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Fn = {0, 1, 1, 2, 3, 5, ...}

F
n
 + 2 = yp

( n, y, p)
=

(3, ±2, 2)
(-2 , 1, p)

???



Finding the Solutions to F
n
 = yp

 THEOREM (Bugeaud, Mignotte and Siksek)

The only perfect powers of the Fibonacci sequence are, 
for n ≥ 0:
F

0
 = 0, F

1
 = F

2
 = 1, F

6
 = 8 and F

12
 = 144

 Here, we find integer solutions (n, y, p) to the equation
F

n
 = yp



Finding the Solutions to F
n
 ± 1 = yp

 THEOREM (Bugeaud, Mignotte and Siksek)

The only perfect powers of the Fibonacci sequence are, 
for n ≥ 0:

F
1
 – 1 = F

2
 – 1 = 0,  F

0
 + 1 = F

3
 - 1 = 1,

F
4
 + 1 = F

5
 - 1 = 22,  F

6
 + 1 = 32

 
 Here, we find non-negative integer solutions (n, y, p)

 to the equation F
n
 = yp



An overview:  F
n
 + 2 = yp

Method and Steps Result

1. Equation F
n
 + 2 = yp

2. Associate an Elliptic Curve E
n
:= Y2 = X3 + 2µX2 + 6X

3. Associate a Newform Hilbert Newforms

4. Corresponding Elliptic 
Curves

?

5. Congrunces ?

6. Lower Bound for Solutions ?

7. Upper Bound for Solutions ?



Finding the Solutions to F
n
 + 2 = yp

Preliminaries ...



An overview:  F
n
 + 2 = yp

Method and Steps Result

1. Equation F
n
 + 2 = yp

2. Associate an Elliptic Curve E
n
:= Y2 = X3 + 2µX2 + 6X

3. Associate a Newform Hilbert Newforms

4. Corresponding Elliptic 
Curves

?

5. Congruences ?

6. Lower Bound for Solutions ?

7. Upper Bound for Solutions ?



Finding the Solutions to F
n
 + 2 = yp

Elliptic Curves ...



Finding the Solutions to F
n
 + 2 = yp

Elliptic Curves ...



Finding the Solutions to F
n
 + 2 = yp

The Frey Curve ...



An overview:  F
n
 + 2 = yp

Method and Steps Result

1. Equation F
n
 + 2 = yp

2. Associate an Elliptic Curve E
n
:= Y2 = X3 + 2µX2 + 6X

3. Associate a Newform Hilbert Newforms

4. Corresponding Elliptic 
Curves

?

5. Congruences ?

6. Lower Bound for Solutions ?

7. Upper Bound for Solutions ?



Finding the Solutions to F
n
 + 2 = yp

Newforms ...

 DEFINITION

A Newform lives in a finite dimensional space, namely S
K
(N).

A Hilbert Newform is a generalisation of newforms to functions
of 2 or more variables. 



Finding the Solutions to F
n
 + 2 = yp

Ribet's Level Lowering ...

 Hilbert Cuspform that is new with level N = (2)7(3)(51/2).
  This space has 6144 Newforms!!! 



An overview:  F
n
 + 2 = yp

Method and Steps Result

1. Equation F
n
 + 2 = yp

2. Associate an Elliptic Curve E
n
:= Y2 = X3 + 2µX2 + 6X

3. Associate a Newform Hilbert Newforms

4. Corresponding Elliptic Curves ? E
a

5. Congruences ? Points mod m on E
a

6. Lower Bound for Solutions ? If n > 1 then n > 109000 

7. Upper Bound for Solutions ? n < 109000 



Computational Number Theory ...

f
1
: = q - 84q3 - 82q5 - 456q7 + 4869q9 - 2524q11 + O(q12)

f
2
: = q + 44q3 + 430q5 - 1224q7 - 251q9 - 3164q11 + O(q12)



Computational Number Theory ...

f
1
: = q - 84q3 - 82q5 - 456q7 + 4869q9 - 2524q11 + O(q12)

f
2
: = q + 44q3 + 430q5 - 1224q7 - 251q9 - 3164q11 + O(q12)

1-1 = 0

-2524 + 3164 = 640



Computational Number Theory ...

f
1
: = q - 84q3 - 82q5 - 456q7 + 4869q9 - 2524q11 + O(q12)

f
2
: = q + 44q3 + 430q5 - 1224q7 - 251q9 - 3164q11 + O(q12)

1-1 = 0

-84 - 44 = -128

-82 - 430 = -512

-456 + 1224 = 768

4869 + 251 = 5120

-2524 + 3164 = 640
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