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IRRATIONALITY OF SOME p-ADIC INTEGERS
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ABSTRACT. In [4], Beukers sketches a proof of the irrationality of (2(2),
¢3(2) and L2(2,xs). Here we expand on Beukers’ sketch, supplying full
details.
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1. INTRODUCTION

Let ((s) be the usual zeta-function. Euler proved that for even positive
integers n, the value {(n) is a non-zero rational multiple of 7”. Since 7 is
transcendental (as proved by Lindemann in 1882), it follows that the even
values of ¢ are all transcendental and therefore irrational. The odd values
of ¢ (that is the values ((n) where n > 3) are more mysterious. In 1978,
Apéry announced a proof of the irrationality of ((3). It was later shown
that infinitely many of the odd values must be irrational [7].

One can ask similar questions about the values of p-adic zeta and L-
functions. Frank Calegari [5] proved the irrationality of (2(2) and (2(3)
using p-adic modular forms. More recently, Beukers [4], sketched another
proof of the irrationality of (2(2) and (3(2) using a more classical approach.
Here we expand on Beukers’ sketch, supplying full details. The main steps
of the proof are as follows:

(1) A criterion for the irrationality of a p-adic number given as the limit
of a sequence of rationals (Lemma 2.1).

(2) Some theory of linear differential equations, the power series expan-
sion of their solutions and the arithmetic properties of their coeffi-
cients (Section 3 and Appendix B).

(3) Identities linking the infinite Laurent series ©(x), R(z) and T'(x)
(Section 4 and Appendix C).

(4) Werelate O(z), R(z) and T'(z) with the p-adic Hurwitz zeta-function,
and for specific values of = we find relationships of ©(x) with cer-
tain p-adic zeta and L-functions (Sections 5 and 6). This allows
us to express (2(2) = —3$02(1/2) and (3(2) = —#03(1/3). Thus
it remains to prove the irrationality of ©2(1/2) and ©3(1/3). The
indicies denote convergence in Q2 and Qs respectively.

(5) The convergents of the continued fraction approximation of the func-
tion O(x) allows us to construct sequences of polynomials, namely
pn(x) and g, (z) (Section 7).

(6) In the final section, we put everything together to deduce the irra-
tionality of (2(2) and (3(2).

2. KEY FUNDAMENTALS

To prove that a p-adic number « is irrational, we must construct a se-
quence of rational approximations ¢, /d,, which converge p-adically to « very
quickly. The Lemma below precisely states this, however we have made a
slight adjustment to that stated in Beukers’ paper [4].

Lemma 2.1. Let o be a p-adic number and let {c,} and {d,}, with n € N,
be two sequences of integers such that

lim max(|cp|, [dn|) [en + adp|, =0
n—oo
and ¢, + ad, # 0 infinitely often. Then « is irrational.

Proof. Suppose a € Q. Let « = A/B with A, B € Z and B > 0. Then

A | |Bent Ady,

[en + adnl, = |en + Fdn B

p p
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Suppose ¢, +ad, # 0. Let Be, + Ad,, = £p®~t,, with t,, € Z* not divisible
by p. By the triangle inequality we have

p*ty, = |Bey, + Ady| < 2max (|A|, B) max (|cy, |dnl) -

Thus
p
|en + adn |p max (|cpl, |dn|) = B] max (||, |dn|)
P
> p ) P,
~ |Blp  2max(|4], B)

1
>
~ 2|Blpmax (|A], B)
and so the limit of |¢, + ad,|, - max (|c,|, |dn|) as n tends to infinity cannot
be zero, thereby arriving at a contradiction. Hence o must be irrational. [J

Definition 2.1. For positive integer n, and rational number 3, we define a
rising factorial as stated in Wolfram Mathworld [8].

Bn=BB+1)---(B+n—-1), (Bo=1.

Lemma 2.2. Let f € Q with F' € Z~1 as denominator. Then (8),/n! € Q,
with denominator dividing p,(F) defined by

pun(F) = F ][ ol7]
qlF

where the product is taken over all the primes q which divide F'. Moreover,
the number of times a prime q1 appears in the denominator of (), /n! is at

least . |
n <r + > |
-1/ logq
where 1 is defined via the relation |Flq, = q;".

Proof. Let f = b/F where b € Z. Then
B _ (b/F), 1

(b/F)(b/F+1)---(b/F +n—1)

n! n! n!

n—1
1 1
=~ -b(b+F)---(b+(n—1)F):WH(HM)

which shows that (3),/n! is a rational number.

We proceed to show that the denominator of (3),,/n! divides p,(F'). Sup-
pose ¢ is a prime which divides F. Since ged(b, F') = 1, this implies that
q 1 b and therefore ¢ 1 (b + Fk) for any k € Z. Therefore, ¢ does not divide

n—1

[T+ Fr).

k=0
We consider the number of times g appears in n!. Of the numbers 1,2, ..., n,
precisely [n/q] are divisible by ¢, [n/¢?] are divisible by ¢ and so on. There-
fore the number of appearances of ¢ in n! is

ERBRAR
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which is bounded above by
nomo_n
qa ¢ q—1

Shortly we shall see that for any prime p which does not divide F', p does not

divide the denominator of (3),/n!, thus concluding that the denominator of

(B)n/n! divides
0 | LY
qlF
In order to arrive at the above conclusion, we suppose p is a prime not
dividing F'. It suffices to show that the number of times p appears in the

numerator is greater than or equal to the number of times p appears in the
denominator. In other words we show for any s € Z~g,

# {1 < k < n; such that p® | k}
< #{0 <k <n-—1; such that p° | (b+ Fk)}.
We have already seen that the LHS = [n/p°®]. Let us suppose that the
RHS = r. Let ki be the smallest element of the set
Q2 ={0<k<n-—1; such that p° | (b+ Fk)}.
Then
b+ Fki =0 (mod p®)
which is equivalent to
ki = %b (mod p*)

where we are able to divide by F because pt F. Clearly 0 < k; < p® — 1,
therefore we obtain the remaining elements of €2 using k1 and our assumption
that |©2| = r. Consequently we find
k17k1 +psvk1 +2psv 7k1 + (T - 1)p8 € Q.
Since 0 < k£ < n — 1 must be satisfied for all elements k& € €2, we have
0<ki+(r—-1)p°<n-1.
Rearranging, we see
n—1-— k‘l
r< —+ 1.
pS
Using 0 < ky < p® —1, and taking the maximum value of r, we make further
calculations.

RHS =r =

p* B p* p* P
which shows that if p f F' then p does not divide the denominator of (3),,/n!.
To complete the proof, we find a lower bound for

i+ [+

to find the minimum number of times a prime ¢; appears in the denominator
of (B)n/n!. Finding the lower bound was not as straight forward as stated in
Beukers’ paper [4], but Professor Samir Siksek managed to shed some light
on the problem with his simple, yet elegant proof stated below.

— _ S _ _ S _ S
n-l—k+p > 1-(p 1)+p:n>[n}:LH5’
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First we need a lemma!
Lemma 2.3. If0 <z <1 then ¢* < (¢— 1)z + 1.

Proof. Let f(x) = (¢ — 1)z + 1 — ¢*. We must show that f(xz) > 0 for
0 < z < 1. Differentiating (and using the fact that ¢* = ¢®1°89) we find that

f"(x) = —(log q)*¢".

In particular f”(z) < 0 for all 0 < x < 1. So the graph of f is concave
between 0 and 1. But f(0) = f(1) =0. Hence f(z) >0for0 <z <1. O

Let

(2.1)

—Z.

[ logn } logn
z = and €=
log ¢1 log 1

Clearly 0 < e < 1. Moreover, logn = (z+¢€)log ¢1, which can also be written
as

(2.2) n =g

Now we can start to calculate some bounds.

[l

k
k=1 Ll o \G
1 1 1
>—z+n|—+—5++—
a g a7
n 1 . .
=—z+ <1 — Z) geometric series
a—1 i
n n n
= —Z —
-1 (a—1)gf
n q5 :
= —z 4+ — using (2.2
a—-1 ¢a-1 (22)
-1 1
> —z+ noo (& et by Lemma 2.3
-1 a1
n—1
= — Z — €
q—1
-1 1
_n--_ oen by (2.1).
qu—1 logq

The number of appearances of a prime ¢; in the denominator of (3),/n!
is the number of appearances in F™ plus the number of appearances in n!,
which is bounded below by

n—1 logn 1 logn
nr + — >n|r+ — — 1,
-1 logq -1/ logq

r

where r is given by the relation |F|, = ¢;". In Beukers’ paper [4], this
proof is given as a sketch and we have filled in some essential details.
O
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3. INTRODUCING DIFFERENTIAL EQUATIONS

In this section we consider linear differential equations of order 2 and their
corresponding solutions. We arrive at some interesting results with regards
to the n-th coeflicient of their power series solution.

Definition 3.1. Let R be a commutative ring with unity. A zero divisor is
a non-zero element x of R such that there is some non-zero element y of R
satisfying xy = 0. An integral domain is a commutative ring with unity that
has no zero divisors.

Let R be an integral domain. We define the characteristic of R to be the
least positive integer n such that n -1z = 0 if there is such an n. If no such
n exists, we say that R has characteristic zero. We denote the quotient ring

of R by Q(R).

From now on, R will be a domain of characteristic zero.

Definition 3.2. R[z]| denotes the polynomial ring which consists of polyno-
mials with coefficients in R. R[[z]] denotes the ring of formal power series
which consists of formal power series that have coefficients in R.

Definition 3.3. The logarithmic derivative of a function f(z) is f'(2)/f(2).

Lemma 3.1. Let f(z) € Q(R)[[z]]. Then

[ stwytogtuia =1ost2) [ stytw~ [*1 [ stwpiuas

and
| s tog w2 = (og2 [ swydw - 210(:) [*3 [ fwyduds

+2 [ - | = | flw)dwdxdy.
0o ¥Jo TJo

Proof. Let F(z) = [ f(w)dw. Then F'(t) = f(t). Integrating by parts
gives

[ty ostuian = ozt [ ewau] < [*2 [ fwyduas

—10g(:)F(2) ~ o) F] — [+ [ flw)duda

—0 as n—0

~lox(2) | " Flw)dw - / E / " f(w)dwds.

Notice that if f(w) = ag + ajw + asw?--- with coefficients a; € Q(R)
then F(z) = apz + (a1/2)2% + (az/3)z3 - -+ and (logn)F(n) = (nlogn)(ag +
(a1/2)n + (az/3)n?---) which tends to zero as n tends to zero.

We can easily see that (logn)2F(n) — 0 as n — 0. In proving the second
part of the lemma, we shall continue to use methods of partial integration.
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/Ozf( )(log w) dw—[logw /f dw]z—/ 21"“/ f(w)dwdz

= (log 2°F(2) - (log )P (1) {mog [3] rw dwdx]

—)0 as n—0
z 1 Yy 1 x
+2 | - | = [ flw)dwdzdy
o YJo TJo

= (log 2)*F(z) — 2log(z)/oz % /006 f(w)dwdz 4 21og(n)G(n)

—0 as n—0

+2/()z;/()yi/0xf(w)dwdxdy
—(og2)? [ fluwdu ~2105() [ 1 [ flwpduds
+2/0Z;/0y;/oxf(w)dwdxdy

Gn) = /0 REACIP

X

where we define

O

Lemma 3.2. Let R be a domain of characteristic zero. Let p,q,r € R[z],
with p(0) = 1. Let Lo be the differential operator defined by

La(y) := 2p(2)y" + q(2)y + r(2)y.

Suppose there exists Wy € R][z]] such that Wy(0) = 1 and the logarith-
mic deriwative of Wy /z is —q(2)/zp(z). We remark that Wy /z is called the
Wronskian determinant of Lo.

Suppose that the equation La(y) = 0 has a formal power series solution,
yo € RJ[z]], with yo(0) = 1. Since the space of solutions in Q(R)[[z]] has
dimension one, we observe that yo is unique.

Moreover, let
F Wo(t)
yl(Z) yO(Z) 0 tyg(t)

Then y1(z) is a solution to La(y) = 0 with yo(z) and y1(2) linearly indepen-
dent.

Proof. First of all, we shall prove that if yo(z) € Q(R)[[2]] then it is the
unique solution to Ls(y) = 0. Suppose we have two distinct solutions in
Q(R)][[z]]. Let y(z) be the difference of these two solutions. Therefore,
W)= 6+ Crz+ Cost oo
y'(z) =C1 4205z + 3C322 + -y
y'(2) =202+ 6C32 + -+ -,
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where Cp = 0 because both solutions must satisfy the condition y(0) = 1.
Let f(z) = Wy(z)/z with f'(2)/f(2) = —q(2)/2zp(z). Then
WO(Z):1+d12+d222+"‘ ,
1
f(Z)=;+d1+d2Z+-" :

-1
f’(z):?+0+d2+2d3z+~-,

Fe) Sl =)
- 2 T )
az) _ a0
o) T T 0 ]

Since p(0) = 1 we deduce that ¢(0) = 1. We substitute our findings into
L(y) = 0.

Z(1+--)(2C +6C32+---)
+ (14 --)(CL+2Co2 +3C32% +--+)
+7(2)(Crz + Caz* +---) = 0.

Evaluating at z = 0 we see that C'y = 0. By induction we have C; = 0 for
all ¢ € N, thereby confirming the uniqueness of yo(2).

It remains to show that y;(z) is another independent solution of Ly(y) =
0. We already have

ZWo (t)
o tyg(t)

y1(2) = yo(2)

Differentiation with respect to z gives

v (2) =y6(z)/02 Wo(t) <W0Z(z)‘ 1 )

typ (t) Yo(2)
and
" " =W / Wo(z Wo(z i 1 —q(2)Wo(z
A =) [ o) Do) o BT (A

where we have calculated the derivative of Wy(z)/z under the assumption
of the existence of its logarithmic derivative. Let f(z) = Wy(z)/z. Then

1'(2)/f(z) = —q(z)/zp(z) and therefore
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Substituting y;(z) and its derivatives into La(y) gives

o) = () ((002) [ a2 (FUEED))

o ) w(x) \  2*p(2)

ee /O%Eg ”Zgii) CICCYE 1)
- (P ) + ae)ub(e) + o) ( [ )

=0 since yo(z) solves La(y)=0
ZM — ( )W()( ) 5 WO(Z) _
yo(2) < 2pez) > Tl )Z?JO(Z) -

Hence y;(z) is another independent solution of La(y) = 0.

+

O

Lemma 3.3. We can write y1(z) = yo(z)log(z) + go(z), where go(z) €
Q(R)|[[z]]. Furthermore, the demominator of the n-th coefficient of yo(z)
divides lem(1,2,...,n).

Proof. Suppose
W0<Z) = 1+d12+d222+"' ,
yo(z) :1+b1Z+b2Z2+"' ,

yo(2) =1+ciz+coz® +---, with d;, bi, ¢; € R.

Then,

21 1+ dit+dot®> +---
_ 2 dt
yl(z) yO(Z)/O t <1+Clt+c2t2+"'

z
1
= yo(z)/o : (1+ert+ eat? 4 - -+ )dt where e; € Q(R)

€ 252 € 23
= yo(z)log(2) + yo(2) <e1z—i— 22 + 33 +>

Therefore,

622 €Z3
() = () (1 + 2+ D ) € QUL

where we can choose a constant of integration such that go(0) = 0. If we
suppose that go(z) has the following power series expansion in Q(R)[[#]]
Jo0(2) = a1z 4 a22® 4+ az2® + - -+ with a; € Q(R),
then upon substitution of the power series expansion for yy(z) into go(z2),
one notices
bp—2e bn—3e boe
an:bn,1€1+ n22 2+ n33 3 4t 0 n'

It readily follows that the m-th coefficient of gy(z), a,, has denominator
dividing lem(1,2,...,n). O
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Corollary 3.1. We remark that

Wo(2)

" =y (wo(2) — i (2o (2)

which is precisely how the Wronskian should be defined.

Proof. Some simple calculations leads to

= Wo(t) Wo(z)
/ — / dt
W) =) [ G =
and
= Wol(t)
y1(2)yo(2) = yo(2)yo(2) dt,
0 O o td(t)
thus the result follows. O

Proposition 3.1. Ly(y) = 1 has a unique solution g(z) € Q(R)|[z]] begin-
ning with z + O(22). Moreover, the n-th coefficient of g(z) has denominator
dividing lem(1,2,...,n)2.

Before we begin the proof, we remark that the operator Ly has a sym-
metric square, denoted by Lg, which has certain properties and special char-
acteristics . In Appendix B we explore the operator L3 further and deduce
key information about the coefficients of the power series solution of L3(y).
This is a key step needed in proving the irrationality of (2(3) and (3(3)
which we do not study here. (See Beukers’ paper [4] for the full proof of the
irrationality of (2(3) and (3(3)).

Proof. Define
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Substitution of g(z) and its derivatives into Lo(y) shows

La(o(e)) = 20(:) (1) (200 ) =) ()
+an(e) [ 2) [ e / ) (ﬁv(;)( ja
n(t)

z 4
Yo(t) ’
+q(z [y’z/ 7dt—y z/ dt]
DO ) wom@® P J iowm
z z
Yo(t) yi(t)
+7(2) [yl(z)/ ————dt — yo(z )/ ——dt
o p(t)Wo() o p(t)Wo(?)
Zp(Z) / /
= ——— (11(2)yo(2) —yp(2)y1(2)) = 1.
The solution ¢(z) is unique since the space of solutions in Q(R)[[z]] has
dimension one, not to mention one can observe this directly via the con-
struction of g(z) (it is a function of the unique solution, yg).
To deduce information about the coefficients of the power series solution
g(2), we make use of the formulation y1(z) = yo(2) log(z) + go(z) alongside
the identities proven in Lemma 3.1. A few calculations shows

9(2) = (yo(2)log(z) + 90(2)) /OZ p(goég(t)dt — yo(2) /OZ yO(t);ag);g/)O?;)gO(t) di
~ e+ 06D [ >dt 0 [ )<t> “

~ ) (togte) [ M s [72 [T ) ar)
@) || e e )/ozp(t)v(vomd”yo“)/o x/o p(t)vvzmdt

which makes it easier to express g(z) as a power series. We let

<

Jo(2) = a1z +az2® + -+,

yo(z) =1+ bz +bp2? + -+,
p(z) =14 piz+p2® + -,
Wo(z) = 1+d12—|—d222+-" , with a;, b;, p;, d; € R.
Then
z z 2
- yo(t) _ / 1+ b1t + bot* + - -
z dt = go(z dt
W) | S = [, T
z
_ yjo(z)/ (14 kit +kot® +---)dt  with ks € Q(R)
0
. k122 ko2
= 7o(2) <z+ 5+ 3 +eee ).
Recalling that the denominator of the n-th coefficient of o (z) divides
lem(1,2,...,n), we can clearly see that in taking the above product, the

denominator of the n-th coefficient of gy [ (yo/pWo) divides lem(1,2,...,n)2.



12 VANDITA PATEL

Similarly, we deduce information about the denominators of the n-th co-
efficient for the remaining two terms of the power series solution of y;(z).

), [ art + agt® + - --
m@)A REWRB&—%1+Mz+ XA ﬂ+pﬁ+~~xl+dw+-~fﬁ

:(1—|—b1z—|—-~)/(l1t+l2t2+-~-)dt with I; € Q(R)
0

22 Z3
:(1+blz+-~)<ll2+l23+~->.

In this case we observe that each coefficient [; has denominator dividing
lem(1,2,...,n), and again, when taking the above product, we clearly see
that the denominator of the n-th coefficient of yo [(go/pWo) divides
lem(1,2,...,n)%

It is evident that the n-th coeflicient of the final term will divide
lem(1,2,. 2 due to the double integral. Some calculations shows

o L i

(1+bit+--)
=1+bz+- dtd
(1412 / / 1+p1t—|— N +dit+-- )

:(1+blz—|—~-)/ /(1+m1t+m2t2+~~)dtdx with m; € Q(R)
T Jo

Z1 2 3
=(1+b1z+-~~)/ <x+m1x + 22 +-~~>dx
0

T 2 3
2 3

miz moz
—(1+b . .
(I4+b1z+ )<z+2.2+3.3+ )
which confirms that the n-th coefficient of yo [ 1/x [ yo/pWo has denomina-
tor dividing lem(1,2, - -- ,n)?, hence the denominator of the n-th coefficient
of g(z) divides lem(1,2,...,n)%. As a final remark, one easily observes that
9(2) = 2+ O(z*). 0

4. AN IDENTITY FOR O(z)

Let Q(x) be the field of rational functions with a discrete valuation such
that |z| > 1. Denote its completion with respect to that valuation by K.
Then K is the field of formal Laurent series in 1/z. Throughout this section
we assume all calculations are over the field K.

We begin this section with a well-known definition, taken from [9].

Definition 4.1. The Bernoulli numbers B, are defined via the generating
function

et —1 -
Lemma 4.1. B; = —1/2 and Bay4+1 =0 for alln > 1.

Proof. We follow the proof on PlanetMath.0Org [1], although of course we’ve
checked the details. We obtain B; = —1/2 by writing the first two terms of
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the Taylor expansion in Definition 4.1. Adding z/2 to both sides gives

Z Bpa" oz LTz e+l ev/2 4 em/2
n! e?—1 2 2 eT—1 2 ¢/2_¢x/2

=n(z).
n>0,n#1

The function n(z) is clearly even, so all terms B,,2"/n! with n odd and n # 1
are zero. 0

Lemma 4.2. For any n > 1 we have
n

3 (Z) By, = B,.

k=0
When n = 1 we have By + B1 =1+ Bj.

Proof. We expand Definition 4.1 using Taylor polynomials and equate coef-
ficients of «™. Beukers takes a different approach in [4], however, I feel that
the proof below is more transparent.

Expanding Definition 4.1 gives

.’IZ’2 {,Ug l’2
xr = <$4—2!%—3!4‘“'>' <BO+'31$+‘B22!4—“'>-

Equating the constant terms, we see that By = 1. Therefore when n = 1 we
have the relation By + B; = 1 + By. Comparing the coefficients of z™ for
n > 1 we find

By 1 B 1 B 1 B—
TR T ey R TH i I e YR TRl
Multiplying by n! we obtain
nl .
> ( k) By =0
and adding B,, to both sides gives us the desired results. O

Definition 4.2. We define the following infinite Laurent series as Beukers,
[4] states in the introduction .

O(z) =Y tn(~1/z)""

n>0

R(z) =Y Bn(-1/z)""
n>0

T(x) =) (n+1)Bn(~1/x)""
n>0

where By, are the Bernoulli numbers and t, = (2" —2)B,,.
Lemma 4.3. T'(z) = R/'(z) and ©(x) = R(z/2) — 2R(x).

Proof. The first assertion follows directly by term-by-term differentiation of
R(z).
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To prove the second assertion, we make a few simple calculations.

R(z/2) = 2R(z) = > By (-2/z)""' =2 B, (-1/x)""!

n>0 n>0

=Y (2”+1Bn (—1/z)"" — 2B, (—1/x)”+1>

n>0

—Zt —1/2)"™ = O(x).

n>0
O

Lemma 4.4. Given A(zx) € K, suppose there exists X\ # 0, where A € Q
such that A(x + \) = A(x). Then A(x) is constant.

Proof. Suppose A(x) is an infinite Laurent series given by

-1 -1

A(':U) =a_mx" + a(_m+1)xm +---t+agt+ax "+

Shifting A by —ag, we can assume without loss of generality that ag = 0.
Therefore, want to show that A = 0. In other words, we prove that a; = 0
for all ¢. By the Binomial Theorem, for n > 0,

(x+N)"— 2" =n\z" ! +Lo.t.
and

(4N =z =" (A+Xz)"—1)
=z " (—nA/z +lo.t.)
= —nxz "+ lot.

where lower order terms has been abbreviated to l.o.t.
For a contradiction, we suppose A(x) is non-zero. If the highest order
term of A(x) is a,z™ with positive exponent n, then we see that

Az + X)) — A(z) = na Azt + Lot 4+ (n — Da,_1 2z 2 + Lo.t.

= na, 2" + lo.t.

Since A(z + A\) — A(x) = 0, then na, A must equal 0, implying that a, = 0
which contradicts the assumption that a,z" is the highest order term. Thus
the highest order term is a,z™ with n < 0. A similar calculation shows that
na,A = 0, again giving a contradiction. Hence A(zx) is constant. O

Lemma 4.5. For all x € R, we have

i. R(x+1)— R(z) =1/2?

ii. R(z) + R(—2) = ~1/a?

m R(x)+ R(1 — a:) 0

w. R(z)+ R (z+3) =4R(2z).
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Proof. We begin with the proof of statement 7. which is only outlined in [4].

1\ k! 1\ kL 1 k+1
Rx+1)= B, = B. | — B
( ) kzzo k(aﬁ—i—l) kzzo k<x) (1—1—1/37)
k+1 n
-1 k —1
= ZBk <> Z <n—]1:— ) <> using equation(A.1)
k>0 t n>0 &
E\ /1) TEH
-yya(" ) (5)
k T
k>0n>0
= Z Z By <k> () change variables and let j =n + k
k>0 j=k r
J j _1\dt1
= Z Z By, < k‘) () interchange the summations
7>0 k=0 r
-1 Jj+1
= ZBj <> by Lemma 4.2
j>1 r
-1 -1\? -1\?
+ By () + By () + B ()
T x x
k=0,j=0 k=0,j=1 k=1,j=1
AVAL _1\2
S E)
, T x
J=0

where in the fourth line, we can also take the sum over j > 0 because if
j < k, then the binomial coefficients are identically zero.

We now prove statement . Since B; = —1/2, we note
1\ A1 1 1) F+1
and

R(—x):—i—i- > B <i>k+l.

k>o0,k#1

Adding these equations and using the fact that all odd Bernoulli numbers
are zero (Lemma 4.1), we find that R(z) + R(—z) = —1/2? as desired.
Statement 4. can be verified using statements ¢. and is.

R(z)+ R(1—2)=—-1/2> — R(—z) + R(1—=z) from .
= —1/2% - R(y) + R(1 + ) let y = —x
= —1/2° +1/2* =0 apply .

To prove the last statement, we write A(x) = 4R(2x) — R(z) — R(x+1/2).
It is easy to see that the constant term of A(z) is zero. We deduce from
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statements ¢ and 7.,
A(x+1/2) — A(x) =4R(2x + 1) — 4R(2x) — R(x+1/2)
+ R(z+1/2]+ R(z) - R(x — 1)
=4/(22)*> = 1/22 =0
and so by Lemma 4.3, we have A(z) = 0. O

Lemma 4.6. For all x € R, we have
i. T(x+1)—T(x) = —2/23
ii. T(x) —T(1—2)=0
i, O(x + 1) +O(x) = —2/2?
iv. O(z) = 3 (R(3) — R(3+7))
Proof. Proving the first statement requires the use of Lemma 4.3 and state-
ment i. from Lemma 4.5 which simply gives

T(x+1)—T(z) =R (x+1) - R'(2) = —2/x>.

Part 4. can be shown using a similar method, but using statement is.
from Lemma 4.5.

T(z)—T(1—z)=R(x)+ R(1-x)=0.

The proof of statement . uses Lemma 4.3 which says O(z) = R(z/2) —
2R(z) and Lemma 4.5 where we let y = x/2 in the statement R(y) + R(y +
1/2) = 4R(2y).

O +1)+0() =R (g + ;) —2R(x+1)+R (g) — 2R(z)
= 4R(x) — 2R(z + 1) — 2R(x)
= —2/z%

Proving the last statement is similar to that shown above, namely using
Lemma 4.3 and statement 4ii. from Lemma 4.5. We remark here that our
proof shows that the statement from [4] needs to be adjusted by a factor of
1/2.

O(z) = R(x/2) — 2R(x)

= R(2/2) ~ 3R (x/2) ~ ZR(2/2+1/2)
_ % (R(2/2) - R (x/2+1/2)).
O

We now take a look at the main Proposition for this section. The Propo-
sition has been modified from Beukers’ paper [4] and we give a full detailed
proof here. Before we state Proposition 4.1, we introduce a few definitions
which we shall constantly refer back to in the remaining sections.

Definition 4.3.

[Z]:x(x+1)ﬁ-!~(x+n)'
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Definition 4.4. The forward difference operator A, is defined by
An(g(n)) :=g(n+1) —g(n).

On summation, we have a telescoping series

> An(g(n)) = lim g(k) — g(0).
n=0

k—o00

Proposition 4.1. Let ©(z) € K be the Taylor series in 1/x as stated in
Definition 4.2. Then

Proof. We let

so-5[210,)

n=0

Some straightforward calculations shows

BRIy

n! n!
z(z+1)---(z+n) 1-2)2—2)---(1+n—21)

n! n!
(z+1)--(e+1+n) (-z)(1-2) - (n—x)

(x+1+n)(n)? - (1+n—z)(n!)?
zz+1)---(z+14+n)(l—z)---(1+n—2x)
2z(n!)?

zx+1)---(z4+1+n)(1l—-2)---(1+n—2x)

+

- (m+1)---72!x+1+n)'(l—x)---n(!l%—n—x):2[1‘—7-1} {1:;]

We notice the following which will make calculations in the remainder of the
proof more elegant. Before we progress, we note that

[n+1] (n+ 1)n! n+ 1 [ n ]

x+1 (x—|—1)---(n+2—{—x):n+2—|—x' r+1

and similarly

1—=x - 1—=x

[HH] (1—:0)(1?-%(11@)112—@_713;;'{ . ]
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Then,

An((n+1—mi(2n+1+x) { 12] [ 11:6})
_ ((n+2—x)(n+2+x) [n—i—l ] [n+1 D

2 1—=x 1+

—<M+1_%gn+l+@[1ﬁm}[1ﬁm}>

_<%ﬁ%—%%%%Hﬂ%nZ?2_@+i§—ﬁ>[ n ][ n }

g YN

So far we have shown

B R P R I FEN

:zAn<(n+1—m)gn+1+x)[ n H n D

€T 1—=z

Summation over n > 0 gives

5@g+su+4):2§2An<m+l_xgn+l+x)[ | ][1ix})

T 1—=x
— 9 lim (k+1—z)(k+1+2) k k
k_mo2<(1x)x(21+x) 0![10T]>[1+x]
— 9/a2. T i

In order to complete the proof, we need to show

1m4k+1—@@+1+@[1k ][ K }—0

k—o00
which is equivalent to evaluating

y (k1)?
e 1= (A —22) - (2 —22)’

As k — oo, we have |k!|, — 0. Moreover, since |z|, > 1, using the ultramet-
ric inequality, we have |i2 — 22|, > 1 for all i.

Therefore, S(x + 1) 4+ S(x) = —2/2%. Now S(z +1) — O(z + 1) + S(z) —
O(x) = 0 hence S(x) — O(x) is periodic with period 1. By Lemma 4.3, we
have S(z) — O(x) = 0. O

As a final remark, please see Appendix C, where we have constructed
identities with a similar structure for R(x) and T'(x).
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5. p-ADIC HURWITZ SERIES

From here on we let p be a prime. Let F' be a positive integer and let a
be an integer such that F' does not divide a.

Definition 5.1. Define the Hurwitz zeta function as follows
= 1
H F)= —_—.
n=0
The series converges for all s € C such that Re(s) > 1. The Hurwitz zeta
function can be continued analytically to the whole complex s-plane, except
for a pole at s = 1.

Definition 5.2. Define the generalised Bernoulli Numbers By, (a, F') as Murty
and Reece do in [9], by the following
t".

te™ B, (a, F)
) D

n>0
Proposition 5.1. Let n be an integer such thatn > 1. Then for any F,a,n
we have

H(l—-n,a,F)= _Bula, F) F).
n
Proof. We won’t prove the proposition here since there are extensive cal-
culations involved which can go deep the theory of complex analysis, thus
sidetracking us. We shall take this as given from Beukers’ paper [4] but those
interested should consider reading [9] which looks at relations between the

Hurwitz zeta function and the Bernoulli numbers. O

Lemma 5.1. For any positive integer n we have

5=0
Proof.
te®t e Ft  e™ B'(Ft)J
eft — 1 F eft—1 F &7
3>0
1 t)* Ft)l
( (a1 5, (1)
F k! 4!
k>0 3>0
1 ak b
— _ ZJ I n
P& Z </€! J! )t
n>0 k+j=n
n

We get the desired results by comparing coefficients. U
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From here on, we shall assume p is a prime such that p | Frand pta. We
therefore notice that |B;(F/a)’|, — 0 as j — oc.

Definition 5.3. The Teichmiiller character, w : Z v+ Zy, is defined as follows

0 when p | m;
w(m) =< m mod p when p odd and ged(p,m) = 1;
(_1)%71 when p =2 and m odd.

Notice that when p is odd and ged(p, m)=1, we can apply Fermat’s Little
Theorem to get w(m)P~! = 1.

Definition 5.4. For all x € Z such that p{ x we can define
<z >=w(z)
Definition 5.5. We define for all s € Z,, the p-adic Hurwitz zeta function,

Hy(s,a,F) = F(sl—l) <a>'"* f: (1 ; 8) By, <Z>n.

n=0

When s = 2, we can make an explicit calculation.

1 = /-1 F\"
H,(2,a,F) = T <a >~1 Z < n >Bn (a)
n=0

= @ > e ()

n=0

e () ()

n=0

Likewise for s = 3, we have,
1 = (-2 F\"
H F)=—— 2 B, | —
p(37a¢ ) 2F<a> n:0<n> n(a)

— (1 gpel@? Y (-1 1, (1)

n=0
w(a)? & 2 o(a)? a
- 2(F)3 HZ:%("JF DB (_Z) - 2(F?’> T(F)‘

where we defined the Laurent Series R(z) and T'(z) in 4.2.

Definition 5.6. Let ¢ : Z — Q be a periodic function with period f. Let
F =lem(f,p) if p is odd and F = lem(f,4) if p = 2. We define the p-adic
Kubota-Leopoldt L-series associated to ¢ as

F
LP(Sv ¢) = Z ¢(a)Hp(Sa a, F)
a=1
pta
Proposition 5.2. The value of Ly(s,¢) does not change if we choose a
multiple period, for example mF with m € Z.
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Proof. 1t is enough to show for all n € Z

Zgb H(l—n,a,F)= qu H(1 —n,a,mF).
Ma pJ(a

First we calculate using the periodic1ty of ¢,

eft — tp(a)e? oy mF
t Z emFt = emF't Z
=1
Ma p)[a
t
= omFt 1 ((b(l)et o P(F)et 4 p(F 4 1)eF TV 4y ¢(mF)emFt)
oFt N
T emFt _ 1 [(25(1) (et 4P+t o o 1)F+1)t) L
to(F )( +e2ft 4. .._i_emFt)}
oFt

- m[qﬁ(l)et (1 +eft 4+ -~+e(m*1>Ft) T

ot p(F)e <1+6Ft+'~+e(m’1)Ft)}

eft— 1
- W : (1 tefty. g e(m—l)”> [p(1)el + - - + p(F)e"™]

— Z o(a
pfa
where we use

(eFt—l)‘ (1_’_6Ft+._'+e(mfl)Ft>
P BT P (4 P iy

_emFt_l

and so we have

L tg(a)e o~ tp(a)e
Z emFTl = Z eFt -1 .

a=1 a=1

pla pla
To finish the proof, we see that
mF eat F eat
Z emFt Z_:
o o
F
qu Z (a, mF Z¢ Z (a, F)
pfa n>0 Ma n>0 !
—n-H(1—n,a, mF —n-H(1—n,a, F)
¢ = > ola
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where the last line follows from Proposition 5.1. For each n > 0 we equate
coefficients of " to conclude

mF F
Z¢(G>H(l —-—n,a, mF) = Z¢(G)H(1 - nvaaF)'
a=1 a=1
pla pla

O

The above proposition was stated as a remark in Beukers’ paper [4]. How-
ever, the proposition plays a vital role in proving the irrationality of (2(2)
and (3(2) (seen shortly in Chapter 6), and so we have provided our complete
proof here.

When ¢(n) =1 for all n € Z, the period of ¢ is clearly 1. If p is odd, then
we have F' = lem(1, p) = p. Therefore we can define the p-adic zeta-function
for odd p as

p—1
(5.1) Ly(s, 1) = ZHp(s,a,p) = Gp(s).
a=1

If p = 2, then we have F' = lem(1,4) = 4 and can therefore define the
2-adic zeta function as

4
(52) CZ(S) :ZH2(57G74) :H2(5>174)+H2(5a374)'
a=1
pta

6. SOME p-ADIC IDENTITIES

In this section, we relate the p-adic values of R(z),T(z) and O(z) with
some p-adic L-series. We continue to assume a/F € Q with p | F. On
substitution of x = a/F into the Laurent Series of R(z),T(z) and O(z) ,
we can eagsily verify their p-adic convergence . We shall denote the p-adic
values of R(z),T(x) and ©(z) by Ry(x), Tp(z) and O,(a/F') respectively.

We begin with a few fundamental definitions. Definitions 6.1, 6.2 and
Lemma 6.1 have been taken directly from Mollin’s book, [3] (Chapter 7;
page 247).

Definition 6.1. Fiz d € N. Let x : N+— C be a map such that

1. x(mn) = x(m)x(n) for allm,n € N

2. m=n (mod d), then x(m) = x(n)

3. x(n) =0 iff ged(n,d) > 1.

Then x is a Dirichlet Character modulo d. We say that x is primitive if x
has period exactly equal to d. We say that x is even if x(—1) = 1.

We remark that if ged(n,d) = 1, then x(n)?@ = x(n?@) = x(1) (where
#(d) denotes the Euler totient). Moreover x(1) = x(12) = x(1)? and x(1) #
0 which means x(1) = 1. Dirichlet characters are completely multiplicative.

Lemma 6.1. Given d > 1, there ezists exactly ¢(d) distinct Dirichlet char-
acters modulo d.
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Definition 6.2. Given d > 1 and x a Dirichlet character modulo d. Let
s € C. Then,

> x(n)-n~* = L(s,x)
n=1
1s a Dirichlet L-function.
The remainder of this chapter will focus on proving the identities below.

Proposition 6.1. Let xg4 be the primitive even Dirichlet character modulo
d. Then,

i. ©2(1/2) = —8(:(2)

ii. ©3(1/6) = —40(2(2)

111, @2(1/4) == _16L2(2,X8)
iv. ©3(1/3) = —(27/2)3(2)

V. @3(1/6) = *36[/3(2, X12)-
Proof. From Section 5 we have already shown
(6.1) Ry(a/F) = —F?w(a) " Hy(2,a, F).

Using Lemma 4.6 from Section 4 we deduce

s~ (151 (5))

= % (—4F%w(a) ' Hp(2,a,2F) + 4F%w(a + F) " Hy(2,a + F,2F))
= —2F% (w(a) ' Hp(2,a,2F) —w(a + F) ' Hy(2,a + F,2F))..

To prove statement 4., we recall that w(m) = (—1)(™~1/2 for odd m and
when p = 2. This will be useful in proving statements 4:. and 4. Therefore,
02(1/2) = =2 -4 (w(1) ' Ha(2,1,4) — w(3) " Hx(2,3,4))
= —8(H2(2,1,4) + H2(2,3,4))

= —8(2(2).

Statement i. is the only part proved in Beukers’ paper. We supply the
proof for the other identities. Statement 4i. is the most subtle since it re-
quires the periodicity property of L-functions established in Proposition 5.2.
We take m =3, ¢ =1, and F' = 4. Then

11
(2(2) =) Ha(2,0,12).

Ta
From (6.1) we have,
—144¢5(2) = Ry(1/12)—Ra(1/4)+Ra(5/12)— Ry(7/12)+ Ry (3/4)— Ry (11/12).
Now

Ry(1/4) — R2(3/4) = 16¢2(2),

from the above. Moreover,

02(1/6) = (Ra(1/12) ~ Ro(7/12)) = 1 (Ra(5/12) — Ry(11/12),
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from statement 7v. of Proposition 4.6 and statement #i. of Lemma 4.5.
Hence,

—144(5(2) = 40,(1/6) + 16¢,(2).

Rearranging, we obtain 7.

To prove statement 4., we first determine the primitive even Dirichlet
character modulo 8, denoted by yg. Of course, xs(1) = 1, as xs is a group
homomorphism. Therefore we notice xg(7) = xs(—1) = 1, since xg is even

and xs(0) = xs(2) = xs8(4) = xs(6) = 0.
Now observe that 32 = 52 =1 (mod 8), so

xs(3%) = xs(3)% = 1,
so xs(3) = £1 and similarly xg(5) = £1. Moreover, 5 = —3 (mod 8), so

xs(3) = xs(5). If they're both 1, then the yg is not primitive, giving a
contradiction. So xg(3) = xs(5) = —1. Now we ready to prove iii. We have,

Oa(1/4) = % (Ra(1/8) — Ra(5/8)) Proposition 4.6
= —32(Hs(2,1,8) — Hy(2,5,8)) using (6.1).
Applying R(z) = —R(1 — z) from Proposition 4.5, we have
Ou(1/4) = § (~Ba(T/8) + Ro(3/5)
= —32(Hy(2,7,8) — H»(2,3,8)).
Averaging the last two equations, we obtain

©5(1/4) = —16 (H(2,1,8) — Ha(2,3,8) — Ha(2,5,8) + Hy(2,7,8))
= —16L2(2,X8).

Let’s now prove statement iv. From Proposition 4.5 we have,
R3(1/6) + R3(2/3) = 4R3(1/3), R3(1/3) = —R3(2/3).
Therefore R3(1/6) = 5R3(1/3) and R3(5/6) = —5R3(1/3). Now,
1
©3(1/3) = 5 (R5(1/6) — R(2/3)) = 3R3(1/3).

But,
(3(2) = H3(2,1,3) + H3(2,2,3).

Applying (6.1) gives
G(2) =~ Bal1/3) + 5Re(2/3) = —2 Ba(1/3)

which proves statement ¢v. It remains to prove statement v. We can deter-
mine Y12 as before:

x12(1) = x12(11) =1, x12(5) = x12(7) = —1.
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Therefore,

L3(27 X12) - H3(27 1, 12) - H3(27 5, 12) - H3(2a 7, 12) + H2(27 11, 12)

_ _ﬁ (R3(1/12) + Rs(5/12) — Rs(7/12) — R3(11/12))
- _% (R3(1/12) — R3(7/12))
1
= —%93(1/6).
This completes the proof. O

7. CONTINUED FRACTION APPROXIMATIONS

The aim of this section is to find a continued fraction approximation for
O(x). Some theory of continued fractions will be useful, so outlined below
are some of the fundamentals of the theory required.

Let
bo

b1

bo
az + —

ag +
ay +

be a continued fraction. The usual theory of continued fractions has

bop = by = --- = 1. This is not so for the continued fractions that we need to
follow in Beukers’ paper, [4]. We have not found a suitable reference, so we
shall simply modify the usual theory (found in [6] for example) to suit our
purposes. We define the convergents V,, /U, using the following inductive
formulae:

Up =1, Vo = ao, Uy = aq, Vi =aiag + bo.
and
Vi =anVp—1 + bp_1Vy—2, U, =a,Up—1+ b—1Up_o.
Lemma 7.1. For alln > 0,

L bo
u, ° by
ay +

4
an—1+

bnfl

an

Proof. This is clear for n = 0, n = 1. Suppose it is true for all n < k. We
define sequences a,, and b}, by

a, = an, b, = by, forn<k-1
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and a) = ap + bi/ar+1. Let V, and U], be the corresponding convergents.
Then by the inductive hypothesis,

%4 b
717:&0_1_ 0
Uk b1

a +

But

Vi (g + (bk/ag+1)) V-1 + bp—1Vi—2
U, (ak + (bk/ar+1))Uk—1 + bp_1Uk_o
_ (apy10p +bp) Vi1 + apy1bp1Vi o
 (ak410k + bp)Uk—1 + apq1bp—1Up—2
g1 (akVi—1 + bp—1Vi—2) + bp Vi1
g1 (apUg—1 + bp—1Ug—2) + bpUp—1
g1 Ve + 0 Vi
ag1Uk + brUp 1
Vi

Uk41

Let a, = 2?> — 2 +2n%? — 2n 4+ 1 and b, = —n*. Then,

Un+1 = ant1Un + b,Up—1
= (®—z+2(n+1)>=2(n—+1)+ 1)U, — n*Un_s
= (3327:U+2n2+4n+272n72+1)Un7n4Un,1
= (932 —z+2n+2n+ nu, — ntU,_1.

Substituting U,, = (n!)?u,, results in

(n+ D)% upgr = (2% — 2+ 2n% + 2n + D)(n)?u, — n*((n — D)D) 2%up_y
n2(n + 1)2un+1 = (:1c2 —z+2n%+2n+ 1)n2un —ntu,_y

(7.1) (n 4+ 1)%ups1 = (2% — 2 +2n% + 20+ Dup — nu, 1.

It is easily verified that V,, and v,, satisfy the same recurrence relation as U,
and u, respectively, although their terms differ when n = 0, 1.
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We calculate some solutions p,,(x) and ¢, (x) for n > 0 below. Notice that
the sequence p,,(z)/q,(x) are the convergents of our continued fraction.

po(z) =0
pi(x) =1
p(z) =(*—z+5)/4
p3(z) = (z* — 223 + 1922 — 18z + 49)/36
and
Qox) =1
qz) =2>—z+1
gr) = (2* =223 + 72 — 62 +4)/4
g3(x) = (x5 — 32° 4+ 222% — 3923 + 8522 — 662 + 36)/36

We now deviate slightly and look at some theory on Hypergeometric Se-
ries. Our studies on the topic will allow us to write the convergents p,, and
¢n in a different format, thus enabling us to deduce further properties about
our continued fraction approximations. We have taken the basics directly
from Bailey’s book, [2] (chapter 1, pages 1-2).

Definition 7.1. The series, with ¢ a non-negative integer,

a-b  ala+Dbb+1) 5 ala+1)(a+2bb+1)(b+2) 4

1 h.o.t.
T T T er ) C 123 clet etz =~ "

1s called the hypergeometric series, where we abbreviate higher order terms
to h.o.t. We denote the hypergeometric series by F(a,b,c;z). Notice that
we can also write

where (+)y, is defined in Definition 2.1.

The hypergeometric series converges when |z| < 1, see [2] (page 2) for further
details.

Lemma 7.2. Consider the generating function
oo

yo(z) = an(az)z”.
n=0

Then yo(z) is a power series solution to the second order linear differential
equation

(7.2) La(y) =2(z = 1%+ Bz =Dz = )y + (z =1+ z(1 —2))y =0

where differentiation is with respect to z. The solution yo(2) is unique up to
a scalar factor.
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Proof. First we calculate y'(2) and y”(z) of the generating function.

vo(2) = Y nga(z)z""!
n=1

o (2) = ) nln — 1)gu(z)z"?
n=2

Substituting yo(z), y,(z) and yj(z) into La(y) gives

Lo(y) = 2(z = %" + (82 = 1)(z — D)y + (= — 1+ 2(1 — 2))y

=(z—1)? <Z n(n — 1)qn(x)z”_1> + (322 =42 +1) (Z nqn(x)z”_1>
n=1

n=2

z (Z qn(x)z”> + (7:132 +x—1) <Z qn(az)z"> )
n=0 n=0

We rearrange equation (7.1) (which ¢, (x) satisfies for all n € N,;n > 1) and
substitute into La(y).

(=2® + 2 = 1)gn() = (20* + 20)gn(2) — (0 +1)*gnr1(2) — 1 gn1(2).

Recall that go(x) = 1 and ¢1(x) = 22 — x + 1 as we shall be using them in
calculations.

oo 0
Ly(y) = (2 = 1)* > (n® = n)gn(2)2" "+ (32° =42+ 1) > ngn(z)z""
n=2 n=1
00 00
+ZQn( n+1+22n +2nQTL Zn+1 Qn+1 )n
= n=1 n=1

— Z ann,l(:U)z" + (fx2 +x—1)go(z)

—Z (n? = n)gn(z) (2" — 22" 4 27t +ann (32" — 427 4 2
n=2

+q1(z) (322 —4z 4+ 1) + Z gn(2)2" ™ + qo(z)2 + q1(2) 22
n=2

o0
+ Z (202 + 2n)qn(x)2" — Zn gn(2)2" ! Z(n +1)%g, ()2
n=2

n=2
+4q1(2)z = go(®)z — 4ql(ﬂf)z +(=a2? +x — 1)go(z)
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(o9}
Lo(y) = Z (n®—n+3n+1-—n2—2n—1)g,(z)z""

n=2
o¢]
+ Z (—2n% 4+ 2n — 4n + 2n% + 2n)q, (z)2"
n=2
[e.e]
+ Z (n? —n+n—n?)gu(z)z" "
n=2

+q(x)(322 =4z 4+ 1) + 2+ q ()22 + 4q1(2)z — 2
—4q(x)® — P -1
=0.

The solution yg(z) is unique (up to scalar factor) because power series solu-
tions are unique. U

Lemma 7.3.
yo(2) = (1= 2)" 1Bz, 2,152),
where 1Fy denotes the hypergeometric function.

Proof. By the above, yp(z) is the unique power series solution to the second
order linear differential equation (7.2) with yo(0) = 1. Let y(z) be any
solution to (7.2) and write w(z) = y(2)/(1 — 2)®~!. The hypergeometric
function 1 Fy(a,b,c;z) is a solution to Euler’s hypergeometric differential
equation (see pages 1-2 in [2]),

z(1=2)w" + (¢c—(a+b+1)z)w — abw = 0.

Our first step is to check that w(z) = y(2)/(1 — 2)*~! satisfies the same
differential equation with a = b =z, and ¢ = 1. We calculate

Y (2) = (1= 2" ' (2) + (1 = 2)(1 = 2)"2uw(z)
and
V'(2) = (1-2) 0 (2) 42(1-2) (1-2) 20/ (2) + (1-2)(2-2) (1) (2).
Substituting in (7.2), we find that
2(1 — z)? (1- 2" (2) + 2(1 — z)(1 — z)m_2w/(z))
+2(1— 2)2 ((1 —z)(2—2)(1 - z)m_?’w(z))
+Bz—-1)(z—-1) ((1 —2)" 7 (2) + (1 —2)(1 — z)gﬁ_Qw(z))
+(z—1+2z(1—2)1 -2 w(z) = 0.
Rearranging, we can simplify to
2(1— 2" (2) + (22(1 — 2)(1 — 2)* — (32 — 1)(1 — 2)") w'(2)
+ (z(1—2)(2—2)(1 - 22— (Bz—-1D(1—2)(1—2)*t
—1-2)"+2(l-z)(1-2)""Hw() =0.
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Dividing by (1 — 2z)* we obtain,

2(1—2)w"(2) + (1 — 2(1 + 22)) w'(2)

N (_1 N (1—x)(2(2 —11’)_; (3z2—1) —|—m)> w(z) = 0.

Simplifying we find
2(1 - 2)w"(2) + (1 — (1 4 22)2) ' — 2*w(2) = 0.
Thus w(z) indeed satisfies Euler’s hypergeometric differential equation with

parameters a = b = x and ¢ = 1. The hypergeometric function 2 Fj(a, b, c, z)
has the power series expansion

oFi(a,b,c,z) = Z Mi

[
~= (¢)n n!

Hence (1 — 2)*"'9F(z,x, 1, 2) is also a solution to (7.2) whose power series
expansion begins with 1. By the uniqueness of yy we find that
Yo = (1—Z)x_12F1(l',£L',1,Z). U

Lemma 7.4.

(1= 2)nj(2)3
w0 = 2

Proof. First we observe that in taking 8 = 1 in Definition 2.1, we have
(1),=1-2---n=n!
which we substitute into gy which gives us
yo(z) = (1 — 2)" YHWF(z, 2,1, 2)

) g

n=0

J=0

n=0 n=0
-(S5) (S )
_ = - (1 x)n_] (l‘)? Zn
_nz:% (]Z(:) (n—7)! (2

The result can be easily seen by comparing coefficients.

Lemma 7.5. Let -
yi(2) =Y palx)2"
n=0

be the generating function for pn(xz). Then La(y1)=1.
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Proof. We follow similar steps to those used in the proof of Lemma 7.2.
The calculations are almost identical (since both p,, and ¢, satisfy the same
recurrence relation) hence we have omitted many of the steps. Recall that

po(xz) = 0 and p1(z) = 1 which is crucial and needs to be incorporated in
order to adapted the proof of Lemma 7.2. Therefore we find,

La(y1) = p1(x)(32° — 42 + 1) + pefa)Z + p1(2)2” + 4p1(z)2

— pofy7 — dp1 ()22 + polz)(—a*+T — 1) = 1.

O

We must now show that the convergents py,(z)/¢n(x) do indeed approxi-
mate O(x) in K. For each n, we define ©(n,x) as follows.

Definition 7.2.

swa-crE O[5

k=0

Proposition 7.1. For each n we have
Pu(@) + g (2)O(x) = O(n,z) = O(1/x*"*?)

as a Laurent series in 1/x.

re - () [ 4] [15, ]

Proof. Let

Then,

n?F(k,n—1) — (—z + 22 + 20 + 2n 4+ 1) F(k,n) + (n + 1)2F(k,n + 1)

S (A

_(—x+x2+2n2—l—2n+1)(_1)”<k>[k}[ k ]

n x 1—z

+(n+1)2(_1)n+1<n:€—1> [ﬂ [1:’]

—F(k,n)<—n2-]{;_ZH+($—x2—2n2—2n—1)—(n+1)2~i;?)
—n3 -n r—ax?2-2n2-2n—1—(n —-n
:F(k’n)< + (b —n+ 1)( k_2n+12 1—(n+41)(k ))>‘
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Observe,

P+ (k—n+D(z—2>—2n>—2n—1— (n+1)(k—n))
=—n3+(k—n+1)(zk+z— 2>+ k> +k—zk)
+(—k*—k—-n*—n—1-nk—k)
=P+ (k—-n+D)(z+k)(k+1-2)—(k+1)°
+(k+1)(—n*—n—nk) —n(—k*—k—n?>—n—1—nk—k)
=Bt (k—n+1)(@+k)(k+1-2z)
— (k41 —n(k+ 1)(n+1+ &)+ +n(k + 2k + 1 +n +nk)
=(k—n+Dx+k)Ek+1—2)— (k+1)°
—nk+1)(n+1+k)+n((k+1)*+n(l+k))

=(k—n+1)(@+k)(k+1-2)— (k+1° - n(k+ \n+rTFk)
+n(k £ e+ TFn)

=(z+k)k+1—2)k—n+1)—(k+1)3
Therefore,

n?F(k,n—1) — (—z 4+ 22+ 202 + 2n+ DF(k,n) + (n + 1)?F(k,n + 1)
3
— F(k,n) ((x+k>(k+1—x)—m>
=Fk,n)(x+Ek)(k+1-x)
—<—1)"<k’£1> [ b+ ] Hj; ] (x+k+1)(k+2—2)
=F(kn)(x+k)(k+1—2)—Fk+1Ln)(zc+k+1)(k+2—x)
=—-Ap (F(k,n)(x+k)(k+1—-2)).

where Ay, is the forward difference operator as defined in Section 4.
We have just shown the following

n?F(k,n —1) — (—z + 22 + 2n% + 2n + D)F(k,n) + (n + 1)2F(k,n + 1)
=—-Ap (F(k,n)(z+k)(k+1—2x)).
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For n > 1, summation over k results in

n*0(n —1,z) — (—z +2? +2n* + 2n 4+ 1)0O(n, x) + (n + 1)?0O(n + 1,2)

__ iAk (F(k,n)(z + k) (k+1 - 2))
k=0

—F(0,n)(2)(1 — 2) — Tim F(k,n)(@ + k)(k + 1 —2)

k—o0

(D) o] ], 2, [wa-a

- lim(—l)"<k> V} { K ](m+k)(k+1—x)

k—o0 n T 1—z
(—1)" k! k! k!
=0 — 1 : :
nl koo (k—n) z-(x+k—1) (I—a) - (k—a)
=0

where the limit has been taken with discrete valuation, and so tends to zero
as we saw in Section 4. Definition A.1 has been used to set the first term to
Z€ro.

For n = 0, we have

—(—z+ 22+ 1)F(k,0)+ F(k,1) = =Ap (F(k,0)(z + k) (k+1—1)).
Summation over k gives,

—(—z+ 224+ 1)0(0,2) + O(1,z) = F(0,0)(z)(1 — )

:(8)@-@1-@:1.

Putting together all of the above, and simply noticing that ©(0,z) =
O(z), we can conclude that for all n > 0,

pn(x) + ¢n(z)O(2) = O(n, ).

8. CRITERION FOR IRRATIONALITY

In this final chapter, we state our main Theorem which sets a criterion
for the irrationality of the p-adic number ©,(a/F'), where p is a prime such
that p | F but p1a.

Proposition 8.1. Let p, and g, be sequences of rational integers as defined
in chapter 7. Let u,(F') be defined as in Lemma 2.2. Then,

i. For every n, the number q,(a/F) is rational with denominator dividing
pn(F)?.
ii. For every n, the number p,(a/F) is rational with denominator dividing
lem(1, ..., n)%u, (F)2.
iii. For every € > 0, we have |q,(a/F)|, |pn(a/F)| < e for sufficiently
large n.
iv. Suppose p"||F with r > 0 and pta. Then for every n we have,

n (G FY+0O(a/F n\a F < 2n2 72"(7’4‘1/(?*1))_
pn(a/F) +©(a/F)an(a/F)|, < p™n’p
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Proof. To prove assertion i., we recall

" (1= a/F)uy(a/F)
w(0/F) = 2 i

j=0
Looking at each term individually (i.e. fix j), we apply Lemma 2.2 and
notice that (1 —a/F),—j/(n — j)! has denominator dividing p,—;(F') and
(a/F)? /()% has denominator dividing u;(F)2. Therefore, every term has
denominator which divides

s (F) - s = P Lol Tl

qlF q|lF
- F”Hq[%{h[ﬁ] i (F)
qlF
< F”Hq[q%l] 5 (F)
qlF

= Mn(F) . Mj(F) < ,Un(F)2

where it remains to justify the third line. If we let n —j = a(¢— 1) +r and
j=pB(g—1)+ s, where o and §3 are integers and 0 < r,s < ¢ — 1. Adding
together we get

n=(a+p)(g—1)+r+s with 0 <7+ 5 < 2(qg —1).

Therefore

n | [ a+p ifo<r+s<(¢g—1)
g—1| | a+p8+1 ifg—1<r+s<2qg-1)

justifies our inequality since

it ] == )

Notice that when j = n we have the term (a/F)2/(n!)? which has denom-
inator dividing p,(F)?. Since all of the other terms have denominators
which divide something less than s, (F)?, summation over j results in the
denominator of ¢,(z) dividing p,(F)?, thus completing our proof.

In order to prove assertion 4., we notice that since p,(a/F') satisfies
the same difference equation (although with different initial conditions) as
qn(a/F), it readily follows that p, (z) has denominator dividing p,, (F)?. We
shall require Proposition 3.1 to show that the denominator of p,(x) divides
lem(1,2,...,n)% We know that the generating function yo(2) is a solution
to the second order linear differential equation La(y) = z(z — 1)%y” + (32 —
DN(z=1)y+(z—1+a/F(1—a/F))y = 0. Note however that the coefficient
of y(z) does not belong to the ring of integers. Therefore, we must make
some adjustments to the differential equation in order to apply Proposition
3.1. We define

A= H qq%l

q|F
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and make the substitution z — F2)\2z into La(y) = 0 to give
F2N22(F20%2 — 1% (F2)022) + (3F2)\%2 — 1)(F2\%z — 1)/ (F?)\%2)
1
F2)\2
Notice that in the above we have made the following substitutions
y(2) = y(F?X%z)
Y (2) = F2\%y (F2)\%2)
y//(z) — F4/\4y”(F2)\22)

+ (FI\Y2 — F20% 4 aF)? — a® Xy (F?)\%2) = 0.

which we can use again in order to state the differential equation in terms
of y(z) and its derivatives.

2(F2X\22 — 1% (2) + (3F2X%2 — 1)(F*\?2 — 1)9/(2)
+ (FIN2 — F202 4 aF )% — a®2\)y(z) = 0.

If we take the ring R = Z[})], then it is easy to see that the conditions
stated in Proposition 3.1 are now satisfied since yo(F?)\%2) € R|[[2]] remains
the unique power series solution of La(y) = 0. We still have yo(0) = 1 and
letting p(z) = (F2X2z — 1)?, we easily see that p(0) = 1. We use similar
calculations to substitute the transformations stated above into Lo(y) = 1
and arrive at

Lo(y) = 2(F*X22 — 1)%y"(2) + (3F2 )22 — 1)(F?)\?2 — 1)y/(2)
+ (FIXY2 — F20% 4 aF)? — a?\Y)y(z) = F2)\2

Dividing through by F2)2, we see that y1(F?\%2) € Q(R)[[#]] is the unique
solution of La(y) = 1. Hence we apply Proposition 3.1 in order to deduce
that the denominator of p,(a/F) divides lem(1,2,...,n)2.

To prove assertion 4., we need to show that yp and y; have radius of
convergence equal to 1 under the Archimedean norm. Since
vo(z) = (1 — 2)* 11 Fy(z, 2,1, 2) we note that the hypergeometric function
converges for |z| < 1 and it is relatively easy to see that (1 — 2)*~! also has
radius of convergence equal to 1.

It isn’t very clear how Beukers deduced that the radius of convergence
for y; is also equal to 1 in [4]. For now, we shall assume that the statement
holds true in order to complete the proof.

Therefore yo(z) converges for all |z] < 1. Since e™¢ < 1 we can make
the substitution, z = e~ to get |g,e™"| < 1 and so |g,| < e". A similar
calculation shows |p,| < e.

To prove assertion iv. we use Proposition 7.1 and the ultrametric inequal-

ity.
[pn(a/F) +O(a/F)gn(a/F)l, = l@(n a/F)lp

OISR
fng}%’;{@) [afFHl—Z/FH‘
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The binomial coefficients are well defined for k > n although when k£ < n
they are identically zero. We say k = a + n with a a positive integer.
Therefore we can bound the binomial coefficients, namely by

<:>p:‘<a;|;n> (@+n)-- (n+)nl

n!
It is obvious that we have an upper bound for the binomial coefficients when
k = n. Furthermore, we have bounds on the following

Lot J1 e ]

n!

<
p

<1

|
n.p

p

k! 3]
“a/F-(a/F+k) (1—a/F)--(k+1-a/F)|,
B k! !
N (@/F)ila/F+k) (1—a/F)(k+1-a/F)]|,

F F 2k %ZEI; ! mma
“la+Fr) Fr+F-a), "’ ) B ) by Lomma 22

log k
< p 2 (6(ret) -5 -)
1
< p2k2p_2k(r+ﬁ).
We have the factor of k2 from the manipulation of a few equations.

log k log k log k
ploip = exp {logploip} = exp { o8N logp} = k.
log p

Again, we have a maximum bound when n = k, therefore

o (L
Oy(a/F)|, < pruzp 2 (7H550).
O

To conclude, we state the main theorem alongside the some key results
and conclusions.

Theorem 8.1. Let a € Z and F € N such that p|F and p t a. Define r by
|F|, =p~". Suppose

2log p
-1

10gF+27+1 < 2rlogp+
qIF

Then ©p(a/F) is irrational.

Proof. Firstly, we want to show that (p,(a/F) + ¢n(a/F)Op(a/F')) is non-
zero for infinitely many n in order to apply Lemma 2.1. It suffices to show
that consecutive terms cannot both be zero. Suppose for a contradiction
that

P(x) + @n(2)Op(a/F) = 0 = pry1(2) + ¢n41(2)Op(a/ F).
Then the following is also true

Qn+1(x)pn(x>+Qn+1(m)Qn@:)@p(a/F) =0= Qn(m)pn+1(x)+Qn( )Qn—i-l ) (Q/F)
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Subtracting the two equations gives
Pr41(2)qn(2) = pn(2)gns1(z) =0
and thus we want to show that p,i1(2)gn(x) — pn(z)g@n+1(z) is non-zero

for infinitely many n. To that end we prove the following statement by
induction

(8.1) Pt 1 ()@ (@) = Pa(@)gnia () = 1/(n +1)°.
For n = 0, we see below that equation (8.1) is true.
p1(2)q0(z) —po(x)q(z) =1-1—0- (2> —x+ 1) = 1.
We assume equation (8.1) is true for n =0,1,...,k — 1.
Pr(@)qp—1(x) — pr—1(2)qr(z) = 1/K>.

We shall use the inductive hypothesis and the recurrence relations for p,
and ¢, to show that equation (8.1) is true for n = k.

Pr+1(2)ark () — pr(T)grr1()
1

= Gre ((2k* + 2k + 1 — z + 2%)pg(2) — K*pp—1(2)) qis(2)
- (k+11)2 (2K 42k + 1 — 2 + 2*)qr () — K qr—1(2)) pr()
— o (R 2 =TT P o) - B (2)au(o))
- G (P2 =TT D)) — o (@)
K 1

T (k+1)2 (P (@) qr—1(2) — pr—1(2)qr(z)) = 12
which completes our proof.

Let € > 0. We use Proposition 8.1 to see that the common denominator
of gn(a/F) and p,(a/F) divides @, := lem(1,2,...,n)%u,(F)%. We take a
common denominator in order to take out common factors, so that we end
up with approximations to ©(x) of the form ¢, /d,,, with ¢, and d,, integers.
Once we have the correct format for ¢, /d, , we can apply Lemma 2.1.

It is straightforward to see the following inequality, which uses Proposition
8.1.

|Qnpn(a/F) + Quan(a/F)Op(a/F)], < |Qn
< |Qn

<[Qnl, '106"19_2"<’”r =)

p Pn(a/F) + gn(a/F)Op(a/F)],

p P

< auly 755
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where p?n? < p holds for any € > 0 as long as n is large enough. We also
have

|Qnlp = }lcm(l, 2,... ,n)2,un(F)2 »
- p—z[ﬁggg] .p2<—nr— no iR )
< p_Q%H .pQ(fnrfﬁ+%+l>

— p2(2 nr—p—l) _ p_2n,r_p2_n1 44

2n
< p—2m"— =1 +2en

where we use p? < p® which holds for any n provided € is small enough.
We now apply Lemma 2.1 with a = O,(a/F), d, = Qungn(a/F) and
¢n = Qnpn(a/F). We bound

|en + dnOp(a/F)|, = [Qulp [pn(a/F) + gn(a/F)Op(a/F)],

2
72nr7%+26n ) pn(E—QT—W)

<p
4dn
<exp<q —4nrlogp — ——logp + 4enlogp ¢ .
(p—1)
By Proposition 8.1, we also have the following bounds for n large enough.

|dnl, len] < elem(1,2,. )Q;Ln(F)2

e 2(1+€n F2nH a— 1

q
qlF

< exp{ 3en +2n +log | " H q(q%)

qlF
log q
= exp 36n+2n+2nlogF+2nZ ~ 1
alF
1
< exp\ 2n 26+1+logF—|—Z qu
aF
where we estimate lem(1,2,...,n) < e+ 4 result deduced from the
prime number theorem. We also calculate
max(|cn|, [dn|) - |cn + dnOp(a/F)|,
log q 4an
< exp{ 2n 26+1—|—logF+Z 1 - exp —4m“logp—ﬁlogp+36nlogp
o F q— p
log g 2
=exp{ 2n 2e+1+logF+Zi—2rlogp ( 0 logp + 2¢elogp
p—
q\F

where
li_)rn max(|cy|, |dn]) - |en + dn®p(a/F)|p =0
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will certainly hold if we have

lo
(1+logp)+1+logF+Zﬁ —2rlogp —

2
Tk (p—1)

logp <0

and this is certainly true by our assumption if we take € small enough.
O

Corollary 8.1. Let xg be the primitive even character modulo 8. Then
C2(2), (3(2) and Lo(2,xs) are all irrational.

Proof. First, we look at (2(2). From chapter 6, we have
((2) =~ $05(1/2) = 15 0(1/6)
2(2) = =22 = 1022 .

We want to apply Theorem 8.1. We take p = 2,a = 1,F = 2. Then
12|, = 27! and so 7 = 1. Some calculations shows

1+logF+Zil<2rlogp+( 2 )logp
qlF
N 1+log2 + lgql<2log2—|—2log2
ql2
= 14+ log2+log2 < 2log2 + 2log2
= 1 < 2log?2 ~ 1.38629

and therefore the assumptions stated in Theorem 8.1 are all satisfied. There-
fore on application, we find that (3(2) is irrational. We remark that per-
forming similar calculations for (2(2) = —(1/40)©2(1/6) results in

1 < 3log2—1log6—(1/2)log3 ~ —0.261624

which violates the inequality of Theorem 8.1 and so in this case, we cannot
apply the Theorem.

We now apply Theorem 8.1 for (3(2) = —(2/27)©3(1/3). We take p =
3,a=1,F = 3. Then |3|; =371 and so r = 1. Again, we make some simple
calculations,

0gq 2
1+logF+Zil<2rlogp+( 1)logp
q|lF
N 1+1og3+zﬂ<210g3+1og3
qg—1
ql3
1
= 1+log3+§log3<310g3
= 1< (3/2)log3 ~ 1.647918

and so we see that the assumptions stated in Theorem 8.1 have all been
satisfied, thus concluding the irrationality of (3(2).
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We calculate for La(2, xg) = —(1/16)©2(1/4). Takingp =2,a =1, F = 4.
Then |4], =272, r = 2, and so we find

2
1+logF+Zq7<2rlogp+( 1)logp

qF
= 1+1og4+zq—1<410g2+21og2
ql4
= 1+ log4 +log2 < 6log 2
= 1 < 5log2 —log4 ~ 2.07944

and again we see that the assumptions stated in Theorem 8.1 are all satisfied,
therefore Lo(2, xs) is irrational.
O

As a final remark, we make a few similar calculations to those above for
L3(2,x12) = —(1/36)©3(1/6) which results in
1< (5/2)1og3 —log 6 — log 2 ~ 0.261624.
The inequality needed to apply Theorem 8.1 doesn’t hold here, therefore
we cannot apply the Theorem to deduce any results on the irrationality of

L2(27 XS)
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APPENDIX A. BINOMIAL COEFFICIENTS

Definition A.1. We know that the Binomial Coefficients can be defined as
follows. For positive integers, n and k, we have

<n>_n(n1)(n(k1))_ n!
k) ! G

where we can use the factorial notation when n > k.
When k < 0, the Binomial coefficients are identically zero.

For negative integers n and positive integers k, we can derive a formula
for the binomial coefficients.

<—n> - (—n—1)-(—n—k+1)

k k!
oy e (),
Substituting n = —1 and n = —2, we can simplify the above.
—1 —D)(-2)---(-1—-k+1
<k>_< )2 )y
and
<—2> _ (D3 (2 -kt D)
F) TR @)
= (—1)’“m) = (—1)F(k +1).

Definition A.2. The Binomial series can be defined for any n € C.
Lt+a) =Y <Z>x’f
k>0

We simplify the above definition to derive a formula for any integer n > 0.

(A1) (L+az) "= ;O (_”k_ 1>xk
E (g

k>0 k>0

APPENDIX B. DIFFERENTIAL OPERATOR OF ORDER 3

The operator Ly(y) as defined in chapter 3 has a symmetric square L3(y)
which we define as:

La(y) :== 2°P(2)y" + Q(2)y" + R(2)y' + S(2)y

with P,Q, R, S € R[z], P(0) = 1. The symmetric square is characterised by
the property that the solution space of L3(y) = 0 is spanned by the squares
of solutions of La(y) = 0. The equation L3(y) = 0 has a unique power series
solution y2(z) with y3(0) = 1.

Lemma B.1. yo(z)y1(2) is a solution to L3(y) = 0.
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Proof. We know that yo(z) and y;(z) are both solutions to La(y) = 0. There-
fore, by linearity of La, (yo(2) + y1(2))/2 and (yo(z) — y1(2))/2 are also so-
lutions to La(y) = 0. Therefore (yo(z) + y1(2))?/4 and (yo(z) — y1(2))?/4
are solutions to Lz(y) = 0. Using the linearity of L3 we conclude

(yo(2) Zyl(z))Q ~ (w(2) ;yl(z))z = yo(2)y1(2)

is a solution to Lsz(y) = 0. O

Before stating the next Lemma, we note that yo(t), y1(t), P(t) and Wy(t)
are all functions. However, to avoid a mass of notation in the following
equations, we shall denote these as yg, y1, P and Wy. The variables w, z, v,
and t shall be used as dummy variables and differentiation is always with
respect to z, unless specified.

Lemma B.2. Define:

> [F it * Yoy 2 [* b
B.1 h(z) == dt —2 dt dt.

Then h(z) is a solution to L3(y) = 2.

Proof. First we calculate the first, second and third derivatives of h(z).

W(z) = () / a2 [T sy / AL
o PWZ PWZ o PWg
z 2 2
1 24/ Yo 2 Y
_9 dt o
WO Pwe + (1) /0 Pz YL Py

) [ oy [ By [
o PW2 o PW2 , PW2

z 2 z z 2
) Yolyi Y
W () = (52" /0 Lt — 2yomn)" /0 dt + (42" /0 0_dt

h///(z):(yQ)////z y% dt—2(yoy1)”’/z Yoy1 dt—i—(yz)”//z 9(2) dt
07 Jo PW} o PWZ Yo Jy PW2

2
+2((y€])2—|—y@/yg).< Y1 >_2(yé//ﬁ+2yéyl1+y®ﬂl{)'<yoyl

PWE

P2
1\2 y(2)
2 .
z 2 z z 2
2\ /11 Y1 " Yoy 2N Yo
= dt — 2 dt dt
(o) /0 P2 (voy1) /O Pzt (y1) /0 P2

I\2 y% I, YoY1 I\2 y(2)
+2(yo)” - <PW2> —4yoyy - (PW2> +2(y1)" - <PW2> .
0 0 0

)
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Substituting h(z) and its derivatives into L3 gives,

3(h(z)) = 2 (¥0)” - P2 — 4Yoy1 - P7W02 +2(y1)" - P2
222

= 372 - (86)° (1) = 20001 (wowr) + (41)” ()
0

222 222 (W2
= w5 Wivo — np)® = o5 <0> =
W W

where we use the fact that y2, ¥} and yoy; are solutions to L3(y) = 0 and
so we can cancel all of the other terms. O

Proposition B.1. L3(y) = 1 has a unique solution hi(z) € Q(R)[[z]] begin-
ning with z+0(z?). Moreover, the n-th coefficient of h1(z) has denominator
dividing lem(1,2,...,n)3.

Proof. We instantly see that hi(z) = (1/2)h(z) since L3(y) is linear. There-
fore we can make calculations for h(z) and factor by 1/2 to deduce results
for hi(z). Using y1 = yolog(z) + Jo and the identities from Lemma 3.1 we
see that

z logt 2 logt
yg/ dt / yO(Og ) + 2070 log +y0dt
0 PWo 0

PW¢
2 o 7 Y 1Ty
= y;(log 2z / 5dt — 2yg(log 2 / / dtdx
o(log2) o PW2 ol )Oa:OPWO
2y090
+2y0/ / / PWO dtdxdw—i—yo(logz)/o PW2dt

1 23/0
2
— - dtd
yo/o $/ M /P

and
z z .2 ~
Yoy1 9 _ Y5 log z + Yoo
—2 dt = (—2y¢ 1 -2 2 Tt
yoy1/0 P2 (—2yp log 2 yoyo)/o PW02
2y
= (—2y3 log z — 2yoijo) <10gz : dt)
o PWg
2 ? yo
2y45 1 2907 — dtd
+ (2yg log 2 + 2yo%o) (/0 / P2 w)
~ YoYo
— (2921 2 S dt
(2yp log z + yoyo)( , PIZ )
and

z z
2 3/0 2 2 ~ -2 ZJO
5dt = I +2 1 + 5dt.
hn /0 PWO ( Yo ( 0g Z) YoYo 108 = yO) 0 PWO
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Substituting all of the above into equation (B.1) gives,

z 2 z x

dt — 2421
. PW2 v log 2 o PWO

+2y0 / / / Yo dtd:z;dw+y0 logz d
Wo
2y0y0 /Z z 0
dtdx dt — 2yg (1 dt
/ / Pz T | Py v (log.2 o PWZ
Z1 % Yot
2021 sdtdr — 2 21 ———_dt
_ © Y Yolo
— 290701 Y _dt+2 - 0 dtdr — 2 / S dt
YolYo lo ; PW02 + 2%0%0 /0 - /0 PWO x YoYo ; PWO
z 2 z
2 2 0 ~ 0 -2 yo
| dt+2 1 ———dt —oodt
z 1 w 1 x 2 z 1 x ~ 1 z ~2
- / / / y02dtdxdw—/ / yOyOthder/ _ar
0 w 0 X 0 P 0 PWO 2 0 PWO

+2y0§0/Z1/m Yo sdtdr — 2yogo AL dt—I—yf/Z Y dt.
o T Jo PWZ o PW? O Jo PWZ

h(z) = y3(log 2)2 5dtdr

We can write out the solution of L3(y) =1 as

z

Yoo yo
_ Jdtdzd dtdz Lt
yo/ / / PWO v = yo/ / PW2 +2 g , PW2

+yo?§0/ / b zdtdz — yolo / yoyod + /Z vi — 5 dt.
OxOPWO OPW() OPWO
where we have an additional term in our solution compared to the solution
that Beukers’ derives in [4].

We expand the functions below into their power series to check that the
solution h1(z) of the differential operator L3 = 1 begins with z +O(2?), and
the n-th coefficient of h1(2) has denominator dividing lem(1,2,...,n)3.

Yo(2) = 1+ b1z + boz® + -+
20N 2
yo(2) =14crz+coz” + -
Jo(2) = a1z +ag2? + - -

P(z) =14 Piz+ P2* + - -

Wo(z):1—|—dlz—|—d222+"-

We look at each term of hj(z) separately, just as we did in the proof of
Lemma 3.3. This is especially important, since we have a new extra term
to deal with.



IRRATIONALITY OF SOME p-ADIC INTEGERS 45

Some simple calculations shows that

21 (Y1 z y2(w)
2 0
Y (Z)/ / / —————dwdzdy
"o v @ o Plw)Wg(w)
zZ 1 ¥ q T
—yg(z)/ / / (14 eqw + eqw? + - - - )dwdzdy  with e; € Q(R)
Y1 ele e3x3
—yo / / ( 5 + 3 + -+ ) dzdy
1 ey’ | esy’
pr— — ... d
yo(Z)/O y(y+ 5T33 T y

2

3
9 €1z €32
_y‘)(z)(’ZJ“2-2-2+3-3-3“L )

2 3
e1z €32
:(1+C1z+0222+---)(z+ vy +>

2-2-2 3-3-3

=2+ 0(2?)
where it is clear that the coefficient of 2™ in the above has denominator
which divides lem(1,2,...,n)3. We continue to check the remaining terms.

Below we have used the letter e; to represent elements in the quotient ring.
These are not necessarily the same elements as above. I shall continue to
use this (awful) notation, however please note that it does not affect the
conclusions we draw about the denominators in any form.

/ / Yol@ ddy
/ / e1z + esx’® + - )da:dy
3
€1y €2y
= Z 227 4 ... )4
/oy< 2 "3 " )y
2 3
ez €9z
<z.2+3.3+“'>

s O(2?).

Y5 (2)
Y5 (2)

4
The n-th coefficient of gy has denominator dividing lem(1,2,...,n), and in
taking integrals twice, we have the denominator of the n-th coefficient of the
above term dividing lem(1,2,...,n)3.
Next we check
L, gl
d
2400 | Bz ™
1 z
= 2y§(z)/ (ela: + eax” + e3x’ + )dx
2 3
2 €1z €9z o
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Similar observations tells us that the n-th coefficient of §3(z) already has
denominator which divides lem(1,2,...,n)? and taking an integral gives us
the desired results.

We shall analyse the last three terms together, once we have stated their
power series expansions.

and
w(eYin(s) | s
e 22 e 23
— wo(e)inla) (5 + 2 )
ajel
- 17 3 + 0(24)
and

1_ €122 e3z’
ziyg(z) <z+2 +73 + -
1
=3 (aiz® + O(zY)) .

We notice that the above three terms have some combination of integrals
and go(z). From each integral and every appearance of gy, we get the denom-
inator of the n-th coefficient dividing lem(1,2,...,n). In the above three
terms, we easily see that there are three instances of this in every term,
hence we arrive at the results we were hoping for. We conclude that the
solution hy(z) to L3(y) = 1 begins with 2 + O(2?), and the n-th coefficient
has denominator which divides lem(1,2,...,n)3. O

APPENDIX C. IDENTITIES FOR R(x) AND T'(x)

Proposition C.1. Recall the Laurent series R(x) and T(x) defined in Def-
inition 4.2. Then we have the following identities.

R@):_inil [Z]

n=0

and
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Proof. To prove the identity for R(z), we let

S(x):gn_li_l{Z].

Some simple calculations shows

n n n! n!
[$+1} {CE‘] (x4+1)---(z+n+1) zx+1)---(r+n)
_z-nl—(z+n+1)n!
Sz 1) (z+n+1)
B (n+1)n!
Sz +1)-(x+n+1)

_ on+1 n
- T r+1 |

Hence,

Notice that,

—éAn ((1+n—|—az) [ le D

- (<2+n+f>[iii } ‘“*"”)[xil D

L] (R )

:[xil].

Summing over positive n gives

S(x—l—l)—S(ﬂU):_;i[le}

(.. k
T oa? <kli>rgo‘(1+k+$) [ x4+ 1 ]
1
==
Therefore, S(z + 1) + R(z + 1) — S(z) — R(z) = 0 and so R(z) + S(z)
periodic with period 1, hence R(z) = —S(x).

(1+x).13—!a:>

p

47

is
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To prove the identity for T'(z), we set

so-Eatl2]].%0]

Some simple calculations shows

ARSI

n! n!
T @+ (@rltn) (~z)-(n—ax)

n! n!
z---(x+n) 1—2z)---(n+1—2x)
 —(n+1—-2)(n)? — (x4 1+ n)(n!)?
Sz (zd+14+n)(l-2)--(n+1—2x)
B —2(n +1)(n!)?
a1l (z+1+n)(1—2) - (n+1—x)

= IENIEN!

Therefore we have

seen-so -3 (L] [ S ][] ))
f; L)
2L

(o <n+1>>mln )
3ol

el 412,

= 12[:£1H . ]‘<((n+2(71;)2(n)+(712+1)) (" - ("“)))
——z [ [ | (R @ - )
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Summing then gives

S(x+1)—5(x):_i§;[mil} [1ﬁw]

2 ([ (0)2
5 (- 05 )
2
3
Therefore, S(z+1)—S(x) = 3. Since we have proven T'(z+1)—T(z) = —
it follows that S(z + 1)+ T(z+ 1) — S(z) — T(x) = 0 and so S(z) + T'(x)
periodic with period 1. Hence S(z) = T'(z).

O e
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