STATISTICS OF MULTIPLIERS FOR HYPERBOLIC RATIONAL MAPS

RICHARD SHARP AND ANASTASIOS STYLIANOU

ABSTRACT. In this article, we consider a counting problem for orbits of hyperbolic rational maps on
the Riemann sphere, where constraints are placed on the multipliers of orbits. Using arguments from
work of Dolgopyat, we consider varying and potentially shrinking intervals, and obtain a result which
resembles a local central limit theorem for the logarithm of the absolute value of the multiplier and an
equidistribution theorem for the holonomies.

1. INTRODUCTION

A major theme in the theory of dynamical systems is the study of the distribution of periodic
orbits. This is particularly well-developed for hyperbolic systems, where one finds precise asymptotics
and equidistribution results. Here, equidistribution can refer to spatial results, where averages of
orbital measures converge to a prescribed limiting measure, or to equidistribution with respect to
some symmetry of the system. This paper can be seen in the context of the second setting. A major
advance in this theory came from the work of Dolgopyat [2], which introduced an approach to obtaining
more precise results.

Let us now be more precise about our setting. Let f : J — J be a hyperbolic rational map
restricted to its Julia set and 0 < 0 < 2 to be the Hausdorff dimension of J. (See the next section for
formal definitions.) A periodic orbit 7 = {z, f(2),..., f" " 1(2)} (with f"(z) = z) is called primitive
if f(z) # z for all 1 < m < n. We denote the set of primitive periodic orbits by P. For each
T={2f(2),..., " 1(2)} € P, we define its multiplier

A(T) = (f") ()
and its holonomy
A7) = AT)
IA(T)]
where S denotes the unit circle in C. A beautiful recent result of Oh and Winter [7] states that, apart
from a small set of completely classified exceptional cases, there exists € > 0 such that

#{r e P |A\1)| <t} =Li(t°) + O(t°~°) (1.1)

e s,

and, for any ¢ € C*(S!),

> (M) = (/01 (™) da) Li(t°) + O(t°79),

TEP:A(T)|<t

as t — oo. Here, Li denotes the logarithmic integral Li(z) = [, (logu)™! du ~ z/log z, as x — oo and
we write f(x) = O(g(z)) as x — oo whenever there exists C' > 0 and xp € R such that for all x >
we have that |f(z)| < Cg(x). We also write f(z) ~ g(z) as * — oo whenever lim,_, f(z)/g(z) = 1.

In this paper, we take a slightly different viewpoint. Instead of counting 7 = {z, f(2),..., " 1(2)}
according to the modulus of its multiplier |A(7)|, we count by the period |7| = n but impose constraints
on deviations of log |A(7)| from the period and on the holonomy. More precisely, for « € R, an interval
I CR and an arc S C S!, and writing P, = {T € P : |7| = n}, we aim to study the behaviour of

m(n,o, 1,8) := #{1 € Py : log|A(r)| —na € I and \(7) € S},
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as n — 0o. We need to impose a restriction on « and, to do this, define the closed interval

Iy = {/10g|f’|du:,u€/\/lf},

where M is the set of f-invariant probability measures on J. We also asume that the Julia set of

f is not contained in a circle in C since otherwise all holonomies are real. We write ¢ for Lebesgue
measure on R and v for the normalised Haar measure on S'.

Theorem 1.1. Let f:J — J be a hyperboAlic rational map of degree d > 2 restricted to its Julia set
such that J is not contained in a circle in C. Then, for o € int(Zy), there exists oo > 0 and §, € R
such that
S H(a)n
w(n,a, 1,8) ~ v(5) /e_gazdm 67, asn — oo,
oaV2m J1 n3/2

where
H(a) = Sup{hf(u) € My oand /log|f’\du — oz} )
In particular, if o = flog | f'] ditmax, where pmax is the measure of mazimal entropy then

v(S)e(I) d»

w(n,a,1,S) ~
( ) oo/ 21 n3/2

as n — o0.

We can also allow I and S to shrink at suitably slow rates as n increases. The corresponding
result will appear below as Theorem 2.1.

2. HYPERBOLIC RATIONAL MAPS

Let f : C — C be a rational map of degree d > 2. Recalling the definitions in the introduction, a
periodic orbit can be classified as repelling, attracting or indifferent depending on whether its multiplier
has modulus greater than, less than, or equal to one, respectively. Then, the Julia set of f is defined
as the closure of the union of repelling periodic orbits and denoted by J = J(f). It is a compact
f*L-invariant subset of C and the reader is referred to Milnor’s classical text [5] for an excellent and
systematic introduction to the dynamics of functions of one complex variable. In particular, we note
that such a map has topological entropy h(f) =logd and #{z € C: f"(z) = z} = d".

We say that a rational map f : C — C is hyperbolic if f is eventually expanding on J, that is
there exist constants ¢ > 0 and v > 1 such that

[(f") ()] = e (2.1)
forall z € J and all n > 1.

For such a map, it is known that at most 2d — 2 primitive periodic orbits are not repelling.
Therefore, to study asymptotic counting problems for periodic orbits of f we can focus, without any
loss of generality, to the study of the repelling periodic orbits. We write § for the Hausdorff dimension
of J; this satisfies 0 < § < 2 [18]. We will impose an additional hypothesis on f: we suppose that J
is not contained in any circle in C. In particular, this implies that f is not conjugate by a Md&bius
transformation to a monomial z — z*¢ for any d € N.

We will now give a more precise version of our results. As in the introduction, My is the set
of f-invariant probability measures on J, which is convex and compact with respect to the weak*
topology. Hence, the image of M onto the reals under the continuous projection

[ /Jlog |f' dp
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is an interval, which we denote by Z;. Since we are assuming that f is not Mobius conjugate to
a monomial, Zy has non-empty interior. (If Z; is a single point then log|f’| is cohomologous to a
constant, which is incompatible with (1.1).) We define

H(a):= sup{hf(u) D p € My with /log\f’]du—a},

where hy(p) denotes the measure-theoretic entropy. There is a unique j, € My that realises this
supremum above and a unique &, € R such that

i) + 6o [ o1\ da = sup {1500 + & 108171 du: e g |
We also define the variance of log |f'| — a by

= nli_)I%O;/(log|(fn)’| — noz)zd,ua.
Our hypothesis on f implies that 03 > 0. These statements will be proved in the next section.

We want to consider the quantity m(n,a, I, S) defined in the introduction. However, we also wish
to consider a situation where I and S shrink as n — oo. To do this, let K C R be a compact
set, let (1,)2%, be a sequence of intervals contained in K and let (S,)5%; be a sequence of arcs
in S!. We are mainly interested in the two special cases where the sequences (I,,)2°; and (S,)5;
are constant, corresponding to the case of a fixed interval and a fixed arc as in the introduction,
and where the sequences (¢(1,,))5; and (v(Sy))52 tend to zero, hence realising shrinking intervals.
Similar asymptotic counting problems were considered in [12], [13] and [14].

We say that a sequence (s,)72; has sub-exponential growth if limsup,,_,., |logs,|/n = 0. We
have the following theorem.

Theorem 2.1. Let f : C—Cbea hyperbolic rational map of degree at least 2 such that its Julia set is
not contained in a circle in C. Let K C R be a compact set, let (I,)°2, be a sequence of intervals in K
and let (S,)°%, be a sequence of arcs in S*. Furthermore, suppose that (£(I1,)" 1), and (v(S,) 1),
have sub-exponential growth. Then, for each o € int(Zy), we have that

V(Sn) / B eH(a)n
I,,,S,) ~ 232 Corgr & . 2.2
w(n,a, I, Sy) P Ine dx 5 as n — oo (2.2)

In particular, if in addition we have that lim, o ¢(I,) = 0 and p, € I,, then
v(Sp)l(I,)e Sarn H(o)n
ooV 2m n3/2 "’
Corollary 2.2. If a = [log|f'| dpimax, where pmax s the measure of mazimal entropy then
v(Sp)l(I,) d"
ooV 2m 3/

w(n,a, Ly, Sy) ~ as n — oo. (2.3)

m(n, o, Iy, Sp) ~ as n — 0o. (2.4)

3. THERMODYNAMIC FORMALISM FOR HYPERBOLIC RATIONAL MAPS

The main purpose of this section is to describe how one can study the dynamics of a hyperbolic
rational map using transfer operators and to obtain some decay estimates for them. We begin by
recalling the essential features of this approach but for more details the reader is referred to [15]. We
fix a hyperbolic rational map f of degree d > 2. Further, we assume that the Julia set of f is not
contained inside a circle in C.
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3.1. Markov Partitions. For any small € > 0, we can find a Markov partition for J: compact subsets
P, ..., Py of J each of diameter at most ¢, such that

(1) J =UL P

(2) int(P;)) =P, i=1,...,N,

(3) int(P;) Nint(P;) = O, whenever i # j,

(4) foreach i=1,..., N, f(P) = Ujen; Pj, where N; = {j € {1,.... N} : f(P;) Nint(P;) # 0}
(where closure and interior is taken relative to J).

Given a Markov partition P, ..., Py, we can find open neighbourhoods U; D P; such that:
(1) f is injective on the closure of each U; and on the union U; U U;, whenever U; N U; # 0,
(2) each P; is not contained in (J; U,
(3) for each pair i, j with f(F;) D P; there is a local inverse g;; : U; — U; for f.
We write U = Hf\il U; for the disjoint union of the neighbourhoods U;.
The structure of the partition allows us to define an N x N matrix M with zero-one entries, where

M. = 1iff<Pi)DPjv
771 0 otherwise.

3.2. Ruelle Transfer Operators and the Pressure Function. By the hyperbolicity assumption
the Julia set of f, and hence U, does not contain any critical points, that is points where the derivative
of f vanishes. We can therefore define the following real analytic functions related to f, which will
help us in the study of multipliers and holonomies of periodic orbits.

Definition 3.1. We define the distortion function
r(z) =log|f'(2)]

and the rotation function
0(z) = arg(f'(2)) € R/2Z,
which are both defined on U.

For a function w: U — R (or C) and n > 1, we write
n—1
w'(z) = ) w(f(z)).
j=0

(The context should make clear that this is not an iterate.) Hence, when 7 = {z, f(2),..., f" !(2)} €
Py, we have \(1) = (f*)(z) = " (2)+0"(2),

We proceed to define the Ruelle transfer operators as well as recalling some concepts from
thermodynamic formalism. Write C*(U) for functions in C(U,C) with bounded derivatives. Then,
for F € CY(U), we define the transfer operator Lr : C1(U) — C1(U) by

(Lrw)(z) = Z eF(gifw)w(gijx) when z € Uj.
i M;j=1
Furthermore, we define a family of modified C' norms on C*(U) by
Jwlloo + 5 i1,
[wll) = AR
|lw] + vl 0<t<I.

The reason for this is that at the end of this section we will encounter a family of transfer operators
which is not uniformly bounded using the usual C! norm. However, these modified norms ([ will
help us find sufficiently good bounds for large values of ¢.
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Definition 3.2. Given a continuous function ¢ : J — R we define the topological pressure of g by

P(g) :=sup {hﬂﬂ)+¥/9dﬂ3lL€AAf}-

Moreover, we call 41 an equilibrium state of g if P(g) = hy(p) + [ gdp.

If ¢ is a Holder continuous function then it has a unique equilibrium state, which is fully supported
and ergodic; we denote this by m,. Given two functions g, h we have the inequality

[P(g) — P(h)] < |lg — hllo (3.1)

Two continuous functions g and h are called cohomologous if there exists a continuous function w :
J — R such that g—h = uo f —u. If g and h are Holder continuous then mg, = my, if and only if g—h is
cohomologous to a constant. If g and h are Holder continuous then the function R — R : ¢ — P(tg+h)
is real analytic and

dP(t h
dt =0
d*P(tg + h) | . 2
T - = nh—>rgon/ (g (.’E) —n/gdmh> dmh, (33)

see [17, 8]. Furthermore, if ¢ is not cohomologous to a constant then ¢ — P(tg + h) is strictly convex
and )
d°P(tg+h
ﬂ > 0. (3.4)
dt? =0

We will now prove some of the statements made in the previous section. We have the following
result.

Lemma 3.3. For each o € int(Zy), there is a unique & = {() € R such that H(o) = hy(me,) and

/Tdm& = q.

Proof. Since the Julia set of f is not contained in a circle in @, then f is not conjugate to a monomial
and so the distortion function r is not cohomologous to a constant. Therefore, the function p : R — R
defined by p(t) = P(tr) is strictly convex.

Now consider the set
D= {p'(¢) : EER}:{/Tdmgr : §GR} C Iy.
Since p is strictly convex, D is an open interval. By the definition of pressure, for all © € My,
p(t) = hy(u) +t [ v

In particular, the graph of the convex function p lies above a line with slope [ rdp (possibly touching
it tangentially) and so [ rdu € D. Thus, since p is arbitrary, int(Z;) C D, and so we have D = int(Zy).
Thus, for a € int(Zy), there is a unique § = (o) € R with

a=yp'() = /rdmgr.

Since the map g — hy¢(p) is upper semi-continuous [4], the supremum in

H(a) = sup {hm - a}
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is attained. Since myg, is the equilibrium state for {r, we have, for any © € My with p # me,,

hy(me,) —I—f/rdmgr > hy(p) —i—ﬁ/rd,u.

In particular, if [rdu = a then hg(mg,) > hp(p). Therefore, mg, is the unique measure with the
desired properties. O

Remark 3.4. Above, we used that r is not cohomologous to a constant. In fact, Oh and Winter proved
a stronger statement ([7, Corollary 6.2]) that if J is not contained in a circle then r satisfies the
non-lattice property, i.e. that it is not cohomologous to any function of the form a + bu, with a,b € R
and u : J — Z.

Setting po = mg,,, we have the measure whose existence is claimed in section 2. Furthermore,

02 = lim — /(r" —na)?due = p"(€) > 0,

where we have used that mg, = me(,_q)-

For the rest of the paper, we will fix o € int(Zy) and set { = £, as in Lemma 3.3. We will also
write R := r—a and R"(x) := r"(x) —na and note that, by Lemma 3.3, we have that H(«) = P ({R).
We will need to consider the function s — e’ s € R. This function is real analytic and has
an analytic extension in a neighborhood of the real line. The following lemma will prove useful in our

analysis.

Lemma 3.5. [8, Proposition 4.7] The function t — eP(EHDR) 45 analytic and for some e > 0 we can

write for each t € [—¢, €]
P((¢+it)R) _ ,P(¢R) oat? 3
e =e 1 5 +O([t]”)

where the implied constant is uniform on [—e¢, €.

3.3. Decay Estimates. The approach in this subsection is motivated by Dolgopyat’s seminal work
on exponential mixing of Anosov flows in [2]. This was later used by Pollicott and Sharp to obtain
an analogue of the prime number theorem with an exponential error term for closed geodesics on a
compact negatively curved surface [11]. Naud adapted Dolgopyat’s analysis to prove a similar result
for convex co-compact surfaces [6] as well as Oh and Winter whose work was in the current setting of
expanding rational maps [7]. We use a similar approach to obtain bounds on the spectral radii of a
family of transfer operators in order to extract our asymptotic result in the final section.

Recall f: C—Cisa hyperbolic rational map of degree at least 2 and «, & are fixed constants as
in Lemma 3.3. We now consider the family of Ruelle transfer operators L 1), for b € R and k € Z,
where 'C(s,k) = EsR-{-ik@'

We recall the following theorem.

Theorem 3.6 (Ruelle-Perron—Frobenius Theorem, [15]). Let u € C1(U) be real valued. Then

e the operator Ly has a simple mazimal positive eigenvalue X\ = e with an associated strictly
positive eigenfunction 1 € C1(J),

P(u)

e the rest of the spectrum is contained in a disk of radius strictly smaller than e and

o there is a unique probability measure p on J such that Ly = ePWy and Jwdp=1.

If v € CY(U) is real valued then the spectral radius of L1y is bounded above by el (),

By Theorem 3.6, the spectral radius of L1 4) is bounded above by ePER)  The aim of this

subsection is to show that in fact, when the Julia set of f is not contained in a circle in C we can
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bound the spectral radius of L 1) away from eP€R) when (b, k) # (0,0). To achieve this we fix
arbitrary b € R and k € Z and consider the transfer operator L 1)-

As a first step we want to consider a normalised transfer operator and we thus add a coboundary
and a constant to {R. Write v = bR + k6 and

u=ER+logd —logo f — P(¢R)

with ¢ the positive eigenfunction of L gy with corresponding eigenvalue e
3.6. We then get that

P(ER) guaranteed by Theorem

L1 =1 and Ligippy = e ML, 50M ™! (3.5)
where M is the multiplication operator by . Thus, to show that the spectral radius of Li¢ 1) is

less than e”’(¢%) it suffices to show that the spectral radius of L,y is less than 1. Write Fypr = u+iv.
Below we show that the spectral radius of our operator, denoted by spr(£ Fb,k)’ is strictly less than 1.

Let 1 be the unique probability measure on J satisfying £ = u, as guaranteed by Theorem 3.6.
We regard ;o as a measure on U by taking p = ) p; where p; is the restriction of p to the copy of
P; sitting inside U;. Since the boundary points of y;, that is points in U; \ Pj, have zero mass, 4 is a
probability measure on U.

Definition 3.7. We say that a probability measure m on J has the doubling property if there exists
a positive constant C' such that for all x € J and all € > 0 we have that
m(B(z,2¢)) < C-m(B(z,¢)).
We know that in fact p is a doubling measure (see [9, Theorem 8]). Moreover, as in [7, Proposition

4.5], it follows that the restrictions p; satisfy the doubling property as probability measures on P;.
We therefore have all the properties required to get the following theorem.

Theorem 3.8 (Theorem 2.7, [7]). Suppose that the Julia set of f is not contained in a circle in C.
Then there exist C > 0 and p € (0,1) such that for any w € C*(U) with lwll ey <1 and anyn € N

Hﬁ%b’kaﬂ(u) =G,
whenever |b| + |k| > 1.

Using a standard argument (see [2, 6]) we can convert the bounds on the |[|-||2(,) norm to bounds
for the modified |-||(;) norm. Then noting that ||-[[c1 < (|b] + [E[)||[|(p|x|) for [b] + |k] > 1 we get the
following corollary.

Corollary 3.9. Suppose that the Julia set of f is not contained in a circle in C. Then, for any e > 0,
there exist C. > 0 and p; € (0,1) such that for all b € R and all k € Z with |b] + |k| > 1 we have that
1L, e < C=(1b] + [k[) <02,

for all n € N. In particular, spr(ﬁFb,k) < pe < 1.
Now that we have established the required bounds on the C'' norm of our transfer operators we

proceed to bound the sums
(s, k)= 3 R @)

fre=x
for s = £ + ib. This next result follows essentially from Ruelle’s work in [16], except that we require
explicit dependence on b and k. A proof can be found in the appendix of [6] without the dependence
on k € Z, which appeared as Proposition 6.1 in [7]. In the statement below, x; is the characteristic
function of U; for each 1 < j < m. (Note that, since U is the disjoint union of the sets Uj, for each
such j we have that y; € C1(U).)
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Proposition 3.10. Fiz an arbitrary by > 0. There exists x; € Pj, for 1 < j < m, such that for any
n > 0, there exists C, > 0 such that for alln > 2 and any k € Z

. o p
Zn(f + b, k Z£(§+zbk (X])(xj) <C (|b| + |'I€| Z H‘C g_ku HCl ('Y 1677+P(£R)>

Jj=1 p=2
for all |b] + |k| > bo.

We are now ready to prove the decay estimates that will give us the proof of Theorem 2.1 in the
next section. Fixing € > 0 then by Corollary 3.9 and Proposition 3.10, we get that for all |b| + |k| > 1,

2

|Za(€ + b, k)| < | Za(€ + b, k) - Z v () (5)| + N Colb] + kD)1 (™)

n e’ p n
< CoCulll + 7 (pec" )" 3 () vl 81) 4 (pee™)

p=2 c

We note that it is possible to choose 1 > p. > 1/v (recall that ~ is the expansion rate given in (2.1)).
Provided 7 is small enough such that e”/yp. < 1 we get that for some C > 0

1Zu( +ib, k)| < C (bl + k])* (™€M) (3.6)

Finally, we will also need a more elementary result to bound the sums Z,, (£ +b,0) for small b € R.
These estimates can be derived as in the symbolic case in [8].

Lemma 3.11. Let K C R be a compact set. There exists € > 0 such that for each n € N and some
B € (0,1) we have that

(1) forbe K\ (—¢,¢) we can bound Z,(& +ib,0) = O(S"e (™) and
(2) forbe (—¢,e) we have

Zp(€ 4 ib,0) = e"PUEFDIR) 4 (gret ey,

Proof. For part (1), we use the fact that, since R is non-lattice (see Remark 3.4) we have that
spr(Lerin0)) < eP(€R) for b # 0, with a uniform bound on K \ (—¢,¢), and Proposition 3.10. Part
(2) follows from the spectral gap in the Ruelle-Perron—Frobenius theorem, which is uniform over an
interval (—¢,¢€). O

4. PROOF OF THEOREM 2.1

Throughout this section we fix a hyperbolic rational map f : C — C of degree at least 2. We
suppose that its Julia set is not contained inside a circle in C and we fix a a constant in the interior of
Zy. We set & = (o) to be the unique real number given by Lemma 3.3. Let K C R be a compact set,
let (I,,)S°; be a sequence of intervals in K and let (S,)S% ; be a sequence of arcs in S*. For convenience

we parametirise R/Z as [—%, %] and assume that the sequence of arcs (S,)°; is contained inside a
fixed reference arc S = [—%, g] of length xk < 1.

For each n € N we denote by p,, the midpoint of the interval I,, and by ,, the midpoint of the
arc Sy,. Denote also their lengths by ¢, = £(I,,) and &, = v(S,). Furthermore, suppose that (£, 1)

n=1
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and (k,, 1) ; have sub-exponential growth. Then we can write

7(n, 0 Ly Sp) = Y 1y, (log |A(7)| = na) 1s, (A(7))

TEPn
=3 11 (6 (0g ()| = na = pa)) T o] <: (X(T) —ﬂn)>
TEPn "

4.1. Some auxiliary estimates. We fix ¢ € C*(R, R>() compactly supported and ¢ € C*4(S',R>q)
and consider the auxiliary counting number:

o) = 3 0 (6 Qo N0 = na =) ¥ (2 () = 02) )

TG’Pn "
We study the asymptotic behaviour of 7y, to infer our result using an approximation argument
in the next subsection.

We begin by changing the summation over P, that is primitive periodic orbits of length n, to a
sum over the set of fixed points of the iterated map f™. Clearly, a primitive periodic orbit corresponds
to n distinct points in this set. However this set also contains points belonging in primitive periodic
orbits of shorter lengths. In the following lemma we bound the error from these shorter primitive
orbits.

Lemma 4.1. For all 77 > 0 we have that
— n H n o .
Tou(n Z ¢ (6" (R (@) = pn)) ¥ (H(Q (x) — ﬁn)> +0 (e(H( )+n) /2>
fnﬂ? x n

Proof. Call a fixed point x of the iterated map f™ non-primitive when there exists d, a proper divisor
of m, such that féxz = x. We can then get the following bound,

LY o @@ - ) v (0@ - 0)) = malo)

fre=x n

_ = —1 n _ i
5 X e e (2
non-primitive

O(’W?”’Joo > o (6 (RM@) —pn)) )— ( 3 Z eng(xi—Pn)eng(x))

dn  flr=x d<n/2 fldr=zx
d<n/2

")~ )

We are only interested in periodic points which satisfy £, (R"(x) —p,) € supp ¢ that is R"(z) €
Pn + £, supp ¢. Recalling that the intervals I,, were chosen inside a compact set K we conclude that
for such a periodic point the absolute value of R"(x) is bounded. Therefore for a non-primitive periodic

point z, satisfying f%x = z for d as above, we get that R4(x) = %R”(az) and thus e$7'(®) is bounded
from below. From this we conclude using Lemma 3.11 that for any n > 0,

Ly 3 AR s o = 3 57 o) o190 57 zc0))

d<n/2 flx=zx d<n/2 fdg=x d<n/2

=0 (:L > e(P<€R>+n)d> —0 (e(H(a)Jrn)n/?) .

d<n/2
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Consequently, we define
Fasli) = & 30 06" (1)~ pa)) 0 (0" - ) ) (4.1
Sy
Setting
Gu(w) = o6, (x — py))e SPn)
we note that ¢, € C*(R, R>¢) and is also compactly supported. Similarly, set

R

nle)i= 0 (= 00).

Kn
In this notation we have that
1 n
= E Z On (R”(:c)) U (Qn(:c)) €£(R (CE)fpn)‘
fro=x

Proposition 4.2.

—E&pn f ¢’Vl fw’l’b eH(a)n
ooV2m  m3/2

Ty ~ € as n — 00.

To prove this proposition we consider

eSPrg \2mn3
(@)n Tpap — ®n Un
R St

A(n) = i

and show that A(n) — 0 as n — oo. The following proposition provides us with an initial bound.
Using Fourier inversion and Fourier expansion we get,

b (z)eSEPn) _e—ipn/ Gn(t)eET2T 0 g and (4.2)
Unle) = 3 cup et “3)
keZ

Proposition 4.3.

nk t it _2
Aln) < \/%/ ez © ; k) o <27“70¢\f> <£+ Uoj\/ﬁ’k) e /E€¢n/51 Yol
Proof. Using (4.2) and (4.3) we can get
Wﬁ¢:¢(n = eH(i)Zn Z / e(&H2mit)R™(x) g4 chk e2miko" (x)
fre=z kez
Vo / Cn k én <27rai\/ﬁ> f’;me<£+ s “

an A t it
7 L it (o) = (€4 )
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In addition, recalling that [ e /2 dt = /21 we get,

Cnk A t it 2
Zn 7719 - n ndt
|/°°k ZBH(a)n (27T0a\/ﬁ> (54— Tav/n > <’ /Rd) /Sl¢

Cnk 4 t it _i2

< Zn y — n n .

B /_oo l% et (a)n On <2ﬂaa\/ﬁ> (é + Tar/n k> €’ /R¢ /51 Y| dt

g
Consider now the following

€oaV/n Cnk = t it 2

A TLZ:/ - ¢n( )Zn<£+7k>_e_2/¢n/ wn dt,

1( ) —eaa/n keZZeH(a)n 2770'01\/5 Uot\/ﬁ R St

T t it
A n:Z/ 7 ¢n< )Zn<§+,k>
" [tze0a/n I;ZeH(a)n 2o a\/1 Tay/n

2
As(n) ::/ e—2/¢n/ bn) dt
[t|>eoa/n R St

with € > 0 small enough as in Lemmas 3.5 and 3.11. It then follows from Proposition 4.3 that

)

1
Aln) < —

"=
We hence bound these three quantities separately to show that lim, o, A(n) = 0. To obtain these
bounds we first recall a standard result from Fourier Analysis.

[Al(n) + As(n) + Ag(n)] .

Lemma 4.4. If ¢p € C*S',R) has Fourier coefficients (cy)rez then co = Js1 ¥ and uniformly for
¥ € C*(SY,R)

cr = O([[llca k7).

If ¢ € C*(R,R) is compactly supported and qb 1s its Fourier transform then (;5 fR ¢ and uniformly
for ¢ € CHR,R) we have that

o(u) = O(|[gllcalul ).

These bounds follow by repeated applications of integration by parts. Now since

60 = (£) 40 (£ -on)

there exists a constant C' > 0 such that for all n, |k| > 1

el < Cri K79l oa (4.4)
Similarly, there exists C' > 0 such that for n € N and © € R

[Pn(w)] < CEHul gl (4.5)

Proposition 4.5. lim,, o, A1(n) = 0.
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Proof. We can use inequality (3.6) to bound Z,, (§ + \F’ k:) for k # 0. Therefore fixing n > 0 and

recalling the bounds for the Fourier coefficients from (4.4) we get

soavn ok t it
7 </>n< >Zn<§+7k> dt
/Eaa\/ﬁ kZ?éO 2o/ Tar/n

ecar/n . t 24n ~
o[ [ S bl (G b)) =0 (w16 )

€0q ”k;é()

for some p, € (0,1). Since ¢ is compactly supported and p, € K we can uniformly bound ¢En for all
n € N. Further, recalling that the sequence (k)5 ; is of sub-exponential growth we get that this error
tends to zero as n — oo. Therefore, we are now left to bound

—eoa\/n efl()n ! 2770'0!\/77 " O'Oz\/ﬁ, R " St "

Using part (2) from Lemma 3.11 we get that for some § € (0,1)

B D Lt e A T A

On the domain of integration, we see that as n — oo

(1) e"(P<<€+$)R> _H(a)) e /2 by Lemma 3.5,

(2) én (m) — 6 (0 = Jg ®n by continuity.
Furthermore, for large n we have the bound e n(P((e+oi7) B) - (@) < e /4 and so
()R 50) _ p-is| < g

Finally, since qgn is uniformly bounded, we can apply the Dominated Convergence Theorem to get that
lim, 00 A1(n) = 0.

dt+ 0 ("),

[l
Proposition 4.6. lim,,_,,, As(n) = 0.
Proof.

| Cn k| I t it
nl| =——= ) Z» ——, k|| dt.
keZZ el Jis o /m ¢ 2o o/ S+ Ta/n

Firstly, we use the bounds from (4.4) and (4.5). In addition, for k # 0 we use inequality (3.6) to get
that a fixed € (0,1) there exists p, € (0,1) such that

o) )

oy eH(a)n P
4 4 4 t —4 t 241
oS w k-/ ‘- ( ) < +k> |
kZ;éO ’ ‘ \t|250a\/ﬁ 27T0'a\/ﬁ n ’ ‘ n

n 2+
_ M%Z/ (It/foavml + )™\ _ o (n®
Fnli 5 tze00ym tkt wlt)
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On the other hand, for k£ = 0 we get using part (2) of Lemma 3.11 that for some g € (0, 1),

t|<oav/n ;
Cn,0 N t it A " "
o sz ) o (€5 52500) 4t = 0 (lnollnll) = Ollnals™

since ¢, is uniformly bounded across all n € N. We can also uniformly bound |eno since

e Jisconym

Cn,0 :/ Py < ”w”oo
st

Finally, as above we can use inequality (3.6) to bound the rest by the following,

|Cn,0‘ ~ t

eH(a)n [ >00s/m ®n T/t &+ O'af dt
= —4 t t .
- <A|Z"a\/ﬁ€n <27T0a\/ﬁ> oayn| 7 dt)

n2pn 7’L2
— n n—2 — M oon
0 ( @ /|t|2%ﬁ|t| dt> 0 <€%pn> .

Combining the three bounds obtained above and recalling that the sequences (£,,)22; and (k,)52; are
of sub-exponential growth we obtain that lim,,_,o, A2(n) = 0.

O
Finally, it is clear that lim, o As(n) = 0. This completes the proof of Proposition 4.2.

4.2. Approximation argument. Here we show how the previous auxiliary estimates provide us with
the proof of Theorem 2.1 through an approximation argument. By Proposition 4.2 and Lemma 4.1
we have that for all compactly supported ¢ € C*(R,R) and all 1/1 S 04(81, R)

Gn [ Y e
(1) ~ eemd \/f% n3/2

(4.6)

as n — o0.

Fixing 1 > 0 we wish to construct compactly supported ¢ € C*(R,R) and ¢ € C*(S!, R) satisfying
the following:

1 1
1 11 <¢<1+777 Supp((b) _ﬂ7ﬁ a‘nd ¢§1+n7
[-33] 2 2 R
K+n K+
s s SO <1dn supp(®) C |~ " and | w <kt
272 2 2 st

A smooth function ® : R — R is called a positive mollifier, if it satisfies the following properties:
(1) it is compactly supported,
) Jp®=
(3) lime_yo @ (x) = lim._,0e 1 ®(x/e) = 6(x) where §(x) is the Dirac delta function.
Let v1,...,74 > 0 and set G = (1 +’Y1)]l[_%_ and H = (1 —I—’y:),)]l[
sufficiently small €, 71, ...,74 > 0 the functions

o6=G+xd. and v =H=x*xd,

. Then for
’Yzé-ﬂz] —%—’747%-0-74]

satisfy all the required properties. Note that since x < 1 and the constants e, 4 were chosen sufficiently
small it is harmless to assume that v is defined on R rather than S'. Using (4.6) and the properties
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above we can deduce that

3
lirrlrisolip . (27;: m(n, o, In, Sn)
. oV 2mn3 _ Kk 35
Vorn3 K 2
< lim sup H(a)n Z ¢ log IA(T)| = na —Pn)) P (()\(7) - 79n)>
n—oo € Rn
TEPn
= limsup e~ ¢P» / On Un.
n—00 R St
We have
K K Kn
Lon=[o(Ew-00)ar=[w(Ev) ar="2 [ w<rnt? = (s +0m,
Similarly,

= —1(p —&(x—pn) Jo. — —Elyu
[ 6= [ o0t @~ pase o=t [ o

0, /[ g 1y B < /[ d(w)e 5" du 4 (L + )2 HEDIK |

303]

fn/ p(u)e i du < 0, (1+n)e % du < etPr / e~ du + neHENIK] K|
[_%é] —5,5 In

Therefore,
£pn / On | Yn < I/(Sn)/ e S du+ O(n).
R St

In
Similarly, one can show that

aV2 o _
liminf% (n, o, I, Syp) > liminf (V(Sn)/I e " dx) +O(n).

&

Since the choice of n > 0 was arbitrary we get the result.

Assuming lim,,_, ¢,, = 0 the derivation of the asymptotic formula (2.3) from (2.2) is straightforward.
The asymptotic formula (2.4) corresponding to choosing the measure of maximal entropy follows in
a similar manner. By the definition of the pressure function pmax is the equilibrium state of R for
& = 0. Then, the proof follows in the same way as above.
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