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ABSTRACT. In this note we examine the proportion of periodic orbits of
Anosov flows that lie in an infinite zero density subset of the first homology
group. We show that on a logarithmic scale we get convergence to a discrete
fractal dimension.

1. INTRODUCTION

There has been a considerable body of research on how closed geodesics on
compact negatively curved manifolds and, more generally, periodic orbits of
Anosov flows are distributed in homology classes, for example [1], [3], [11], [12],
[13], [14], [19], [21], [24]. To state these results more precisely, let ¢ : M —
M be a transitive Anosov flow such that the winding cycle associated to the
measure of maximal entropy vanishes. This class of flows includes geodesic
flows over compact negatively curved manifolds. The basic counting result is
that the number of of period orbits of length at most T and lying in a homology
class a € Hy(M,Z) is asymptotic to (constant) x e /T'5/2 where h is the
topological entropy of the flow and k£ > 0 is the first Betti number of M.
Furthermore, the distribution is Gaussian and the constant above is related to
the variance [14], [17], [25].

It is also interesting to ask about the distribution of periodic orbits lying in
aset A C Hi(M,Z). If A is finite, the behaviour follows from that for single
homology classes, so we suppose that A is infinite. This, of course, implies
that Hy(M,Z) is infinite, i.e. k > 1. Petridis and Risager [18] (for compact
hyperbolic surfaces) and Collier and Sharp [6] (for Anosov flows for which the
measure of maximal entropy has vanishing winding cycle) independently showed
if A has positive density then the proportion of periodic orbits of length at
most 7" lying in A converges to the density of A (with respect to an appropriate
norm), as T — oo. To state this and our new results more precisely, let &2
denote the set of prime periodic orbits for ¢ and, for v € £, let £() denote
the least period of v and [y] € Hy(M,Z) denote the homology class of . It is
convenient to ignore any torsion in Hy(M,Z), so we can think of Hy(M,Z) as
a lattice in Hy(M,R) =2 RF. Write P = {y € & : U(y) < T}, Pr(a) ={y €
Pr |yl = a} and Pr(A) = Uyea Pr(a). Fixing a norm || - || on Hy(M,R),
write Na(r) = #{a € A: ||laf| < r} and N(r) = Ny, (ar,z)(r). We say that
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A C Hi(M,Z) has density d.(A) (with respect to || - ||) if
Nal(r

Jim ;ﬁ((r)) = di (A).

Proposition 1.1 (Collier and Sharp [6], Petridis and Risager [18]). Let ¢' :
M — M be a transitive Anosov flow for which the winding cycle associated to

the measure of maximal entropy vanishes. Then there exists a norm || - || on
Hy(M,R) such that if A C H1(M,Z) has density d). (A) then
. #Pr(A)
A oy @

The norm (defined in Section 2 below) is a Euclidean norm determined by
the second derivative of a pressure function.

Now suppose A has density zero. It is interesting to ask whether we can
obtain more precise information about the behaviour of

(T, 4) = 2214
#Pr

as T — oo. If we write pa(r) = Ma(r)/MN(r), then the naive conjecture is
that 2(T, A) is of order pa(v/t), as T — oo, and this is consistent with case
A = {a}. It is too optimistic to hope that a precise asymptotic relation holds
for general A. Nevertheless, one might hope for information on the logarithmic
scale if we use some notion of discrete fractal dimension. We say that A has
discrete mass dimension § if

log mA(T) y
logr
or, equivalently, that if
(1.1) Na(r) = r'ka(r)
then lim, ;o logka(r)/logr = 0. (Note that this is independent of the choice
of norm || - ||.) For a discussion of discrete fractal dimensions, see [4].

Example Suppose A C Z is given by A = {£m? : m € N} then the discrete
mass dimension of A is 1/2. More interesting examples appear in percolation
theory (see, for example, [10]).

Our main result is the following.

Theorem 1.2. Let ¢' : M — M be a transitive Anosov flow for which the
winding cycle associated to the measure of maximal entropy vanishes. If A C
Hy(M,Z) has discrete mass dimension § then

log 2(T,A) 66—k

T—oo  logT 2

Let X be a compact orientable surface of genus g > 2 with a Riemann-
ian metric g of negative curvature and let 'Y denote the unit tangent bun-
dle. Then the natural projection p : T'Y — ¥ induces a homomorphism
pi : Hi(T'S,Z) — Hy(%,Z) = 7% whose kernal is the torsion subgroup, and
induces a bijection between the prime periodic orbits of the geodesic flow and



DISTRIBUTION IN HOMOLOGY CLASSES AND DISCRETE FRACTAL DIMENSION 3

primitive closed geodesics on ¥ such that () = length,(p(v)) and p.([v]) =
[p(7)]. If, for A C H1(3,Z), we define Z5(T, A) to be the proportion of closed
primitive geodesics on 3 with g-length at most 7" and with homology class in
A, then we have the following corollary.

Corollary 1.3. Let ¥ be a compact orientable surface of genus g > 2 with a
Riemannian metric of negative curvature. If A C Hy(X,Z) has discrete mass

dimension ¢ then
. IOg -@E (Ta A) o — 29
lim = .
T— o0 log T 2

2. ANOSOV FLOWS

Let M be a compact Riemannian manifold and ¢’ : M — M br a transitive
Anosov flow [2], [8]. We suppose that M has first Betti number & > 1 and
ignore any torsion in Hi(M,Z). Using the notation of the introduction, we
say that ¢ is homologically full if the map & — H{(M,Z) : v — [y] is a
surjection. This automatically implies that the flow is weak-mixing (since an
Anosov flow fails to be weak-mixing only when it is a constant suspension of
an Anosov diffeomorphism [20], it which case it can have no null homologous
periodic orbits) and hence that

ehT

#QTNhiTa

as T — oo, where h > 0 is the topological entropy of ¢ [15], [16]. There is a
unique measure of maximal entropy g for which the measure-theoretic entropy
hu(¢) = h [5]. (See [8] for the notions of topological and measure-theoretic
entropy for ¢.)

Let .#4 denote the set of ¢-invariant Borel probability measures on M. For
a continuous function f: M — R, we define its pressure P(f) by

P(f):sup{hy(qS)—i—/fdu: ye/@}.

Given v € .#y, we can define the associated winding cycle ®, € Hi(M,R) by

@) = [w(2)an

where [w] is the cohomology class of the closed 1-form w, Z is the vector gen-
erating ¢ and (-,-) is the duality pairing (Schwartzmann [23], Verjovsky and
Vila Freyer [26]). Write %y = {®, : v € .#4}; this is a compact and convex
subset of Hi(M,R). The assumption that ¢ is homologically full is equivalent
to 0 € int(Ay) and implies that there are fully supported measures v for which
®,, = 0. We will impose the more stringent condition that ®, = 0, where p is
the measure of maximal entropy for ¢. This class includes geodesic flows overs
over compact negatively manifolds with negative sectional curvature. (In the
case considered in Corollary 1.3, %4 may be identified with the unit-ball for
the Federer-Gromov stable norm on H;(X,R) [7], [9].)
Still assuming that ®,, = 0, there is an analytic pressure function p : H M, R) —

R, defined by p([w]) = P(w(Z)) [12], [24]. This is a strictly convex function with
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positive definite Hessian; it has a unique minimum at 0. For ¢ € H'(M,R), we
define o¢ > 0 by

ot = det V?p(¢)

and set ¢ = 0p. There is also an analytic entropy function b : int(%,) — R
defined by h(p) = sup{h,(¢) : ®, = p} such that p and —h are Legendre con-
jugates (via the pairing (-,-)) [22]. More precisely, —Vh : int(%By) — H'(M,R)
and Vp: HY(M,R) — int(%,) are inverses and

h(p) = p((VP) ™' (p) — (VR) " (), ).

We write £(p) = (Vp)~ (). Then —¥2h(p) = (V2p(€(0)))"". In particu-
lar, £(0) = 0, H = —V?h(0) = (V2p(0))~! is positive definite and det H =
(det V2p(0))~! = 072, We use H to define a norm || - | on Hy(M,R) by

ol = {p, Hp)-

We note that
N(r) :={a e H(M,Z) : |a| <r} ~oport,

where v, = 7%/2/T'(k/2 + 1), the volume of the standard unit-ball in R¥. For
small p, Taylor’s theorem gives us the expansion

(2.1) b(p) =h —lpl?/2+ O(lp]*)-

We now consider the periodic orbits of ¢*. As above, we ignore the torsion in
Hy{(M,Z) and treat it as a lattice in Hy(M,R). We fix a fundamental domain
F and, for p € Hi(M,R), we define |p| € Hi(M,Z) by p— |p] € F.

Proposition 2.1 ( [3], [14], [24]). Let ¢' : M — M be a weak-mizing transitive
Anosov flow. If p € int(%By) and o € Hi(M,Z) then

eh(e)T

#{v e Pr i [yl =a+ [pT]} ~ c(p)e!P)Te-Tol=e T1+k/2°

as T — oo, uniformly for p in any compact subset of By, where c(p) =
1/((2m)*20% b(0)).

If &, =0, we can set p = 0 and recover the asymptotic

1 6hT

#Pr(a) ~ (2m)e gk T1HE/2

originally proved by Katsuda and Sunada [12]. Furthermore, for all sufficiently
small A > 0, we have

THk/Q#,@T(a)

(2.2) lim sup (o) T)eha/MT

T—o00 lal<AT

—1|=0.
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3. PROOF OF THEOREM 1.2

3.1. Upper bound. In this section we show that (§ — k)/2 gives an upper
bound for the limit in Theorem 1.2. The main idea is to use Proposition 2.1
and the Taylor expansion of h(p) to replace Z(T, A) with a sum of Gaussian
terms over elements of A with norm bounded by n+/T log T, for n > 0 chosen
sufficiently large that the resulting error decays faster than 70—5)/2,
We begin with the trivial observation that
(T, A) — e "ThT#21(A) = o(2(T, A)),

so that it is sufficient to consider e " hT# 27 (A). We can make the following
approximation.

Lemma 3.1. For any n > 0,
hT h k)2 skTk/2
= e (27)k/20kTk/
llal|<nv/Tlog T
S (T<5—k>/2(1og TY%/2k 4 (/T log T)) :

where k4 is defined by equation (1.1).

Proof. Let n > 0. Clearly (2.2) still holds if we take the supremum over
laf| < my/TlogT. Over this set, we have c(a/T) = ¢(0) + O(||la]|/T) =
¢(0) + O(y/Tog T/V/T) and

/
o (3)7=ne - 1o o (1) :hT_w+o(<logT>“).

T 2T T2 2T VT
Substituting these in, we obtain an estimate

KT #Pr(a) e llel?/2T ga(eT)

_p—k/2
ohT (2m)kR2ahTh2 |~ o(T /%),

sup

el <nvTTogT
where |q(a, T)| < ¢ (log T)3/2T~1/2, for some ¢ > 0. A simple calculation then
shows that we may remove the ¢(a, T') terms, while keeping the o(T~*/2) error
term. To complete the proof, we note that summing over ||af < ny/TlogT

involves M4 (ny/TlogT) = O(T%/?(log T)/?k 4(n/Tlog T')) summands. O

Next we estimate the Gaussian part from the previous lemma.

Lemma 3.2.

e—llall?/2T o2 i
2 anyrgrrie ~ 00 (log 7)°/*k 4(1y/Tog T)).
acA
llol|<ny/TTog T

Proof. The result follows from the elementary estimate

5 o—llali?/27 o (PuTToeT)
(QW)k/QOka/Q - Tk/2 )

acA
lal| <nv/Tlog T
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The contribution from ||| > ny/T logT is estimated as follows.

Lemma 3.3.

Z hT#:}iT(OJ) _ O(T_”2/2<10g T)3k/2—2)_

acA
llel|>nvTlog T

Proof. Applying Proposition 2.1, we see that, for z € R¥ and C(A) a cube of
(small) side length A based at 0,

hTe T4 {’Y € Pr: \/Cl%gT € :U+C(A)}

_ @/ (log T)/T)T
~ he " c(z+\/(log T)/T) E (Ay/Tlog T)*
A¥(log T)*/2¢~(Ilzl[* 1og T) /2
~ (27T)k/20'k

Thus we can estimate the sum in the statement by (log T)*/2I, (T), where I,,(T)
is the integral

1 2
(T = — — —llzlI*log T/2 4
T i= Gy @ r
where B(n) = {z € R¥ : ||| > n}. Substituting u = z+/logT and passing to
coordinates (r,6) with » > 0 and ||f|| = 1, we obtain
A : =1 *°
In(T) _ rea({9 ||9H } 6_T2/27’k_1 dr — O(T_WQ/Q(logT)k_Q),
(2m)k/ 20k T
where we have used standard asymptotics for the complementary error function
erfe(z). O

To complete the proof of the upper bound, choose n > vk — . Then com-
bining Lemmas 3.1, 3.2 and 3.3 and noting that

- log ka(nv/T logT) lim log ka(nv/T logT) log(ny/T logT)

1 = =0
Toeo logT T—oo log(ny/TlogT) logT
shows that
. log2(T,A) _6—k
1 1 < .
(3.1) lqgljolip logT - 2

3.2. Lower bound. Since we seek a lower bound, we only need to consider

WT#Pr ()
>
a€A

el <VT

The following result is almost identical to Lemma 3.1 and we do not repeat the
proof.
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Lemma 3.4.

Z W% Pr(a) o—llall?/2r . (T((s_k)/%A(\/T)) _

=~ ehT (2m)k/ 2K Tk/2
el <VT
Since we have the bound
e~ llall?/2T o2 o2
(;A (2m )2 TH/2 2 (QW)k/QJka/QmA(\/T> = WTQ M2k (VT),
all<vT
we conclude that
i inf log 2(T, A) > o — k'
T—00 log T 2
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