LECTURE NOTES 2 FOR CAMBRIDGE PART IIT COURSE ON
“THE RIEMANN ZETA FUNCTION”, LENT 2014

ADAM J HARPER

ABSTRACT. These are rough notes covering the second block of lectures in “The Rie-
mann Zeta Function” course. In these lectures we will develop the exponential sum
method of Korobov and Vinogradov, and use it to prove the best known order estimate
for ((s) close to the 1-line, and the best zero-free region known. This has important
consequences for the error term in the Prime Number Theorem.

(No originality is claimed for any of the contents of these notes. In particular, they

borrow from the classic books of Ivié¢ [1] and Titchmarsh [2].)

7. FIRST THOUGHTS ON ESTIMATING ZETA SUMS

In section 5 we proved Landau’s theorem (Theorem 5.1), which showed that if we
had a bound (o +it) = O(e?®) in a region to the left of the 1-line, with ¢(¢) hopefully
not too large a function, then we could deduce a zero-free region for the zeta function.
In this Chapter we will prove a highly non-trivial bound for the zeta function, due to
Vinogradov and Korobov in 1958, and deduce a wider zero-free region. (Vinogradov
and Korobov worked independently, but both exploited ideas from earlier works of
Vinogradov, hence their names are traditionally written non-alphabetically.)

Ift > 1 and o > 0, then using Hardy and Littlewood’s approximation to the zeta

function (Theorem 3.3) with the choice z =t we see

» 1 tlfo'fit s 1
(o +it) = ant T T o) = ant +0(1).

n<t n<t

By partial summation, bounding ) _, # is basically equivalent to bounding sums
D N<n<N+M n~% where M < N < t. These partial sums are sometimes called zeta
sums. Note that, in order to bound all of the sum ) _, ﬁ, we need to bound zeta
sums with N much smaller than ¢. B

When we proved Theorem 3.3, we showed using Fourier analysis that certain zeta
sums of length N > ¢ behaved like the corresponding integrals [ ]va M w™%dw, but
we do not know how to do that efficiently when N is much smaller than ¢. Instead
we must work with the zeta sum directly, using more combinatorial arguments. The
—it

summands n~%* = e~®1°8" don’t seem to have much useable structure, so our first step

is to introduce some polynomial structure using Taylor expansion.
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Lemma 7.1. Suppose that N is large, and 1 < M < N <t. Set r:= |22%l8l|  Thep

log N
, U
Z 0t — 0 (M max |U(n)| L NY/B L ppgL/s00 ’
N<n<2N N4/5
N<n<N+M
where

—1)7t

Z Z e(azy + wr®y® + ... + ,2"y"),  aj = (27Tj37,j :

JESN2/5 y§N2/5
Proof of Lemma 7.1. Note first that

Z nt o= N2/5 Z Z Z nt

N<n<N+M x<N2/5 y<N2/5 N<n<N+M

= p 2 Z( > <n+xy>“+0<N4/5>>

T<N2/5 y<N2/5 \N<n<N+M
— —it 4/5
= Y v XX 0+ o)
N<n<N+M x<N2/5 y<N2/5

The point of the above is that the shift xy is always much smaller than n, so we can
apply Taylor expansion efficiently to (1 + zy/n)~% = e~"*le(1+2v/7) Indeed we have

log (1 N %) _ i (_E?j—l <%>j+0 <<%)5.01(1ogt)/1ogN> _ i (-1?9‘—1 <%)j+0(t_(1“/500)),
Jj=1 j=1

J

since zy/n < N~/ This implies that

S S 5 3 (So)eor

z<N2/5 y<N2/5 x<N2/5 y<N2/5

— Z Z €<Z&j(xy)j>—|—O(N4/5t_1/500),

3[7§]\]2/5 y§N2/5

remembering that e(z) := e*™*. The conclusion of the lemma follows immediately. [

Remark 7.2. The exact choice of many of the parameters in the proof of Lemma 7.1
(e.g. the exponents 2/5 in the shifts) is not important. Something that is important is
the fact that the degree r of the polynomial in the exponent is < (logt)/log N. It will
turn out that we can only handle the case where the degree isn’t too large relative to

N, and this will ultimately set the limit of the Vinogradov—Korobov method.

Remark 7.3. It may seem strange that we introduced the two shift parameters z,y in
Lemma 7.1, since we could have performed Taylor expansion in the same way with just
one. However, it turns out that introducing a pair of independent variables is very often

a very good idea, and we shall explore this next.
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8. BILINEAR FORMS

In this section we will think about the general problem of bounding
2D claZ-9)
TEX gey
where a € R and X, ) are general sets of r-vectors. We will start by considering a
simple problem to illustrate the usefulness of the bilinear structure, and to develop

some basic estimates needed later. Afterwards we will turn to the sums U(n) appearing

in Lemma 7.1 (in which Z = (x,2?, ..., 2"), similarly for §).

Proposition 8.1 (Toy Proposition). Let a = a/q + 0/¢*, where ¢ > 1, (a,q) =1, and
|0] < 1. Let N be a large natural number. Then

ZZ e(app <<Nmax{ \/_}\/log qg+1),

p<N p'<N

where the sums are over primes p,p.

Note that the bound in the proposition beats the trivial bound 7(N)? provided g is
neither too big nor too small. To prove the proposition we will need a small technical

result, that will also be needed later.

Lemma 8.2. Let o and N be as in the statement of Proposition 8.1, and let 5,U > 0

be arbitrary. Let ||z|| denote the distance from x € R to the nearest integer. Then
N
me{U T < <—+1) (U + qlogq).
= n+ ﬂ | q

Proof of Proposition 8.1. The crucial first step is to complete one sum (using the bilinear

structure), and apply the Cauchy—Schwarz inequality. Thus we have

ZZ e(app') <Z Z e(apn) Ze(ozpn)

p<N p'<N n<N |p<N p<N

2

<\/NZ

n<N

Now we have replaced a sum over primes, which is difficult to handle, by a sum over all

integers which is much easier. Indeed we have

5[ etem] = 5 (St ) (5 et = ¥ et

n<N |[p<N n<N \p<N p’<N p,p' <N n<N

and in general by summing a geometric progression (and since |sinz| > (2/7)|x| if
|z| < 7/2) one has

> e(Bn)| =

n<N

e(B(NJrl))—e(B)’ § 2 1
e(f) -1 ~ le(B/2) —e(=p/2)  [sin(xB)] ~ 2||B]I"
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where ||3]| denotes the distance from § to the nearest integer. We also have the trivial
bound |, -y e(Bn)| < N, so we conclude that

> 1> elapn)

1 1
n<N [p<N P <N =P 0<n<N

Here the last inequality used the fact that the numbers (p—p’) cover the integers between
—N and N at most N times each, and ||an|| = ||a(—n)]|.
Finally, Lemma 8.2 implies that
2

1 N N
> min{N, ——} < (? + 1) (N +qloggq) < maX{Y,q} log(q + 1),

and the proposition follows. O
Proof of Lemma 8.2. 1t will suffice to show that

1
q/gn;q/z min{U, Ton 5”} < (U + qlogq),
since if N > ¢ then one can break the sum in the lemma into at most N/q + 1 sums of
length at most ¢, and apply this bound (for suitable ). The bound is trivial if ¢ = 1,
so assume henceforth that ¢ > 2.

To prove the bound, note that for all —¢/2 < n < ¢/2 we have
an|  |On| < 1

an — —|=— < —.
q ¢ T 2q

Since (a,q) = 1, as —q/2 < n < ¢/2 varies the numbers an vary over all the residue

classes r modulo ¢, hitting each once. Thus, as n varies, at most O(1) of the numbers
an will lie in each interval [(r — 1/2)/q, (r + 1/2)/q] modulo 1. On translating by
(modulo 1), this clearly implies that at most O(1) of the numbers an+ /5 will lie in each
interval [(r — 1/2)/q, (r +1/2)/q] modulo 1.

Finally, if an+f € [—1/2¢, 1/2q] then we cannot rule out that ||an+ || is very small,
so we will use the bound min{U, m} <U.Butifan+pge[(r—1/2)/q,(r+1/2)/q]
for some non-zero —q/2 < r < ¢/2 then we can use the bound min{U, m} < q/|r|
instead. Therefore

1 q
in{U, ——— U = U 1
E min{ ’||Ozn+ﬁ||}<< + g 7a<< +qlogq,
—q/2<n<q/2 1<r<q/2

as claimed. O

In the proof of Proposition 8.1, we lost a bit when replacing sums over primes by sums
over integers, since the primes are a sparse set. But they are not very sparse, so this

loss (of logarithmic factors) didn’t matter much. In contrast, the sums U(n) in Lemma
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7.1 are sums over vectors (z, 22, ...,x"), (y,y?, ...,y"), which form a very sparse subset of
the r-dimensional box that contains them. To overcome this we will need another idea,
which we shall deploy at the same time as exploiting the bilinear structure. This is all

done in the following lemma.

Lemma 8.3 (Duplication of variables). Let U(n) = 3 n2ss 9, < yass e(aazy+agr®y®+
.+ a.z"y") be as in the statement of Lemma 7.1. Then for any natural number k we
have
1/(4k?)
. ; 1
|U(n)| < N5 NSk 75 (Jir(N??)) H > min{3kN%/°, } :

J=1 _kN23/5<p; <kN?2/5 HO‘j,ujH

where Jy.(N?°) denotes the number of solutions (1, ..., Tor) of the simultaneous equa-

tions
k 2k
fo: Z o Vi<j<r
=1 i=k+1

with 1 < x; < N?/° integers.

Proof of Lemma 8.3. The proof is like that of the Toy Proposition, but with the applica-
tion of the Cauchy—Schwarz inequality replaced by two applications of Holder’s inequal-
ity (with exponent 2k). This has the effect of producing 2k duplicate copies of each of the
variables z, y, so that the sums of the resulting duplicated vectors (x, x?,...,x"), (y, v*, ..., y")
cover an r-dimensional box much more uniformly.

To simplify the writing, let us temporarily set Z := N?/5. By Holder’s inequality we

have
2%
Un)|* < Z%*! Z Ze(alxy—i—angyQ + . Yy
2<Z |y<z
2%k 2%
S VID SIRT () VD SRIESRRND SYED )
2<Z Y1, Y2k <2 i=k+1 i=k+1

So if we let Jy (A1, ..., Ar; Z) denote the number of solutions (1, ..., x9;) of the simulta-

neous equations

k 2k
Sal= a4y VI<j<n
=1

i=k+1
with 1 < x; < Z integers, then we have

Um)PP* < 2%y > > D A Z)e (aamhy + o+ apa” )

<7 —kZ<M<kZ  —kZr<\<kZT

O/ Z Z Jer (Moo, Ars Z) Z ez + ... + ax" A\

—kZ<<kZ —kZ"<N-<kZ" z<Z
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To simplify the writing further, from now on we will usually write > Iy (without a range
of summation) as shorthand for >°_; 7, .\ <17
In the proof of the Toy Proposition, we were more or less finished at this point

because we could explicitly evaluate the inner sum. We are not so lucky here, so we use

’

Holder’s inequality to duplicate variables again, obtaining that
Ze (A + ... + a,z™\)

\U(n)\(%ﬂ < 72k(2k—1) (Z ZJkr My A Z
z<Z -
Z2k (2k—1) (Z ijr )\1’.“ mz)2k/ (2k— 1))
2k
3D
1

Ar

IA

Z ez + ... + a,z"\,)

<7

To bound the first term in brackets, we note that

Z ijr A17"‘ T'uZ)Qkkl S <)\ma}§\ Jk,?’()\la' >\T7Z)1/(2k 1)) Z ZJ/CT >\17"’ T'?Z)

< Z%* ( ma})(\ Jk,r()‘la ---a)‘r‘;Z)l/(le)) )

since ZM o Don Ik (A1, - Ay Z) simply counts all vectors (1, ..., zop) with 1 <oy < 7
integers. We also note that, for any Aq, ..., A, the Cauchy—Schwarz inequality implies

k

Jery s A Z) = > <#{(g;1, cap) 1< @ <7, and Y al = L;V1<j<r}

Liy,Lo,..., Lr€Z =1

2%
X #{(xpy1, . wop) 1 < x; < Z, and Z xf =L;—)\V1<;j< 7’})
i=k+1

(]

f 2
(#{(wl,...,xk) 1 <2, <Z, and fo =L;V1<j< r})

Ly,Lo,..., Lr€Z =1

= Ji,(0,...,0; 2) = Ji . (Z).

Therefore we have

|U(n)](2k)2 < Z4k(2k—1)J Z Z

7‘

2k

Z (c1xA1 + ... + az”\,)

x<Z

Y
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2

and on expanding the 2k-th power as before we obtain that |U(n)|?*)" is

<z g Z Z Z Z T (f1, ooy pors Z)€ (0qpt1 A1 + oo + Qe )

Ar —kZ<p1<kZ  —kZT<pr<kZ"
E e(apir )]

< Z4%(2k-1) (Jk’T(Z))Q Z Z Z e(aipAr)] -
—kZT<A-<kZ"

—kZ<u<kZ  —kZ"<pur<kZ" |-kZ<\<kZ

We have finally arrived at exponential sums that we can evaluate, and proceeding as

in the proof of the Toy Proposition we obtain

1 1
U(n)| 2R < Z%ED (p(2)* >0 ) min{3kZ, ——}...min{3kZ", —}.
—kZ<u1<kZ —kZr <pp<kZr H H || r 7"||
Raising both sides to the power 1/(4k?), and remembering that Z = N?/°, the bound

claimed in the lemma follows. O

Remark 8.4. Note that in the proof of Lemma 8.3 we needed to switch the order of
our sums more than once (as well as duplicating variables) to arrive at sums we could
estimate. This shows the power of the simple idea of introducing two independent
variables x,y: at any point one can move one set of sums to the inside, surrounded
by absolute value signs, and then complete the ranges of the outside sums to obtain

something nicer.

In order to obtain a useful bound from Lemma 8.3, we need to give a non-trivial
bound for the product over j appearing there (which will be an easy calculation using
Lemma 8.2), and we need a good bound for Jj, .(N%°). We also cannot succeed unless
k is chosen suitably large, since the applications of Holder’s inequality in the proof
of Lemma 8.3 are very inefficient unless Ji (A1, ..., \p; N¥°) = J;.(N?/?) for most
A1, .oy Ar, which can only happen if £ is large in terms of . In the next section we will
study J.(N?%), and this will occupy most of the rest of Chapter 2.

9. VINOGRADOV’S MEAN VALUE THEOREM

This section is devoted to the study of Ji,.(Z), the number of solutions (z1, ..., ax)

of the simultaneous equations

ZZ Zx Vi<ji<r
=1

i=k+1

with 1 < z; < Z integers (for Z large). This quantity is called Vinogradov’s mean value,
and as well as its applications to the zeta function it is of great interest in its own right,
and in additive number theory as well (especially in connection with Waring’s problem).
We trivially always have J;,.(Z) > [Z]*, since for any choice of w1, ..., we can

take (41, ..., Tog) = (21, ..., xk). (These trivial solutions are called diagonal solutions.)
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Moreover, we observed in section 8 that
1z = > DY T A D) < (2) ) YL
—kZ<M<kZ  —kZT<A<kZT —kZ<M<kZ  —kZT<A<kZT

and therefore we see

J (Z) > LZJ 2k (Sk)—’r' sz 2kz—(1/2)7‘(7"+1)
k.r = Tr a7 i .
’ I1;-1(3k27)

This bound would be close to the truth if the differences

all roughly uniformly distributed as the x; varied. It is conjectured that the true size

kg 2k j
i1 T T Dispp1 Ty were
of Ji,(Z) is never much bigger (as a function of Z) than the largest of our two lower

bounds.

Conjecture 9.1. Let k,r be natural numbers, and let Z > 1 and € > 0 be arbitrary.
Then
Jkr<Z) hore Zk—i—e +Z?k—(l/2)r(r+1)+e’

where the implicit constant may depend on k,r,e (but not on Z).

Note in particular that if & > (1/2)r(r + 1) then the second term is at least as big as
the first, so the conjecture says that the behaviour is roughly uniform. This is exactly
what we would like to substitute into Lemma 8.3 to obtain a good bound for zeta sums.
For us it will also be important to understand how the implicit constant depends on
k,r, since we have r < (logt)/log N possibly tending to infinity along with Z = N?/5.

Recently Wooley [3, 4] has proved Conjecture 9.1 for k > 72 — 1 (and, jointly with
Ford, for some smaller k as well). We shall not prove this great result, but we shall

prove an older bound that seems just as good for our application to the zeta function.

Theorem 9.2 (Vinogradov’s mean value theorem, Vinogradov, 1930s (with refinements
by Korobov and others)). Suppose Z is large, and let k,r be natural numbers such that
k>r? Let F = F(k,r)=[(k/r)—7r]| and let § = 6(k,r) = (1 —1/r)¥. Then

Jkr<Z) < (47,)414517Z2k*(l*5)(1/2)r(7“+1)'
Remark 9.3. Note that if k/?"2 is large then ¢ will be small.

The proof of Theorem 9.2 works by fixing r and inducting on k. The inductive
step is carried out by examining the system of equations Zle x) = Z?ik 4 27 modulo
a suitably chosen prime p, and applying a result called Linnik’s Lemma. Note that
this kind of argument will heavily exploit the polynomial structure that we worked to

introduce all the way back in Lemma 7.1.

Lemma 9.4 (Linnik’s Lemma, 1942-1943). Let r > 1 be a natural number. Also let A
and m > 1 be integers, let p > r be prime, and let Ay, ..., A, be any integers. Then the
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number of solutions (x1, ..., z,) of the simultaneous congruences

ngz)\j modp’ V1<j<r,
i=1

with A < z; < A+ mp" integers that are distinct modulo p, is
< (T!)m’”pr(r D72,

Proof of Lemma 9.4. Note first that, for any given integers (A, ..., A.), there are H;: P =

p'"=V/2 different vectors (g, ..., tt,) modulo p” such that

i = A, mod pY V1<j<r

So it will suffice to show that for any such vector (p1, ..., it,), there are at most (r!)m”

different solutions (z1, ..., ) such that

ngzuj mod p" V1I<j<r.

i=1
(Note carefully that we have now “lifted” all of our congruences to be congruences
modulo p".)

Next, suppose that

Zx{zZy{zM mod p" VI<j<r.
i=1 i=1

Since (r!,p) = 1, the elementary symmetric functions ) z1)2(2)...x(;) in the x; are

uniquely determined modulo p” by the power sums » ., xf modulo p” (using Newton’s

identities), and therefore the polynomials

T T

Piz)=]]G-z). Q&) =]]E-w

i=1 i=1
are identically congruent modulo p".
But we have P(z;) = 0 modulo p" for all 1 < j <r, and so we must have

T

Q) =[x - =0 modp vI<j<nr

i=1
If the y; are distinct modulo p this implies that x; is congruent to one of the y; modulo
p", and so (since the x; are also distinct modulo p) the x; are forced to be a permutation
of the y; modulo p”. This implies that there are at most (r!)m” possible solution vectors
(@1, e ). O

Before proceeding to develop the inductive argument for the proof of Theorem 9.2,

we record a simple but important observation about the system of equations Zle xi =

2k J .
Zi:k+1 r, 1 <7<
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Lemma 9.5 (Translation Invariance). If (x1, ..., ;) solves the system of equations
k 2k
2mi= 2 @ Visjsw
=1 =k+1
then so does (x1 — x,x9 — —x), for any x.

Proof of Lemma 9.5. We simply note that, by the binomial theorem,

k

Z —x]—fo—ij:ﬁl—l— (= ]lle—i-k

=1

and similarly

2% 2% 2%
Z(:ci—x)j:me—ijm + ..+ (= JIZ:Uﬁ—k
i=k+1 i=k+1 i=k+1 i=k+1

So if S2F af = Zz%k—H z) for all 1 < j < r then the same must be true for the

translated sums. O

Now we shall use Linnik’s Lemma to set up an induction on the number of variables
k. Unfortunately the proof of this Induction Lemma is very long, but it does split up

into several distinct parts.

Lemma 9.6 (Induction Lemma). Letr > 2, and suppose that Z > (2r)%" and k > r*+r.
Then
Jk r(Z) < 42kZ2k/r+(3r_5)/2Jk77-r(4Z(T_l)/r),

Proof of Lemma 9.6. Choose any prime (1/2)Z'/" < p < ZY/" and set Z; = [Z/p]. We
have pZ; > Z, and therefore we certainly have Jy,.(Z) < Ji.(pZ1). We also certainly
have 7, < 2Z/p < 4Z=Y/" 5o to prove the lemma it will suffice to show that

Jun(pZy) < AR ZPHITHCTDR L (Z0).

Let us also note that p > r, because of our hypothesis that Z > (2r)3". This means
that later on we will be able to apply Linnik’s Lemma to r of our variables.

(Note that we choose p ~ Z'/" so that the ranges mp" of the variables in Linnik’s
Lemma will approximately match the ranges Z of our variables.)

Next, let J; denote the number of solution vectors (x1, ..., £g;), counted by Ji - (pZ1),
in which (z1,...,x%) and (2j41, ..., Tox) each contain at least » numbers that are distinct
modulo p. Also let J; denote the number of solution vectors (xy,...,Tox), counted
by Jir(pZy1), for which the first r elements (1, ...,2,) and (Tg+1, ..., Tx4r) are distinct
modulo p, and let J, denote the number of solution vectors not counted by J;. Then

we have

Jk,T(le) = J1 + JQ S k}%(]{ + JQ,
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since each vector counted by J| corresponds to at most k?" vectors counted by .J; (by
permuting the components).
We shall bound J| and .J; separately.

Bounding Ji. 1 claim that we have

< 2k—2r
RSP e ),

where J{(x) denotes the number of solution vectors (zi,...,z2;), counted by Ji, for
which all of the 2k — 2r components (x,41, ..., zx) and (Tripi1, ..., Tox) are congruent to
x modulo p. Assuming this for the present, we can use translation invariance (Lemma

9.5) to subtract  from all the components, and obtain that

J{(I’) = #{(‘%17 "'7*%’ray17 "‘7yk—7’7'%7‘+17 “'7*%27‘7yk—7‘+17 "'7y2k—2'r) -2 < 57] < le - V] < 2T7
0<y, < Z1 —1V1 <j <2k —2r, and (Z1,...,%.), (Zr41, ..., To,) all distinct mod p,
2k—2r
Z Zx—pjzyﬂrp] oyl o vi<ji<r)
i=r+1 i=k—r+1

But now for any fixed %1, ..., To,, each vector (Z1,...,Z,) satisfies the conditions of
Linnik’s Lemma, with A = 1 — 2 and m = [(pZ)/p"] < [2Z/p"] < 2""'. And for
any fixed Z,y1,...,T9, and Iy, ..., Z,, the number of vectors (y, ..., ya2r_2.) that can be
counted in Ji(z) is at most Jx_,,(Z1). So in total, using the trivial bound (pZ;)" for
the number of choices of z,,1, ..., T2, and using the non-trivial Linnik’s Lemma bound

(rYm7p""=1/2 for the number of choices of (%1, ..., Z,), we have

Ji(x) < (pZ)" (r)ym"p IR g, (Z)) < (2Z)"(r))2rr I 2002 g (Z),
remembering again that Z; < 2Z/p and p < Z'/". Thus we have
Tl < pE 2y (p)2 D 20D g (7)) 2207y (p )2 ) 2D (7))
or(r AT (p)) Z2R/TBr=5)/2 1 (7))
Q2r(r+1) Z2k/r+(3r=5)/2 1, (7,
o2 Z2k/TGr=9)/2 ] (7).

VAR VAN

IN

where the final inequalities used the facts that r! < r" < 2% and k > r(r+1).
It still remains to prove the claim that J| < p**=* max,<,<, Jj(x), which helpfully
allowed us to “freeze” the residue class of most of our variables. To show this, for any

1 <z < p write Z(m) as shorthand for ) and in particular define

2<pZi, z=x mod p’
(=)
=D Pzt fo® + 452 = Y el ot B,

2<pZi, z=x mod p
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Also let 1 denote the indicator function, which takes value 1 if the attached statement

is true, and takes value 0 otherwise. Then by definition we have

(z1) (x2) (zr) (Th+1) (Trr) (zr41) (=k)
I
LRI D) SR DD VD DED DD DED DEDD
T1yeey Ty Th4-1s 3T+ Tyr41,.000L
distinct mod p distinct mod p mod P
(®Trgrt1)  (z2r) r
]_ ] j
22 ZH R
Thtr+41,--
modp

Note carefully that the first two big sums are over all residue classes (x1,...,z,) and
(Tgs1, -, Tpyr) that are distinct modulo p, whilst the other two big sums are just over
all residue classes modulo p (without the condition that they be distinct).
If w is an integer, then direct calculation (and remembering that e(Sw) denotes
> shows that fo e(fw)dp is 1 if w = 0, and is zero otherwise. Using this fact we

can rewrite the above in terms of exponential sums, as

J| = Z > > > / / (21)-..5(2£)S (T141)...S (o)A ..

Tht1s5Thtr Trdly Tk Thprt1,-T
dlstlnct mod P dlStlnCt mod p mod P mod p

2

2k—2r
= / / S(xzq)...5(x,) Z S(z dp,...ds,.
zl’ »Tr z mod p
distinct mod p
2k—2r
Finally, Holder’s inequality applied to ‘Zx mod p (x)‘ yields that
2
1 1
/ / S S@)-S@)| Y 1S@)P dbr...dp,
0 0 1, Ty

|z 1<a<p
distinct mod p

2

D / / S(a).S(@)| 15@)* " dBi...dp,,

1<z<
=P dlstlnct mod P

2
which is clearly < p?* 2" max;<,<, fol fol Sz S(xl)...S(xT)‘ 1S ()| dBy...dB,

distinct mod p
By expanding the multiple integral in terms of the indicator function 1 again, we see it

exactly equals Ji(z), as claimed.

Bounding Jy. Recall that J; counts all those vectors (x1, ..., Tk, Tri1, ..., o), counted

by Ji,(pZ1), in which either (z1,...,x5) or (g1, ..., x2,) does not contain at least r

numbers that are distinct modulo p. In the first case there are at most p"~'r* possi-

rl—l—kk

bilities for (z; (mod p), ...,z (mod p)), so there are at most p possibilities for

A,
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(1 (mod p), ...,z (mod p), xx+1 (mod p), ..., zor (mod p)). Similarly, in the second case

rlk

there are at most p possibilities for (xy1 (mod p), ..., xer, (mod p)), so there are at

T1+kk

most p possibilities for (z; (mod p), ..., zx (mod p), xx1 (mod p), ..., xe, (mod p)).

Let A denote the set of all possibilities for (z; (mod p), ..., 2 (mod p), xx41 (mod p), ..., xe, (mod p))

that are allowed in .J5, so that #.A4 < 2p"~1+krk,

Now similarly as above, using Holder’s inequality we have

Jy = / / > S(a1)...8(21)S (xps1)...S (o )dBy ..dB,

Z1,...,c2pmod p,
(z1 (mod p),...,z2x (mod p))eA

1/2k 1/2k
1 1
< // S IS@)| S IS
Z1,...,22mod p, x1,...,cormod p,
(z1,...,z2k (mod p))EA (z1,...,z2k (mod p))EA
< (#A) / / S 1S()[*dph...d,

z mod p

< 2p"*r* max / / |S(2)|**dp,...dp,.
0 0

1<z<p

And for any 1 < x < p, if we expand the multiple integral in terms of the indicator
function 1 again we see it counts all those vectors (z1, ..., Tk, Tg11, ..., Tox ), counted by
Jer(pZ1), in which all of the components are = = modulo p. So using translation
invariance (Lemma 9.5) again to subtract = from all the components, and then dividing
all the translated components by their common factor p (which reduces the range of the

new variables to Z;), we find
Jy < 20"k T, (2)).

Finally, we rework this bound into a form more like our bound for Jj, by noting
that we trivially have Ji,.(Z1) < Z¥Jx_rr(Z1) (since for any fixed (zy,...,x,) and
(Zgs1y -, Tpsr), the number of choices of the other 2(k — r) variables that satisfy the
underlying equations is < Jy_,.,.(Z1)). So, remembering again that Z; < 2Z/p and
p < ZY" we have

Ja < (2pr+krkzl2r) Jorr(Z1) = (ZPkJTk(le)%) Ji—rr(Z1)
(2Z% R (22)7) Jor i (Z1)
< (22r+lrkZZk/T+(37"75)/2Zf(k:/r)+(r+3)/2) Jk—r ’I’(Zl)'

IN

Since we assume that & > r>+r and Z > (2r)3", one can check (by separately considering
the cases where 2 < r < 8 and r > 9, say) that the right hand side is

S 227«+18k22k/7“+(37"*5)/2Jk_r T<Z1>'

dﬁl

s,
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Putting everything together. In summary, we have
Jk:,r(pzl) S k2rJ{+J2 S <k2r22k + 22r+18k> Z2k/r+(3r—5)/2(]k_r7r(zl) S 16k22k/r+(3r—5)/2(]k_m"(Zl)’

as claimed, since k > r? +r (with r > 2). 0

Now that we have proved Lemma 9.6, it is a fairly straightforward bookkeeping

exercise to complete the proof of Vinogradov’s Mean Value Theorem (Theorem 9.2).

Proof of Theorem 9.2. [[The details of this proof are not examinable, although it is not
difficult.]]

If r = 1 then we obviously have J;1(Z) < Z*~1 (for any Z > 1), since fixing
(21, ..., Top_1) leaves at most one possible choice of xo;. This suffices to prove Theorem
9.2 when r = 1, so from now on we assume that r > 2.

We fix r > 2 and proceed by induction on k > r? (or, more accurately, on the

parameter I in the statement of the theorem).

o Ifr2<k<r?+r—1then F(k,r)=[1—-1/r] =0and §(k,r) = (1-1/r)F =

so the bound we need to prove is
Jen(Z) < 7%,

But this is (worse than) trivial (for any Z > 1), so we are done in this base

case.

e For the inductive step, suppose that r> + fr < k < r?>+ (f + 1)r — 1 for some

integer f > 1, and suppose that we have already proved the theorem whenever
E<r?+ fr—1.

If Z < (2r)® then we cannot apply Lemma 9.6, so we are forced to take a

trivial approach by noting that
Jk,r(Z> < ZZTkar,r<Z)-

Then r? + (f — 1)r < k —r <r?+ fr — 1, so by the inductive hypothesis we

have
Jk—rr(Z) < (47,)4(1971”)(]”71)ZZ(kfr)7(175’)(1/2)7"(7“«%1)’ where & = (1 N 1/71)]071

So overall, if we write § = (1 — 1/r)/ we have

Jon(Z) < (dr)iE=nU=D Z2k=1=8)1/2r(+)
= (4r)tRS 72k (=0 A/2r(r+D) (4) =tk 4r(F=1) Z(F=8)(1/Dr(r+D)
_ (4r>4ku2k (1- 6)(1/2)r(r+1)(47,)74k74r(f71)Z&’(1/2)(r+1)
< (4r)4kfz2k (1- 6)(1/2)r(r+1)(47,)—4k—4r(f—1)(27“)5'(3/2)7«(741)'
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And 0'(3/2)r(r +1) < (3/2)r(r + 1) < 4r(r + 1) < 4k, so the product of the
last two terms above is < 1 and we certainly have

Jk,r(Z> < (4r)4ku2k—(1—6)(1/2)r(r+1)’

which is the bound claimed in the theorem.
It remains to handle the case where Z > (2r)%, for which we can apply
Lemma 9.6 to obtain that

Jk T(Z) < 42k22k/r‘+(31“75)/2t]k7r T(4Z(T,1)/r) .
Then by the inductive hypothesis we have

Jeerp (AZTDITY < (4g)2E=(E=D) (4Z(7~_1)/r)2(’6*1“)*(1*5’)(1/2%(%1) . where &' = (1-1/7)71.

Noting that, if we write § = (1 — 1/7)7, we have
(Z(rq)/r)2(k—T)—(1—5/)(1/2)T(7"+1) _ p2k=(1=1/1)(1=8)(1/2)r(r+1) y—2k/r—2(r—1)
72k—(1=6)(1/2)r(r+1) ;7 =2k /r—2(r—1)+(1/2)(r+1)

72— (1=8)(1/2)r(r+1) 7=2k/r~(1/2)(3r=5)

we find overall that

Jen(2) < 42k(4T)4(k—r)(f—l)42(lc—r)—(1—5’)(1/2)r(r+1)Z2k—(1—6)(1/2)7’(r+1) < (4r) 1 72— (=00 /2r(r+1),

This is the bound claimed in the theorem.

10. SECOND THOUGHTS ON ESTIMATING ZETA SUMS

Recall that our goal in this chapter is to estimate zeta sums >y _, yip 7", and
use the estimates to obtain an improved zero-free region and an improved error term
in the Prime Number Theorem. We have now assembled three powerful ingredients for
doing this:

(i) Lemma 7.1, which reduced the estimation of zeta sums to the estimation of

certain double exponential sums

2 2 ,r (=1)7t
U(n) = z§/5y§/5e(a1xy+a2x v At oxy), o= W,

(ii) Lemma 8.3, which used Holder’s inequality to reduce the estimation of U(n) to
the estimation of Vinogradov’s Mean Value J;,,.(N?/°) (together with certain
other easy sums over fi;);

(iii) Vinogradov’s Mean Value Theorem (Theorem 9.2), which gives a good bound

for Jy.,.(N?/®) provided k is large enough in terms of 7.
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We can combine these ingredients to obtain the following estimate.

Theorem 10.1 (Zeta sum estimate, Vinogradov, Korobov, 1958). There exists a small
absolute constant ¢ > 0 such that the following is true. For any 1 < M < N <,

E nfit

N<n<N+M

< ]\4670(log3 N)/log?(t+2) + N4/5.

Proof of Theorem 10.1. We may assume that ¢ is large and that N > elogmt, since
otherwise the theorem is trivial by adjusting the < constant appropriately.

By Lemma 7.1 we have

Z nt

N<n<N+M

Ty
<M e T N M

where
(=1)7t

2mgn?
$§N2/5 y§N2/5
and r = L%l?\fgtf Since t > N we have ¢~1/500 — ¢=(1/500)logt < —(1/500)(log” N)/log*t g

the last two terms are certainly small enough.
By Lemma 8.3, for any N <n < 2N and any k£ € N we have

1/(4k2)
1
Tt

[evpe]|

U _ [ _1
N4/ = N8k/5

Jkr N2/5 H Z min{Bszj/E’,

J=1 —N2i/5<p,;<kN2i/5

We take k = Cr?, where C' > 1 is a constant that we will choose later. (We will make
sure to choose it such that k = Cr? € N, as required.) Since & > 72, Vinogradov’s Mean
Value Theorem (Theorem 9.2) implies that

(T (N?/2))* < (dp)B68 N4/5@E-0=00/2r041) - where F = |(C—1)r], and § = (1—1/r)",

and so we see

1/(4k2)
1

M
||

|U(n)| < [ @aryper y-wma-00/2r61) H Z min{3kN%/3

N }

=1 ,szj/5S#jSkN2j/5

It remains to bound the sums over ;. We always have the trivial bound < k2 N4/5,
and if a; = a;/q; + 0;/q; for some ¢; > 1, (a;,q;) = 1 and |#;] < 1 then by Lemma 8.2
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we have
, 1 kN2i/5 .
> min{3k N>/, ;o< <— - 1) (kN*/® + g;log q;)
k‘2N4j/5
< max{ , g5} log(gq; +1).

J
But if j > (logt)/log N then, remembering that N < n < 2N, we have
_ (=0t (—1)j+9j (=1 H{2mjn /the;

- =y i
E 2mini /t

In particular, if 2(logt)/log N < j < 3(logt)/log N then q; > n/~(cet)/los N > Ni/2 and
also ¢; < jn? N7I/® < j2IN%/3 50 we certainly have

) 1 k2N4j/5
Z min{3kN>/?, < A0 if 2(logt)/log N < j < 3(logt)/log N.

NS NS el

Putting everything together, we see

1/(4k?)
|U(n)| 8Ckr A7 (4/5)(1—8)(1/2)r(r+1) T 2 n74j /5 1
N S | (N [ [(Dr2N27) 11 N7
j=1 2(logt)/log N<j<3(logt)/log N
1/(4k?)

)

< <(4T)SCkTN—(4/5)(1—6)(1/2)r(r+1)(Dk2)TN(4/5)(1/2)7"(1“+1)N—(l/lO)((logt)/log N)2>

where D is a large absolute constant. Remember that k = Cr? and r = [5'3;15’\?@ here.

If we choose C' large enough then we will have 6 < 1/280, and therefore (4/5)d(1/2)r(r+
1) < 145((logt)/log N)* < (1/20)((logt)/log N)?, and therefore

|]UV(475)| < <(4T)SCRT(D]€2)TN(1/20)((10gt)/10gN)2)‘“12 _ <<4T)802T3(D02T4)TN(1/20)(10gt/10gN)2>1/(4C2T4)
The dominant term inside the bracket is N —(1/20)(logt/log N )2, and so the conclusion of
the theorem follows. 0

If M =N =1t for some 0 < 6§ < 1, then the bound in Theorem 10.1 takes the form

E n—it

N<n<2N

—ch? 02
< Ne c@logN:Nl 09‘

Thus we have a power saving if N is any fixed power of ¢. In general we think of a power
saving as a very good result, and a squareroot-type bound |Z Nemeay N < N2
would be the very best we might hope to prove (since it would mean that the summands
n~" oscillate “like random”). If N is smaller than any fixed power of ¢, but larger than
Clog™?¢ (which is a wide range), then Theorem 10.1 does not give a power saving but

still gives a non-trivial bound.
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11. SOME SPECTACULAR (?7) CONSEQUENCES

Using our zeta sum estimate (Theorem 10.1) we can deduce the promised upper

bound for the size of the zeta function.

Theorem 11.1 (Richert, 1967, building on work of Vinogradov and Korobov). There
exists a large absolute constant C' > 0 such that the following is true. For any large t

and any 0 < o < 1, we have
(o +it) < tC0 10?3 ¢,

In particular, ifc > 1—1/ log?3t then ((o+it) < log?/3 t.

Note that by the Hardy—Littlewood approximation for the zeta function (Theorem
3.3) we have

(o+it)=> nalﬂ.t +0(1).

n<t

The trivial bound for the sum is > L <« #177/(1 — o), which is good enough if o is

n<t no

far from 1 but is much weaker than Theorem 11.1 if 1 — ¢ is small. In that case we can

estimate a large part of the sum better using Theorem 10.1.

Proof of Theorem 11.1. Suppose first that 1 — 1/log2/3t <o < 1. Then

orin= ¥ ot ¥ mrom <« Y o+ Y > ==

n<elos?/3t elog?/3t cp<y n<elos?/3t llog?/3t]|<j<logt |¢/ <n<e/T!

RS S I S

llog?/3 t]<j<logt |e/ <n<elt!

and because the sequence n%, is monotone decreasing, Abel’s summation lemma (as seen

in the proof of Lemma 3.4) implies that

1 1 it
E —| < — max E n .
notit €7 ei<n/<eitl

el <n<eitl el <n<n/

But by Theorem 10.1 we have

max E n~t| « elemci/log’t
ei<n/<eitl | ’
- eI <n<n/
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so we have

C(U + it) < 1og2/3t + Z ej(l_g)—cjg/logzt
llog?/? t]<j<logt
< log?Pty Y i/l
llog2/3 t]<j<logt
[log!/3 ¢
< log™Pt+ > 3 o/ 08213 tc(j log?/3 1)
r=1 0 r|log?/® ] <j<(r+1)|log>/* t]

The final sums here are < (log”®#) " e~ and this is clearly < log®®t as required.
If instead 0 < 1—1/ logZ/ %t then one can proceed in a similar way, but breaking the
sum over n at a different place to obtain a saving when summing over j. In fact, for

any large constant C' we obtain that

. 1 1
Corit) = 3 —m+ > am oW
ngeclogtm eC logt\/ﬁ<nst

_5)3/2
6C’logt(l o)

1
< gt 2 2 o

|Clogty/1—c|<j<logt |ef<n<eitl

< tC(lfo)3/2 1Og2/3 4+ Z ej(lfa)fcj:‘/logzt
[Clogty/1—0|<j<logt
<< tC(I_U)S/Q 10g2/3 t _|_ Z ej(l—o)—cj(l—a)C’Q.

[Clogty/1—0o]<j<logt
Provided C'is large enough the exponents in the sum over j will all be negative, and one
can bound it as we did above by breaking into intervals of length |C'logty/1 —o]. O

Remark 11.2. Tt is easy to check that the first part of the above proof also shows that

C(o +it) < log?3tif t is large and o > 1.

Finally, by combining Theorem 11.1 with Landau’s theorem (Theorem 5.1) we obtain

the best (i.e. widest) zero-free region known for the zeta function.

Corollary 11.3 (Vinogradov—Korobov zero-free region). There exists a small absolute
constant ¢ > 0 such that the zeta function has no zeros s = o + it in the region {s : 0 >
1= ¢/(log??(|t] + 2)(log log(|t] + 3))"/*)}.

Proof of Corollary 11.3. Theorem 11.1 tells us that, for all ¢ > ¢, (a large constant), we
have

C(U + it) < tC(l—a)3/2 10g2/3 +— 60(1—0)3/2 logt+(2/3) loglogt
In particular, if o > 1 — ((loglogt)/logt)?? then we have (o + it) < e(C+2/3)logloet 4
we can apply Landau’s theorem (Theorem 5.1) with the choices ¢(t) = (C'+2/3) loglogt
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and w(t) = ((logt)/loglogt)??3, obtaining that ((c + it) # 0 in the region
c c
o>1— —1- L t> 1
T o2+ Dw(2t+1) (C'+2/3)1og??(2t + 1)(log log(2t + 1))1/3 ’

By relabelling the constants, this gives the assertion of the corollary when ¢ > .

One can obtain the analogous result for ¢t < ¢y using the known zero-free regions and

using symmetry, exactly as in the proof of Corollary 5.2. U

By repeating the proof of the prime number theorem with the line of integration
shifted into the Vinogradov-Korobov zero-free region, rather than the classical zero-
free region, (and obtaining a bound for ('(s)/((s) in that region as in Lemma 5.5), we

obtain the best known error term for the distribution of primes.

Corollary 11.4 (Prime Number Theorem with Vinogradov—Korobov error term). For

all x > 2 we have
U(z) =2+ O(xefc(log3/5x)/(loglogx)l/s).

Proof of Corollary 11.4. The details of the proof are omitted and non-examinable, but
the idea of the argument is exactly as we have seen before [[and is examinable]].

At the end we obtain an estimate of the form

U(z) =2+ O(zlog’ x (efc(logw)/(log2/3(T+2>(loglog<T+3))1/3) + eflogT>)’

and choosing T' = exp{ (log®® ) /(loglog 2)'/?} is optimal and gives the claimed result.
U

Remark 11.5. In our first proof of the Prime Number Theorem we obtained an error
term of the form O(ze=¢8""" ). After a great deal of hard work (which took more than
sixty years to complete in real time), this was improved to the Vinogradov—Korobov

—c(log?/?2)/(loglog2)'/*) " Thig error term is certainly much smaller, but it

error term O(ze
looks to be of the same “shape”, and one might reasonably ask what more it really tells

us about the distribution of primes.

(i) There are problems in which the exact size of the error term is of qualitative
importance. For example, if one could obtain a zero-free region of the form
o > 1— c/+/log(|t| + 2), which corresponds to an error term O(ze—clos ) in
the prime number theorem, this would have applications to the distribution of
numbers with only small prime factors (smooth numbers).

(ii) We know that the Vinogradov—Korobov error term is not just a technical sharp-

ening of the classical error term, because we know that many new ideas were
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required to prove it! In particular, the Vinogradov—Korobov error term en-
codes the zeta sum estimate in Theorem 10.1, which is a fundamental number-
theoretic fact about the Fourier analytic properties of the integers (and which
we translated, via the zeta function, into information about primes).

(iii) But it is true that the error term O(zecos”” 2)/(oglog2)'/") ig nowhere close to
what we believe should be true. The Riemann Hypothesis conjectures that apart
from the trivial zeros at s = —2, —4, —6, ..., all the zeros of the zeta function lie
on the critical line {R(s) = 1/2}. If this is true then one obtains a squareroot

power-saving error term O(y/zlog® x) in the Prime Number Theorem.

The Riemann Hypothesis is, arguably, the most important unsolved problem in math-
ematics, since it would imply that the error term in the distribution of primes is “like
random”. If one could obtain an improved zeta sum estimate (i.e. a power saving on a
wider range of N than in Theorem 10.1) this would help to widen the known zero-free
region, but at present we have no plausible approach to obtaining a zero-free region out

to the 1/2-line, as in the Riemann Hypothesis.
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