
MA3G8 Solutions IX KMB

1. If you is unitary then for every x

‖Ux‖2 = 〈Ux, Ux〉 = 〈U∗Ux, x〉 = ‖x‖2

and plainly U is onto since UU∗ is the identity.

On the other hand if U is an isometry then the same calculation shows that if

T = U∗U then

〈Tx, x〉 = ‖x‖2

for all x. If we use the fact that T has norm at most 1 we can deduce that T

is the identity as follows

‖x− Tx‖2 = ‖x‖2 − 2〈x, Tx〉+ ‖Tx‖2 = ‖Tx‖2 − ‖x‖2 ≤ 0.

However the equation can be used without a priori information on the norm

of T if we observe that T is self-adjoint:

〈T (x + y), x + y〉 = 〈Tx, x〉+ 〈Tx, y〉+ 〈Ty, x〉+ 〈Ty, y〉
= 〈Tx, x〉+ 2〈Tx, y〉+ 〈Ty, y〉
= ‖x‖2 + 2〈Tx, y〉+ ‖y‖2.

On the other hand we have that

〈T (x + y), x + y〉 = ‖x + y‖2 = ‖x‖2 + 2〈x, y〉+ ‖y‖2

so we get 〈Tx, y〉 = 〈x, y〉 for every x and y which immediately guarantees

that Tx = x.

So far we haven’t used the fact that U is onto and indeed the argument would

show for example that if R is the right shift and R∗ its adjoint (the left shift)

then R∗R is the identity. To prove that UU∗ is the identity we need to remark

that if U is an isometry onto then it is invertible and the equation U∗U = I

tells us that U−1 = U∗.

(If the space is complex we need appropriate changes to the arguments above.)
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2. The sum defines a bounded operator since it converges absolutely. For each n,

the adjoint of the operator (iT )n is (−iT )n because T is self-adjoint. In order

to prove that eiT is unitary we need to check that (say)

eSeT = e(S+T )

for bounded operators S and T that commute with one another. This is just

the same as the usual proof of the properties of the exponential series.

3. The derivative of

eB(t)X(0)

need not be B′(t)eB(t)X(0) because B(t) and B′(t) need not commute with

one another.
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