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THE PROBLEM ...

Given integers n and A, can we find all number fields of degree
n and discriminant A?
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THE PROBLEM ...

QUESTION

Given integers n and A, can we find all number fields of degree
n and discriminant A?

Restrictions:

Primitive number fields (K primitive if there does not exist
L such that Q C L € K)).

Totally Real Number Fields.
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CURRENT METHOD ...

THEOREM (HUNTER’S THEOREM)

Let K be a primitive totally real number field of degree n and
discriminant A. Then there exists « € Ok \ Z such that:
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CURRENT METHOD ...

THEOREM (HUNTER’S THEOREM)

Let K be a primitive totally real number field of degree n and
discriminant A. Then there exists « € Ok \ Z such that:

0<Tr(a) < g,
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CURRENT METHOD ...

THEOREM (HUNTER’S THEOREM)

Let K be a primitive totally real number field of degree n and
discriminant A. Then there exists « € Ok \ Z such that:

0<Tr(a)<

MI:

053 et T (1)
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AN EXAMPLE ...

EXAMPLE

Let n =2 and A < 5. Find all totally real number fields of
degree 2 and discriminant less than or equal to 5.

Hunter’s Theorem gives us some bounds.
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AN EXAMPLE ...

EXAMPLE

Let n =2 and A < 5. Find all totally real number fields of
degree 2 and discriminant less than or equal to 5.

Hunter’s Theorem gives us some bounds.

0<Tr(a) < -=1,

|3
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AN EXAMPLE ...

EXAMPLE

Let n =2 and A < 5. Find all totally real number fields of
degree 2 and discriminant less than or equal to 5.

Hunter’s Theorem gives us some bounds.
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AN EXAMPLE ...

EXAMPLE

if Tr(a) =0 — Tr(a?) <

N — BN Ot

if Tr(a) =1— Tr(a?) <
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AN EXAMPLE ...

EXAMPLE

We are looking for a polynomial f(z) = 2% + ax +b. We let
and (8 be the roots of f. Then

f(z) = (z —a)(z — B) = 2% — (a+ B)z + ap.
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AN EXAMPLE ...

EXAMPLE

We are looking for a polynomial f(z) = 2% + ax +b. We let
and (8 be the roots of f. Then
f(z) = (z —a)(z — B) = 2% — (a+ B)z + ap.

Tr(a) =a+pB.

Vandita Patel University of Warwick

The Hunt for Totally Real Number Fields



AN EXAMPLE ...

EXAMPLE

We are looking for a polynomial f(z) = 2% + ax +b. We let
and (8 be the roots of f. Then
f(z) = (z —a)(z — B) = 2% — (a+ B)z + ap.

Tr(a) =a+pB.

B of= —(a+5)22_a2_62 =1 (Tr(a)? — Tr(a?)).
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AN EXAMPLE ...

EXAMPLE

We are looking for a polynomial f(z) = 2% + ax +b. We let
and (8 be the roots of f. Then
f(z) = (z —a)(z — B) = 2% — (a+ B)z + ap.
Tr(a)=a+p.
B of= —(a+5)22_a2_62 =1 (Tr(a)? — Tr(a?)).
If Tr(e) = 0, then Tr(a?) < 2 and a8 > %52 and so
-1 < a8 <0.
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AN EXAMPLE ...

EXAMPLE

We are looking for a polynomial f(z) = 2% + ax +b. We let
and (8 be the roots of f. Then

f(@) = (z - a)(z - B) =2° — (e + B)z + ap.
Tr(a)=a+p.
H of = —(a+5)22_a2_62 = % (Tr(a)2 - Tr(a2)).
0

If Tr(e) = 0, then Tr(a?) < 2 and a8 > %52 and so
-1 < a8 <0.

If Tr(a) = 1, then Tr(a?) < 3 and af > 152 and so
—1<ap <0.

Vandita Patel University of Warwick

The Hunt for Totally Real Number Fields



AN EXAMPLE

EXAMPLE

Possible polynomials:

22 — 0x + 0 — reducible
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AN EXAMPLE

EXAMPLE

Possible polynomials:

22 — 0x + 0 — reducible
B 22 — 0x — 1 — reducible
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AN EXAMPLE

EXAMPLE

Possible polynomials:

22 — 0x + 0 — reducible
B 22 — 0x — 1 — reducible
22 — r —> reducible

Vandita Patel University of Warwick

The Hunt for Totally Real Number Fields



AN EXAMPLE

EXAMPLE

Possible polynomials:

22 — 0x + 0 — reducible
B 22 — 0x — 1 — reducible
22 — r —> reducible

2 —x—1v
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AN EXAMPLE ...

Possible polynomials:
2?2 — 0z + 0 — reducible
B 22 — 0x — 1 — reducible
22 — r —> reducible
2 —x—1v
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MOTIVATION ...

Primitive degree 8 Number Fields.
B 2% — 282% — 2825 + 1962* + 30823 — 22422 — 5287 — 182
B 2% — 4225 — 562° + 4202* + 109223 + 40622 — 8527 — 609
B 2% — 427 — 2825 + 602 + 1022* — 2023 — 3622 — 4z + 1
28 — 227 — 3425 + 282° 4 2802* — 21023 — 68622 + 588z + 49

A HB  min(Tr(a®)) Dim(My(N)) Dim(M7/5(N))
L 2B70 130 56 184 152
2. 2831078 84 864
3. 21674116 157 72 150 124
4. 21276116 184 72 150 124
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AN APPROACH VIA MODULAR FORMS ...

THEOREM (HECKE,SCHOENBERG)

Let K be a primitive, totally real number field with degree n
and discriminant A. Let Ok be its ring of integers, with
basis {b1,...,by}.
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AN APPROACH VIA MODULAR FORMS ...

THEOREM (HECKE,SCHOENBERG)

Let K be a primitive, totally real number field with degree n
and discriminant A. Let Ok be its ring of integers, with
basis {b1,...,by}.

Pick any a € O i.e. o= x1b1 + -+ xpby.
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AN APPROACH VIA MODULAR FORMS ...

THEOREM (HECKE,SCHOENBERG)

Let K be a primitive, totally real number field with degree n
and discriminant A. Let Ok be its ring of integers, with
basis {b1,...,by}.

Pick any a € O i.e. o= x1b1 + -+ xpby.
Let Q(z) = Yy 0i(a?).
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AN APPROACH VIA MODULAR FORMS ...

THEOREM (HECKE,SCHOENBERG)

Let K be a primitive, totally real number field with degree n
and discriminant A. Let Ok be its ring of integers, with
basis {b1,...,by}.

Pick any a € O i.e. o= x1b1 + -+ xpby.

Let Q(z) = Y27 oi(a?).

Rg(m) = #{z € Z"|Q(z) = m}.
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AN APPROACH VIA MODULAR FORMS ...

THEOREM (HECKE,SCHOENBERG)

Let K be a primitive, totally real number field with degree n
and discriminant A. Let Ok be its ring of integers, with
basis {b1,...,by}.

Pick any a € O i.e. o= x1b1 + -+ xpby.

Let Q(z) = >o7; 0i(a?).

Rg(m) = #{z € Z"|Q(z) = m}.

Then

f = Z RQ(m)qm € Mn/?(Nv X)
m=0
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AN EXAMPLE

Let
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AN EXAMPLE ...

Let
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AN EXAMPLE ...

Let
K =Q(V5).

1
oz:a-l—b( +2\/5> € Ok,a,b, e Z.

Q = 01(a?) + 02(a®) = 2a* + 2ab + 30>
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AN EXAMPLE ...

Let
K =Q(5).
1
oz:a-l—b( +2\/5> € Okg,a,b, € Z.
Q = 01(a?) + 02(a®) = 2a* + 2ab + 30>
Then

f=1+2¢+4¢+4¢" + 28 + - -- € My (I'1(20), x)
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AN EXAMPLE ...

Let

K =Q(5).

1

oz:a-l—b< +2\/5) € Okg,a,b, € Z.
Q = 01(a?) + 02(a®) = 2a* + 2ab + 30>
Then
F=1+2¢+4¢% + 44" +2¢° +--- € M1(T1(20), x)

where

x(11) = x(17) = —1, character modulo 20, conductor 20.
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BACKWARDS COMPATIBILITY ...

Given My (N, x), can we find all number fields of degree 2k and
discriminant A where N | A | N2k 2
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AN EXAMPLE ...

M (20, x) has dimension 2, where x(11) = x(17) = —1,
character modulo 20, conductor 20.
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AN EXAMPLE ...

M (20, x) has dimension 2, where x(11) = x(17) = —1,
character modulo 20, conductor 20.

Is f :=z1f1 +x2fo a modular form coming from a number field?
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AN EXAMPLE ...

M (20, x) has dimension 2, where x(11) = x(17) = —1,
character modulo 20, conductor 20.

QUESTION

Is f :=z1f1 +x2fo a modular form coming from a number field?

fr=142¢"+4¢" +4¢" +2¢° + -
for=a—a" =2 + '+ " +2¢° = 2¢" — ¢* + -
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AN EXAMPLE ...

M (20, x) has dimension 2, where x(11) = x(17) = —1,
character modulo 20, conductor 20.

QUESTION

Is f :=z1f1 +x2fo a modular form coming from a number field?
=142 +43 +4¢" + 25 + - --

for=a—a" =2 + '+ " +2¢° = 2¢" — ¢* + -

{1?1=1.
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AN EXAMPLE ...

M (20, x) has dimension 2, where x(11) = x(17) = —1,
character modulo 20, conductor 20.

QUESTION

Is f :=z1f1 +x2fo a modular form coming from a number field?

fr=142¢"+4¢" +4¢" +2¢° + -
for=a—a" =2 + '+ " +2¢° = 2¢" — ¢* + -

xr1 = 1.
Equate coefficients:
q:r22>0
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AN EXAMPLE ...

M (20, x) has dimension 2, where x(11) = x(17) = —1,
character modulo 20, conductor 20.

QUESTION

Is f :=z1f1 +x2fo a modular form coming from a number field?

fri=142¢"+4¢° +4¢" +2¢° + - --
for=a—a" =2 + '+ " +2¢° = 2¢" — ¢* + -
{171=1.
Equate coefficients:
q:r22>0
q2:2—:c220—>x2§2
and 2 — 29 > 2 — 29 < 0.
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AN EXAMPLE ...

M (20, x) has dimension 2, where x(11) = x(17) = —1,
character modulo 20, conductor 20.

QUESTION

Is f := x1 fi + x2fo a modular form coming from a number field?

4q3

+4q" + 28+ -

frrma— -2+ '+ +2° —2¢" =" + -

fri=1+2¢+
xr1 = 1.
Equate coefficients:
q:r22>0

q2:2—:c220—>x2§2
and 2 — 29 > 2 — 29 < 0.
Vandita Patel
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FURTHER WORK

This method gives us a very high dimensional linear
programming problem.
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FURTHER WORK

This method gives us a very high dimensional linear
programming problem.

B As the dimension increases, our solution space looks like an
unbounded cone.
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FURTHER WORK

This method gives us a very high dimensional linear
programming problem.

B As the dimension increases, our solution space looks like an
unbounded cone.

A bound from above!
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BouNnD FrROM ABOVE

Let n > 2 be a natural number.
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BouNnD FrROM ABOVE

Let n > 2 be a natural number.

Let Q(z) = Z?j:l a;jz;xj be a positive definite quadratic
form with symmetric matrix.
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BouNnD FROM ABOVE ...

Let n > 2 be a natural number.

Let Q(z) = szzl a;jz;xj be a positive definite quadratic
form with symmetric matrix.

Let A(X) be the number of lattice points in the region
Qz) < X
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BouNnD FROM ABOVE ...

Let n > 2 be a natural number.

Let Q(z) = szzl a;jz;xj be a positive definite quadratic
form with symmetric matrix.

Let A(X) be the number of lattice points in the region
Qlz) <X

Then, A(X) =V(X) + P(X).

Vandita Patel University of Warwick

The Hunt for Totally Real Number Fields



BouNnD FROM ABOVE ...

Let n > 2 be a natural number.
Let Q(z) = szzl a;jz;xj be a positive definite quadratic
form with symmetric matrix.

Let A(X) be the number of lattice points in the region
Qz) < X

Then, A(X) =V(X)+ P(X).

Application: The sum of the coefficients of the modular
form must be less than or equal to A(X).
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THANK YOU FOR LISTENING ...

Any aquestions?
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