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Abstract

In this work, we introduce and investigate two novel classes of loop measures, space—time Markovian
loop measures and Bosonic loop measures, respectively. We consider loop soups with intensity u < 0
(chemical potential in physics terms), and secondly, we study Markovian loop measures on graphs with
an additional “time” dimension leading to so-called space—time random walks and their loop measures
and Poisson point loop processes. Interesting phenomena appear when the additional coordinate of
the space—time process is on a discrete torus with non-symmetric jump rates. The projection of these
space—time random walk loop measures onto the space dimensions is loop measures on the spatial
graph, and in the scaling limit of the discrete torus, these loop measures converge to the so-called
Bosonic loop measures. This provides a natural probabilistic definition of Bosonic loop measures. These
novel loop measures have similarities with the standard Markovian loop measures only that they give
weights to loops of certain lengths, namely any length which is multiple of a given length 8 > 0 which
serves as an additional parameter. We complement our study with generalised versions of Dynkin’s
isomorphism theorem (including a version for the whole complex field) as well as Symanzik’s moment
formulae for complex Gaussian measures. Due to the lacking symmetry of our space-time random
walks, the distributions of the occupation time fields are given in terms of complex Gaussian measures
over complex-valued random fields [8,10]. Our space—time setting allows obtaining quantum correlation
functions as torus limits of space-time correlation functions.
© 2019 Elsevier B.V. Allrights reserved.
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1. Introduction

Recently Markovian Loop measures have become an active field in probability theory with
its origin going back to Symanzik [28]. Our focus in this work is Markovian loop measures
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on graphs with an additional “time” dimension leading to so-called space—time random walks
and their loop measures and Poisson point loop processes. This work will show that interesting
new phenomena appear when the added coordinate of the space—time process is on a discrete
torus with non-symmetric jump rates. The projection of these space—time random walk loop
measures onto the space dimensions is loop measures on the spatial graph, and in the scaling
limit of the discrete torus, these loop measures converge to the Bosonic loop measures which
are a new class of loop measures. These have different properties than the Markovian loop
measures some of which we study in this work. The Bosonic loop measures not only have the
probabilistic derivation as torus limits of space—time Markovian loop measures, a second major
interest in these objects stems from the fact that the total weight of the Bosonic loop measure
for a finite graph is exactly the logarithm of the grand-canonical partition function of non-
interacting Bose gas on a finite graph in thermodynamic equilibrium at an inverse temperature
B > 0 and chemical potential u < 0. The study of Markovian loop measures has been outlined
in the lecture notes [24,29] with more recent developments in [16].

1.1. Notation and set up

We begin with the definition of loop measures for processes with discrete state space. Let G
be a finite set. We will later specify our choice of G (usually endowed with a graph structure).
Let W = (w(x, y))s,yeg be an irreducible matrix (not necessarily symmetric here) with
non-negative entries indexed by G. We say that x, y € G are connected (denoted by x ~ y) if
w(x,y) > 0, and we set w(x, x) = 0. Let « = (x(x)),eg be a vector with non-negative entries.
We often refer to « as killing if x(x) > 0 for some x € G. Denote the normalising constant
Mx) = k(x)+ 3, wix, ). Clearly P = (p(x, y));,yeg defined by p(x, y) = 4% induces
(sub-) Markovian transition probabilities on G via the generator matrix Q = (g(x, ¥))x, yeg
given by QO = A(P — I). Here, A = diag(}) is the matrix with (A(x));cg on the diagonal and
all other entries set to zero. For ¢ > 0 transition densities are given by

pix,y)=¢%x,y) x,yegq. (1.1)

The transition densities define a continuous time Markov process on the Skorohod space of
cadlag paths from [0, c0) — G when adding a cemetery state (necessary if ¥ # 0). For
x € G, P, denotes the distribution of that (sub-)Markov process with initial condition x,
ie., Py(Xo = x) = 1. We call X = (X,);>0 the random walk process on the graph G with
killing x. When G is a finite connected subset of Z¢ we write G = A € Z?, and we will
sometimes consider killing upon reaching the boundary, i.e., x(x) = Zyezd\ Al{x~ylhxeAd
in the case of unit weights, which corresponds to Dirichlet boundary conditions.

The random walk process defines different measures on the space of loops. Following [29],
for any r > 0O let I be the space of cadlag functions w: [0, ] — G with the same value at
0 and ¢t. We denote by X;,0 < s < ¢, the canonical coordinates, and we extend them to be
equal to a “graveyard” state for s > ¢, so that X;(w) is well-defined for any s € R. Note that
the spaces [ are pairwise disjoint, as ¢ varies over (0, co), and define

I= U . 1.2)

t>0

For each w € I' we denote the time horizon or the length of the loop w by £(w) being the unique
t > 0 such that w € [I};. The o-algebra G is obtained from the bijection I} x (0, 00) — I'
defined as

I % (0,00) 3 (@, 1) k> o(-) = a)(é) er,
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where we endow [ x (0, oo) with the canonical product o-algebra (and I is endowed with the
o-algebra generated by X,,0 <t < 1). The o-algebra G on I is the image of the o-algebra
on I} x (0, 00). We define for x, y € G,t > 0, the measure IP’(’) as the image of 1{X; = y}P,

under the map (X;)o<s<; from DgN{X, = y} into itself; if x = y we identify it as a measure on
I';. Here Dg is the Skorohod space over G with time horizon [0, co). We study the following
new loop measures which are related to the well-known Markovian loop measures (see e.g. [24]
for an overview on Markovian loop measures and [12] for introducing a chemical potential).

Definition 1.1 (Loop Measures). Let C C I" be measurable, u < 0, and 8 > 0. The Markovian
loop measure Mg, on G with chemical potential p is defined as

Mg ,[Cl1=Y" f IP’(’) (C)dr =" / IP(’S’) (C)dr. (1.3)

xeg xeG

The Bosonic loop measure Mg wp O G with chemical potential ; and time horizon B is
defined as

Mg,u 5 Z Z p(/ﬁ) (C). (1.4)

xeG j=1

Note that both measures are sigma-finite since the mass of ({J/_, /r I) is finite for any r € N
under both measures.

The Markovian loop measure Mg , with chemical potential © < O puts lower weight on
loops with larger time horizons. The main novelty are the Bosonic loop measures whose
probabilistic meaning is revealed in Section 2 as limits of space-time random walk loop
measures (Theorem 2.5). The major significances of these loop measures are explained in
Section 3.1, in particular one can show that the logarithm of the mass of the Bosonic loop
measure is just the so-called pressure of some system of Bosons, see (3.5).

1.2. Overview

The main focus in this work is the Bosonic loop measure M g.u.p Which is defined in similar
way to the Markovian loop measure [24] but differs in having support only on loops with time
horizons being a multiple of the given parameter 8. The Bosonic loop measures for simple
random walks are linked to equilibrium quantum statistical mechanics, see Section 3 for details.
The main idea and novelty of our study is to view these measures as natural Markovian loop
measures in a space—time structure where we add an additional “time” torus to the given graph.
After providing technical tools and different classes of space—time random walks in Section 2.1,
we prove the first main result about the torus limit approximation of the Bosonic loop measure
in Theorem 2.5. In Theorem 2.7 we deliver the corresponding torus limit for the distribution
of the occupation time field of the underlying Poisson loop processes, where we in particular
distinguish between real torus jumps and solely spatial jumps. We finish Section 2.1 with
various examples for our three different classes of space—time random walks, and we finally
show in Theorem 2.10 that certain space—time random walk loop measures have support which
equal the ones of the Bosonic loop measures.

Our main results concern isomorphism theorems (Theorem 2.15) for the square of the
complex field as well as the complex field and generalised Symnazik’s type formulae for
moments of the occupation time fields, see Proposition 2.17 and Theorem 2.19. Taking the
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so-called torus limit, Theorem 2.19 allows to represent quantum correlation functions as
space—time Green functions of the corresponding complex Gaussian measure. Thus we deliver a
purely probabilistic derivation of Bosonic loop measures and quantum correlation functions. We
propose to analyse these complex measures in greater detail in the future to study Bose—Einstein
condensation phenomena and their possible connection to random interlacements [29] and to
general permanental processes [16]. In Section 3.1 we give a review about Boson systems and
prove Poisson loop process representations of the partition function and the quantum correlation
functions. The Bosonic loop measure and its Poisson loop process is a natural extension of
random walk loop soups [20,21], and it seems feasible to define Bosonic loop measures and
soups also over the continuum space R?, e.g., see [22]. In Section 2.3 we briefly outline which
of our results hold in the so-called thermodynamic limit A 1 7% when G = A € Z°.

2. Results

We state properties of our loop measures in a finite graph setting in Section 2.1 and then
show that the space—time Markovian loop measures converge to the Bosonic ones in the torus
limit. In Section 2.2, we study so-called isomorphism theorems for finite graphs and extend
them to non-symmetric settings which arise naturally for our space—time loop measures. This
allows us to obtain moments formulae for perturbed complex Gaussian measures as well as
space—time loop representations of quantum correlation functions. In Section 2.3 we briefly
discuss taking limits towards countable infinite graphs.

2.1. Markovian and Bosonic loop measures

We collect some basic results about the Markovian loop measures and the Bosonic loop
measure.

Proposition 2.1 (Properties). Let 1 < 0 and B > 0. For the Bosonic loop measure the finite-
dimensional distributions for 0 <t; <th) < --- <ty <00,k € N, and A C (0, 0c0) measurable
with inf{A} > t, are
MG, 5[ Xy =x1. ... Xy =x, L€ A] =
i efri , (2.1)
Z Piy—t, (X1, X2) -+ Pyy—y_ (k=1 Xk) PBj—tp+1; (Xk s xl)TﬂA(ﬂj) when k > 1,
j=1

and

5 °° eBui .
MG, 5[ Xy =x1. L€ Al =" ppitx1, xl)T]lA(lg]) when k = 1. (2.2)
j=1
The finite-dimensional distributions for the Markovian loop measures are similar by just
replacing the sum in Egs. (2.1) and (2.2) by the integral such that the support of the Markovian
loop measure is I' instead of the union Uiozl Lljg,

Mg, Xy =x1,.... X, =x;, L€ A] =

et 2.3)
Pr—n (-xl ’ x2) e plkftk,l(xkfl s -xk)ptffk+t1 (-xka xl)T dr.
A
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Assume that k(x) — > 0 for at least one x € G. The mass of the event there is at least one
Jjump, {3t > 0: X; # Xo}, reads as

ME  [{there is at | wmp)] = log (28— ") 2.4
g,ﬂ’ﬁ[{t ere is at least one jump}] = log m 2.4)
for the Bosonic loop measure and as
det(D 1
Mg ,[{there is at least one jump}] = log (M) 2.5)
det(Q + ul)

for the Markovian one. Here, D is the diagonal part of the generator matrix Q. The total mass
of the Bosonic loop measure is given by

Mg, 4IT'] = —log(det(] — #CTDy), (2.6)

whereas for the Markovian loop measure we have Mg ,[I'] = oo independent of the value of
W or the killing vector k. For vanishing killing k = 0 and p = 0 both measures have infinite
mass.

Remark 2.2 (Temperature Limit of the Bosonic Loop Measure). We consider the infinite
temperature limit of the Bosonic loop measure with © < 0 and 8 > O, that is, we replace
the inverse temperature 8 by By = ﬁ By the definition of the Riemann integral, it follows
that

Nli_I)Iloo Mg, Gl = Mg ,[G] (2.7)

for any G C I' measurable such that the function ¢ — P\, (G) is Riemann-integrable. This
allows us to interpret the Bosonic loop measure as a finite temperature version of the Markovian
one. <

We now fix G to be either a finite connected subset of the integer lattice, G = A € 74, or
be a finite connected subset A € Z¢ times the discrete, one-dimensional torus Ty = Z/NZ
of length N, denoted by A x Ty. The torus Ty may be represented by the lattice set
{0,1,..., N — 1} of size N, once it is equipped with the metric p(x, y) = inf{|x — y|: k €
NZ} where |-|» denotes the maximum norm in R. In the latter case, we will refer to all objects
as space—time, e.g., M oxt,, . is called the space—time Markovian loop measure with chemical
potential .

Definition 2.3 (Independent Space—Time Random Walk). Let A € Z¢ be finite, u < 0, B >0,
fix a set of weights (w(x, y))x yea and killing («(x))xe4, or, equivalently, a generator Q. We
will refer to the space—time random walk on A x Ty with generator Qy = Q @ NS~ (X —1)
as the independent case. Here @ refers to the Kronecker plus' and X is the right-shift by one
on the torus, i.e.,

1 ife=t+1andt=0,1,...,N -2,
M(t,0)=131 ift=N-1,0=0,
0  otherwise.

1 For A e C"™" and B € C"*™ define AGB=AQ®lcn +lcn ® B
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T
N-1 | S

0 » A CZ4

Fig. 1. The graphical representation of an independent space—time random walk; horizontal arrows refer to the
random walk on the spatial graph A whereas the vertical arrows indicate the walk along the “time"-torus upwards
with both walks being independent of each other.

Equivalently, the weights of Qy are defined as

BINE(r,0) ifx=y,1#0,
wy(x, T;y,0) = Jwx,y) ift=0,x#y, 2.8)
0 otherwise.

In Fig. | we sketch the independent space—time random walk. In Example 2.9 we consider the
space—time random walk with symmetrised weights along the time torus.

Remark 2.4. Note that the space-time random walk defined above winds around the torus in
the “positive” direction. Equivalently, one can use X' instead of X in the above definition,
reversing the direction on the torus. In Example 2.9 we introduce space—time random walks
with symmetric jump rates along the torus to which our results do not apply.

For the following results we need to discriminate between different classes of space—time
random walks which all include the independent space—time random walk.

Strongly asymptotically independent space-time random walks.

Let Gy = Qy + En be the generator of a space—time random walk on A x Ty with Qy
being the generator of the independent space—time random walk (as defined above) and where
the positive perturbation E satisfies

IEn(x, i = o(e™*N) for some o > B! max A(x)
XeE
uniformly for any x,y € A, as N — oo, 2.9)

with || Ey(x, ¥)|; being the matrix norm given by the sum of the absolute values of all matrix
entries of the Ty x Ty matrix obtained from E, when the spatial variables x and y are fixed.
A space—time random walk with generator G y satisfying (2.9) is called strongly asymptotically
independent space—time random walk.

In the second class the decay of the perturbation is relaxed.

Weakly asymptotically independent space-time random walks.
Let Gy = Qn+Ey be the generator of a space-time random walk on Ax Ty with O being
the generator of the independent space—time random walk. Suppose the positive perturbation
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Ey satisfies
IExl =0 (N"2M4) as N — oo, (2.10)

where the norm is the sum of the absolute values of the matrix entries of Ey as a matrix with
rows and columns indexed by A x Ty. We call the space-time random walk with generator
Gy satisfying (2.10) weakly asymptotically independent space—time random walk.
We will later define a more general class of space—time random walks, see Theorem 2.10.
For any path

X:[0,00) > Ax Ty, t > X, = (X, x?)
we define the projection onto the spatial lattice component of the trajectory as
7TA(X): [0,00) > A, X > 7wA(X)
TA(X); = X,(l).
We now prove the convergence of the projected space—time Markovian loop measure
My = [Maury domy

to M ﬁ, u.p 10 the torus limit N — oo. The measure My depends on the parameter § of the
loop measure M s, of the space—time random walk. Denote I' the space of space-time
loops, then m4: I' — I', and for a measurable set G C I" we thus have

N-1
00 ot
MyIGI=)" ) /0 — Pl UX = Xseton : 7a(X) € Ghdr. .11
=0 xeA

Theorem 2.5. Let yu < 0and B > 0. Assume that My is induced by a strongly asymptotically
independent space—time random walk with k(x) — . > 0 for at least one x € A. For k € N, let
Xiy.on X €dand 0 <ty < --- <ty <00 and A C (t, 00) measurable with §j N 9A = &
for all j € N. We write p® = l_[];;} Pijy1—1;(Xj, Xjy1) for the jump probabilities. Then

e ® ) eip
My [th =Xx1,..., X, =x, L € A] e B X;P lA(J:B)pjﬂ—zk-‘rtl(xkaxl)F
j:
=M}, g[ Xy =x1,.... Xy =x, L€ A].
2.12)

Moreover, the sequence of measures is tight and we have that My converges weakly to M ﬁ. B
on all loops whose lengths are bounded away from zero.

Remark 2.6. The condition that §j N dA = & for all j € N can be seen as an analogue
to the condition in Portmanteau’s theorem: Given we know vy — v as N — oo weakly,
one needs v(dA) = 0 to conclude that vy(A) — v(A) as N — oo for a given set A. The
requirement that A is bounded away from O stems from the fact that a loop of zero length
induces a singularity in the Markovian loop measure that makes it impossible to define finite
dimensional distributions. ¢

The following theorem is an extension of Theorem 2.5 by considering now the distribution
of the local time and of the occupation field. In addition we consider Poisson gases of loops
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defined by our Markovian and Bosonic loop measures. The local time of a given loop w at a
point z € A is given by

Lw)
Lz(w)=/ {X(w) = z}ds. (2.13)
0

The local time over the space—time graph A x Ty is denoted by L = L(w) with L: Ax Ty —
[0, 00) where L, ) = f(f(w) 1{X(®w) = (x, 7)}ds, @ € I'. Given the local time vector L on
A x Ty, we obtain the local time vector L = (L,)ye4 on /A by projection, that is, L = w4(L)
with

=z

—1
Lx = L(x,r)’ x € A.

_
Il
o

We introduce the set-up for Poisson point measures on the set I' of (rooted) loops with
o-algebra G. A pure point measure 7 on (I’, G) is a o-finite measure of the formn = )", _, 8.,
where (w;)ic; is an at most countable collection of loops such that n(A) < oo for all

A={wel:a<{t(w)<b},0<a<b< oo, where
nA)=#iel: w; € A}, AeG.

We let {2 be the set of pure point measures on (I', G), and endow {2 with the o-algebra A
generated by all evaluation maps n € 2 — n(A) € NU {oo} (for details see [24,29]). Any
o -finite measure on (I, G) defines a probability measure on ({2, A), called the Poisson point
measure, e.g., we denote by Pg ,, Py and ng u.p Tespectively the Poisson point measures with
intensity Mg ,, My, and Mg%ﬂ, and we write Eg ,, Ey and Eg,u.ﬂ for their expectations.
Finally, for n € £2, x € G, we define the occupation field of 5 at x via:

Lx(m) = (n, Ly) €0, o0l,
=Y Luw), ifn=Y 8, €. 2.14)
iel iel
We write £ = (£,).ea for the field associated to L, respectively for the space—time version we

write £. The following theorem characterises the local time under the torus limit (N — c0)
of the projected space—time loop measure.

Theorem 2.7 (Convergence of Local Time Distributions). Let £ < 0 and B > 0. Assume
that the Markovian loop measure M pxty ., on A x Ty is induced by a weakly asymptotically
independent space—time random walk.

(a) Let F : [0,00)" — R be continuous and bounded such that F(0) = 0 and the (right)
derivative 0, F at O exists for all x € A. Then

MN[F(L)] = M axry u[F(wa(L))] e B Z 0 FO)+M} , (IF(L)], (2.15)
xeA
where the first equality is the definition of My, see (2.11).
(b) We can split the local time,

L=Lag, +LA +L" +LY™ and L=La+ L%,
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where the subscript means a jump on this space and the superscript implies no jump,

ie.

Lary, = L1310 X\ # X" and 31, X # X1,

LY =L1{¥t < lo): X\ = X" and 3= X2 # X'},

LY =L13n: X # X and vV < t)nr: X2 = X},

LA™Y = L1V < Uw): X\ = X\ and Y1, < t(w): X5 = X},

(2.16)

and similarly for Ly and L, respectively. If the Markovian loop measure is induced
by the independent space—time random walk, then as N — 00,

M psry [Fa(Lamy)] — MJ , s[F(L)],

M psry [F(a(LE D] —> M3, ,[F(LY)],

M sy [F(Ta(L )] — 0, 217
M sy [FGra(L» ™ )] — B 0, F(0),

xeA

with the same assumptions on F as in (a).
(c) Denote Ey the expectation with respect to the Poisson Point Process associated with
My. Then, for every bounded and continuous function F: [0, 00)* — R we have that

EN[F(L)] — EAﬂﬁ[F(L + B)] as N — oo, (2.18)

with the results from (2.17) carrying over to the occupation field. Here, the constant
occupation field B represents the mean time it takes for a space—time random walk to
wind around the torus once.

We return to the setting of a general set G endowed with the graph structure inherited by
the weights. The splitting of the local times can be analysed in this setting as well. We call
loops with no jumps (loops are not leaving their origin) on G point loops and denote their
corresponding local time vector by LY and their occupation field by £9 whereas Lg and Lg
are the corresponding functionals for genuine loops, i.e., loops which are not point loops, (the
role of the sub- and superscripts corresponds to the one defined above).

Proposition 2.8 (Local Times). Let B > 0, u < 0, and denote (d(x)),cg the diagonal elements
of Q 4 wul. The occupation field can be written as a sum of two parts, L = L9 + Lg, the
point and the genuine loops, with the following properties:

(a) The splitting is independent, i.e., L9 1 Lg.

(b) Under the Poisson measure P4, the occupation field of point loops L9 factorises into
Gamma distributed random variables with parameters (1, d(x))yeg. Under the Bosonic
Poisson measure Pg ,, g, the occupation field of point loops L9 is distributed like a

product of random variables with Laplace transform

e U (=) _ 1)
- L .
<E[e ])xgg - (1 s )xgg with v(x) e Ry, x € G.

The following example shows that symmetric random walk on the torus does not generate
Bosonic loops by spatial projection.
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0 » A CZ°

Fig. 2. The graphical representation of a space—time random walk for which the above convergence results are no
longer valid.

Example 2.9. We consider the “symmetrisation” of the torus walk of the space—time random
walk described above (see Fig. 2). We go up or down on the tours independently with rate
B~'N and obtain the space—time rates

BIN(Z(t,0)+ X(o,7)) ifx=y,
Wg(x, T;y,0) = { w(x,y) ifo=r, (2.19)
0 otherwise

on G = A x Ty. This space-time random walk has a symmetric generator but Theorems 2.5
and 2.7 fail to hold. The proof is given in Section 4. &

Finally, the third class is related to Bosonic loops and is not defined via perturbations of
the independent space—time random walk.

Bosonic Random Walk.
Let (Gn)ven be a family of generators on A x Ty with weights (wy(v, #))y ueaxT, and
ky(u) — p uniformly (in N) bounded away from O for at least one u € A x Ty. Let

z = (21,---,2n) € (A x Ty)" be a path. The coordinate projections for z; = (ziA, z?rN) are
! e Aand z?” € Ty respectively. For any such path z, denote wind(z) = #{i > 1: z?N =
z, ™} the torus winding number for the given path. If z; = (x,7) and z, = (y, o) write

z: (x, 7) = (v, 0).
For such a path z denote

n—1

P@) =[] rGizic). (2.20)
i=1

the product of the jump probabilities, and denote W(z) the random waiting time which is
distributed as the sum ) ©_, X; of independent exponentially distributed random variables
Xi ~ EXp((=Gn(zi, 20)))-

Assume that for all x, y € A there exists d. , € (0, 1] such that

N-1
.1
Jim 2; | Z):( @ =du, 21
=0 z: (x,7)=(,7T

wind(z)=1
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T
N-1 | S

Nl

0 » A CZ7

Fig. 3. A space-time random walk where torus and lattice jumps are correlated.

and
Jim_ N Z Y PB-W®@)]=0. (2.22)
z: (x,71)—~>(y,7),
wmd(z) 1

Finally, assume that T € Ty, we have —Gy(u,u) = NB~! 4+ o(N) for any u = (x, 1) €
A x TN.

If all the above conditions are satisfied we say that the space-time random walk with
generator Gy is a Bosonic random walk. Note that (2.22) ensures that in the torus limit the
turnaround time for the torus is precisely 8.

We will show that the length of any loop of the Bosonic random walk converges to a multiple
of B in a suitable way, that is, the spatial projections of their loop measures have restricted
support, namely they are supported on the Bosonic time horizons.

Theorem 2.10 (Convergence of the Support). For any N € N let Gy, be the generator of a
Bosonic random walk, and denote My the spatial projection of the loop measure onto A. Let
A C (0, 00) be measurable, bounded away from zero and bounded from above. Then

Nlim My[£eAl>0 if dkeN:kBe A°, (2.23)
—00
and
Nlim My[£eAl=0 if VkeN: kB e (R\ A)°. (2.24)
—00

Furthermore, all weakly and strongly asymptotically independent space—time random walks
with spatial killing such that k(x) — u > 0 for at least for one x € A, are Bosonic random
walks.

The following example of a Bosonic walk shows an interesting phenomenon when we mix
the spatial component with the torus component of the space—time random walk, see Fig. 3.

Example 2.11. Let Gy be the space-time random walk on G = Ay x Ty with Ay =
(=M, ..., M} € Z4 for some M > 0 equipped with periodic boundary conditions, i.e., the
rates are

wR NB7'/2d ifo=1t4+1 mod (N), x ~ vy,
(x,7,y,0) =

0 otherwise.
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Here, by x ~ y we mean that x; —y; = 0 for all but one i € {1, ..., d}, and for this specific
one, say iy, we have x;; —y;, =1 mod QM 4+ 1). For k e N, let x; € Afori =1,...,k,
be given and let 0 < #; < p < --- < 1. Let A C R, be measurable with A C (#, 00)

and Bn N dA = & for all n € N. Denote m the product ]_[f: 7 (x;) where 7 is the stationary
distribution associated to the jump-chain on A, with weight w(x, y) = 1{x ~ y}. Then, the
finite dimensional distributions from Theorem 2.5 converge as follows.
> . el’-/ﬂ
My[Xy =x1, ..., Xy = i, £ € A] N—_);OnleLA(],B)T, (2.25)
j:
which can be interpreted as Bosonic loop measure in stationary distribution. This notion is not
rigorous, as the dependence on t, ..., #; is lost due to the mixing. For a sketch of the proof,
see Section 4.1. &

2.2. Isomorphism theorems and space—time correlation functions

Before we study our new isomorphism theorems and moment formulae in Section 2.2.2,
we give some succinct background in Section 2.2.1. In Section 2.2.3 we return to our
previous space—time setting and demonstrate that tori limit of moments leads to probabilistic
representations of quantum correlation functions.

2.2.1. Background isomorphism theorems and complex Gaussian measures

The Markovian loop soup owes its conception to the physics community, where it arises via
a functional integral description of a lattice model. In [28], Symanzik provided a heuristic
description of ¢*-quantum field theory in terms of a gas of interacting Brownian loops.
On considering lattice field theories in place of Symanzik’s continuum model, Brydges,
Frohlich and Spencer [9] were able to make rigorous the connection between the two models.
A version of this connection can easily be seen in the random walk representation of
the two-point correlation function for Gaussian fields over the integer lattice given by the
Green function of the simple random walk on Z¢. Inspired by the work of Symanzik and
Brydges et al., Dynkin [15] provided an extension to continuous time processes. Dynkin’s
isomorphism theorem relates the local times distribution to the distribution of squares of the
Gaussian field [29]. Loop measures have been derived in [8] via weights for discrete time
random walks, and if one wishes to consider directed walks (edges) in the underlying graph,
Brydges shows in [8] that we need to consider complex-valued random fields instead of
only real-valued ones. We consider standard complex integration in |G| variables denoted by
erg do, = erg dN (P, )dI(¢y), where N(¢p,) is the real and I(¢,) is the imaginary part
of ¢,.

For the convenience of the reader we cite the following theorem in [10].

Theorem 2.12 (Complex Gaussian, [10]). Let C € C9%9 be a matrix with positive definite
Hermitian part, i.e., (¢,(C + C*)¢p) = ZX.V@(C()C, y) + E(y,x))dsy > 0 for all nonzero
¢ € CY, and inverse A = C~". Then we define the complex Gaussian measure 5 on CS with
covariance C, namely

1 _
— —(#,Ad)
dua(e) = 7 | |d¢x,
xeG
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and normalisation

Zy = f e @49 [T dg, = —(d”)'j. (2.26)
xeg et

We write [E4 for the expectation with respect to the measure 4 in the following.

Theorem 2.13 (Dynkin’s Isomorphism, [8,15]). For any bounded measurable F: R9 — R
B @EA[F(L+16P) | = Ea[guty F(197)]

where E%:!

'y denotes integration with respect to lP’S*yl = fooo ng) dt and |¢p|* = (,¢:)xeq-

As observed by Le Jan [24], there is a relation between the field of occupation times for
the Poisson loop process with Poisson measure Py u—o and intensity measure Mg ,=o and the
Gaussian measure.

Theorem 2.14 (Le Jan’s Isomorphism, [24]). Let the generator Q on the finite graph G be
symmetric and A = —Q, and denote |14 the unique Gaussian measure whose covariance is
the corresponding Green function and whose Dirichlet form is given as (¢, Ap). Then

(Ly)reg under Pg,uzoﬁ has the same law as (¢f)xeg under [Ly.

2.2.2. Isomorphism theorems

We shall study not only the square of the field, but also the full field in its generality.
This is an important extension, but we need another input, namely to consider non-symmetric
generator matrices [23] as the generators of our space—time random walks are non-symmetric.
We are interested in deriving corresponding isomorphism theorems, first for our Markov loop
measures having chemical potential u < 0, and then secondly for the Bosonic loop measures
with 8 > 0,u < 0. The distribution of the occupation field for Bosonic loop measures
is not given by a Gaussian measure — in fact they are related to Permanental processes
(cf. [16]).

The next theorem is a natural extension of Le Jan’s loop soup version of Dynkin’s
Isomorphism theorem (see [8,23]).

Theorem 2.15 (Isomorphism Theorems). Let A = —(Q + nl), where Q is the generator on
the finite graph G such that k(x) — u > 0 for at least one x € G for u < 0. Denote 1, the
complex Gaussian measure defined in Section 2.2.1. We write Eg,, for the expectation with
respect to the Poisson process with intensity measure being the Markovian loop measure Mg ,.
Then the following holds.

(a) The measure 1, evaluated on the squares |p|*> = (@, dc)xeg Of the random field is a

probability measure. Furthermore, for every bounded and continuous function F : Rf —
C)

EAlF(1¢|)] = Eg . [F(L)]. 2.27)

b) Denote E the expectation with respect to the Poisson process with intensity measure
G.u P P p
being the Markovian loop measure for the random walk with the symmetrised generator
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0= %(Q + QT). Then, for every F: C9 — C bounded and continuous,

~ 1 _
_ —(JLO,AVLH)
EAlF(@)] = Eg.] 7 e T a5,) f F©OVL)e dS5()].

(2.28)

where Zg = gztgﬁ‘; with A = —(é + ul) being the Hermitian part of A. The measure

dSg is defined as the product of the uniform measure on {z € C: |z| = 1} over all
x €q.
(c) For every F: CY9 — C bounded and continuous,

1 -
— —(0vL,AV LO)
EalF(@) = Eg*“[ [ e VAT 45g(0) / FOVDye ! dsg(e)].

(2.29)

Remark 2.16. The first identity, which appeared in [23], is more surprising than it may
seem. Since A may not be a symmetric matrix, it is a priori not clear that the complex-valued
distribution of ¢.¢, does in fact only takes positive values. This has been remarked by [23],
however in the context of an isomorphism theorem of the local time vector. In [24] a similar
identity to part (a) is mentioned in the context of symmetric processes. The second statement
is motivated by recent studies in [11] on symmetric generators. The last identity is new, to the
best of our knowledge. ¢

We now state and prove a generalised version of Symanzik’s moment representation formula.
It expresses the moments of certain interacting fields in terms of a Poisson gas of loops and a
collection of paths interacting with the loops. In Section 2.2.3 we apply that representation to
our space—time random walk stetting. In what follows p4 denotes the Gaussian measure with
A = —(Q + ul) defined in Section 2.2.1. We define a class of perturbed Gaussian measures.
Let J: [0, 00)9 — R be bounded and continuous function of |¢|* = (q_ﬁxqu)xeg such that

/ e 19 1(1g1%) [ dox € (0,00) (2.30)
xeG
holds. The perturbed Gaussian measure (4 ; is defined as
du Z . _ %
2L () = ZLLJ(BIp) with Za s = / e~ @ P40y (Blg?) [ | debs. 2.31)
duga Zag veg

Expectation with respect to j4 s is denoted E,4 ;. Furthermore, for any 8 > 0 and u < 0,
define
oo
PLPIG] = / e PIP[G]dr,  for G C Dg measurable. (2.32)
0
The following is a generalisation of Symanzik’s formula (see [29] for the standard version
for real-valued Gaussian Free Fields).

Proposition 2.17 (Moments of Perturbed Gaussian). Let J be bounded and continuous
satisfying (2.30), and B > 0 and n < 0, and assume that k(x) — u > 0 for at least one
x €G. Then

E4P @ Eg. [J(L + L))

Ea s[¢:ty] = Eg.. [/(0)]

(2.33)




2100 S. Adams and Q. Vogel / Stochastic Processes and their Applications 130 (2020) 20862126

Here L ~ ]P’?y’ﬂ and L ~ Pg ,. Higher even moments can be obtained analogously, see

[29].

Remark 2.18. This is a generalisation of Symanzik’s formula in [29] where J is chosen to
be of the form

J(u) = l_[ / Wy (dw), with v € M ([0, 00)), u = (uy)reg € [0, 00)9.
xeGg
(2.34)

Of interest are certainly ¢*-perturbations which we are going to study in the future.

2.2.3. Moments for space—time random walks

We return to the space—time setting with G = A x Ty and the non-symmetric generator Gy
of some weakly asymptotically independent space—time random walk. Let Ay = —(Gy + )
and A = —(Q+pul). We aim to apply formula (2.33) with the non-symmetric matrix Ay and to
perform the torus-limit N — oo for spatial projections. It will turn out that the right hand side
of (2.33) for spatial projections converges to the one-particle reduced density matrix (quantum
correlation function) represented in Theorem 3.1). We define spatial projections of perturbed
complex Gaussian measures iy, j € M (C**TV) and interaction functionals suitable for
Boson particle systems (see Section 3). Suppose that V: [0, 00)?*T™¥ — R is continuous such
that J := e~V is bounded, continuous and satisfies condition (2.30) to ensure that the measure
K4, g is well-defined, and in addition we assume that the spatial projections, denoted V and
J, satisfy equivalent conditions. That is, let

pa: CTV s CA ¢ > pa(e) = (Z Prc)en

be the spatlal projection, then V = V o p/1 and J = Jo p/1 = eV ensure that py; =

KaygoPy A is well-defined as well. The choice of our interaction functional V is due to our
occupation field distribution in Proposition 2.17 and comprises many mean-field models for
systems of Bosons, see Section 3 and (2.39). In Theorem 3.1 we demonstrate that on the
Poisson process level one can incorporate typical particle interaction functionals studied in
physics (e.g. (3.4)). Having set the stage for space—time versions of the right hand side of
(2.33) in Proposition 2.17, we only need to address the spatial projection of the path measure
(see (2.32)),

e ¢}
B (B1)
Pl ey = /0 P PE oy dt X,y e A T, 0 €Ty, (2.35)

which is given for any event G of the spatial path x — y as
B
Py (6) = Z Pl (X € G), (2.36)

and E“ ’3 denotes expectation with respect to IP’“ ﬂ . In what follows only the spatial path
x —> y appears in the spatial projection Wthh amounts to summing over all T and o.
However, as we aim to obtain the quantum correlation function in the torus limit, we consider
only the case that T = ¢. This is due to the standard loop representation of quantum correlation
functions (see [7]), where the open spatial path x —> y originates from breaking any possible
loop. Therefore, the condition T = o ensures that the spatial path x — y comes from a
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cycle in the space—time setting. We aim to study the other case in the future. To summarise,
we shall take the torus limit of the spatial projections of

_ 1 B
EAN,J[¢(X,I)¢();,I)] = mﬂzé,r),(w) ® EAXTN,;L[J(L + L)],

x,ye A teTy. (2.37)

If V is linear, i.e., there exists v € [0, 00)*™V such that V() = (v, -), the measure Bay.
is still a Gaussian measure and the left hand side in (2.37) is the second Gaussian moment
which equals the Green function G y(x, 7; y, ). In what follows we consider A & 74 and the
simple random walk on Z¢, i.e., the generator Q is the discrete Laplacian in A with Dirichlet
boundary conditions. The following results are also true in more general cases but our choice
is adapted to our results in Section 3. The crucial step is that the projected path measure (2.36)
converges to the Bosonic path measure,
o0
Pf"yﬁiB(G) = Zeﬁ”-/IE”x[G N{Xg, =y}, G C D, measurable. (2.38)
j=1

In the following, let v: [0, oo)A — R be a functional such that
V: 02— R, ni=> V() =vLlm), (2.39)
with £,(n) = Y_,;; L(@") for n =Y., 8,

Theorem 2.19 (Space—Time Loop-Representation of the Correlation Function). Suppose 8 > 0
and uw < 0. Let Ay = —(Gn + pnl) with Gy = Qn + En being the generator of the weakly
asymptotically independent space—time random walk.

(a) (i) For any continuous bounded F : [0, 00)4,

Eﬁ;ﬁN[F(L)] — E;‘;j s[F(L)] as N — oc.

(ii) Suppose that J = e~V is bounded and continuous and satisfies (2.30), and let
J =Jo p;ll. Let Vg(-) = V(- + B) with V being defined above. Then, for

x#ye,
EXP y @ En[J(L+£)] . EfP ®ER [J(L+L+pB)]
En[J(L)] N0 ES sl (L+B)] (2.40)
—_.
- IOA,V‘g(x7 y)v

where pﬁll?vﬁ will be later defined in Section 3 as the one-particle reduced density
matrix (correlation function) for a system of Bosons in A with interaction Vg in
thermodynamic equilibrium at inverse temperature 3 and chemical potential |
(see Theorem 3.1).
(b) Suppose v € [0, 00)*™ and that V(-) = (v, -). Then V(n) = (v, £) with v = vop;l1 €
[0, 00)™. The torus limit of the sum of space—time Green functions is

N—-1 N-1
Y Gty 0= Eaulbeobyn] — Ay x#yed
=0 =0

(2.41)
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Remark 2.20.

(i) The constant background field 8 in (2.40) is due to the torus point loops, and thus they
are an artefact of our method. We can obtain the limit without the constant field by
restricting to genuine torus loops.

(i) One can consider true (or genuine) path interaction where each point of one path
interacts with any point of the other path (double time integration) instead of the particle
interaction defined in (3.4), namely,

1 g(w(i)) Z((u(j)) ) )
COCRRRTUES / / v(j0P(0) — V() drds,  (2.42)
0 0

I<ij<N

where £(w?) is the length of loop @®. If we restrict our loop measure to loops whose
lengths are bounded away from zero and if we consider this path interaction, we obtain
limits like in (2.40) but without the constant background field 8. On the other hand,
genuine path interactions (e.g., Polaron type interactions in [4,5,14]) are not derived
from quantum systems via the Feynman—Kac formula (see Section 3).

(iii) Item (b) in Theorem 2.19 demonstrates that quantum correlation functions can be
obtained as limits of space—time Gaussian moments as long as the interaction functional
is linear. More general interactions would require computing non-Gaussian moments
followed by taking the torus limit. If one puts v = 0, then one can consider the so-
called thermodynamic limit A 4 Z¢ to obtain the one-particle reduced density matrix
(correlation function) in (3.9), see Section 3.2. ¢

2.3. The infinite volume limit

We now extend our study to countable graphs, and for ease of notation we consider the
integer lattice Z¢ and the simple random walk for ease of notation. We are interested which
of our previous results carry over taking limits A 1 Z¢. An application driven motivation is to
study the Bosonic loop measure in the so-called thermodynamic limit A 4 Z¢, see Section 3.1.
We list some aspects of taking the limit to Z¢ and leave a thorough study for future work.

Many of our results involve Laplace transforms and thus determinants of finite-dimensional
matrices, which in the thermodynamic limit pose technical challenges as e.g. the generator Q
of the simple random walk on Z fails to be trace-class. On the other hand, we can expect that
some of the results continue to hold. We summarise which of our previous results continue to
hold in thermodynamic limit.

Theorem 2.21. The following results hold in the thermodynamic limit A 1 7.

(a) Proposition 2.1: The formulae for the finite dimensional distributions carry over in
the limit with the corresponding Z-versions of the Markovian and the Bosonic loop
measure. The total mass of all loop measures is infinite.

(b) Theorem 2.5: The convergence of the finite-dimensional distributions continues to hold
for the independent space—time random walk either for d > 3 and u <0, or for d > 1
and n < 0.

(c¢) Theorem 2.77: The results hold for the independent space—time random walk either for
d>3and u <0, or ford > 1 and © < 0 when F: [0, oo)Zd — R is bounded and
continuous with compact support (supp(F) € Z2).



S. Adams and Q. Vogel / Stochastic Processes and their Applications 130 (2020) 20862126 2103

(d) Proposition 2.8: All statements continue to hold for the independent space—time random
walk in the thermodynamic limit.

(e) Theorem 2.15: The statements continue to hold in the thermodynamic limit when either
d>1and u <0, or whend > 3 and u < 0.

3. The physical background of the Bosonic loop measure

We outline the physical background of the Bosonic loop measure. We fix our graph G =
A € Z% to be a connected finite subset of Z¢ and consider the simple random walk in A
with Dirichlet boundary conditions, that is, with killing upon hitting the boundary of 4, see
Section 1. In Section 3.1 we outline the connection between the Bosonic loop measure and
the grand canonical partition function for systems of Bosons at thermodynamic equilibrium,
whereas in Section 3.2 we discuss the onset of Bose—Einstein condensation as a quantum phase
transition.

3.1. Systems of Bosons in thermodynamic equilibrium

In quantum mechanics particles can either be Bosons or Fermions. We will now describe
the distinguishing feature of Bosons. We consider a system of interacting Bosons on the lattice
A. That is, the one-particle Hilbert space is 4 = £,(A), and the N-particle Hilbert space is
just the tensor product. The energy is given by the Hamilton operator for N particles

N

Hy ==Y A"+ Y o(x® -2,

i=1 1<i<i<N

where Al(.A) is the discrete Laplacian operator in A with Dirichlet boundary conditions giving
the kinetic energy for particle i, and the interaction potential function v: R — R depends
on the mutual lattice distance of particle i at x> € A and particle j at x) € A. If the
particle number is not known exactly, the thermodynamic equilibrium is described by the grand
canonical ensemble where the Hilbert space is the direct sum

oo
F = 3",
N=0

called Fock space. States of identical and indistinguishable Bosons are given by symmetric
wave functions, that is, for any number N of Bosons possible states are given by all symmetric
wave functions in the tensor product iHﬁN . This symmetry is the unique distinguishing feature
of Bosons contrary to Fermions whose states are given by anti-symmetric wave functions. We
write F; for the Fock space of all symmetric wave functions. The thermodynamic equilibrium
of Bosons at inverse temperature B and chemical potential u is given by the grand canonical
partition function which is the trace over the symmetrised Fock space,

Zpw(Bo ) = Trz, (e PN, (3.1)

where H is the Hamilton operator having projection Hy on the sector fH%N and where N
is the number operator in A taking the value N on the sector J—C%N . It is the trace operation
on the right hand side of (3.1) which turns the problem of calculating the partition function
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into a classical probability question. Using the Feynman—Kac formula for traces, we derive the
following representation of the grand canonical partition function,

Zao(B. i) = Z Z Z Z ® gf)xa(,) Zlgi,jng(fU(\Xgi)—xij)\)dt], (3.2)

! x1eA xyedoeSy i=1
where Gy is the set of all permutations of N elements, and the right hand side can be
interpreted as a system of N random walks (X ,(‘)),20, i=1,..., N, under symmetrised initial
and terminal conditions (see [3] for details). Following [1,7,18] we employ a cycle-expansion
using the definition of the Bosonic loop measure to obtain

[e's) N
1 N VD o™
ZawBw =~ QM pdo e ], (3.3)
N=0 """ =

where the interaction energy of N loops is the functional
Vi, ..., o™ =
@ )—-11/8  [t@Y)-11/8

Y > UGKR #Gom) (3.4)

1<i,j<N k=0 m=0
B . .
X f V(|0 (kB + 1) — 0P (mp + 1)) dt,
0

and where we write £(w®) for the length of the ith loop. The interaction functional (3.4)
comprises the interactions of all loop legs (a loop w of length kB consists of k legs, each of
which is a path (w(jB +1))iejo,p) for 0 < j < k) with time horizon [0, 8] in all Bosonic loops.
For v = 0, using (1.4) the expression reduces to the following formula

Zi(B. ) = exp(Z > —IP“‘”(F)) = exp(M% , ,(I")). 3.5
xeA j=1

This shows that the total mass of the Bosonic loop measure equals the logarithm of the grand
canonical partition function for a system of non-interacting identical Bosons at thermodynamic
equilibrium. The connection goes further as we can represent (quantum) correlation functions
as well. Quantum correlations are given as reduced traces of the equilibrium state. We focus
solely on the first correlation function, called the one-particle reduced density matrix p(Al?@,
which is given by the partial trace after integrating out all but one of the particles,

1 oo
1 _ —B(Hp—pn)
= > Tryenn (e ) 3.6
P zm,mz P GO

With (3.3) and [7] we obtain a representation for the kernel of the trace class operator p A v,

ON ([ —V(waD. .. o™
Pl = = M)Z SR @ (M, ) (e,

j=1 N=0

x,y €A 3.7

The term under the sum over N is an expectation with respect to N independent loops
@, ..., o™ chosen according to the Bosonic loop measure M} ;  (1.4), whilst the expec-
tation is with respect to a single random walk path from x to y, whose length (time horizon)
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is determined according to the weighted sum ) =1 efri IP’;JQ) The sum over N > 0 is none
other than the Poisson point process with intensity measure M ﬁ, u.p- Henceforth, we obtain a
representation via an expectation of the Poisson loop process with intensity measure M fi W
Recall that for any counting measure 1 € {2 we write the interaction functional as

N
Vin) = VW, ..., ™) for n= Z(Sw(i).

i=I

Theorem 3.1. The grand-canonical partition function and the kernel of the one-particle
reduced density matrix are given by the following functionals of the Bosonic loop process

Pl/gl,u,ﬁ
B
Zpo(B, ) = eMA”“ﬁ(F)Eﬁ,uﬂ [e—V('D] = ZA(B, M)Eﬁ,uﬂ [e_V(n)]’
M EyYp ®E, ple "] (3.8)
Ppp(x, y) = x,yed,

ES ﬂ[e—wm]

where Eff g 1s the expectation with respect to the measure in (2.38).

Proof. The proof follows easily from (3.3), (3.5) and (3.7) by noting that

In the next lemma we show that the spatial mean of the occupation time in A is in fact the
partial derivative of the partition function with respect to the chemical potential, and thus, it is
the expected particle density which we denote by pA(8, w).

Lemma 3.2.

1 1
B sl D La] = <8, log Za(B. ).
|A| xeA ’3

Proof. Recall that Eﬁ, ..p 18 the expectation with respect to the Bosonic Poisson process. Then,

1 1 fw)
EX sl D L]=— Z/ / 1{X,(w) = x} ds M4 g ,.(dw)
4] a=J Jo

xeA

B ~— .
= WZ]MA,ﬂ,u[Fjﬁ]
j=1

1 1
= WBMMA,,&,L[F] = Bau log Zx(B. 1) =t pa(B, w).

where p4(B, 1) is the expected particle density in A. [

3.2. Bose—Einstein condensation — relevance and discussion

We outline the original calculations by Bose and Einstein 1925 in our occupation field
setting. Detailed proofs of all the statements below can be found in one [7] or [25]. S{it6 [27]
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has derived a criterion for the onset of Bose-Einstein condensation in terms of losing
probability mass on the distribution of loops of any finite lengths. We are not repeating
his arguments here but consider the following approach. The first observation concerns the
thermodynamic limit

lim p4(B, w) = p(B, n) € (0, 00),
Arzd

which holds in the ideal Bose gas [7,25,27] for 8 > 0 and u < 0. For given 8 > 0 we look
for solutions such that the following holds.

B > 0: for p > 0 find u* = u*(p) with p(B, u*) = p.
It turns out that a solution exists only for

0, ifd=1,2,

= li ’ =
p=pB)=lmpB )=y tord >3

For dimensions d > 3 and any particle density p > p.(8), the excess particle mass density
0 — pc(B) is interpreted as the density of the Bose—Einstein condensate. One of the most
prominent open problems in mathematical physics is the understanding of Bose—Einstein
condensation (BEC) for interacting Bosons. This phase transition is characterised by the fact
that a macroscopic part of the system condenses to a state which is highly correlated. Only
partial successes in proving BEC have been achieved, like the description of the free energy of
the non-interacting, system (already contained in Bose’s and Einstein’s seminal paper in 1925)
or the analysis of mean-field models (e.g. [2]) or the analysis of dilute systems at vanishing
temperature [25] or the proof of BEC in lattice systems with half-filling [25]. In [1] the authors
provide a formula for the limiting free energy in the so-called canonical ensemble where the
particle density is fixed. It turns out that the formula is difficult to analyse, and it is one of
the main aims of the current work to provide an alternative approach in terms of space—time
Green functions.

A definition for BEC for interacting gases was first provided by Onsager and Penrose [26],
who studied quantum correlations given by the 1-particle reduced density matrix. The phase
transition is signalled by the occurrence of off-diagonal long range order, meaning that the
kernel p%,l)(x, y) = limy,za pgll_)v(x, y) of the one-particle reduced density matrix in the
thermodynamic limit A 4 Z¢ has non-vanishing off-diagonal entries

,of)”(x,y)—>c>0 as |x —y| — oo.

This has been proved for the ideal Bose gas (v = 0). The representation of the one-particle
reduced density kernel in Theorem 3.1 for v = 0 allows to perform the thermodynamic limit

(cf. [7D),

[e.¢]
PPy = lim ) e, 3) =) L PHBY(D). (3.9)

j=1
The probabilistic loop expansion of p"(x, y) allows a justification of the off-diagonal long
range order only with an additional assumption. Namely, for non-interacting systems one has
to add the information that for large particle densities the excess particle mass is carried in
cycles of “infinite” length. In the future we aim to identify these “infinitely” long cycles in our
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space—time setting, either as unbounded winding numbers around the “time” torus, or as
Bosonic interlacements. Recent progress has been made in [2] on various mean-field type
model.

4. Proofs

This section contains all remaining proofs. In Section 4.1 we collect all proofs for
Section 2.1 on all properties of our loop measures and their space time versions and torus
limits, whereas Section 4.2 provides all proofs for the isomorphism theorems and moment
formulae.

4.1. Loop measure properties
Proof of Proposition 2.1. For any k e N, let 0 <t <t < --- < f; and let A C (0, 00) be

measurable such that inf(A) > #;. We need inf(A) > # because we cannot specify distributions
at times which are not defined (larger than the lengths of each loop with £ € A). Thus

MG, gl X0 =x1, ... Xy =xp, L € A
eﬂw
—ZZ X,1=x1,...,th=xk,X,3j=x)
xeg BjeA
Buj
= Z Ze ptl(x xl)ptz tl(-xl -x2) pﬁjftk(xkix) (41)
BjEA xeG
ebui
= Z Pry—1, (X1, X2) * * * Pgj—trt; (Xks X1)-
BjcA

We have used the definition of the loop measure in the first, the Markov property in the
second and the Chapman—Kolmogorov equations in the last step. The proof of the result for
the Markovian loop measure follows similarly, see details in [24]. This finishes the proof of
(2.1) and (2.2), and thus (2.3).

To calculate the mass of all loops with at least one jump, i.e., to prove (2.5), we note that

00 gut
Mg ,[{there is at least one jump}] = Z[ T(G’Q — etD>(x, x)dt
xeg 0

(4.2)
d(A) + p det(D + 1)
}\Xg:*/ tq()») _ etd()»))dz‘ AXQ:*I <q(k) - M> 10g<—det(Q " MI))’
where we used
log(%) = /00 %(e”b — e"”), a>b>0. 4.3)
0

Furthermore, we used the fact that the set of generalised eigenvalues with multiplicity has the
same cardinality as G, and thus we take the sum over A € G* with #G = #G*. In the following
we denote g(x) the xth generalised eigenvalue of the generator Q and d(x) the xth eigenvalue
of the diagonal part D of the matrix Q. This notation is short but slightly imprecise: There is
no natural ordering or labelling of the (extended) eigenvalues of non-diagonal matrices. The
sum is thus to be understood as choosing an arbitrary ordering of the eigenvalues first.
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We are left to show (2.4) and (2.6) for the Bosonic loop measure. For this Bosonic case we
proceed similarly as done above for the Markovian loop measure,

Mg . 5[{there is at least one jump}] = Z Z (eﬂ’Q eﬂjD)(x, x)
xeg j>1

1 — eﬂ(d(x)"‘//v))

e/ B . .
— Biq(x) _ .Bjd(x)
=200 (e - o) = Z tog (s

xeg j=>1

“4.4)

_ det(] — eﬁ(D+u1))
N Og(det(l - eﬂ(QJFIU)))'

This concludes the proof of (2.4). Calculating the mass is easier. We expand

MG, T1=>">" —e"fQ(x X) = —Trlog([ _ eﬁ(QJruI))
xeg J=l (4.5)

=— log(det(l - eﬂ(Q““))).

We need «(x) — u > 0 for at least one x € G as otherwise 0 is an element of the spectrum of
(Q+ ) and the associated sums are infinite. We have shown that both sides of the equation are
equal and thus verified equation (2.6). The claim for the mass of the Markovian loop measure
is proved in [24], page 21. O

Proof of Theorem 2.5. The proof is organised in three steps. In the first step we show the
convergence (2.12) for finite dimensional distributions. In the second step we show the weak
convergence, and in the third step we justify tightness which is needed in step 2.

Step 1:

We first prove the convergence (2.12) for the independent space—time random walk. Let
us first examine the case with k = 1 as it is different from the cases with £k > 1 and helps
to develop intuition. By using the independence of the space and the time coordinates, the
Markov property, the formula for the finite dimensional distributions in Proposition 2.1 and
the translation invariance on the torus Ty, we can rewrite the left hand side of (2.12) as

MN[Xz] =x,L e Al = Z MAXTN,;L [ X;ll), Xt(lz)) =(x1, 1), L € A]
T|=0

Z f IPEQ,) wo (X XY = (x1, 1), 1 € A)dr,

N—1 N—
71=0 1=0 xeA

vl (e (ENBTIYIN et
_ tNB e
—/Apt(xhxl)e N(; T ) ; dr (4.6)

o B I(N,B )]N-H im
=p /p(x,x)ﬂN AL S
; PR TGN+1) ¢

) X
= ﬂZEjN-FLNﬂ*‘ [HA(X)PX(XI’XI)T} ,

j=0
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since the independence of torus and spatial component implies Py, (X; = (x1, 7))

pi(x1, )cl)IE”E\,)r .» Where IP’X,)’T.T is the random walk bridge measure for the torus component
X§2). The expectation E;y H; np-1 1s with respect to a Gamma distributed random variable X
with shape parameter (jN + 1) and rate NB~'. For the exchange of the limit and the sum,
see Eq. (4.7). The distribution of the torus component is invariant under torus translations,

implying
= N~V
IP)([) _ NIP)(Z) _ —tNﬂ )
; N,t,t — N,0,0 — Z (]N)l

Since x(x) — ;0 > 0 for at least one x € /1, note that p,(x, y)e'* decays exponentially in ¢ (in
case u = 0 the decay comes from the killing term, see [29]). We use that inf(A) > #; > 0 to
bound the denominator with some C > 0, and for some o > 0 small enough,

X

eX ] < CEjyi1np-1 [e_"‘x] = C(l + %)*NHI

e—ﬁot J
<C ,
- 2
and, as the bound is independent of N and decays exponentially in j, the series converges
absolutely uniformly in N. Thus we can approximate the series with a finite sum in (4.6), or,

equivalently, can commute the summation with differentiating the expectation value for every
Jj € N. For any j € N, one then expands the integrand around ’ + =E;yq1np-1 [X], Le., for

E;yprnp-t [ﬂA(X)Px(xh x1)
“.7)

g(t) = 14()ps(xy, xl) —, which is differentiable infinitely often (for N large as inf(A) > 0),
one gets
eXn
E;yp1np-1 [1A(X)PX(X1,X1)—]
_ (J'NH) /<JN+1 jN+1)]+jN+l

4.8)
NB-1 W)EJN+LN5_1 [(X - Np-1 (NB—1)2

oQ).

The variance is &gj—ll)z and goes to zero for N — oo. Higher moments of the Gamma
distribution are of the order %O(l). Since the first moment vanishes and the point of expansion

converges to jB uniformly for all j € N as N — oo, we get (the j = O term vanishes as
inf(A) > t; > 0)

0 efin
]\}iianN [th =X, KEA] ,BZ ﬁ](xl,xl)]lA(,B])E
j=1
o0 ebri
=Y ps (xl,xn—h(ﬁj) 4.9)
j=1

Note that the requirement SN N dA = & was necessary for us to expand around fVN—Jfll (for N
large enough) as otherwise the function g(¢) has a jump at jB, j € N, and thus would not be
differentiable.
We turn to the case k > 2 and introduce some notation. Denote p®) the product of the jump
probabilities,
k—1
P® =TT Py @ xj). (4.10)
j=1
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Write the left hand side of (2.12) using Chapman Kolmogorov again as

M [Xl]=x1,...,th=.Xk]
= ZZ/ Pzi)r)(x f)(nA(X)rl =.X1,...,7T/1(X)lk Zxk)
=0 xeA
k) k_l (tm-+1—tm) (11 +1— zk)e (4.11)
=p Z ( PN,T,77+1,Tm) X / (pfftk+tl (xks xl)]P)N %, T1 P ) dt
T g m=1 A
€{0,..,N—1}

o
= P(k)/ (Pt—thrz] (xk,xl)NEDX/)oo )dt
A

As in the case k = 1 we obtain absolute uniform convergence of the series. Similar to the
case k = 1 we now perform a second order Taylor expansion of g(#) around t = % We
obtain that the left hand side of (2.12) converges, as N — oo, to

nip
phB Z La(nB)pjs- ,H,l(xk,xl)e—ﬂ (4.12)
j=0
This finishes the proof of (2.12) in Theorem 2.5 for independent space—time random walks
who are strongly asymptotically independent space—time random walks.

We now turn to proof of statement (2.12) for general strongly asymptotically independent
space—time random walks with generator Gy = Qy-+Ex and probability ﬁ’(x,f). Denote My the
projected space—time loop measure induced by Gy. We shall estimate the difference between
My and My, where My is the projected loop measure for the independent space—time random
walk with generator Q. Similar to the previous part of the proof, we can find for any € > 0
a parameter M > 0 such that, independent of N, we obtain

My[l > M]+ Myl > M] < €

Abbreviate form = 1,...,k — 1, x;y, Xur1 € A, Ty, Tur1 € Ty and 1, < 41,
p(m) = e(fm+l*fm)QN(xm’ Tos Xmils Tme1)  and “.13)
(m) = Umt1=tm)GN (-xm, Tms Xm+1, Tm+l)' '
For m = k define
e'H
p(k) == / Te(’_’k+’1>QN(xk, T, X1, 71)dt (4.14)
A
and g(k) analogously. We estimate, setting 74+ = 71,
|MN[Xt1 =X1,...,X,k =)Ck,£ EA]—MN[th =X1,...,X,k =Xk,£ EA]'
‘ Z (]_[ r(U) — 1_[8(]))’
E{(T)IN—I

:‘ Z Z(]‘[pm)(g(m) p(m»(l_[ 8(1))‘

<<<<< Tk mlJl
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k N—1
=Y > |gmy—pm)| Y] (]_[ P(]))( ]_[ p(j))
m=1 Ty, Typ1=1 T T \MTm Ty g1} Jj=m+1
€{0,....N—1}
k—1 N-—1 N-—1
=2 e — gem)| Y Peyo(Xs, = G, 7)) |
m=1 1T, 7p41=1 =0
ol (4.15)
dt (== Pioponme Xt = 01, 00) | +Re
AN(0,M] t
k—1
< CY elmrTmON (x, xyg) — el TGN (xx ) X
m=1

x  max Py o) (Xy, = (o, Tn)) + Ry,
0, N—1

where the integral has been absorbed in the constant C, and where, by the Chapman—
Kolmogorov equations the error term Ry is given by

em
Ry = / S ||e TN (3, xp) — e TRTIION (x| dir. (4.16)
An©o,m) T

Here, @xl,r is the distribution of the strongly asymptotically independent space—time random
walk with initial state (x;, 7). We have also used the notation ¢’ (x, y) for the Ty x Ty matrix
e'%(x, y)t,0) = e'?(x, 1,y,0) for 1,0 € Ty. To bound the difference of the two matrix
exponentials in (4.15) and (4.16), we use the basic inequality

”eX _ eXJrYH1 < ||Y||]eHX”1€HY”l, 4.17)

for two matrices X and Y. In fact, this inequality holds for every sub-multiplicative matrix
norm. A bound for norm of the Ty x Ty matrix Qy(x, y) is given by

[ONG, M < ANWINBTY, x,yeA (4.18)

Combining the above bounds with Egs. (4.15) and (2.9) we conclude with the statement (2.12)
for strongly asymptotically independent space—time random walks. This finishes Step 1 of our
proof.

Step 2:

We turn to the proof of the weak convergence of the projected loop measure towards the
Bosonic loop measure in the limit N — oo. The strategy here is to consider loops whose length
is bounded away from zero such that the loop measure becomes a finite measure (see [29]) as
our graph is finite and the integral is bounded as well, e.g., for y > 0,

vl >yl < Z/ (F)NIPX,{OOdt — >

xeA ]>1 jB>v

e Bin

Pﬂf (D) < 0.

We conclude with the weak convergence once we combine Step 1, the above reasoning and
the tightness to show below in Step 3.

Step 3:

We are left to show tightness for the sequences My and MN To start with My, fix a
sequence (7,;)men Of positive numbers with r,, 1 +o00 as m — oo with r,, # Bn for all
n € N. According to [6] it suffices to show that for all ¢ > 0 and all m € N we have

limlimsup My [d,(m, §) > €] = 0, (4.19)
0 Nooo
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where

d, (m,8) =inf max sup |w(r) — w(s)|, (4.20)
i} I<i=vy sey )

and where {1;} = {0 =1) < -+ <1, = r; [t; —ti-1] > 8§ > 0; v € N} is the collection of all
ordered finite subsets of (0, co). The spatial jump rates A, are finite, bounded from below and
above, and thus (4.19) holds for the projected loop measure My of the independent space—time
random walk as the jumps on the torus are disregarded because of the projection. For My we
note that there are three types of jumps on the space—time graph: jumps (x,7) — (x,7 + 1)
with rate Ng~! +0(e’N2), jumps (x, t) — (y, t) with rate 0(1)+0(6’N2) and all other jumps
with rate o(e ™V 2). The first type of jumps can be neglected for our purpose as they cannot be
detected under the projection. For all the remaining possible jumps, we can estimate their jump
rates by |A]O(1) + |A|(N + Do(e™V 2). Therefore, all rates remain bounded for M N as well,
and thus the tightness continues to hold in that case. [

Proof of Theorem 2.7. As in the previous proof, we begin by showing our statements
(a)—(c) for the independent space—time random walk first. Using the independence of the spatial
coordinate X;l) and the torus coordinate X;z), it is straightforward to verify that

WFDI= Y Y / < Ey [ ZLM ) )L X = e, oy

xeA =0
N—-1

-3 [V [ P b, a1 )

xeA j=0

— (x,0), wind = j} ] dr

=23 [N [ F((L), ) 0 = 0.wind =

xeA j=0
4.21)

where the random variable wind is the winding number of the torus coordinate X ,(2), i.e., the
number of times that X ,(2) surrounds the torus, and where IP’%)’O is the probability with respect
to the torus coordinate X ;2) with start at 0 € T . The right hand side of (4.21) can be split into
the term with j = 0, which means that there is no torus jump, and the term with the sum over
all j > 1. We first show that the latter term converges to the Bosonic loop measure. This can
be seen as follows. The NIP’E\’,),O(X?) =0,wind = j) = NP%{O,O(Wind = j) can be rewritten
as the density of a Gamma distributed random variable X with mean ?, analogous to the
proof of Theorem 2.5. Hence, for each x € A and every j € Ny, we write the integral with
respect to ¢ as

¥ )
ﬁEjNvLI,N/S*l [T]EX,X[F((LX)XEA)]]'

Since the variance of X converges to zero, we have that X — Bj as N — oo in L%, which
in turn implies that the Gamma distribution converges (in distribution) to the delta measure
8. Using our arguments for the convergence of the series in the proof of Theorem 2.5, we
conclude for loops with lengths Bj, j € N, with the statement (a) without the second term on
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the right hand side of (2.15). We shall now incorporate the missing term on the right hand side
of (2.15).

For the term with j = 0, for each x € A denote ¢, = ¢4y, i.e., the vector with ¢ on the xth
position. Also, recall that (d,),c4 are the diagonal elements of the spatial generator matrix Q.
Then, for each x € A, we have (using the assumptions on F),

00 Lt
/ : —NE[F ((LX)xeA)]]P%),o(XEZ) =0, wind = 0)ds

=B / ) i(ﬁ Ny TN (F (e

4+ - ’d*)]Ei’L[F (L+)yen 1{at least one jump}] ) d (4.22)
=B / ” (B INYe N (39, F)(0)e'™ + o(1)) dt
Nj;oﬁ(axF)(oy

For the last step we use the fact that (8~'N)e~® 'V is the density of an exponentially
distributed random variable Xy with expectation 8/N. As its variance is (8/N)? is converging
to zero for N — oo, we get that Xy — &9 as N — oco. We conclude with statement (a) for the
independent space—time random walk. We show (a) for the other cases below after showing
(b) and (c) for the independent space—time random walk.

(b) For the independent space—time random walk we can insert indicators in (4.21) and
(4.22) to obtain the limits (2.17) for the splitting of the local times. In (4.21), for the part with
wind > 1, we insert an indicator for the spatial component to be genuine loop or point loop.
As wind > 1, we only have genuine torus jumps as to get around the torus once requires N
jumps. In (4.22) it follows easily that no torus jump but a jump on A has no local time, in the
limit. The derivative term appears for the remaining case as shown above.

(c) We prove the convergence of the occupation field in law by comparing Laplace
transforms and using the previous result. We have by Campbell’s formula

Evle %] = exp{—f (1 —e "NdMy}, v e [0, 00)", (4.23)
r

and using (a) with F(L) := 1 —e®1),

Jim expl [ (1= V)aMn} = exp{=pto, ) = [ (1= P)a], |
— BB [eEHR), (4.24)

we conclude with (c) for the independent space—time random walk.

We now prove that all statements (a)—(c) hold for general weakly asymptotically independent
space—time random walks with generators Gy = Oy + E. We begin with the occupation field
L to prove (c) first and compute Laplace transforms. We then rewrite for v € [0, o0)” (denoting
E ~ the Poisson process with intensity measure M ~ given by the space—time random walk with
generator Gy),

Exle 91 = exp|—My[1 = ] = (B[l — e H] = My[1 = ")}, @.25)
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Let vy € [0, oo)AXTN be defined by vy(x, T) = v(x), x € A such that (v, wA(L)) = (vy, L).
Hence,

eXP[—JVIN[I - e_(”‘”]} = exp{—MAxTN[l - e‘<”N’L>]}

N=1 roo tu
==Y fo 67 (v —eshe)ar} 26)

xeA =0
. det(Gy + Vy + ul)
- det(Gy + ul)
where gj (x, T) (respectively gy(x, 7)) is the eigenvalue indexed by (x,7) of the matrix
Gy + Vi (respectively, G ) with Vy being the matrix with vy on the diagonal. The last step
in the equation above follows analogously to the proof of the second half of Proposition 2.1.
We shall use the following well known perturbative bound [19] for matrices A, E € R™*"

)

| det(A + E) — det(A)] < Y sl E|}. (4.27)
i=1
where for o) > --- > 0, > 0 being the singular values of the matrix A we define
Se= Y. ooy (4.28)
1<iy<--<ig<m

and so = 1. We used || E||> to denote the largest singular value of E or equivalently the largest

eigenvalue of v EE*.
One can now bound, setting m = |A|N,

|det(Qn + ul + En) — det(Qn + D)l <Y suill Enllh. (4.29)
i=1
Using the Gershgorin circle theorem [17], we can estimate
M\ 5k -1 k _
s < L 2°A+NBT —w), k=0,1,....m—1, (4.30)

where A := max,c4 A,. Thus, by the Binomial theorem and || Ey ||, small
27" det(Qn + 1 + En) — det(Qn + p)
< (A NB =i+ 1Y) = Gt NET = ) (431)
< O+ NB™" = " Enll2
We thus conclude that if the norm || Ey ||, satisfies the following estimate for all & > 0,
1Exl = o (a +257'8) ), (4.32)

the difference between the determinants converges to zero. By the bound (4.32) for all weakly
asymptotically independent space—time random walks with (2.10), using the Gershgorin circle
theorem, we obtain that

|det(Qn + pul + Vy + Ey) —det(Qy + pd + Vy)| —> 0 as N — oo. (4.33)

Note that we used the bound ||E||; < ||E|;. The convergence of the determinants implies the
convergence of the Laplace transforms of the space—time Poisson processes to the Poisson pro-
cess with intensity measure M ﬁ’ ..p- This shows (c) for the weakly asymptotically independent
space—time random walk.
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We are now proving part (a) and () for the weakly asymptotically independent case. Using
the convergence of the Laplace transforms of the Poisson process, the convergence of the
local distributions under My can be seen as follows. As the intensity measure My is not
finite it is difficult to relate the occupation field and the local time vector, i.e., to benefit
from the convergence in (c). Our strategy here is to distinguish between genuine and point
loops respectively, followed by an extension to complex-valued functions taking advantage of
analyticity properties. Let J be the number of jumps within a loop, i.e.,

JX) =#{t: X, # li{nXs}.

The loop measure for at least one jump is

Maxry puld > 0] = Z Z / P{, +).(x.r) ({at least one jump until time ¢}) dr.
xeA =0

(4.34)
Let us thus first consider the distribution of Zf’:_ol L, ;) under the finite measure
Mooy = Maxty . (-1{J > 0}) oy (4.35)

Slmllar to the above, we can show again with (4.32) that the distribution of the occupation field
Z L(x ) under the Poisson process P AxTy» M With intensity measure M>0 N converges,

Paxtypomy ol — P po0L as N — oo. (4.36)

If we want to deduce from the convergence of the occupation field the convergence of the local
time, we need to use a trick. For z € C consider now the “complexified” measure Poisson point
process with expectation E: AxTy defined as

Ax'JI‘N[ ((ZL(X r)) )1{.] > O}]
_7M>0N[F]Z ( >0N)®’1[F<( n N— ]L(x (@) ) » )1{] > O}:|1

i=1 =0

~

4.37)

where ; is a space—time loop. For all z € C N (0, 0o) the convergence of E- AxTy 1O Eﬁ’jg has
been established in Eq. (4.36). For fixed F (bounded and continuous) the above representation
is analytic in z and, by the triangle inequality, bounded uniformly in N on compact subsets of
C. Thus, as we have convergence of the sum in (4.37), the individual coefficients converge as
well,

n N-1

i (#o) [P (3 fann) 117 = 0]

i=1 z; . (4.38)
- (2,) A o) )]

Now what remains is to show that for the measure

Mon = Masry . (-1{J =0}) o 7", (4.39)
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we have that for every F differentiable at 0 and F(0) =0

lim Mo y[F] = ﬁg F(0). (4.40)

This can be shown as follows. Denote d(x, 7) the diagonal elements of the generator G . We
compute

M() N F] Z Z/ td(x T)F(t )dt Z/ —F(t )NeftNﬂ 7o(l)tdt

xeA =0 xeA
(4.41)

We obtain the statement by the similar reasoning as in Eq. (4.22) for the independent
space—time random walk. [

Proof of Proposition 2.8. We only sketch the proof of the Markovian case, the Bosonic one
follows analogously. The independence follows from Campbell’s formula: Since the Laplace
transform of the sum of the two Poisson point processes is the exponential of the sum of two
integrals with respect to the intensity measures, the result can be factorised. To calculate the
distribution of the point loops one makes the observation

oo
Z/ (1- e_(“’L>) p P, ({no jump up to time })dz
0

o) e—t(—d(x)—u)
-y / (1—eon S g (4.42)
0

t

From then on, one can proceed as in the proof of Proposition 2.1. [

Proof of Example 2.9. We show that our convergence results in the torus limit N — oo fail
to hold (Theorems 2.5 and 2.7) when the space—time random walk has equal rates for going up
or down along the “time” torus Ty. An easy computation shows that symmetric rates along the
torus imply that in the equation after (4.6) the factor IP’X,)’O’O is replaced by its square (P%{O.O)Z,
as we can circle around the torus in two different directions. It follows from the previous proofs
that for all + > 0 the convergence of P%),o,o — 0 is uniform in ¢ at least of order square-root in
N. Actually, for finite ¢ the term vanishes exponentially in N. Therefore all finite dimensional
distributions vanish in the torus limit and thus the limiting procedure does not establish a loop
measure for the projected space—time process. [

Proof of Theorem 2.10. The spatial projection of the given Bosonic walk is denoted My. We
abbreviate f (1) = 14(¢). In the definition of the projected loop measure My, we replace e*' /t
by f(¢) (and we can later employ an approximation scheme) as that factor does not change
the support property of the loop measure in the torus limit. We only need to consider paths
which wind around the torus once as all other paths can be written as a concatenation of such
paths. Thus we shall estimate the probability that such loops have length in the given set A.
We will then use that result to prove the theorem. Denote d(x, 7) the diagonal elements of the
generator Gy. We calculate the weight of all space—time paths from (x, 7) to (y, ) winding
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around the torus only once:

N=1 oo
> / FOPu (X, = (v, ©), Wwind(Xo,,) = 1ds
=0 0

=

!
2|~
[Nag

-1

> / o / =MD N P(AP(W(2) = s)ds d
0 0

z: (x,7)—>(y,7),

wind(z)=1
1 N-—1 00 ~
= — P(2)E [N / (t)e("x)d(y’”dt]
N 12:(; z: (x,r)X—;(y,r), ) X ! (443)
wind(z)=1

=
L

!
2|~
1

Y, P@ / N Ne’”‘”)lEz[f(r + X)]dt
0

z: (x,7)—>(y,7),

wind(z)=1
Ly Y POE® 0| B[+ X)]
= < _dl —_— ,
N =0 z: (x,7)=>(y,7), p 4.0 —d(y, 'L') ‘
wind(z)=1

where [E, denotes the expectation for the random waiting time W(z) of the given path = z.
EXp_g..r) denotes the expectation with respect to an exponential distribution with parameter
d(x, t) for the random time C. Firstly, assume that 8 € (R\ A)°. Then, for some ¢ > 0 it holds
that

P.(W € A) < P.(IW — 8] > €) < e ’E.[(W — B)°]. (4.44)

Expanding the square and calculating the expectations, and writing

1 N-1
dz = N; Y. P,

z: (x,71)—>(y,7),
wind(z)=1

using the assumptions from Theorem 2.10 and Eqgs. (4.43) together with (4.44), one sees that

dzP,(W € A) =0, (4.45)

lim
N—o0

which was the claim. If 8 € A°, we simply use

/dz]P’Z(W € A)= /dz - /dz]P’Z(W e R\ A), (4.46)
and the apply the same reasoning as above to obtain

lim [ dzP, (W € A) =d,, > 0. (4.47)

N—oo

One can now approximate e*’ /¢t by step functions to conclude the argument.

We now prove the last statement, namely that all weakly and strongly asymptotically
independent space—time random walks are Bosonic random walks. Note, all strongly asymp-
totically independent space—time random walks are also weakly asymptotically independent.
The difficulty to establish that weakly asymptotically independent random walks belong to the
Bosonic loop walk class comes from the fact that the jump rates on A are not uniform. We
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first show (2.21) and (2.22) for the independent space—time random walk with uniform jump
rates. To establish (2.21) we can use the independence to obtain from Eq. (2.20),

A8 \N A k
P@=(1- 555 (wger) Pl plsci . (4.48)

Thus, we write

%NZI > re=(1-5 ) i(N—i_k)([ﬁNﬂl]P)k(x,y), (4.49)

=0 z: (x,0)=> (1) k=0
wind(z)=1

which obviously has a well defined limit

N-1
. 1
Jm = ) P@eO1]
=0 z: (x,1)—>(,7)
wind(z)=1

To check the second condition (2.22), we rewrite it as

g (N:k> ([x n zkvﬂ—l ]P>k(x’ y)[<ﬂ<1_ NI—\{’-,B>_ Nﬂ—lT n x)2+(1v,év—l+fx)2]’

(4.50)

which converges to zero since P*(x, y) decays exponentially in k. If the jump rates are not
uniform consider a path as above. Then

)\, )\fx 1
ZP(Z) plx, Xl)m ''1?7()61#1,y)]\,ﬁq;_'_k)%1
. B ) 4.51)
Nﬂ ! Ji (
< X NGg)
ot en

where the sum is over all paths on the space—time graph which have jumps x = xg — x; —

..Xp—1 — Xx; = y on the lattice. As we now sum over all the different xy, ..., x;, we get
> P@
X5 Xk
k )
Ay Ay N,B_] Ji
= Y P x) e Pt Do Y ]_[(—)
X1 5o Xk N’B + )\x N'B + Axk_] Jordk i=0 Nﬂ + )\'
Jottik=N
pre, \AHNT
)“xk | : (l B N“')‘X[ﬁ)

Ay
> e x) PO, )
Bhx Bhy,
X yeees Xk Nﬂ +)L NIB +Axk L i=0 l_[l 0|:N+)»xll,5 N+)~x,~/3:|

k —Bhy;
c i
- E P, xDAB e plxr—1, Y)BAx_, E T as N — oo,
X[ Xg i=0 HQ;‘] [ﬂ)‘m - /3)‘)61]

(4.52)

where we have used Theorem 3.2 from [13] (or simply using partial fraction decomposition).
If not all A, ’s are distinct, the above formulae hold in their canonical extension. Similarly,
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we show that the second condition is satisfied, i.e., the analogue of Eq. (4.50) converges to
zero. To conclude the proof, we show that every path generated by weights which are zero for
the independent case but that do not vanish for the perturbed case have exponentially small
contributions. Fix some € > 0. In the expression (2.21) paths can, a priori, have a length of
N + k with k > —N. As we assume that «(x) — u > O for at least one x € A, we can choose
some M € N such that paths with length greater than N + M have weight less than €. We thus
restrict ourselves to paths of length smaller than N + M.

Given a path of length A + B < N + M, we can decompose it into A jumps along edges
(zi, zi+1) for which Qy(z;, zi+1) > 0 and B jumps for which the Qy entries are zero. Fixing
the A part of the path, there are less than (|A|N)A8 < (JA|N)NVB+*MB paths with B jumps. Each
of these paths has a weight dominated by N ~2V118_ Summing over all B, we can see that the
contribution from all perturbed paths vanishes. Similarly, given a path for which B = 0, we
write the weight of each jump as Q + O(N~24IV). Expanding the product, we again see that
the contributions are negligible. As € was arbitrary, the result follows. [

Proof of Example 2.11. The probability density of the space—time random walk with periodic
boundary conditions is

er el 1 (tﬁ N)Nk-'—r T
A CNUS IR NZ ey LGP
= ]E[PSN“(x, y)1{Sy =7 mod N}], (4.53)

x,y € Ay, T € Ty, where Sy is Poisson distributed with parameter f~! N. Furthermore,
E[PSN”(x, Y)I1{Sy =7 mod N}] = n(ME[1{Sy =t mod N}]
+ E[(P¥*(x, y) — 7 (y)1{Sy = = mod N}].

The assumptions for the spatial component ensure that there is a ¢ > 0 such that for all x, y
and N large enough,

|PN(x, y) —m(y)] <e M (4.54)
Therefore,
PP (x,0,y, 1) = w (P, + Oe™M) (4.55)

as
E[(P*V*T(x, y) — 71 (y)1{Sy = T mod N}]
<E[|P¥(x,y) —n(y)|] < E[e V] < eV,

From then on, the result follows repeating the steps in the proof of Theorem 2.5. [
4.2. Isomorphism theorems

The key identity to the proof of Theorem 2.15 is stated as a separate lemma due to its
importance.

Lemma 4.1. Assume that k(x) — pu > 0 for at least one x € A. Let v € [0, oo)g. Then
det 1
Eglu[e—(v,L)] — (Q + 2 ) ,
det(Q +ul =V)
where V = diag (v) denotes the diagonal matrix with v on the diagonal.

(4.56)
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Proof of Lemma 4.1. We use Campbell’s formula to rewrite the left-hand side of (4.56) as

Eg,,t[e*v-“] - exp{— /F<1 - e*“*“)dMg,,t}. (4.57)

With the help of the Feynman—Kac formula one can now write

00 Ati
/F<1 — e_(”’L))dMg,u = ;/(; eT<etQ(x, x) — '@ Vx, x))dt

(4.58)
00 olit
_ / —(Tr[e’Q] - Tr[e“Q*V)])dr.

0

1
One then uses
el 07 — Hg(x)+m) 4
e'*Trle'?] e ) (4.59)
xeG

where g(x) is the x’th eigenvector of Q, analogously ¢"(x) for Q — V. Hence, using again a
version (4.3),

—/ (1—e—<v»L>)dMg,M - Zlog(m) =10g< det(Q + nl) ) O (4.60)
r xegG

q'(x) + u det(Q +ul —V)

The Laplace transform of the Bosonic Loop measure is computed as follows.

Lemma 4.2. For v € [0, 00)¢ we have that

det(l _ eﬂ(Q-HU))

£s [e-<u,a>] _ . (4.61)
Gl det(1 — epeu1-v))

Proof. One expands the expectation analogously to the Markovian case and uses the Campbells
formula again to calculate the expectation. Using the Feynman—Kac formula one calculates the
expectation of the local time and then uses the reasoning from the proof of Proposition 2.1. [

We now turn to the proof of the Isomorphism theorems.
Proof of Theorem 2.15. (a) Our assumptions ensure that C = A~! and thus A has a positive
Hermitian part, henceforth 4 is the complex Gaussian measure on C9. We shall compute
Laplace transforms separately on both sides of Eq. (2.27) , that is, for the measure 4 and for
the Poisson measure Pg ,. For that, let
v € RY .= inf {EA[e_<¢’V¢)] < oo},
veRY
where V = diag (v) denotes the diagonal matrix with entries v and where we order the fields
component-wise. Gaussian calculus thus ensures that the Laplace transform for the measure
K4 is given

- Z det 1
EA[C*@,V(I))] — AtV = et(Q + ul) forall V > V,.
Za det(Q +ul —V)

In fact, we can set v9 = 0 here as the occupation field assumes only positive values. The
Laplace-transform for the Poisson measure Pg , has been calculated in Lemma 4.1,

—(u,L)] _ det(Q + nl) (4.62)

Cdet(Q +ul — V)

Eg,,‘[e
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Hence, the Laplace transforms for both measures agree. The family of functions ¢ > e~ for
v € [0, 00)” is a point separating family. Having shown that for such functions, the expectation
of the square of the field equals the expectation of the occupation field, the two measures agree.
As the Poisson point measure is a probability measure, the square of the complex Gaussian
field is governed by a probability measure as well.

(b) We now prove the second identity of Theorem 2.15. Define the complex “density” fr
(Radon-Nikodym derivative) by

Fol@®) = ——em @459, (4.63)
Zs

where AS is the skew Hermitian part of A and Zg = g%g.

function F: C9 — C,

Then, for any bounded measurable

EalF()] =Ez [fc(@)F(@)].

Note that as A is Hermitian, the resulting measure w7 on CY is a probability measure. This
allows, for any sub-o algebra F on C9 to define the “conditional expectation”

EA[F (@) F1(@) = Ex[ fc(9) F(P)IF1(P). (4.64)

Note that this implies the tower property for the conditional expectation.
Using that conditional expectation is integration with respect to the regular conditional
probability, we can apply this to the sigma algebra F| generated by ¢ — |¢] to get

EA[F($)|F (@) = f fe(@F(@)uzle € dp|F ()
= / fe(@F()uzle € dpllpl = 1,

é € [0, 00)9, where uile € dollol = @] denotes the regular conditional probability kernel
associated to F|. We can compute u3[¢p € do||¢| = @], since, by parametrising CY using
polar coordinates, the joint density of (9, |¢|) is given by

1 o
M;({(@, ) € A}) = Z /;g 00 1400, |¢|)e—<|¢\9,AI¢\9) [l_[ dwx(g)][l_[ d|¢(x)|],
’ xeg xeG
=dS¢g

(4.65)

for some event 4, where d|¢(x)| is integration with respect to the Lebesgue measure on [0, 0o)
and w, is the surface measure on the unit sphere S = {z € C: |z| = 1}. By Bayes Theorem,
the density of the conditional probability is

o~ (#0.460)

J e 00:380dSg(0)

nile € doligl = ¢1 =
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where we have implicitly identified ¢ = 6¢. We now apply (a) to the square 52 =
( &x\/gx)xeg, and obtain
EAlF ()] = E4[B4[F($)|F]] = Ez[Ez[ fe(@) F ()| F]]
= Ex[f feOVTYFOVLyeVEEAVED 455(9)].

1 _

—E; H— /F(@«/Z)e*ﬁﬁf‘ﬁ%sg(e) .
A[Zsfe*(*/z"vA‘/Zmng(G) ]

(¢) To prove the identity for non-symmetric matrices A, we follow [10]. Let us split A into

its symmetric (or Hermitian) A and skew-symmetric (skew Hermitian) part AS, namely define

A(z) = nl + A+zAS, z eC. (4.66)

Our goal is to show that the identity (4.66) holds for z = 1 as this gives us back A. From
the previous computation we know (4.66) holds for z = 0. We shall show the identity (4.66)
for purely imaginary z = ri with 0 < r < € for some ¢ > 0 sufficiently small. However, for
such z’s the generator would be Hermitian but also complex valued. We thus need to examine
whether the previous results carry over to the complex case. We use the same notation as in
the non-complex case.

One can define the complex valued measure P, and its associated semigroup S(¢) through
its transition density

pi(x,y) = e @, y), (4.67)

and expanding this to all cylinder sets on the Skorohod space Dg and using this density
to obtain a measure on the full space Dg. Note that this is no longer a Markov-semigroup
(as positivity preservation is lost) but for e sufficiently small it still establishes a uniformly
continuous Cy semigroup. In particular 9,5(¢) = —A(2)S() = —S(#)A(2).

To show that the distribution of (d;xqu)xeg agrees with the one of (£,),cg we only used
two probabilistic tools: Campbell’s formula and the Feynman—Kac formula. As the proof of
Campbell’s formula does not use the fact that the intensity measure is positive, one can transfer
it to the complex setting.

For v € C9 with ||v|| (V = diag (v) denotes the diagonal matrix with entries v) sufficiently
small, the Feynman—Kac formula allows to define the Feynman—Kac semi-group FKy(¢) as

FRy (0)f (x) = B[ f(X)e™ B Vo9 ], (4.68)
has derivative 9,FKy(¢) = (—A(z) + V)FKy(¢) and thus
FKy (1) f(x) = e/ TA@TY) £(x), (4.69)

The finiteness of M4, [1 — e’“’*“] is still given as A(z) remains to have positive eigenvalues.
The span of the family
e=@BP. 4 > 0vx e G, (4.70)
is a point separating family (over [0, 00)9), and by the Stone—Weierstrass Theorem it suffices
to compare measures on this class. By the previous result for € > 0 sufficiently small
det(A(z) — ul)

]E _<v’|¢‘2) :E - —(v.L) = . 471
acle 1= Fawgle ] det(A(z) — ul + V) 7
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Using that both sides are meromorphic in z (this is due to the definition of the determinants,
see [10]), one can extend the result to the whole complex plane and in particular to the desired
case z = 1.

Note that for z imaginary and small, both sides are probability measures, despite the matrix
A(z) being complex, this is due to the fact that A(z) is Hermitian. For probability measures
one can use the standard theory of conditional expectations to verify the isomorphism equation
in (b) above. Then one chooses a point separating family over CY9 to show analyticity in z.
Here, the polynomials P(¢) = (]_[l ¢(x,«)) (]_[ j ¢(_y,)) are suitable, and their analyticity follows
from the calculations performed in [10]. Via the given density we extend the result to all F
measurable and bounded, i.e.,

1 _
[ \a— {0V L, AN LO)
EAlF(9)] = Eg,u [f o (0VZ.AVED) © / FO~L)e ng(G)]. 4.72)

As a by-product of this proof, we get that the previous identities hold for complex weighted

loops in the above fashion. [

Proof of Proposition 2.17. We set § = 1, as the other values of 8 can be handled by change
of variables, and let u < 0. Note that by combining Dynkin’s Isomorphism theorem and Le
Jan’s Isomorphism (Theorem 2.15) we have the new isomorphism theorem

ElS! ® Eg ulJ (L + L) = Eal,,J (1$1")],
for any bounded and continuous J: [0, oo)g — R. “4.73)

We can now equate

_ 1 _
Ealp 0] = 7 [ZAEA [¢.:0,7(1919)]]

Za
Zag

(4.74)

ES' @ EgulJ(L+ L.

The denominator is computed analogously. For higher moments, one notes that Dynkin’s
Isomorphism theorem holds not only for two point correlations but can be extended to arbitrary
k-point correlations. [

Proof of Theorem 2.19. (a) (i) This can actually be done similarly to the proof of Theorem 2.7,
that is, first by proving the statements for the independent space—time random walk with
generator Gy = Qy (see Definition 2.3), and in a second step to extend all statements to
generators Gy of weakly asymptotically independent space—time random walks. However,
there is one difference: we cease to have the factor } in the definition of the bridge measure
which causes a divergence at zero. We obtain as in (4.21),

0 00
ELPIF(L =) f P NEPD[ F((L)ee ) [PEY(X = 0, wind = j)dbr,
xeA j=0 0

and it is straightforward to see that the part with winding numbers wind > 1 does converge to
the Bosonic path measure (in fact due to the missing singularity the proof here is easier than
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the one in Theorem 2.7). The term with wind = 0 follows as
o0
/ eﬁ“’Ne_’N<F(tx)e’d"5(x, »+1 - e’d‘)Ei”i;,)[F(L)]l{at least one jump}])
0

=Ey [eﬂX<F(X)ede5(x, V) + (1 — ede)Ei/f;()[F(L)Il{at least one jump}])]
—> F(0)3(x,y) as N — oo,

where Ey is expectation with respect to an exponentially distributed random variable with
expectation 1/N.
(ii) Clearly, Theorem 2.7 implies that

Jim En[J(O)] =EJ , 5[/ (£ + B)].

This implies (2.40) using Theorem 3.1. To see that this stems from Symanzik’s formula
(Proposition 2.17) in the space—time setting, we sum Eq. (2.37) over all possible torus points
and note that J(L + £) = J(pA(L + L)), ie.,

N-1

ZEAN,J[a(x,r)qs(y 1) Z Evrn ol J(L)]]Eé;ﬁf) v ® Eaxry.u[JL + L)]
xTy,

=0
x,,C’,N ® En[F(L + £)]
En[F(L)]
(b) This follows easily from (a). The constant background field 8 drops out due to the
linearity of the interaction. [J

Proof of Theorem 2.21. (a) The statements in Proposition 2.1 carry over as the finiteness of
the graph is not used in the proof. (b) and (c) follow by taking advantage of the convergence in
the transient regime ford > 3 and u < 0Oord > 1 and u < 0. For (c) we require the support of
the functional F to be compact to ensure finiteness when passing to the thermodynamic limit.
(d) In Theorem 2.7 we only consider point loops. For any finite v € [0, oo)Zd with v(x) =0
outside some finite set A, their distribution is identical with the distribution of the point loops
under the loop measure M, , or the Bosonic loop measure M ﬁ’ .p> as these point loops do
not leave the set A. As the Poisson process of loops forms a consistent family of measure in
the sense of Kolmogorov’s extension theorem (see [29]), the class of such v is sufficient. With
(4.42) we conclude with the statement.

(e) We sketch the proof for extension to Z? of the statement in (a) of Theorem 2.15.
Statement (b) is included in (a) as the generators are symmetric, and (c) can be obtained using
characteristic functions instead of Laplace transforms. We are using Laplace transforms for all
distributions of |¢|> = (@, ¢)xen in (a). We denote co(Z?) the set of all vectors v in RZ’ such
that all but finitely many coordinates are zero. Define the set

{fox) =e "% v e cy(Z and 0 < v(x) < oo for all x € Z9}, 4.75)

of functions on Z<. This set is a point-separating family stable under multiplication and
including the constant function for continuous and bounded functions from [0, oo)Zd to R.
We apply the one point compactification to enlarge the space to [0, oo]Zd which is compact by
Tychonoff’s theorem. We set for g: [0, o0) — R,

g(o0) = tlim g(1), (4.76)
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. . . . d . L
and continue this component wise to functions from [0, 00)Z", requiring that the limit is well
defined. By the Stone—Weierstrass theorem, it suffices to check that all Laplace transforms,
i.e. expectations of (f,) for any v € co(Z?), of two measures agree to conclude that they

coincide. We compute (recall that Ay, = —Q4 with Q4 — ul, being the generator of the
random walk on A and that V is the diagonal matrix with entries v(x))
6.V det(A 1) TN _
E Vel = 27 —det(I,+ A;'V) ! =det(1,4+ GLV)!, 477
AA[e ] det(A, + V) et(1y + A ) et(ls + A ) ( )
where the Green function is defined as
Gh(x,y)= /O e pi(x,y)dr, x,ye A (4.78)

Ford > 1and u < 0, or ford > 3 and u < 0, the Green function is finite (transient). Therefore
the limit of the determinants exists as a Fredholm determinant, and using (4.1) implies

; —(. Vo) — w1 L) _ 1 —(v,L)
/hl;d Eu,le | = det(150 + G,V = Eza,.[e ]= /ﬂrgd Eaple ],

(4.79)

and thus both distributions agree. We are using that the distribution P4, o £=! converges to
the distribution Pzs , o £~ with respect to the topology of local convergence, which can be
obtained from the convergence of the intensity measure M, ,. Note that we did not introduce
a different notation for the infinite vector v when restricted to a finite A. O
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