., —
X i — Yy for any algebraic extension £’/k; so, V(@ and X(@ are geometrically connected O

Assume that a finite group G' acts on X,y faithfully. Then we have a natural morphism ¢ :
X x G — X xy X given by ¢(z,0) = (z,0(x)). In other words, we have a commutative diagram

(z,0)—0o(x)

X xG X

] l

X — Y,

which induces ¢ : X x G — X Xy X by the universality of the fiber product. Suppose that ¢ is
surjective; for example, if Y is a geometric quotient of X by G; see [GME, §1.8.3]). Under this
map, for any fppf abelian sheaf F, we have a natural map H°(X/Y,F) — H°(G, F(X)) sending
a Cech O-cocycle ¢ € H*(X, F) = F(X) (with pic = pic) to ¢ € H°(G, F(X)). Obviously, by the
surjectivity of ¢, the map H°(X/Y,F) — H°(G,F(X)) is an isomorphism (e.g., [ECH, Example
I11.2.6, page 100]). Thus we get

Lemma 4.4. Let the notation be as above, and suppose that ¢ is surjective. For any scheme T fppf
over S, we have a canonical isomorphism: H(X7 /Yy, F) = H°(G, F(Xr)).

We now assume S = Spec(k) for a field k£ and that X and Y are proper reduced connected curves.
Then we have from the diagram (4.2) with the exact middle two columns and exact horizontal rows:

0 — Z _ Z — 0

T degTonto degTonto T

) . b - . .
H'(HY) —— Picy;s(T) —— HO(FE,Picy,s(T)) —— H*(HY)

I ‘| [ I

7 —— KT —— HU$E,Jx(T) —— 7y

Thus we have ?; = H/(HY) (j = 1,2).

By Proposition 4.2, if ¢ > 0 and X/Y is of degree p-power and p| deg(ms), HI(HY) is a p-group,
killed by UM for M > 0. Taking (X,Y, U),s to be (XS/Q,XST/Q,U(p))/Q for s > r > 1, we get for
the projection 7 : X; — X7
Corollary 4.5. Let F' be a number field or a finite extension of Q; for a prime [. Then we have

(u) 7*: Jg/@
where Jgjo(F)/P" " — 1] =Ker(y?" " —1: Jy(F) = Jo(F)).

*

(F) — HY(X,/XT, Js/0(F)) © s/o(F)?" " — 1] is a U(p)-isomorphism,

€

Here the identity at () follows from Lemma 4.4. The kernel A — Ker(y?" " —1: J,(A) — Jo(A))
is an abelian fppf sheaf (as the category of abelian fppf sheaves is abelian and regarding a sheaf as a

presheaf is a left exact functor), and it is represented by the scheme theoretic kernel J, /@[7”%76 —1]
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r—e€ r—e€ T
of the endomorphism v# ~ —1 of J,/q. From the exact sequence 0 — Js[v* —1] — J, RN Js,
we get another exact sequence

r—e

0= Sy 1(F) = J(F) T—— J,(F).
Thus
Joo(F) —1] = Jyoh®  —1](F).
The above (u) combined with (ul) implies (u2) below:

€

(u2) 7 : Jyyg = Jsol? " — 1] =Ker(v?" " —1:Jy9 — Js/q) is a U(p)-isomorphism.

Actually we can reformulate these facts as

Lemma 4.6. Then we have morphisms

T

syl =1 = Ty and 05 Tlg = Jya/(P = 1))

satisfying the following commutative diagrams:

Ig I Jepeh? 1]
(4.4) du L’
Te == Juyeh? -1,

and

Do o Jye/0" = D)
(4.5) Tut S "
e < Jya/0" = 1DUsp),
where u and v are U(p*~") = U(p)*™" and u* and u"* are U*(p*~") = U*(p)*~". In particular,
= D@ (T) = JI(T) (resp.

JI(T) = J, [vP" " —1](T)) is a U*(p)-isomorphism (resp. U(p)-isomorphism,).

r—e

for an fppf extension T)q, the evaluated map at T: (Jg/0/(V?

Note here that the natural homomorphism:

(7 Mﬂum = (Joe/ (""" = D(Je))(T)

may have non-trivial kernel and cokernel which may not be killed by a power of U*(p). In other

words, the left-hand-side is an fppf presheaf (of T') and the right-hand-side is its sheafication. On

the other hand, T+ Jg[y?  —1](T) is already an fppf abelian sheaf; so, JI (T) LA JslvP —1)(T)
is a U(p)-isomorphism without ambiguity.

T—e T—e

Proof. We first prove the assertion for 7*. We note that the category of groups schemes fppf over
a base S is a full subcategory of the category of abelian fppf sheaves. We may regard JST/Q and

Js hprﬁ — 1] g as abelian fppf sheaves over Q in this proof. Since these sheaves are represented
by (reduced) algebraic groups over Q, we can check being U(p)-isomorphism by evaluating the
sheaf at a field k of characteristic 0 (e.g., [EAI, Lemma 4.18]). By Proposition 4.2 (2) applied to
X =X, =X xgkand Y = X7, (with S = Spec(k) and s > r),

K :=Ker(J7 ;g = Joglh? " —1])
is killed by U(p)*~" as d = p*" = deg(X,/X7). Thus we get

K CKer(U(p)™™ : g9 = J5/q)-

—€

Since the category of fppf abelian sheaves is an abelian category (because of the existence of the
sheafication functor from presheaves to sheaves under fppf topology described in [ECH, §I1.2]), the
above inclusion implies the existence of (7 with 7* o .7 = U(p)*~ " as a morphism of abelian fppf
sheaves. Since the category of group schemes fppf over a base S is a full subcategory of the category
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of abelian fppf sheaves, all morphisms appearing in the identity 7* o, = U(p)*~" are morphism of
group schemes. This proves the assertion for 7*.

Note that the second assertion is the dual of the first; so, it can be proven reversing all the arrows
and replacing J,[y*" " — 1], (resp. 7*, U(p)) by the quotient J,;/(v*" * — 1)J, as fppf abelian

—1)(Js) and JI are abelian schemes over Q, the quotient

r—e €

—1)(J,) is the dual of J,[y?" " — 1] and «* is the dual of /7. O

sheaves (resp. ., U*(p)). Since Js/(¥?
abelian scheme J/(+?

By the second diagram of the above lemma, we get

(u*) Jo/ (2P
As a summary, we have

r—e

—1)(Js) o == Ji)g is a U”(p)-isomorphism of abelian fppf sheaves.

Corollary 4.7. Then the morphism m: Xg — X! induces an isogeny

Tot /(P = 1D)(Js)jg = Tig

whose kernel is killed by a sufficiently large power of U*(p), and the pull-back map ©* induces an

isogeny 7 : J[y?" " —1] — J7 whose kernel is killed by a high power of U(p). Moreover, for a finite
—1)(F) — JI(F) is

r—e

extension F of Q or Q; (for a prime l not necessarily equal to p), ©* : Js[?
a U(p)-isomorphism.

Proof. Let C' C Aut(X,) be the cyclic group generated by the action of 4*" . Then XS/@/XST/@ is
an étale covering with Galois group C' (even unramified at cusps). Thus Lie(J]) = H (X[, Oxr) =
Ho(C,HY(X;,0x,)) = Ho(C, Lie(Js)). This shows that 7, is an isogeny over Q and hence over Q,
which is a U*(p)-isomorphism by Lemma 4.6. By taking dual, 7* is also an isogeny, which is a U(p)-
isomorphism even after evaluating the fppf sheaves at F' by Lemma 4.6 and the remark following
the lemma. This proves the corollary. ]

Then we get

r—e

(w2) Jo/ (7

We can prove (u*2) in a more elementary way. We describe the easier proof. Identify Js(C) =
H'(X,, T) whose Pontryagin dual is given by H;(X,,Z). If k = Q, we have the Pontryagin dual
version of (u2):

—1)(Js) /@ = Jrjq is a U*(p)-isomorphism of abelian fppf sheaves.

(4.6) Hi(X,,Z) <= H|(X,,Z)/(77 " = 1)(H1(X,,Z)) is a U*(p)-isomorphism.
Since J;,o(C) =2 Hy(Xs,R)/H1(Xs,Z) as Lie groups, we get

r

(4.7) J(C) &= Jo(C) /(" = 1)(J5(CT)) is a U*(p)-isomorphism.

This implies (u*2). By (4.7), writing Q for the algebraic closure of Q in C and taking algebraic
points, we get

48) Q) < (/0 = DI)NQ) = J(@Q)/ ("

Remark 4.8. The U(p)-isomorphisms of Jacobians do not kill the part associated to finite slope
Hecke eigenforms. Thus the above information includes not just the information of p-ordinary forms
but also those of finite slope Hecke eigenforms.

r—

" —1)(J4(Q)) is a U*(p)-isomorphism.

5. CONTROL OF A-MW GROUPS AS FPPF SHEAVES

Let k be either a number field in Q or a finite extension of Q; in @, for a prime [. Write Oy (resp.
W) for the (resp. l-adic) integer ring of k if k is a number field (resp. a finite extension of Q). For
an abelian variety A/, we have A(k) := l'glA(/s)/p"A(n) for a finite field extension k/k as in (2.2).
A down-to-earth description of the value of A\(n) is given by (S) just above (2.2).

We study J.(k) equipped with the topology Ji(k) induced from k (so, it is discrete if k is a
number field and is /-adic if k is a finite extension of Q;). The p-adic limits e = lim,, o, U(p)™ and
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e* = lim, 0o U*(p)™ are well defined on JA}(k) The Albanese functoriality gives rise to a projective
system {Js(k), 75 r}s for the covering map ms, : Xs = X, (s > ), and we have

Joo(k) = lim J,(k) (with projective limit of p-profinite compact topology)

on which the co-ordinary projector e* = lim,_,o, U*(p)™ acts. As before, adding superscript or
subscript “ord” (resp. “co-ord”), we indicate the image of e (resp. €*) depending on the situation.

We study mainly in this paper the control theorems of the w-twisted version Jo(k)°*d (which
we introduce in Section 6) of Juo (k)" under the action of I' and Hecke operators, and we have
studied J'4(k) in [H15] in a similar way. Here the word “w-twisting” means modifying the transition
maps by the Weil involution at each step. As fppf sheaves, we have an isomorphism 7 : joo(k)ord o~
Joo (k)0 but i o T(n) = T*(n) oi for all n. Hereafter, unless otherwise mentioned, once our fppf
abelian sheaf is evaluated at k, all morphisms are continuous with respect to the topology defined
above (and we do not mention continuity often).

From (ul), we get

(5.1) Jr(k) AN J7 (k) is a U(p)-isomorphism (for the projection 7 : X — X,.).
The dual version (following from (u*1)) is
(5.2) J (k) = J,.(k) is a U*(p)-isomorphism, where T, is the dual of 7*.
From (5.1) and (5.2), we get
Lemma 5.1. For a field k as above, we have

_ j;«(k,)co-ord ~ jr(k)co-ord and 7 - jr(k>ord ~ jsr(k)ord
for all 0 < r < s with the projection m: X! — X,.

From Corollary 4.7 (or Lemma 4.6 combined with (u*2) and (u2)), for any field k, we get

(T) 7*: J.(k) = Js[y?" " = 1](k) is a U(p)-isomorphism, and obviously, 7* : .J, — J,[y?
is a U(p)-isomorphism of abelian fppf sheaves.
(P) 7y : Jp = Jo /(47"

Note that (P) does not mean that

r—e

—1]

—1)J, is a U*(p)-isomorphism of fppf abelian sheaves.
(k)
(7" =) (s (k)
— 1)J, and the corresponding presheaf quotient could be different).

— j;(lc) is a U*(p)-isomorphism (as the sheaf

—€

quotient J,/(v?"
We now claim

Lemma 5.2. For integers 0 < r < s, we have isomorphisms of fppf abelian sheaves

—

T,
(’ypre _ 1)J5

T j\:rd ~ :];[,Y;DT7€ _ 1]ord and T, : ( )co—ord ) j\fo—ord.

r—e

— 1]o*YT) for any fppf

: tern ] : Js (T)eo°md 7 -ord
extension 77, but the morphism induced by the second one: R A — Jn(T)cod may

The first isomorphism 7* induces an isomorphism: f;’rd(T) &= js[’yp

not be an isomorphism.

Proof. By (I) above, Jo*4 2 A°rd for the abelian variety A = J,[y*" ~ — 1] and A4 as in (S) above
(2.2). We consider the following exact sequence

0—A—J, Lﬂ»].

This produces another exact sequence 0 — A J —> JS, so, we get A J [’yp - 1]. Taking

ordinary part and combining with the identity: J? jord o Aord, we conclude Jord = J hp - 1]ord,
This holds true after evaluation at T as the presheaf-kernel of a sheaf morphism is still a sheaf. The

second assertion is the dual of the first. O

Passing to the limit, Lemmas 5.1 and 5.2 tells us
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Theorem 5.3. Let k be either a number field or a finite extension of Q;. Then we have isomorphisms
of fopf abelian sheaves over k:

@) b=
(b) (Joo/('ypr < 1)(Joo))co-ord ~ Jﬁo'ord
J. e 7 - co-ord
where we put Joo /(177" = 1)(Joo)) 0" 1= Wm T /(v = 1)(Js) as an fppf sheaf.

Proof. The assertion (b) is just the projective limit of the corresponding statement in Lemma 5.2.
We prove (a). Since injective limit always preserves exact sequences, we have

0 — jr(k)ord - hg:fs(k)ord u) hg:fs(k)ord
is exact, showing (a). O

See [H15, Proposition 6.4] for a control result similar to (a) for Jo9,

Remark 5.4. As is clear from the warning after (P), the isomorphism (b) does not mean that

~ co-ord
. JS(T) T co-ord
lim —~ J (T
?{wp”—ws(n)} o

for each fppf extension Ty, is an isomorphism. The kernel and the cokernel of this map will be
studied in Section 9.

6. SHEAVES ASSOCIATED TO MODULAR JACOBIANS

We fix an element ¢ € Z,(1) = @n ppn (Q); so, ¢ is a coherent sequence of generators (pn

of pn(Q) (ie., :g"“ = (pn). We also fix a generator (nx of un(Q), and put {npr = (NGpr.
Identify the étale group scheme Z/anZ/Q[gN,Cpn] with pnpn by sending m € Z to (y,n. Then
for a couple (E,¢npr : pnpr — E) i over a Q[u,r|-algebra K, let ¢* : E[Np"] — Z/Np"Z be
the Cartier dual of ¢npr. Then ¢* induces E[Np"]/Im(¢npr) = Z/Np"Z. Define ¢ : Z/p"Z =
(E/Im(¢npr))[Np] by the inverse of ¢*. Then we define onpr @ pnpr < E/Im(dnpr) by @npr
pnpr = Z/Np'Z = (E/Im(¢pnpr])[p"] € E/Im(¢npr). This induces an automorphism w, of X,
defined over Q[unpr], which in turn induces an automorphism w, of J, /Q[prr])- We have the
following well known commutative diagram (e.g., [MFM, Section 4.6]):

J. T(n)

w1 we |1

Jp —— J,.
T*(n)

Let P € Spec(h)(Q,) be an arithmetic point of weight 2. Then we have a p-stabilized Hecke
eigenform form fp associated to P; i.e., fp|T(n) = P(T(n))fp for all n. Then f} = w,(fp) is the
dual common eigenform of T*(n). If fp is new at every prime I|pN, f} is a constant multiple of the
complex conjugate f§ of fp (but otherwise, it is different).

We then define as described in (S) in Section 2 an fppf abelian sheaf X for any abelian variety
quotient or subgroup variety X of .J,/, over the fppf site over £ = Q and Q; (note here the explicit

value of J, depends on k as in (S)).

Pick an automorphism o € Gal(Q(unp)/Q) with (f,» = (R,r for z € (Z/Np"Z)*. Since w;
is defined with respect to (%,- = (Z,r, we find w? = (2) o w, = w; o0 (z)71 (see [MWS6, page
237] and [MW84, 2.5.6]). Here (z) is the image of z in (Z/Np"Z)* = Gal(X,/Xo(Np")). Let
Ts,prx : Js = Jy for s > r be the morphism induced by the covering map X, — X, through Albanese
functoriality. Then we define 77 = w, o 7, .« 0 ws. Then (77)7 = w, (27 )75 . (2)ws = 77 for all

o € Gal(Q(unyp=)/Q); thus, 7% is well defined over Q, and satisfies T'(n) o nl, =« o T'(n) for all n
prime to Np and U(q) on” = 7% oU(q) for all q| Np. Since w? = 1, by this w-twisting, the projective
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system {Js, 75 r+} equivariant under T%(n) is transformed into the isomorphic projective system
{Js, 7% }s>r (of abelian varieties defined over Q) which is Hecke equivariant (i.e., T'(n) and U(])-
equivariant). Thus what we proved for the co-ordinary part of the projective system {j\s,wsm*}
is valid for the ordinary part of the projective system {j;,ﬂ' }ssr. If X, is either an algebraic
subgroup or an abelian variety quotient of Js and 7}, produces a projective system {X}s we define
X = 1&1 X (R) for an fppf extension R of k = Q,Q; (again the definition of X and hence X
depends on k). For each ind-object R = 11_1’1;11 R; of fppf, smooth or étale algebras R;/k, we define

Xoo(R) = lim, Xoo (R,).
Lemma 6.1. Let K/k be the Galois extension as in Section 2. Then the Gal(K/k)-action on
Xoo(K) is continuous under the discrete topology on X (K). In particular, the Galois cohomology

group Hq()?oo(K)) = HY(Gal(K/k), Xoo (K)) for q > 0 is a torsion Zp-module for any intermediate
extension K/k/k.

Proof. By definition, Xo(K) = U/ Xoo(F), and Xoo(F) C H°(Gal(K/F), Xoo (K)) for all
finite intermediate extension K/F/k. Thus Xeo (K) = h_I}nF H°(Gal(K/F), Xeo (K)), which implies
the continuity of the action under the discrete topology. Then the torsion property follows from
[MFG, Corollary 4.26]. O

Let v : C,)g C J,/g be an abelian subvariety stable under Hecke operators (including U(l) for
l[|Np) and w, and % : Jrig tCr/Q be the dual abelian quotient. We then define 7 : J. — D, by
D, :="'C, and 7 = "w, o *1, 0w, for the map ‘w, € Aut(*C,/q[u,.)) dual to w, € Aut(Cy/qju,.)-
Again 7 is defined over Q. Then ¢ and 7 are Hecke equivariant. Let ¢ : Cs := 7} ,.(C) C J, for
s > r and Dy be the quotient abelian variety of J, defined in the same way taking C in place of C,
(and replacing r by s). Put 7g : J; = Dy which is Hecke equivariant.

Since the two morphisms J, — JI and JI — J,[y*" ~ — 1] (Picard functoriality) are U(p)-
isomorphism of fppf abelian sheaves by (ul) and Corollary 4.5, we get the following two isomorphisms
of fppf abelian sheaves for s > r > 0:

(6.1) C, [poo]ord _) C, [poo}ord and Cord Cord

7

since égrd is the isomorphic image of C’Srd C Jyin Jy[v*"* —1]. By w-twisted Cartier duality [H14,
§4], we have

(6.2) Ds [poo]ord %} D'r [poo]ord'

Thus by Kummer sequence in Lemma 2.1, we have the following commutative diagram

ﬁgrd(ﬁ) ® Z/me — (DS(H) ® Z/pmz)ord — Hl(DS [pm]ord)

w;i zl(a.z)
Dy(x) © Z/p™Z = (Di(k) @ Z/p"Z)* ——— H'(D,[p™]*")
This shows R N
D (k) ® Z/p™Z = DY (k) @ L/p™" L.
Passing to the limit, we get

(6.3) Do = D and (Dy @7 T,)

s

(D ®z T,)°d

Mlz

as fppf abelian sheaves. In short, we get

Lemma 6.2. Suppose that k is a field extension of finite type of either a number field or a finite
extension of Q;. Then we have the following isomorphism

Cr (k) = Cy(#) and Dy(r) %f) (k)°d

for all s > r including s = co.
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By computation, 7y o 7 . = p*~"U(p*~"). To see this, as Hecke operators coming from I's-coset
operations, 7 = [[';] (restriction map) and , s . = [[';] (trace operator for I, /T's). Thus we have
(6.4)

miomy ((x) = z|[[s]-ws-[[y]-w, = z|[[y]- [wsw,]-[Ty] = z|[ : T[T (é pso,r) T, = p* " (z|U(p*")).
Corollary 6.3. We have the following two commutative diagrams for s’ > s

~ ~ A
Cod «—— O
Trs,s’

™ l lp@"*sv(m*"’ﬂ*

~ord ~ord
O —= 7.
and
DY ——— Dgrd
71“;‘,
ﬂ:‘S,T Tps/—sU(p)s’—s
Hord Hord
DS _—— DS .

Proof. By ) (resp. mg), we identify C*grd with éﬁ)rd (resp. f)grd with ﬁf}rd) as in Lemma 6.2. Then
the above two diagrams follow from (6.4). O

By (6.4), we have exact sequences

( ) 0 _>Cs[ps—r]ord - Cs[poo]ord i> CT[poo]ord -0,
6.5

O%Dr[ps—r}ord%Dr[poo]ord Tr,s Ds[poo]ord_>0.

Applying (2.1) to the exact sequence K% (K) — Cs(K) — C,(K) for KI(K) = Ker(n])(K) and
Krs(K) = C.(K) — Ds(K) for K, s = Ker(n),), we get the following exact sequence of fppf
abelian sheaves:

~ ~ a7 o~
0 =K, - Cs —= C, — 0,

—~ ~ T{‘;S ~
0—=Kys =+ D, — Ds — 0.

Taking the ordinary part, we confirm exactness of

0 —=C,[p*~ " — égrd LI éﬁ”d — 0,
(6.6) .
0 —D,[p*~ "4 — Dord Ty D 0.
Write H}(X) = H'(Gal(K/k), X) for an intermediate extension K/r/k and Gal(K/k)-module X
and H}(X) = H}(Spec(x), X) for a smooth/fppf extension for ? = sm or fppf. Then taking the p-
adic completion, we get the following exact sequences as parts of the long exact sequences associated
to (6.6)

0 5Calp* 1" () = G () — G2 () = HH(Calp 1),

(67) 0 _}Dr[ps—r]ord(ﬁ) — ﬁ?fd(ﬁ) T> ﬁgrd(m) — H,} (D'r [ps—r]ord)

s

for ? = fppf, sm (cohomology under smooth topology) or nothing (i.e., Galois cohomology equivalent
to étale cohomology in this case). Here if 7 = fppf, x/k is an extension of finite type, if 7 = sm, x/k

is a smooth extension of finite type, and if ? is nothing, K/k/k is an intermediate field.
By Lemma 6.2, we can rewrite the first exact sequence of (6.5) as

(6.8) 0 — C,[p* 710" (k) —225 0O (k) T, Co(k) — HI(C,[p*"]7™9).
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This (combined with Corollary 6.3) induces the corresponding diagram for H!, for any extension
k/k inside K,

ord
s’ —rjor s’ —rjor Cr(x
HY(C,[p* ~r]ord) <—* HY(Cy[p¥ =)o) (,,suréf(n))

s 5,75 3/7.5‘ 5’75 5,75
”s/l lp U(p) lp U(p)

ord
Hl(Cs[pS_T}Ord> <7T*— Hl(OT[pS_T}Ord) A (pe’?:gi)(,@)) )

T8

The right square is the result of Kummer theory for C,.. Passing to the projective limit with respect
to s, we get a sequence

(69) 0 — LC s r]ord( ) _) Lcord( ) ™ agrd(n) N @Hl(cr[psfr]ord>

S

which is exact at left three terms up to the term Cfrd(m).

Proposition 6.4. Let k be a finite extension field of Q or Q; for a prime l. Assume (2.2) for k..
Then we have the following identity

~ ord ~ 1; s—r ord __
Coo(r) 1g C(r)°r —lganr[P J(k) =0
and an ezxact sequence for K/k as in Section 2:

0 =T,Com — @@(K)Ofd — C (K >0

0 =T, — lim Oy [p™](K)™ — O, [p™](K)*™! — 0.

In the last sequence, we have lim Ci [p=](K)ord 2 7,09 ®y Q. By the first identity, 68;‘1 as a
smooth (resp. étale) sheaf vanishes if k is a number field or a local field with residual characteristic
l#p (resp. a p-adic field).

Proof. By (6.9), we get a sequence which is exact at the first three left terms (up to the term
Cord(k)):

~

0 — Jim G, [p~")(1)°" = Cog () — Cr ()™ 5 1i

- @Hl(cs[ps—r]ord).

S
Since ¢ is injective by Lemma 2.1 under (2.2), we get the first two identities. The vanishing of
lim C[p*~"] #)°* follows because C,.[p>]°"d(k) is a finite p-torsion module if x/k is an extension
of ﬁnlte type
If Kk = K, we may again pass to the limit of the first exact sequence of (6.6) again noting
Cs[p*"(K)°rd = Cp[p*~"](K)°™. The limit keeps exactness (as {C,[p*~"](K)}, is a surjective
projective system), and we get the following exact sequence

0 — TC,[p=](K)* — L (K)o — Co(K)™ — 0.

The divisible version can be proven taking the limit of (6.5). Since C,.[p™](K)°*¢ is p-divisible and the
projective system of the exact sequences 0 — C.[p](K)°™d — C,[p™°](K)°d 2222 €, [p™°](K)° — 0
by the transition map z + p"U (p")(z) satisfies the Mittag—Leffler condition (as C,.[p](K)°" is finite),
lim Cs[p>](K )°rd is a p-divisible module. Thus by the exact sequence, we have T,0% @7 Q C
@S Cs[p>®](K)°d, which implies

7,02 805, Q = lim C, 5] (K)°

S

as T,0% 7 Q/T,C,. = C,.[p>]"4(K). O
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We insert here Shimura’s definition of his abelian subvariety [IAT, Theorem 7.14] and abelian
variety quotient [Sh73] of Js associated to a member fp of a p-adic analytic family. Shimura mainly
considered these abelian varieties associated to a primitive Hecke eigenform. Since we need those
associated to old Hecke eigenforms, we give some details.

Let P € Spec(h)(Q,) be an arithmetic point of weight 2. Then we have a p-stabilized Hecke
eigenform form fp associated to P; i.e., fp|T(n) = P(T(n))fp for all n (e.g., [GME, Section 3.2]).
Then f} = w,(fp) is the dual common eigenform of T%(n). If fp is new at every prime I|pN, f} is
a constant multiple of the complex conjugate f§ of fp (but otherwise, they are different). Shimura’s
abelian subvariety Ap (associated to fp) is defined to be the identity connected component of
Nacp Jr[a] regarding P as a prime ideal of h,.(Z).

The Rosati involution (induced by the canonical polarization) brings h,(Z) to hy(Z) C End(J,q)
isomorphically, and h acts on Joo (resp. joo) through the identity T'(n) — T'(n) (resp. through
T(n) — T*(n)). Let fp|T*(n) = P(T(n))fp, and regard P as an algebra homomorphism P* :
h:(Z) — Q (so, P*(T*(n)) = P(T(n))). Identify P* with the prime ideal Ker(P*), and define A%
to be the identity connected component of J,.[P*] := (|, cp« Jrla]. Then Ap = A} by w, over
Q(unpr)-

Assume that r = r(P) is the minimal exponent of p in the level of fp. For s > r, we write A,
(resp. A¥) for the abelian variety associated to fp regarded as an old form of level p® (resp. ws(fp)).
In other words, regarding P* as an ideal of h¥(Z) via the projection h¥(Z) — hi(Z), we define A*
by the identity connected component of Js[P*]. The Albanese functoriality =, : J; — J, induces
an isogeny A% — A* = A}. Similarly the Picard functoriality 7* : J, — Js induces an isogeny
Ap = A, — A,. Since f} is the complex conjugate of fp (assuming that fp is new), AL = Ap
inside J, (for » = r(P)). Since wj : As/Qlenys] = A:/Q[CNPS} and As; and A¥ are isogenous to Ap
over Q, A; and A* are isomorphic over Q. Consider the dual quotient Js — B (resp. J; — BZ) of
A% — Js (resp. As — J,). In the same manner as above, Bs; and B are isomorphic over Q. Then
B (resp. Bj) is stable under T'(n) and U(p) (vesp. T*(n) and U*(p)) and Qp,_/c (resp. Qp-/c)
is spanned by f2dz (resp. g%dz for gp = ws(fp)) for o running over Gal(Q/Q). We mainly apply
Corollary 6.3 and Proposition 6.4 taking C (resp. Ds) to be A; (resp. Bs).

7. ABELIAN FACTORS OF MODULAR JACOBIANS

Let k be a finite extension of Q inside Q or a finite extension of Q,, over @p. We study the control

theorem for .J, (k) which is not covered in [H15].

Let A, be a group subscheme of J,. proper over k; so, A, is an extension of an abelian scheme
A g by a finite étale group. Write A, (s > r) for the image of A, in Js under the morphism
w* : J. = Js given by Picard functoriality from the projection 7 : Xy — X,. Hereafter we assume

(A) We have o € h(N) such that (v*"~ —1) = ax with = € h(N) and that h/(«a) is free of finite
rank over Z,. Write « for the image in h (s > r) and a, = (ashs & (1 —€)hs(Zy,)) N hs(Z)
and put A; = Js[as] and Bs = Js/asJs, where agJs is an abelian subvariety defined over Q

of Js with a,J5(Q) = >, .. a(Js(Q)) C J5(Q).
Here for s > s’, coherency of a; means the following commutative diagram:

*

s

Jg{rd N Jgrd

J;),rd J;)rd
.

which is equivalent (by the self-duality of J) to the commutativity of

Lj\sco—ord T Jco—ord

s’/

. .
asJ’ labj

Jsco—ord J;:/o—ord .

T
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The following fact is proven in [H16, Lemma 5.1]:

Lemma 7.1. Assume (A). Then we have E‘;rd = (Erd[as] and Eg = A,. The identity connected
component A3 (s > 1) of A, is the image of Ay in Js under the morphism 7 = 75, J. — J;
induced by Picard functoriality from the projection m = s, : Xs = X, and is Q-isogenous to Bs.

The morphism Js — Bs factors through J i) Jr — B,.. In addition, the sequence
Oaﬁgrdaﬁrdiﬁrdhﬁgmao for0<e<r<s<oo
is an exact sequence of fppf sheaves.
This implies

Corollary 7.2. Recall the finite set S of places made of prime factors of Np and co. Let R =k if
k is local, and let R be the S-integer ring of k (i.e., primes in S is inverted in R) if k is a number
field. Then the sheaf as(j;’rd) is a p-divisible étale/fppf sheaf over Spec(R), and its p-torsion part
s (Jo* ) [p>] is a p-divisible Barsotti-Tate group over R.

In particular, the Tate module T,a(.J%™) is a well defined free Z,-module of finite rank for all
r < s < o0.

Proof. By the above lemma, the fppf sheaf a,(J") = Ker(Jo*d 225 Bord) fits into the following
commutative diagram with exact rows:

As[poo]ord g Js [poo}ord - , CY(JS [poo]ord)
| | |
A\;)rd — <j\sord - N a(:f;)rd)

A\grd/As [poo]ord — j\;er/Js [poo]ord - N a(j\sord)/a(JS [poo]ord).
The first two terms of the bottom row are sheaves of Q,-vector spaces, so is the last term. Thus
we conclude a(Js[p®]°rd) = a(J2)[p>]. Since A, = A°, A [p™>]°" is a direct summand of the
Barsotti-Tate group Js[p>]°"d. Therefore a(Js[p>]°"?) is a Barsotti-Tate group as desired.

Alternatively, we can identify as(J2'9)[p>°] with the Barsotti-Tate p-divisible group of the abelian
variety quotient Jg/A?. O

The condition (A) is a mild condition. Here are sufficient conditions for («, A, Bs) to satisfy (A)
given in [H16, Proposition 5.2]:

Proposition 7.3. Let Spec(T) be a connected component of Spec(h) and Spec(Il) be a primitive irre-
ducible component of Spec(T). Then the condition (A) holds for the following choices of (o, Ag, By):

(1) Suppose that an eigen cusp form f = fp new at each prime I[N belongs to Spec(T) and that
T =1 is reqular. Writing the level of fp as Np", the algebra homomorphism A : T — @p
given by f|T(1) = X(T(1)) f gives rise to a height 1 prime ideal P = Ker(X), which is principal
generated by a € T. This a has its image as € Ty = T ®@p Ay for Ay = A/(v?" " —1). Write
h, =h®yA; = T 1:hy as an algebra direct sum for an idempotent 15,. Then, the element
as = as ® 1 € hy for the identity 15 of X satisfies (A). In this case, a = @18 .

(2) More generally than (1), we pick a general connected component Spec(T) of Spec(h). Pick
a (classical) Hecke eigenform f = fp (of weight 2) for P € Spec(T). Assume that hg (for
every s > r) is reduced and P = (a) for a € T, and write as for the image of a in hy. Then
decomposing hy = Ts @ 1:hs, as = as @ 1, satisfies (A).

(3) Fizr > 0. Then  for a factor a|(v?" " —1) in A, satisfies (A) for Ay = J[a]° (the identity
connected component).
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Remark 7.4. (i) Under (1), all arithmetic points P of weight 2 in Spec(Il) satisfies (A).

(ii) For a given weight 2 Hecke eigenform f, for density 1 primes p of Q(f), f is ordinary at
p (i.e., a(p, f) Z 0 mod p; see [H13, §7]). Except for finitely many primes p as above, f belongs
to a connected component T which is regular (e.g., [F02, §3.1] and [H16, Theorem 5.3]); so, (1) is
satisfied for such T.

8. MORDELL—WEIL GROUPS OF MODULAR ABELIAN FACTORS

Consider the composite morphism ws : As < Js — B, of fppf abelian sheaves for triples
(as, Ag, Bs) as in (A), and apply the results in Section 6 to abelian varieties Cs = Ag and Dy = B.
Let €™ := (Ker(w;) ®z Z,)°*® be the p-primary ordinary part of Ker(ws).

Recall we have written ps for the morphism J; — Bs. As before, x is an intermediate extension
K/k/k finite over k. Define the error terms by

(8.1) E{(r) = a(J3") (k) /a(J (k) and E3(k) := Coker(Jy" (r) £+ By (x))

for ps : Jo(k) — B(k). Note that Ej(k)(— HI(A%) = HL(A%Y) @y Z,) and Ej(k) =
B (k) /ps(J*(K)) (= H} (a(J2))[a]) are p-torsion finite module as long as s is finite.

Lemma 8.1. We have the following commutative diagram with exact rows and exact columns:

Ei(r) —— H}AM) —“—  H}(J)

] 1 T

a (TN (k or - Tor

(8.2) B s s HH(C) —— H}(a(J))[o]
aST bST Tu
.ffrd(n) Ps nord S
a(j\;)rd)(n) AN BT' (K) T> E2(’€)'

Each term of the bottom two rows is a profinite module if either k is local or S is a finite set.

The last assertion follows as C; is finite and §$rd (k) is profinite. We will define each map in the
following proof. The proof is the same in any cohomology theory: Hi for ? = sm, fppf, étale and
Galois cohomology. Therefore, we prove the lemma for the Galois cohomology dropping 7 from the
notation. This lemma is valid for the Galois cohomology for infinite S as is clear from the proof
below.

Proof. Exactness for the bottom row is from the definition of F$(k), and exactness for the left column
is by the definition of F3(x). The middle column is a part of the long exact sequence attached to
0 — cord — Aord _, Bord _y () where B is identified with B by Lemma 6.2 applied to Dy = Bi.
The right column comes from the long exact sequence attached to 0 — a(j;”d) — jfrd — E?rd — 0,
again Egrd is identified with E;’rd. The top row comes from the long exact sequence of 0 — E‘S’rd —
T %5 a(Jord) — 0.

As for the middle row, we consider the following commutative diagram (with exact rows in the
category of fppf abelian sheaves):

~ . ~ . ~
a(J;)rd) , J;)rd ; , Bgrd

(8.3) uT uT Tu

0 = a(J&Y) X 500 AT —— Agd =y pord,
s — —»

Under this circumstance, we have a(Jo) N A%rd = o(Jord) X Ford Aord — Ker(cw,) which is a finite

étale p-group scheme over Q. Since a(Jo") N A% is equal to a(.Jo")[a], we have Co™d = a(J™9)[a.
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Note that a2(Jo) = a(Jo™) as sheaves (as a : a(Jo) — a(J°™) is an isogeny, and hence,
a(a(J(K))) = (j 4)(K)). Thus we have a short exact sequence under ?-topology for ? = fppf,
sm and ét:

0= CI(K) = a(J)(K) % a( 1) (K) 0.
Look into the associated long exact sequence

0 — a(Jo) (k) fa(a(To) (k) — H (a(T0)]a]) — H (a(J)) & H (o?(T0))

which shows the exactness of the middle row, taking the p-primary parts (and then the ordinary
parts). O

In the diagram (8.2), we identify Eord with gord by 7}, : Jp = J, for the projection 7y, : X —
X, (Picard functoriality); so, the projective system {Aord A\Md 7w }s (w-twisted Albanese functo-
riality) gives rise to the nontrivial maps 77 AO’Vd AO’rd — Aord given by x — U(p*~")(p* "x). If
we write Hl(gﬁrd) = (Qp/Zy)™ & A, for a finite p-torsion group A, by Lemma 2.2 (assuming that
S is finite), we have

(8.4) Jim H' (A= lim (Q/Z,)" & A,) = Q).
wl xeps T U (ps T (x) wr e pS T

We quote from [CNF, Corollary 2.7.6] the following fact (which is valid also for infinite S):
Lemma 8.2. We have lim HY(A,[p*]ord) = HY(T,A%9).
We give a proof here for the sake of completeness.

Proof. More generally, let {M,,}, be a projective system of finite Gal(k“ /k)-modules with surjective
transition maps. Let B(M,) (resp. Z(M,)) be the module of 1-coboundaries (resp. continuous 1-
cocycles G — M,, Let B(M,,) (resp. Z(M,)) be the module of 1-coboundaries (resp. inhomogeneous
continuous 1-cocycles) G := Gal(kS/k) — M,. We have the exact sequence 0 — B(M,) —
Z(M,) - HY(G,M,) — 0. Plainly for m > n, the natural map B(M,,) — B(M,,) is onto. Thus
the above sequences satisfies the Mittag—LefHler condition, and plainly @J(Mn) :?(@n M,,) for

? = B, Z, we have Y&lnHl(ks/k,Mn):Hl(ks/k,l'&nnMn). O
We have the following commutative diagram with exact rows:
Cgrd T) A\;)rd — Egrd
| | |
cord — Aord — Berd,
By the snake lemma applied to the above diagram, we get the following exact sequence:
0 — A [p* ] — cord — o — 0.

Passing to the limit (as continuous H'! for profinite coefficients is a projective limit of H' of finite
coefficients; cf., [CNF, 2.7.6]), we have

(85) TpA:@AT[ps]ord Lcord and H TAord ¥_H1 A [p ord &_H Cord

9. CONTROL THEOREMS WITH AN ERROR TERM

Taking the projective limit of the exact sequence 0 — E‘S“d — :f.;”d = j;”d, by the vanishing
@18 A%(k) = 0 in Proposition 6.4 applied to Cs = A,, we get the injectivity of Jd % jord,

Since all the terms of the exact sequences: 0 — a(J) (k) — Jo'(k) — % — 0 are
compact p-profinite groups, after taking the limit with respect to 7}, we still have an exact sequence
: TFord : Aord ord (K“)
0—>1%no<(JS )(/i)—)l%nJS —>L Jord
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with lim ), B°(k). Thus

a(Jerd) (k)
Tt MmN a(Je)()
a(Jed) (k) @sa(@rd)(ﬁ) < ala(Jed) (k)

Here the last isomorphism follows from the injectivity of a.. By the same token, we have

A (x) i a(Jr (k) a(J2r) (k)

= = = =lim —=—"——"—.
a(a(JLY)(k)  lim ala(Jed) (k) 5 alalJed) (k)
Writing E5°(k) = Jim E3 (k) and passing to projective limit of the diagram (8.2), we get the
following commutative diagram with exact rows:
s

oo : 1( ford Loo 1(13 Tord
El (H) m ]&nsw,_)ps—r[](ps—r)(w)H (Ar ) — H (I&HQ Js (K))

] I w

(9.1) (T2 (k) — HI(TPAT(K)Ord) e le Hl(oz(jgrd)(K))[Oz]

a(a(T2d) (k) s

EOOT bTU CTU
Lt " By () R E5°(1).

a(JLd) (k) <

The rows are exact since projective limit is left exact. The maps a and d are onto if either S is finite
or k is local (as projective limit is exact for profinite modules). By the same token, the right and
left columns are also exact. Therefore E2°(r) (j = 1,2) is a torsion A-module of finite type.

To see, we look into the cohomology exact sequence of the short exact sequence: Cs — A\‘;rd —»
Bo™ with transition maps p* ~*U(p)* ~* for {Cs}s and {A°}, and U(p)* ~* for {B"4},. Thus we
have the limit sequence

0— Jim A (k) /Co() = B () 2 lim H'(C,) = H' (T, AP™),
six—ps~TU(ps—7)(x) s
This sequence is exact as all the terms are profinite compact modules at each step. Since
lm  A(k)/Cals) =0,
s:w—ps U (p7)(2)
the map b is injective.
Passing to the limit of exact sequences of profinite modules: C,(x) — A% (k) =% B(k) —»

Coker(w,), we get the limit exact sequence 0 — B (k) =2 lim Coker(ws). By the left exactness of
projective limit, the sequence

0 — lim Coker(w) — H' (T, AP™) — lim H' (A")

is exact. Therefore the middle column is exact; so,

(9.2) Qo 18 injective.
Since Joo (k)" [a] = A% (k) = 0, o : (T2 (k) — a(J=Y) (k) is injective.
This shows

Lemma 9.1. Let & be a field extension of Q or Q; for a primel, but we assume finiteness condition
(2.2) for the extension k/k. We allow an infinite set S of places of k when k is finite extension of
Q. Let a be as in (A). Then we have the following exact sequences (of p-profinite A-modules) up to
A-torsion error:
0 — J2(k) & (T2 (k) = B (k) — 0
and
0 — a(JLN (k) — T2 (k) 22 BOY(k) — E3°(k) — 0.
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Here Ejoo(n) 18 a A-torsion module of finite type. In particular, taking o = v — 1, we conclude that

the compact module joo(li) is a A—module of finite type.

The statement of this lemma is independent of the set S (though in the proof, we used Galois
cohomology groups for finite S if k is global); therefore, the lemma is valid also for an infinite set S
of places of k (as long as S contains all p-adic and archimedean places and places over N).

The left column of (9.1) is made up of compact modules for which projective limit is an exact
functor; so, left column is exact; in particular

a(Je)(x) o0 I
lim = — E7%(k) == 1lim B} (k
% ala(Te () v P— )

is onto.

Take the maximal A-torsion module X inside fggd(n). Since X is unique, it is an h-module. The
module J2'(k) is pseudo-isomorphic to X @ Af for a positive integer R. Since « is injective on
JS(k), for the a-localization hy,), we have X, = X @p h(a) = 0. Thus J3&4 (k) ®nha) is Ap,-free,

where P, = (a) N A. Thus % ®z, Qp and (JT()()H) ®z, Qp have equal Q,-dimension.
Therefore, by the injectivity of 50000(9.2), Ef° (k) is p-torsion. However by (8.4), this torsion module

is embedded in a Q,-vector space by the top sequence of (9.1), we have Ef°(x) = 0. This shows

Theorem 9.2. Let « be as in (A) and k be a finite field extension of either Q or Q; for a prime
l. Assume (2.2) for the extension k/k. Then we have the following exact sequence (of p-profinite
A-modules):

0 — J2(k) = T2 (k) L2 B (k) — E5°(k) — 0.
In particular, taking a« = v — 1, we conclude that the A-module joo(f-c) 1s a A—module of finite type

and that joo(/-@) does not have any pseudo-null A-submodule non null (i.e., Joo(r) has A-homological
dimension < 1).

By this theorem (applied to a = 4?" —1 for s = 1,2,...), the localization joo(n)p at an arithmetic
prime P is Ap-free of finite rank, which also follows from [N06, Proposition 12.7.13.4] as Jo (%) can
be realized inside Nekovai’s Selmer group by the embedding of Lemma 2.1.

10. CONTROL THEOREM FOR A NUMBER FIELD
The following theorem is the final result of this paper for a number field k.

Theorem 10.1. Let the notation be as in the introduction. Suppose that k is a finite extension
of Q. Let At be the set of all principal arithmetic points of Spec(T)(@p) of weight 2 and put
Qp :={P € Ap|Ap has good reduction over Zy[pp-]}. Suppose that we have a single point Py € Qr
with finite Sely(Ap,)°™, and write Spec(I) for the unique irreducible component on which Py lies.
Let k be a finite field extension of either Q or Q; for a primel. Then, for almost all P € QrNSpec(l),
we have the following exact sequence (of p-profinite A-modules):

0 — JEG(R) = TG (k) £ BEd(k) — B (k) — 0
with finite error term |ES° (k)| < oco.

Since T is étale at Py over A, only one irreducible component of Spec(T) contains Py (e.g. [HMI,
Proposition 3.78]).

Since the root number of L(s, Ap) is not equal to —1 for most points (as { X, }, is the standard
tower), we expect that |Sely,(Ap)°™| < oo for most arithmetic P; so, the assumption of the theorem
is a reasonable one.

Proof. The Selmer group Sely(Ap)°™ is the one defined in [H16, §8]. By [N06, 12.7.13.4] or [H16,
Theorem A], the finiteness |Sel(Ap,)°™d| < co for a single point Py € Qp implies that Sely(Ap)°™d
is finite for almost all P € Qr N Spec(I). Though in [H16, Theorem A], it is assumed that T is
regular to guarantee that all arithmetic points are principal, what we need to get the result is the
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principality of Py and P in T; so, this holds true for P € Qp N Spec(I). By the well known exact
sequence

0 — BE(k) ®z, Qp/Z, — Sely(Ap)°™d — ML, (Ap)™ — 0,
the finiteness of Sel;,(Ap)°™ implies finiteness of E?}d(k); so, Fs(k) is finite as well. 0

11. LOCAL ERROR TERM
Now let k be an [-adic field. As before, we write H?(M) for H%(k,M). For any abelian vari-
ety X/, we have an exact sequence X(k) < HYT,X) — Hm HY(X)[p"] by Lemma 2.1. Simi-
larly, by Corollary 7.2, Lemma 2.1 tells us that a(J4(k)) < HY(T,a(Jo)) — T, H (a(Jo9)) :=
lim H L(a(Jord))[p"] is exact. Thus we have the following commutative diagram in which the first
two columns and the first three rows are exact by Lemma 8.2 and left exactness of the formation of

projective limits combined (the surjectivity of the three horizontal arrows ¢; (j = 1,2, 3) are valid if
S is finite or k is local):

a(JoY) (k) ——— HY(Tpa(J) —— T,H'(a(JoY)

ﬂli a b

o) S HNTJR) S TH(T)

(11.1) psl j h

Byri(k) — = HUTBP) —“— T,H'(B)
ontolﬁ Ws g

Bs(k)  —“s HX(Tpa(Jo)) —— T,H2(a(J9)).
Assuming that S is finite, the right column is made of Z,-free modules, and hence, the rows are split

exact sequences.
To see the existence of the map e, we suppose that z = ps(y) € Im(ps). Then we have

@s(B(2)) = ws(B(ps(y))) = ws(3(f(y))) = 0.

If b= mod Im(p,) for b,b' € B(k), we have w,(B(b)) = ws(B(V)). In other words, m(b)
@ (B(b)) is a well-defined homomorphism from E§(k) = B (k)/ Im(ps) into Im(w,) 2 Coker(j) C
HQ(Tpa(j;’rd)), which we have written as es.

We have the following fact (cf. [H15, Corollary 4.4]).

Lemma 11.1. We have HO(Tprrd) = H(TG) =0, where TG := Homp (A, G) = gns TpJ;“d.

Proof. We only need to prove this for a finite field extension k of QQ; (as this implies the result for a
number field) and T, B, (as we can take B, := J,, which implies the result for T'G). Write B = B,..
By replacing k be a finite field extension, we may assume that B has either good reduction or split
multiplicative reduction over the valuation ring O of k with residue field F. If B has good reduction
over O and [ # p, TpBord is unramified at [. All the eigenvalues of the action of the [-Frobenius
element ¢ are a Weil [-number of positive weight; so, we conclude

H%(T,B) C Ker(¢ —1:T,B — T,B) =0,

and the assertion follows.

Modifying B by an isogeny does not affect the outcome; so, by doing this, we may assume that
End(B/qg) contains the integer ring Op of the Hecke field. Suppose that p = I, and take a prime
factor plp in Op such that T,,B°™4 = T,,B := lim B[p"](Q). Then B[p>=]°™ extends to an ordinary
Barsotti-Tate group. If B does not have complex multiplication, by [Z14], the connected-étale exact
sequence

0 — B[p}o’ord N B[poo}ord N B[poo]ét -0
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is non-split as a Gal(@p /k)-module; so, H(T, B°*?) = 0 again. If B has complex multiplication, by
the Cartier duality, we have a Galois equivariant non-degenerate pairing

(T,Bp™]* ®z, Qp) x (T,BIp]*"" ®z, Qp) = Qp(1).

On T,B[p>]¢ ®z, Qp, again the eigenvalues of the action of the p-Frobenius element ¢ are Weil
p-numbers of positive weight. This shows H°(T,B[p*>]®) = 0. By duality, H°(T,B[p>]°°") = 0.
Then from the exact sequence

0 — T,B[p™]>*"" — T,B"* — T, B[p™]*" — 0,

we conclude H(T,B°) = 0.
If B is split multiplicative over O, this fact is a well known result of Mumford-Tate [Mu72]. O

By the above lemma, the map a in (11.1) is injective.

Lemma 11.2. Let k be either a number field or a finite extension of Q; for a prime l. Then the
map b in the diagram (11.1) is injective, and if k is local with I # p, we have Im(b) = Ker(h) =0 in
(11.1) (so the right column is exact).

Proof. Applying the snake lemma to the first two rows of (11.1), we find that b is injective.
Suppose that k is local. For an abelian variety X over k with X* := Picg( Ik X t(k) is isomorphic

to Z]* times a finite group; so, if I # p, Xt(k) is finite p-group. By [ADT, 1.3.4], H'(k, X) =
Xt(k)V; so, H'(k,X) is a finite group. Therefore H'(k, J°'d) and H'(k, B*?) are finite groups,
and T,H'(k, Jo™) = T,H'(k, B&™) = 0. Since b is injective, T,H'(k, a(Jo)) = 0; so, Ker(h) =
Im(b) = 0. O

We note the following fact: If k is local non-archimedean, for an abelian variety A over k,
(11.2) H?(k,A) = H*(k, A) = 0 for any abelian variety A over k.
This follows from [ADT, Theorem 1.3.2], since H2(k, A) = H2(k, A) @y Z,.
Proposition 11.3. If k be a finite extension of Q; with I # p, then E5(k) = 0.

Proof. Since the left column of (11.1) by Lemma 11.2 if [ # p, applying the snake lemma to the
middle two exact rows of (11.1), we find an exact sequence

(11.3) 0 — Ej5(k) <5 Im(w,) — Coker(h) — 0.

This implies F5(k) — Im(ws).

Let X, be a p-divisible Barsotti-Tate group. We have H?(k,T,X) = lim H?(k, X[p"]) (e.g.,
[CNF, 2.7.6]). By Tate duality (e.g., [MFG, Theorem 4.43]), we have H?(k, X [p"]) = X*[p"](k)" for
the Cartier dual X' := Hom(7}, X, ytp) of X. Thus we have

H?(k, T, X) = lim (X" [p"](k)") = (lig H° (k, X' [p"]))",
T w
since we have a canonical pairing X [p"] x X'[p"] — ppn (ie., Xt [p"] (k)Y = X [p"](-1)(k)).
Apply this to the complement X of A, [p™=]°™ in J,[p™=]°™; so, X + A [p™=]°"d = J,[p>°]>*? with
finite X N A[p>]°"d. Requiring X to be stable under hy, for hs(Q,) = h, ®z, Qp, X is uniquely

determined as hs(Q,) = (hs(Q,)/ashs(Q,))®15hs(Q,) for an idempotent 14 (so, X = 1,J,[p>°]°"9).
By local Tate duality, we get H?(k,T,X) = H°(k, X [p>]*)¥ and conclude

H?(k, T, X) = ling H°(k, Hom (X [p"] (%), p1p (k))) = ling X [p"](—1) (k) = X [p>](~1) (k).

Thus we conclude the injectivity:

H?(k, T, X) = X[pX|(=1)(k) = Js[p™]"(~1)(k) = H(k, T, Jo)*",
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which is injective as X C J[p*°]°*d. By definition, we have X + A,[p>=]°™d = J,[p>=]°*d. By the
assumption (A) and the definition of X, X = ay(Js[p>°]°*?). Therefore we get an injection:

2 (k, Tya(Je™) = B (k, Tya(J,[p>]"Y)
a(Jo[p™] ) (= 1) (k) = Jo[p™) (= 1) (k) = H(k, T, Js)* .

—

1%

We have an exact sequence
H (k, Ty () 25 2k, T, 4,0 25 H2 (1, ;).
Since ag is injective, we find Im(w,) = 0; so, E5(k) = 0 if k is l-adic with [ # p. O

Here are some remarks what happens when [ = p for the local error terms. For simplicity, we
assume that k = Q,; so, Wy = Z,[up:]. For I # p, the proof of the above proposition is an argument
purely of characteristic 0. In [H16, §17], we studied the error term of the control of inductive limit
JIYQy) = limg j;’rd((@p) using a result of P. Schneider [Sc83] and [Sc87] on universal norm for
abelian varieties over ramified Z,-extension. It works well for the inductive limit J&'4(Q,) but
perhaps not for the projective limit jgéd((@p) for the following reason.

This involves study of integral models of the abelian variety (in particular, its formal Lie group
over Wy.). Let I, (resp. X, ) be the Igusa tower of level p” over Xy := X1(N) ®z, F) containing
the zero cusp (resp. the infinity cusp). Then for P € Qr, if the conductor of Bp is divisible by
p" with 7 > 0, Bp xw, F, is the quotient of Picy s x Pick, s (cf. [AME, Chapter 14] or [H14,
§6]). On Pic?r/]Fp X Picg(r,o/Fp, U(p) and U*(p) acts in a matrix form with respect to the two factors
Pic?T/FP and Picg(m/]pp in this order

(11.4) Ulp) = (f; Vie <p>>) and U*(p) = (V“j:p)) 2),

where (p(P)) is the diamond operator of the class of p modulo N. See [MW84, §3.3] or [H14, (6-1)]
for this formula. Since the shoulder term * of the above matrix form of U(p) vanishes once restricted
to Bp if r > 0, from (11.4), Bj’grd(IF) must be the quotient of Pic? /r,» and the ordinary part of the
formal Lie group B;%d of Bp has to be the quotient of Pic} X,.0/F,- Similarly, éco‘ord (F) must be

the quotient of Pick, 0 /F , and the co-ordinary part of the formal Lie group B;f]; °rd of Bp has to

be the quotient of Pic? I,JF,"
Write B, for the quotient of Js corresponding to Bp. We consider the exact sequence defining
E5(Qp):
0— a(Jord)(Qp) Ord(Qp) & Bord((@p) — E3(Qp) — 0,
which is equivalent to, by the involution ws over characteristic 0 field, the following exact sequence

0= 0" (@) = 5 Q) 25 LAL(@,) — £5(Qy) - 0.

Thus we study the second exact sequence of the co-ordinary parts. Here we have used the self duality
of J,, tA, is the dual abelian variety of A, and o* is the image of o under the Rosati involution.
Consider the complex of Néron models over W:

0—a*(Js) = Js =14, =0
and its formal completion along the identity

0—a*(J2) = J? = 'A2 — 0.
Here X° is the formal group of an abelian variety X,y . These sequence might not be exact as
W /Z,, is highly ramified at p (see [NMD, §7.5]). But just to go forward, we assume the sequence of
the co-ordinary parts of the formal Lie groups are exact (and still we find some difficulties).

As explained in [H16, (17.3)], taking the T*-component (the image of T under the Rosati involu-
tion), the complex

(11.5) 0— a*(A;’,T*) — JOT* — tA° e — 0
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is, by our assumption, an exact sequence of formal Lie groups over Wy; so, the top complex of the
following commutative diagram is a short exact sequence:

—»

o (Tp) (W)  —— T (W)  ——— A2 (W)

S

Na*(Js)l NJSJ Nsl

~
o

a*( s,T*)(Ws)Gal(ks/kr) — @,T*(Ws)(}al(ks/k’“) S t‘zl\g,’]l‘*(WT)a

where Nx s is the norm map relative to ks/k, of an abelian variety X defined over k,. By Schneider
[Sc87], N; is almost onto with the index of the image bounded independent of s. However, we do
not know yet p? is surjective up to finite bounded error for the following reason:

Though tﬁgo-ord = tﬁﬁo‘ord because gﬁ?rd = ngd as seen in [H16], the projection map

tA\;J, co-ord(Ws) - t;[:, co—ord(WS)

is not an isomorphism. After reducing modulo p, as already remarked, the formal Lie group of
tAco-ord s in the identity connected component of Picg(o .- Note that I, = XS(]’DO) (the p*-power
Frobenius twist); so, the projection I, — I, is given by F*~" ox for the projection m : Xs0 —
Xro0 ([AME, Theorem 13.11.4 (1)] or [H14, §6]) which is purely inseparable. This shows that m, :
t Aco-ord _y t gco-ord s not an isomorphism. Thus we have two problems for proving bounded-ness
of £5(Q,) (and hence of E5(Q,))

(1) (11.5) may not be exact;

(2) the projection tAg%j:d — tAﬁ%?prd is purely inseparable of degree > p*~" (as the polarization

of A, has degree of high p-power > p®).

These problems do not appear for the pull-back map g‘;rd = ngd even over I, as the exactness of

/T?,rd sy Jord _, a(j;’rd) is proven by the control of the A-adic BT group G in [H16, §17] and the
projection X, o — X, ¢ is étale outside the super-singular points for all s.

REFERENCES

Books

[ADT] J. S. Milne, Arithmetic Duality Theorems, Second edition, 2006, BookSurge, LL.C

[ALG] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52, Springer, New York, 1977.

[AME] N. M. Katz and B. Mazur, Arithmetic Moduli of Elliptic Curves, Annals of Math. Studies 108, Princeton
University Press, Princeton, NJ, 1985.

[CNF] J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of Number Fields, Springer Springer Grundlehren
der mathematischen Wissenschaften Bd. 323, 2000

[EAT] H. Hida, Elliptic Curves and Arithmetic Invariants, Springer Monographs in Mathematics, Springer, New
York, 2013

[ECH] J. S. Milne, Etale Cohomology, Princeton University Press, Princeton, NJ, 1980.

[GME] H. Hida, Geometric Modular Forms and Elliptic Curves, second edition, World Scientific, Singapore, 2012.

[HMI] H. Hida, Hilbert modular forms and Iwasawa theory, Oxford University Press, 2006.

[IAT] G. Shimura, Introduction to the Arithmetic Theory of Automorphic Functions, Princeton University Press,
Princeton, NJ, and Iwanami Shoten, Tokyo, 1971.

[MFG] H. Hida, Modular Forms and Galois Cohomology, Cambridge Studies in Advanced Mathematics 69,

Cambridge University Press, Cambridge, England, 2000.

[MFM] T. Miyake, Modular Forms, Springer, New York-Tokyo, 1989.

[NMD] S. Bosch, W. Liitkebohmert, and M. Raynaud, Néron Models, Springer, New York, 1990.

[RTP] G. Faltings and G. Wiistholtz et al, Rational Points, Aspects of Mathematics E6, Friedr. Vieweg & Sohn,
Braunschweig, 1992.

Articles

[Fo2] A. Fischman, On the image of A-adic Galois representations. Ann. Inst. Fourier (Grenoble) 52 (2002),
351-378.

[GK13] E. Ghate and N. Kumar, Control theorems for ordinary 2-adic families of modular forms, Automorphic

representations and L-functions, 231-261, Tata Inst. Fundam. Res. Stud. Math., 22, Tata Inst. Fund.
Res., Mumbai, 2013.



[H86a]
[H86b]
[HO5]
[H13]

[H14]
[H15]

[H16]
[M55]
[MW84]
[MW86]
[Mu72]

[NOG6]
[099]

[Sc83]
[Sc87]
[Sh73]

[T66]
[214]

CONTROL OF A-ADIC MORDELL-WEIL GROUPS 29

H. Hida, Iwasawa modules attached to congruences of cusp forms, Ann. Sci. Ec. Norm. Sup. 4th series 19
(1986), 231-273.

H. Hida, Galois representations into GL2(Zp[[X]]) attached to ordinary cusp forms, Inventiones Math. 85
(1986), 545—613.

H. Hida, A-adic p-divisible groups, I, II. Two lecture notes of a series of talks at the Centre de Recherches
Mathématiques, Montréal (2005), posted at http://www.math.ucla.edu/ hida/CRMpaper.pdf.

H. Hida, Local indecomposability of Tate modules of non CM abelian varieties with real multiplication,
J. Amer. Math. Soc. 26 (2013), 853-877

H. Hida, A-adic Barsotti-Tate groups, Pacific J. Math. 268 (2014), 283-312.

H. Hida, Limit modular Mordell-Weil groups and their p-adic closure, Documenta Math., Extra Volume:
Alexander S. Merkurjev’s Sixtieth Birthday (2015) 221-264.

H. Hida, Analytic variation of Tate—Shafarevich groups, preprint, 2016, 51 pages, posted at
http://www.math.ucla.edu/"hida/LTS.pdf.

A. Mattuck, Abelian varieties over p-adic ground fields. Ann. of Math. (2) 62, (1955) 92-119.

B. Mazur and A. Wiles, Class fields of abelian extensions of Q. Inventiones Math. 76 (1984), 179-330
B. Mazur and A. Wiles, On p—adic analytic families of Galois representations, Compositio Math. 59
(1986), 231-264

D. Mumford, An analytic construction of degenerating abelian varieties over complete rings, Compositio
Math. 24 (1972), 239-272.

J. Nekovér, Selmer complexes. Astérisque 310 (2006), viii+559 pp.

M. Ohta, Ordinary p-adic étale cohomology groups attached to towers of elliptic modular curves, Com-
positio Math. 115 (1999), 241-301

P. Schneider, Iwasawa L-functions of varieties over algebraic number fields. A first approach. Invent. Math.
71 (1983), 251-293.

P. Schneider, Arithmetic of formal groups and applications. I. Universal norm subgroups. Invent. Math.
87 (1987), 587-602.

G. Shimura, On the factors of the jacobian variety of a modular function field. J. Math. Soc. Japan 25
(1973), 523-544.

J. Tate, p-divisible groups, Proc. Conf. on local filds, Driebergen 1966, Springer 1967, 158-183.

B. Zhao, Local indecomposability of Hilbert modular Galois representations, Annales de 'institut Fourier
64 (2014), 1521-1560.

DEPARTMENT OF MATHEMATICS, UCLA, L.os ANGELES, CA 90095-1555, U.S.A.
E-mail address: hida@math.ucla.edu



