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Abstract

A classical theorem of Bowen says that periodic orbits of hyperbolic diffeomorphisms
and flows are on average equidistributed with respect to the measure of maximal entropy
as the periods tends to infinity. Hannay—Ozorio de Almeida and Parry showed that,
by introducing appropriate weightings, the SRB measure of an attractor may also be
obtained in this way. Parry also showed that other Gibbs start could be obtained as
a limit by varying the weighting. We will discuss different approaches to these results
(dynamical zeta functions, large deviations) and more recent refinements for flows,
where, for example, the window of which periods are averaged is allowed to shrink as
the periods increase.

1 Hyperbolic flows

Let M be a smooth compact Riemannian manifold and the ¢, : M — M be a C! flow
generated by a vector field Xy. We say a closed ¢-invariant set A C M is a hyperbolic basic
set if

(i) there is a continuous splitting of Ty M into three D¢-invariant sub-bundles Ty M =
E'® E*® E*, where E° is the one-dimensional bundle spanned by X, and where there
are constants C' > 0, A > 0 such that

(a) ||Doy(v)]| < Ce ||v|| for t > 0 and for all v € E¥; and
(b) [[Dp_¢(v)|| < Ce||v|| for t > 0 and for all v € E*,

(ii) ¢ : A — A is topologically transitive,
(iii) the set of ¢-periodic orbits in A is dense in A,
(iv) there is an open set U D A such that A = (.2 __ ¢:(U).

If A is a hyperbolic basic set then we call ¢; : A — A a hyperbolic flow. If the stronger
property
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(iv’) there is an open set U D A such that A = (2, ¢:(U)

then we call ¢; : A — A an attractor. If property (i) holds for A = M then ¢, : M — M is
called an Anosov flow. An Anosov flow is not necessarily topologically transitive; however
property (iii) holds for M (Anosov Closing Lemma). Of course, property (iv’) always holds
for an Anosov flow.

We say that a hyperbolic flow is topologically weak-mixing if the equation

Jogi= e
has no continuous solution f : A — C for a € R.

Example 1.1. Let S be a compact surface with negative Gaussian curvature and let M =
T'S, the unit tangent bundle. Then the geodesic flow ¢; : M — M is a (topologically
transitive) Anosov flow.

2 Periodic orbits and equidistribution

Let ¢, : A — A be a hyperbolic flow. This flow has a countably infinite set of prime periodic
orbits, which we denote by P. (A periodic orbit is prime if is not a multiple of another
periodic orbit.) For v € P, we write £(y) for its (least) period and

P(T)={yeP:ly)<T}

and, for A > 0,
P(T,A)={ryeP: LUy el[T—-A/2,T+A/2]}.

We note that the flow is topologically weak-mixing if and only if the set of periods {{(v) : v €
P} is not contained in a discrete subgroup of R.

There is a unique ¢;-invariant probability measure py on A for which the measure-
theoretic entropy of ¢; is maximised — we call this the measure of mazimal entropy for

¢s. For f € A - R, we write
()
[1= [ st
where . is any point on 1.
A classical result of Bowen says that the periodic orbits become equidistributed with

respect to the measure of maximal entropy.
Theorem 2.1 (Bowen [1]). For all f € C(A,R), we have

li L / f= / fd

im .

7o #P(T, A Ho

P(T A)

An alternative formulation of this result is that, letting 6, denote the probability measure
obtained by normalising one-dimensional Lebesgue measure around 7y, the measures

Z 5,

~eP(T,A)
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converge weakx to pg, as T' — oo.
We will discuss two approaches to obtaining this result:

(0) Bowen’s approach. Bowen originally used a “bare hands” approach involving the growth
of periodic orbits and specification properties of the flow. We will not discuss this
further.

(1) Large deviations. The input required here are growth estimates for certain sums over
periodic orbits. From these, it is possible to conclude that, in a precise sense, most
long periodic orbits v have fy f close to [ fduo, and hence that the result in Theorem
2.1 holds.

(2) Zeta functions. Suppose f is positive a Holder continuous. Study of the domain of a

zeta function Tt (1 » (_Sm) N /7 f) ) »

yeEP

gives an asymptotic for

> f,

LY)ET-A/2,T+A/2] V7

as T'— oo. Elementary arguments then give Theorem 2.1.

Roughly speaking, approach (1) is simpler but approach (2) is more flexible if we want to
obtain more precise results (e.g. rates of convergence) We will discuss both of these methods.
Before we go on to do this, we will state a result that complements Bowen’s equidistribution
result.

Let ¢; : A — A be a C' attractor. There is a ¢;-invariant probability measure m
supported on A with the property that for almost every x in a neighbourhood U of A we
have that, for every continuous function f : U — R,

lim l/OTf(gbtx)dt:/fdm

T—oo T

[2]. The measure m is called the SRB (Sinai-Ruelle-Bowen) measure. If ¢; preserved the
Riemannian volume then m is the normalised volume. This holds, for example, for geodesic
flows.

Write

1 "
p"(2) = lim - log [Jac(De¢r | E7))|

and, for v € P,

We have the following result of Parry, inspired by earlier heuristic results of Hannay and
Ozorio de Almeida (for discrete maps) [4].
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Theorem 2.2 (Parry [8]). For all f € C(A,R), we have
-1
; —£(v) ety
Jm [ > g 1= [ ram
~yEP(T,A) ~yeP(T,A)
In terms of orbital measures, this says that the measures

-1

Z et Z et ) 8y

~yeP(T,A) ~yeP(T,A)

converge weakx to m, as T" — oo.

It turns out that Theorem 2.1 and Theorem 2.2 are part of a family of equidistribution
results for different weightings. We will discuss this further below, after we have made some
more definitions.

3 Pressure

An important tool in this theory is the pressure function P : C(A,R) — R. For f € C(A,R),
its pressure P(f) is defined as the exponential growth rate of sums:

=0 75

T
P(f) = limlim sup —logZeXp (/o f(o) dt) :

where the sum is taken over points x is a (T, €) spanning or separated sets. For our purposes,
it is more important to note that

P(f) = lim —log Z exp/f (1)

T—oo T
~eP(T,A)

(This follows from the fact that P(f) is the abscissa of convergence of the function

> ttyex (~stlr) + / )= [Temi| X e [ 1),

~eP b ~EP(T) 7

where ¢y = min,ep ¢(y), which is the principal part of the logarithmic derivative of the zeta
function ((s, 1) defined above.)
Pressure is also characterised by the variational principle:

P(f) = sup (hu(¢)+/fdﬂ>7

}LEM¢

where M is the space of ¢;-invariant probability measures on A and h,(¢) is the measure-
theoretic entropy. If f is Holder continuous then the supremum is attained at a unique

4
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py € Mgy, which we call the Gibbs measure of f. This measure is ergodic and fully supported
on A. We also have the relation

tuto) = _int (P~ [ rau)

for each p1 € My. (This is a particular example of the duality of the Fenchel-Legendre
transform in convex analysis.)

If f = 0 then P(0) is equal to the topological entropy hiop(¢) and the Gibbs measure 1 is
the measure of maximal entropy (so the notation we have chosen is consistent). If f = —
then pi_,u = m, the SRB measure.

An important property of pressure is its analyticity. If C“(A,R) denotes the Banach
space of Holder continuous functions with exponent a then the map

CYAR) = R: f—= P(f)

is real analytic. Furthermore, for a neigbourhood of C*(A,R) is C*(A, C), it extends to give
a complex analytic map f — P(f) (once we can define P(f) have chosen a branch of the
logarithm.) In particular, for f,g € C*(A,R), t — P(tf + g) is real analytic for ¢ € R and,
for each ty € R, s — P(sf + g) is complex analytic for s in a complex neighbourhood of .

Furthermore,
/ f g

The notion of Gibbs measure allows us to extend the theorems of Bowen and Parry above
to more general weightings.

@f+g

Theorem 3.1 (Parry [9], Pollicott [11]). Let g : A — R be Hélder continuous. For all
f e C(AR), we have

Jim. WG%A eXp/ E%A) (eXpAg) é(%)/ﬂt = /fdug-

In terms of orbital measures, this says that the measures

Y e / Z (exp / g) 5

~yeP(T,A) ~yeP(T,A)

converge weakx* to /iy, as T' — oo. Setting g = 0 recovers Theorem 2.1 and g = —¢" recovers
Theortem 2.2.

This theorem was originally proved by Parry, using zeta function techniques, for weights
g with P(g) > 0 (this includes the case of the weight —¢*). Pollicott gave a proof based on
large deviations which avoids this condition.




4 LARGE DEVIATIONS

4 Large deviations

Following Pollicott [11], itself inspired by ideas of Kifer |5, 6], we will prove a so-called Level
IT large deviations theorem from which we will deduce Theorem 3.1.

Theorem 4.1 (Pollicott [11]). For any closed set KK C My, we have that

1
limsupflog Z exp/ Z exp/g < —p(K),

T=o0 +eP(T,A) +eP(T,A) g
5,k

0010 = int (P(@) = (m(o)+ [aan) ).

Furthermore, p(IC) > 0 whenever p, ¢ K.

where

Remark 4.2. There is also a corresponding lower bound involving liminf for open sets U C
M.

Before we give the proof of this theorem, we shall show that it implies Theorem 3.1.

Proof of Theorem 3.1. Let f: A — R be continuous. For € > 0, let & be the open set

UZ{M€M¢3 /fd,u—/fd,ug <e}.

= > exp/g7

~yeP(T,A)

Writing

we have that, using Theorem 4.1,

STy (exp/wg> ﬁ/vf

yeP(T,A)
- E(T)lv%{@ (0 / 7) i [+ Z(TV%@A) (e / 7) i [
- E(T)_lveg%}& <explg> (/fdug + E(v)) +0(e™™),

where |E(7y)| < eand 0 <n < p(M, \ U). Hence,

lim sup =(T)"! > (eXpLg) ﬁ/vf < /fdunge

yeP(T,A)
and .
lim inf (7)) ! Z (exp/g> —/fﬁ /fdug—e.
T—oo ) Sy
~EP(T,A)
Since € > 0 is arbitrary, this gives the result. O
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We now turn our attention to the proof of Theorem 4.1.

We define I : My — R by

1= sw ([1ae-pG+0+r0).

FEC(AR)
Lemma 4.3.
1) = Plo) = [ gdu—hy(o).
so that
plIC) = int I(p).

peKX

Proof. By the variational principle, we have

PU+0) = s (o) + [(7+9)dn)

/JGM¢

By the definition of I(u), we have

I(p) = sup (/fdu Pf+g)+P(g)>

fEC(AR)

= sw ([troa-rrra)«re - [od

fEC(AR)

= s </fdu P(f )+P(g)—/gdu
= _feg(l/f\,R) (P(f) —/fdu) + P(9) —/gdu

= —hu(¢) + P(g) - /gdu~

]

Proof of Theorem 4.1. We will prove the upper bound in Theorem 4.1. Let KX C M, be
closed and hence compact. For e > 0 and f € C(X,R), define open sets

utr. = {neMa: [ 1an=Pir+9)+P0) >0 -}
From the definition of I(u), it is clear that

Kcf{peMy: I(w)>pK)—et= |J ulf

fEC(X,R)

so {U(f,€)}rec(xr) is an open cover of K. Since K is compact, we can find fi,..., fi €
C(X,R) such that

k
KclJu(fie
=1
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We then have

ST exp/ggz 1zk: > exp/g
y N

~eP(T,A
67 cK ’y Eu(fz

[
e
3

|
M»
M

exp/g
v

S e P P@ A0 oy / (Fi + g)
P(T,A)

Y

i=1 ~eP(T,A)
ffi déy>P(fitg)—P(g9)+p(K)—e

2176

Taking logs, dividing by 7" and taking the lim sup, we get (using that each  satisfies £(7) €
T —A/2, T+ A/2]),

1
limsupTlog (T Z exp/ + €.

T=ro0 ~EP(T,A)
PR

Since € > is arbitrary, the required bound follows.
Finally we show that if p, ¢ K then p(K) > 0. If u € K then pu # p, and so, since the
supremum in the variational principle is attained uniquely at p,, we have

I(s) = P(g) - / gdp— hu(6) > 0

Furthermore, the map p — h,(¢) is upper semi-continuous (and p — [ g du is continuous),
so i — I(p) is upper semi-continuous. Therefore, p(K) = fuelc I(p) > 0. O

20}7

By taking g = 0 and, given f € C'(A,R), setting

IC:{NEM¢>3 '/fdﬂ—/fdﬂo

we have the following corollary.

Corollary 4.4. For any € > 0,

#{VEP(TA

s = I | < ¢
#P(T,A)

— 1

exponentially fast, as T — oo.

In other words, with density one, fv f/U(7) is close to [ f duo.
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5 Zeta functions

Our second approach to equidistribution involves the zeta functions. Let us suppose for the
moment that g : A — R and f : A — R are Holder continuous, that P(g) > 0 and f is
strictly positive. We consider the two variable zeta function

(s.2)=]] (1 — exp <—s£(7) + zlf))l

yEP

:epoi%eXp (—smé(v) +m/yg+zm/wf)

yeP m=1

defined for all s € C and 2z € C for which the product converges. In fact, we have convergence
for Re(s) > P(g) and |z| small (depending on s). The following is a standard extension result.

Theorem 5.1 ([10]). Suppose that ¢, : A — A is topologically weak-mizing. Then ((s, z)
extends to a non-zero analytic function in a neighbourhood of Re(s) > P(g) and |z| small
apart from a singularity at s = P(g).For (s, z) close to (P(g),0), we have

expa(s, z)
s—Plg+zf)

C(sz) =

where a(s, z) is an analytic function and A(s, z) is an analytic function satisfying A(P(g +

zf),z) = 1.

As a consequence, for s close to P(g),

o azC(Saz) — o S 2
TI(S) B C(S,Z) — aZl gC( 7 ) 2=0
0.(s — P(g +zf))
T s—Plg+2f) ' + o)
S
“o g

where b(s) is analytic. On the other hand, taking the logarithmic derivative with respect to
z in the definition of the zeta function, we have

n(s) =Y (/ f> exp <—Sm€(7) +m/g) :
~yeP m=1 v v
The sum over m > 2 will converge for Re(s) > P(g)/2, so it suffices to consider
() =3 ([ 1) e (=5t + [ ).
vepP N v

Combining these calculations, we have that:

9



5 ZETA FUNCTIONS

Lemma 5.2. n,(s) is analytic in a neighbourhood of Re(s) > P(g), apart from a simple pole
at s = P(g) with residue [ fdpu,.

We can now apply the following.

Theorem 5.3 (Wiener-lkehara Tauberian Theorem |[3]). Suppose that A(T) is a non-
negative monotone nodecreasing function defined fir T > 0 and such that the Stieltjes integral

w(s) = /1 T etaA

is analytic for Re(s) > 1 and, for some ¢ > 0,

c
s—1

w(s) —

has an extension to a continuous function for Re(s) > 1. Then
A(T) ~ce’, as T — oo.
We apply this to the function
wiryi= 5 ([ r)ew [o
veP(T) N7 K

With the appropriate rescaling, we obtain

P(g)T
Yy(T) ~ /fd,ugepm, as T — oo.

Hence

> (/f) eXP[yQZtﬁf(TJrA/?)—W(T—A/?)

YEP(T,A)
eP@T

o (P@A2 _ ~P(@)A/2 / Fdu, S
( '] )

as T — oo. Comparing with the case f = 1, we get the following.

Proposition 5.4.

. E'}/G’P(T,A) (f'y f) eXp f'y g

lim = / fg-
T—o0 ZyeP(T,A) {() exp f7 9

Write

f
(T) := Z %exp/g.

We have
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Therefore T
—P(g)T _
lim inf 70, (T) —proy = Jim ¥5(T)e / fdug.

Now we want an asymptotic inequality in the other dlrectlon. For o > P(g),

o)z Y (/ f) k= 3 5 M f e T — 7y (T)tge ™,
) ol

~eP(T ~EP(T)

so that limg_,., e 7% 7p(T) fior all o > P(g).
Now let 7 > 1 and set y = x/7, then

mi(w) —m(y) = Z

)<z
f'y-f f
< ——el? <aps(x)/y
tp<a ?
Hence
T Tr(y)Ty | Yp(x) Ty
Wf(x)ep(g)x = eP(9)Ty Y eP(9)z

and so

. x ) Ve(x T
hmsupﬂf(x)ep(—g)nghmsup g((g)z = J /fdug.

Z—00 z—o0 €

Since 7 > 1 is arbitrary, we conclude that

T 1
li <— | fdu,.
lin_i}jpﬂf(x) P = Bg) / fdug

Combing the two inequalities,

Therefore we obtain
fah ! rwan 94/2) e
Z e () ~ (e fd Mo o T
YeP(T,A) v
as T'— oco. Comparing with the case f = 1, we get the following.

Proposition 5.5.

lim Z'yGP(TA)e eXPf g /f,u
Tooo ) ep(r.a) epr g -

11
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Let f* =max{f,0} and f~ = —min{f,0}. Then f*+1 and f~ + 1 are strictly positive

and
f=Ur+D) =0+,

This decomposition allows us to transfer the convergence result from positive Holder con-
tinuous functions to general Holder continuous functions. Since Holder continuous functions
are uniformly dense in the continuous functions, a simple approximation argument extends
the result to continuous functions.

If the flow is not weak-mixing then ((s, z) will have poles at (s,2) = (P(g) + ina,0),
fior some @ > 0 and n € Z. This leads to slightly different asymptotic behaviour but the
equidistribution theorem still holds.

The case P(g) = 0. To complete our discussion, suppose now that P(g) = 0. Let ¢ > 0.
Then P(g +¢€) = P(g) + € > 0 and, furthermore, we have pyyc = p5. Therefore, for f
continuous, we have

I f
> LA yexp [ (g + €)
]_lm ’yG’P(T,A) Z('y f /f l/[/g

T—o0 ZvGP(T,A) exp f,y g+e)

Now
I f I,
N ZWG’P(T,A) zZT) exp f7(9 +¢€) ZWEP(T A) 7(y) P f 9
> yep(T,a) €XP f’y<g +e) T Xiepwa eXp f g
f
< b 2epra) i P S, (g +¢)
B ZveP(T,A) eXP J,(g+¢€)
so that
S f I f
o / Jduy < llm inf ZVEP(T 8 ) expf J < lim sup ZWEP(T’A) L)Z_W) epr J < eeA/f,u
g - g
e Z'yEP(T,A) exXp f79 T—00 ZVE’P( A) epr g

Since € > 0 is arbitrary, we get Theorem 3.1 for g with P(g) = 0.
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