
Galois Cohomology (Study Group)

1 Cohomology of Local Fields (by Pedro Lemos)

Notation.

• For a �eld K, GK will be the absolute Galois group

• If K is a non-archimedean local �eld (characteristic 0), write Gunr
K = Gal(Kunr/K)

1.1 Finiteness of Cohomology and Tate's Duality

De�nition 1.1. If G is a group (respectively pro�nite groups), the cohomological dimension of G is the smallest
non-negative integer m such that Hi(G,A) = 0 for all i > m, for all A G-module (respectively discrete G-modules).
We denote this by cdG

For a prime p, we de�ne the cohomological p-dimension of G to be the smallest non-negative integer m such
that Hi(G,A)(p) = 0 for all i > m, for all A G-module (respectively discrete G-modules). We denote this by cdpG

Theorem 1.2. Let K be a non-archimedean local �eld of characteristic 0.

1. For any prime p, we have cdpGK = 2. Also, if L/K is of degree p∞ then cdpGL ≤ 1.

2. Hi(GK , µm) =


K∗/(K∗)m i = 1
1
mZ/Z i = 2

0 i ≥ 3

3. If A is a �nite GK-module, then Hi(GK , A) is �nite, for all i ≥ 0.

Given a non-archimedean local �eld K, set A∗ = Hom(A,Q/Z) and A′ = Hom(A,µ).

Theorem 1.3 (Tate's Duality). Let K be a �nite �eld extension of Qp and A a �nite GK-module. Then the cup

product gives us Hi(K,A′) × H2−i(K,A)
∪→ H2(K,µ) ∼= Q/Z which, for i ∈ {0, 1, 2}, induces an isomorphism

Hi(K,A′)→ H2−i(K,A)∗.

We have a representation ρ : GK → Aut(A). We say that this representation is unrami�ed if the inertia subgroup
I of GK is contained in ker ρ. Equivalently AI = A. Notice that I ∼= Gal(K,Kunr).

De�nition 1.4. For a GK-module A, we de�ne Hi
unr(K,A) = im

(
Hi(Gunr

K , AJ)
inf→ Hi(GK , A)

)
. We call this

group the ith unrami�ed cohomology group.

Remark. We have H0
unr(K,A) = H0(K,A).

Theorem 1.5. Let A be a �nite GK-module with |A| coprime with the characteristic of the residue �eld, where K
is a �nite �eld extension of Qp. Then the groups Hi

unr(K,A
′) and H2−i

unr (K,A
′) annihilate each others in the pairing

Hi(K,A′)×H2−i(K,A)
∪→ H2(K,µ) ∼= Q/Z. Moreover, they are mutually orthogonal complements.
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1.2 Euler - Poincaré characteristic

Set hi(K,A) =
∣∣Hi(K,A)

∣∣.
De�nition 1.6. The Euler - Poincaré characteristic of A is given by χ(K,A) =

∏
i h

i(K,A)(−1)
i

.

Remark. In our case χ(K,A) = h0(K,A)h2(K,A)
h1(K,A)

Theorem 1.7 (Tate). For any �nite GK-module A of order a, we have χ(K,A) = |a|K , where | |K is a normalised

absolute value on K.

1.3 Tate modules of Elliptic curves

De�nition 1.8. If E is an elliptic curve over K, and we take l to be a prime with l 6= charK . The l-adic Tate

module of E is Tl(E) = lim←−nE(K)[ln].

Ifm 6= charK, we know that E(K)[m] ∼= (Z/mZ). We get a continuous representation ρ : GK → GL

Tl(E)⊗Zl
Ql︸ ︷︷ ︸

Vl(E)

 ∼=
GL2(Ql).

Aim: To study the cohomology of Vl(E).
Let us look at an elliptic curve over Fp. GFp

is topologically generated by the Frobenius automorphism φp.

Fact. The characteristic polynomial of ρ(φp) is x2 − ap(E)x + p, where ap(E) = p + 1 − |E(Fp)|. We know that

|ap(E)| ≤ 2
√
p.

So, H0(Fp, Vl(E)) = Vl(E)φp = 0. We have H1(Cm, A) ∼= kerN
(g−1)A where N : A→ A is de�ned by a 7→

∑
σ∈G σa.

We compute H1(Fp, Vl(E)) ∼= kerN
(φp−1)Vl(E)

∼= Vl(E)/Vl(E) = 0. Finally Hi(Fp, Vl(E)) = 0 for i ≥ 2.

Consider E an elliptic curve of good reduction over Qp. We have Hi
unr(GQp , Vl(E)) = 0 for i ∈ {0, 1, 2}, this is

due to the fact Hi
unr(GQp , Vl(E)) = Hi(Gunr

Qp
, Vl(E)).

H0(GQp
, Vl(E)) = H0

unr(GQp
, Vl(E)).

Theorem 1.9 (Néron - Ogg - Shaferenich). t For an elliptic curve E over Qp, E has good reduction if and only if

there exists a prime l 6= p such that TlE is unrami�ed.

We let l and p be primes for the rest of this section

Theorem 1.10. Let V be a �nite GQl
-module which is also a Ql -vector space. Then Hi(Qp, V ) is �nite dimensional

∀i ≥ 0 and Hi(Qp, V ) = 0 for all i ≥ 3.

We de�ne Ql(1) := Ql ⊗Zl
Zl(1).

Theorem 1.11. Let V be as above. The cup product gives us again an isomorphism Hi(Qp, V ′)
∼→ H2−i(Qp, V )∗,

where V ′ = Hom(V,Ql(1)) and V ∗ = Hom(V,Ql). Furthermore, H1
unr(Qp, V ′) and H1

unr(Qp, V ) are mutually

orthogonal.

Euler - Binearo characteristic. χ(Qp, V ) =
∑
i(−1)i dimQl

Hi(Qp, V ).

Theorem 1.12. Let V be as above, then for l 6= p we have χ(Qp, V ) = 0.

Let E be an elliptic curve over Qp with good reduction, and l 6= p be a prime. We have H0(Gunr
Qp
, Vl(E)) =

H0(GFp
, Vl(E)) = 0, H0(Qp, Vl(E)) = H0

unr(Qp, Vl(E)) = 0.

2



There is a pairing (Weil pairing) Vl(E) × Vl(E) → Ql(1), which is non-degenerate, Galois invariant, bilinear.
This means that Vl(E) ∼= Vl(E)′. So

0 = H0(Qp, Vl(E))

= H0(Qp, Vl(E)′)
∼= H2(Qp, Vl(E))∗

⇒ H2(Qp, Vl(E)) = 0

So the Euler - Poincaré implies H1(Qp, Vl(E)) = 0.
Hence: If E is an elliptic curve over Qp with good reduction, then Hi(Qp, Vl(E)) = 0 for all i ≥ 0.
Now consider an elliptic curve E over Qp with split multiplicative reduction. We have dimQl

Ho(Qp, Vl(E)) ≤ 1.

The reduction mod p induces a map α : Vl(E)→ Vl(Ens). We know that Ens(Fp) ∼= F∗p, Ens(Fp)[lm] ∼= F∗p[lm] ∼= µlm ,

hence we have Vl(Ens) ∼= Ql(1). We have a map Vl(E) → Ql(1), the cyclotomic character χl : GQp
→ Q∗l and

Vl(E)/ kerα ∼= Ql(1). Turns out that the determinant of ρ : GQp → GL(Vl(E)) is also χl. So dimQl
H0(Qp, Vl(E)) =

1. By Tate's duality, dimH2(Qp, Vl(E)) = 1 and by Euler - Poincaré: dimH1(Qp, Vl(E)) = 2.

Remark. For any other case of bad reduction we have Hi(Qp, Vl(E)) = 0 for all i ≥ 0.
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