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Abstract. We study large deviations principles for N random processes on the lattice 74 with finite time horizon [0, B] under
a symmetrised measure where all initial and terminal points are uniformly averaged over random permutations. That is, given a
permutation o of N elements and a vector (xg,...,xy) of N initial points we let the random processes terminate in the points
(X (1) - - -» X () and then sum over all possible permutations and initial points, weighted with an initial distribution. We prove
level-two large deviations principles for the mean of empirical path measures, for the mean of paths and for the mean of occupation
local times under this symmetrised measure. The symmetrised measure cannot be written as a product of single random process
distributions. We show a couple of important applications of these results in quantum statistical mechanics using the Feynman—
Kac formulae representing traces of certain trace class operators. In particular we prove a non-commutative Varadhan lemma for
quantum spin systems with Bose—Einstein statistics and mean field interactions.

A special case of our large deviations principle for the mean of occupation local times of N simple random walks has the
Donsker—Varadhan rate function as the rate function for the limit N — oo but for finite time S. We give an interpretation in
quantum statistical mechanics for this surprising result.

Résumé. Nous étudions les principes de grandes déviations pour N processus aléatoires sur réseaux 74 pour des temps [0, ] finis
et sous la condition que la mesure correspondante soit symétrisée, c’est-a-dire que tous les points initiaux et finaux soient unifor-
mément moyennés par rapport aux perturbations aléatoires. Plus précisément, cela signifie que, pour toute permutation o de N é1¢é-
ments et pour tout vecteur (x1, ..., xy) de N points initiaux, le processus aléatoire peut se terminer aux points (Xs(1)s - - - » Xg (N))
et nous sommons donc ensuite sur toutes les permutations possibles ainsi que sur tous les points initiaux avec, pour poids res-
pectif, une distribution initiale. Nous démontrons le principe de grandes déviations de niveau deux pour la valeur moyenne de la
mesure des chemins empiriques, pour la valeur moyenne des chemins, ainsi que pour la valeur moyenne de la mesure empirique
sur I’espace des chemins via la mesure symétrisée. Nous donnons également quelques applications de ces résultats en mécanique
statistique quantique via la formule de Feynman—Kac représentant la trace de certains opérateurs. En particulier, nous montrons
un lemme de Varadhan non commutatif pour des syst émes de spins quantiques définis via la statistique de Bose—FEinstein et avec
une interaction de champ moyen. Un cas spécial de notre principe de grandes déviations pour la valeur moyenne des temps locaux
d’occupation de N marches aléatoires montre que la fonction de taux est celle de Donsker—Varadhan dans la limite N — oo mais
pour un temps B fini. Nous donnons une interprétation en mécanique statistique quantique de ce résultat surprenant.
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1. Introduction

Consider N random processes in continuous time on the lattice Z¢ with an initial distribution given by a probability
measure m € P(Z4), where PB(Z¢) denotes the set of probability measures on Z<. We fix the time horizon as [0, 8].
In this paper we study large deviations for different functionals of the N random processes for large N under the
symmetrised distribution

N
ng,ym)=% oYY Qmeanrt (1.1)

"0eGyxezd  xyezd i=l1
Here Gy is the set of all permutations of N elements and the measure ]P)fivxa(i) is defined for any o € Gy and
X; € 74,1 <i < N, as the conditional probability measure for the ith random process starting at x; with terminal
location x4 (;).

Thus, in (1.1) we have two mechanisms. First we draw uniformly a permutation from the set of all permutations
of N elements, and then we pick N initial points which are permuted according to the chosen permutation to obtain
N terminal points. These N initial and terminal points determine N random processes which are averaged over
all permutations and all initial points weighted by the given initial distribution m. We prove three level-two large
deviations principles for the symmetrised distribution ]P’Sym). The symmetrised measure ]P’Sym) itself is of interest for
the following reasons.

The symmetrisation in (1.1) is described by the set of N pairs (x1,...,Xn; Xg(1) - - . » Xo (7)) fOr any permutation
o € Gy and any x € Z¢. The mixing procedure for the second entry in these pairs has been studied in [14] and [29],
which were both motivated by asymptotic questions about exchangeable vectors of random variables. [14] is a study
of large deviations for the empirical measures % Z,N: 1 Oy;, where Y1, ..., Yy areii.d. with distribution f o u(do) PI(\,Q)
for some distribution © on some compact space @, and the empirical measures are assumed to satisfy a large devi-
ations principle under PI(\,Q) for each 6. In [29], a similar problem is studied: given a sequence of random vectors
(YI(N), e, YIE,N)) such that the empirical measures % ZIN= 1 8, satisfy a large deviation principle, another principle

is established for the process of empirical measures % ZZUZA{J 8y, where

1
(X XY = S ().
UEGN

Here (X l.(N))lfiS n 1s an array of finite exchangeable random variables.

Our second main motivation for studying the symmetrised distribution ngm) stems from the application of
Feynman-Kac formulae to expressing thermodynamic functions in quantum statistical mechanics. These thermo-
dynamic functions are given as traces over exponentials of the Hamilton operator describing the quantum system.
There exist two kinds of elementary particles in nature, fermions and bosons. The state of a system of N bosons is
described by a symmetrisation procedure like in (1.1), whereas the state for fermions is given with the corresponding
anti-symmetrisation procedure. Thus one is lead to employ large deviations technique to study the large N-limit for
expectations with respect to the symmetrised distribution. We apply our main large deviation results in Section 2.2
and Section 2.3 to systems of bosons in quantum statistical mechanics.

We derive large deviations principles under the symmetrised distribution Pﬁym) for the empirical path measure
Ly, for the mean path Yy and for the mean of occupation measures Zy, all defined as functions of the N random
paths g“), ,f;'(N) [0, B1 — 74, which are elements of the space Dg = D([0, BI; Zd) of functions w: [0, 8] — 74,
which are right-continuous with left limits. The empirical path measures

1 N
Ly = D 50

i=1
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are random elements in the set B(Dg) of probability measures on Dg, the mean path

N

S NI

i=1

is a random element in Dg([0, B]; R?) whereas the mean of the normalised occupation local times

1 N
— (@)
ZN_N Ellﬂ ,
i=

is a random probability measure on Z?, where the normalised occupation local times are defined as
. 1 8
@Dy = ) . d
lﬂ (Z)_ﬁ,/(‘) jl{_;m:z}ds’ l—l,...,N,ZEZ,

which represent the fraction of the time the ith random process spends in the state z up to time S.

Our large-deviation rate functions for the three principles are explicit in terms of variational problems involving
an entropy term (describing the large deviations of the permutations) and a certain Legendre transform (describing
the large deviations of Ly, Yy and Zy, respectively, for a fixed permutation). These two parts in the variational
formula for the rate function are due to the level-two large deviations, which has something in common with the
multilevel large deviations studied in [9]. We draw a number of conclusions about variants of the principles, laws of
large numbers and asymptotic independence. Let us remark that all our large deviations results may be obtained for
random processes (Markovian or not) on any connected graph with finite or denumerable vertices.

A first application of our large deviations results is given in Section 2.2, where we use the Feynman—Kac formula
to represent the trace of any trace class operator restricted to the symmetric subspace of the Nth tensor product of
n x n complex matrix algebras as an expectation with respect to a measure for N Markov processes on the index
set {1,...,m}. The trace class operator here is given by the Boltzmann factor e P" for any self-adjoint matrix &
representing in quantum mechanics the Hamilton operator for a system of N quantum spins (lattice systems) for the
inverse temperature f, i.e. the time horizon of our random processes is given by the inverse temperature. In particular
we derive the thermodynamic limit of the free energy, which is the trace of the Boltzmann factor, for a general
class of mean-field interactions and thus we get a non-commutative version of Varadhan’s lemma with Bose—FEinstein
statistics, i.e. where the trace is restricted to the symmetric subspace. Here, an analysis of the variational formula for
the rate function is achieved with L? techniques for the mean paths, which are embedded in the corresponding L?
space. Non-commutative Varadhan lemmas have been studied in [8] and [22]. In [10] a non-commutative central limit
theorem under Bose—FEinstein statistics has been proved for the case n = 2. Hence our results complement and extend
these results.

Our results are most striking if we consider N simple random walks on Z¢ conditioned to stay within a finite
set A and replace the initial probability distribution m by the counting measure in A. The rate function for the
large deviations principle for the mean of occupation local times of the N random walks under the symmetrised
measure /L(j%r\l;) (2.19) is then given by the well-known Donsker—Varadhan rate function. The latter governs the large
deviations principle for the occupation local time of a single random walk but for the limit 8 — oo. This remarkable
result has an interpretation for the cycle-structure given by our symmetrisation procedure, i.e. the appearance of cycles
whose lengths grow like some power of N. The existence of long cycles is in some cases an order parameter for the
occurrence of the Bose—Einstein condensation (BEC), a quantum phase transition solely driven by the symmetrisation
procedure [7]. Details of this interpretation are given at the end of Section 2.3.

We consider this as a first step towards a rigorous understanding of large boson systems at positive temperature 3,
because the time horizon 8 represents the inverse temperature for the Feynman—Kac formulae. Future work will be
devoted to the mutually interacting case. Interacting Brownian motions in trap potentials have so far been analysed
without symmetrisation, in particular for vanishing temperature in [4], and for large systems of interacting Brown-
ian motions at fixed positive temperature in [5]. In [6] some results for Brownian motions under the symmetrised
distribution are obtained, which are not so general and which cannot be applied to mean field models.
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The work [2] analyses the cycle structure for path measures for the large N-limit with respect to the Lebesgue
measure on boxes which grow with N such that the quotient has a finite limit. In the present article we are informed
by Schrodinger [25] who considered the question of how any two spatial points are connected by random paths. The
crucial observation is that this aspect of the problem can be described by pair measures. However, as [2] shows, the
time dimension is important for the cycle structure, and hence future work [3] will be devoted to combining the cycle
analysis with the pair measure approach in space—time.

Let us make some remarks on related literature. As mentioned, the work [25] by Schrodinger is related to the pair
probability method we applied in our large deviations principle. In [25] Schrodinger raised the question of the most
probable behaviour of a large system of diffusing particles in thermal equilibrium. F6llmer [17] gave a mathematical
formulation of these ideas in terms of large deviations. He applied Sanov’s theorem to obtain a large deviations princi-
ple for Ly when BW B®  areii.d. Brownian motions with initial distribution m and no condition at time B. The
rate function is the relative entropy with respect to fRd m(dx) P, o B~!, where the motions start in x under P,. Then
Schrodinger’s question amounts to identifying the minimiser of that rate function under given fixed independent initial
and final distributions. It turns out that the unique minimiser is of the form [py [ps dxdy f(x)g(y) IE”f, yo Bl ie a
Brownian bridge with independent initial and final distributions. The probability densities f and g are characterised
by a pair of dual variational equations, which originally appeared in [25] for the special case that both the initial and
the final measures are Lebesgue measure.

An important work combining combinatorics and large deviations for symmetrised measures is [28]. Téth con-
siders N continuous-time simple random walks on a complete graph with p N vertices, where p € (0, 1) is fixed. He
considered the symmetrised distribution as in (1.1) and adds an exclusion constraint: there is no collision of any two
particles during the time interval [0, 8]. The combinatorial structure of this model enabled him to express the free
energy in terms of a cleverly chosen Markov process on Ny. Using Freidlin—Wentzell theory, he derived an explicit
formula for the large- N asymptotic of the free energy; in particular he obtained a phase-transition, the so-called Bose—
Einstein condensation, for large B and sufficiently large p. Téth’s work partly inspired our approach, and in future
work we will address the question of how to apply our results to this setting as well as how large deviations relate
to the appearance of long cycles. Large deviations for integer partitions and cycle structures, where the random walk
bridges with a different time horizon are weighted, are obtained in [2].

The structure of the paper is as follows. In Section 2 we present all our main results. In Section 2.1 we describe our
main large deviation results together with a couple of remarks. An application to general quantum spin models and
to a non-commutative version of Varadhan’s lemma is given in Section 2.2. In Section 2.3 we study the special case
of simple random walks on a finite set and in Section 2.4 we provide some basic facts about the space Dg and large
deviations theory. Section 3 is devoted to the proofs of our main results. In the Appendix we prove a lemma on pair
probability measures and an entropy estimation which we use in our proofs.

2. The results

In this section we are going to formulate our main results. In Section 2.1 we present the large deviations results and
some important conclusions. Following in Section 2.2 we apply this to a non-commutative version of Varadhan’s
lemma and give an application of our large deviations result for quantum spin models and in Section 2.3 we study
the very important case when for finite time the large time rate function, the Donsker—Varadhan rate function, is the
rate function for the large N-limit under the symmetrised distribution. At the end in Section 2.4 we provide some
preliminaries about the topology in Dg and some notations on large deviations theory.

2.1. Large deviations for symmetrised distributions

We fix throughout the paper 8 > 0. The space Dg with the Skorokhod metric is Polish [12]. Our main aim is to encode
the combinatorics for the sum over permutations for the symmetrised measure (1.1) with a sum over pair probability
measures with equal marginals. In order to formulate the large deviations results we introduce the following notations.
By PB(Z¢ x Z%) we denote the set of pair probability measures on Z¢ x Z¢ and we let

P(z4 x 29) =0 e P(z? x 2%): 0V = 0P}
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be the set of pair probability measures on Z? x Z¢ with equal first and second marginal, respectively 0V (x) =
ZyeZd O(x,y),xeZ and QP (y) =) cezd Q(x,y),y € 7. The relative entropy of the pair probability measure

0 € P74 x 74) with respect to the product Q1) ® m is given by

Qx,y)

H _
H(QIQW @m)= > 0(x.y)log GO

x,yeZd

Note that Q — H(Q|Q"Y ® m) is strictly convex. All the rate functions of our large deviations principles include
this relative entropy of pair probability measures as the part coming from the combinatorics of the symmetrised
measure Pﬁf,ym). The other part of the rate functions is coming from large deviations principles for a product of not
necessarily identically distributed objects. Thus the encoding of the sum over permutations with a sum over pair
probability measures represents a certain two-level large deviations principle. This is seen in the definition (1.1) of the
symmetrised measure ]P’gf,ym), where permutations are sampled uniformly and for each permutation there is a product
of not necessarily identical distributions of single random walks with initial and terminal condition.

On the level of path measures we define the following functional on the space of probability measures on the set
Dg of path as

Igsy“”(u) = _inf {H(QIQV &m)+ 1P} forpeP(Dp), @2.1)
QeP(Z4 x74)
where the functional / éQ) is given by
12wy = sup {(F, wy— Y. Qx.y)logEf (e<”f>)} for 11 € P(Dp), 2.2)
FECb(D;;) X,)’EZd

where we write & for é(]) and (F,d¢) = fDﬁ F(w)dg (dw) = F(§), and where Cp(Dg) is the space of continuous

and bounded functions on Dg. Clearly, I }gQ) is a Legendre—Fenchel transform, but not one of a logarithmic moment
generating function of a random variable, hence there seems to be no way to represent this functional as the relative
entropy of u with respect to any measure. / EQ) and [ /gsym) 1 éQ)
linear functions.

Let 75 : Dg — R4 be the projection 75 (w) = wy for any s € [0, 8] and w € Dg. We denote the marginal measure
of L € P(Dp) on Z% by g = po ;! € P(Z4), and analogously we write 10,5 = p o (0, 75) "' € P(Z4 x Z?) for
the joint distribution of the initial and the terminal point of a random process with distribution w. If we restrict the
supremum in (2.2) over all F' € Cy(Dg) to all functions of the form @ > g(wo, wg) with g € Cy (R x RY), we see

that Q = g if 15%' (1) < 0. Indeed,

are nonnegative, and is convex as a supremum of

sup { > g(x,y)(uo,,s(x,y)—Q(x,y))}

g€Ch(R? xIRY) x,yezd

= sup { Z g(x, y)po,p(x, y) — Z Q()C,y)]og]Ex’y(eg(fo,Eﬁ))}

gECb(Rded) x,yezd x,yeZd
< IéQ)(u) < 00,

which implies that o g = Q. Therefore the infimum in (2.1) is uniquely attained at this pair probability measure Q,
i.e.

Iésym) (/J/) — { H(HO,ﬁ“’LO ® m) + SupFGCb(D/S)<M’ F - lOgEgoﬂTﬂ (eF(éj))> lf /"LO : Mﬂ’ (23)
+o0 otherwise.
In particular, 1 ésym) is convex.
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Theorem 2.1 (LDP for the mean of path measures Ly). Under the symmetrised measure P;;ym) the empirical path

measures (Ly)n>1 satisfy a large deviations principle on ‘B(Dg) with speed N and rate function I 'ésy ™)

The proof of Theorem 2.1 is in Section 3.1. The proof does not rely on any Markov property of the N random
processes, hence this assumption can be dropped.

We also have a large deviations principle for the mean path level. Note that any mean path is an element in the
space Dg ([0, BI; R9) due to the averaging of paths with values in the lattice Z?. For the path level we consider the
continuous embedding of the space D([0, B]; R4) into L2([O, Bl; R4) (see [10], Lemma 2.3, for details). The scalar
product for the latter space is defined by

B
(&, w) 2/0 ds(&(s), @(5))pa (2.4)

for &, w:[0, B] — RY, where (-, -)ga 1s the scalar product on R, In the following we also write & for £(s). We define
the following functional on LZ([O, B1; Rd) as

'fﬂ(sym)(w)z inf {H(QlQ(l) ®m)+7éQ)(w)} fora)eLZ([O,ﬂ];Rd),
P74 x74)
where
Qw= s {<f, W)= Y. 0, y)logEf,y(e“”’“)} forw € L2(10, p1; RY).
FeL2([0,1;RY)

x,yeZd

Then the large deviations principle for the mean path reads as.

Theorem 2.2 (LDP for the mean of paths Yy). Under the symmetrised measure Pg\s,ym) the mean (Yn)n>1 of the
paths satisfies a large deviations principle on L*([0, B1; RY) with speed N and rate function Tésym).

The proof of Theorem 2.2 is in Section 3.2. The contraction principle ([15], Theorem 4.2.1) yields a large deviations
principle for the mean path from the one for the mean of path measures. However, the identification of that rate function
from the contraction principle with the one in Theorem 2.2 seems to be a rather difficult task from a technical point
of view. Luckily, our proof of Theorem 2.1 is so general that it can be slightly modified to give the proof for the large
deviations principle for the mean path. For details see Section 3.2.

Denote by B(Z4) all bounded function f:Z? — R. On the level of probability measures on Z¢ we define the

functional J ésym) on the set B(Z?) of probability measures on Z¢ as

(sym) _ : (1) (Q) d
J = f H @m)+J fi Z°),
g = il (IO @m) + T} for p e (21)

where

159 ()= sup {ﬂmep(x)— > Q(x,y>1ogE£,y(eﬁ<f~’ﬂ>)}.

d
feBEZHY (ega x,yezZd

Theorem 2.3 (LDP for the mean of normalised occupation local times Zy). Under the symmetrised measure

Pﬁym) the mean (Zy)n>1 of the normalised occupation measures satisfy a large deviations principle on P(Z4) with

speed N and rate function J gsym)'

The proof of Theorem 2.3 is in Section 3.3. Here, the same remarks as for the proof of Theorem 2.2 concerning the
contraction principle apply. For details see Section 3.3.
In the following remark we compare the symmetrised distribution with the i.i.d. case.
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Remark 2.4. For i.i.d. random walks with initial distribution m, the empirical path measure (Ly)n>1 satisfies a
large deviations principle with speed N and rate function

Igm(n) = sup {(F,[L)—log Z m(x)Ef)x(eF@))},

FeCy(Dp) v yezd

This is an application of Cramer’s theorem [15], Theorem 6.1.3, for the mean of the independent identically

distributed random walks with initial distribution m. Note that IEQ) > Ig m for the pair measure Q defined as

O(x,y) =m(x)8,(y) for x,y € Z4, since

— > o, nlogEl ("®) = —log Y mEL (B . (¢"©))

x,yeZd x,yeZd

=—log Y mEf ().

x,yeZd
In particular 1 /;Sym) > 1Ig.

Our large deviations Theorems 2.1-2.3 may be extended by considering a finite and positive measure m not neces-
sarily normalised to one. However, more interesting is the question if we replace the conditional probability measure
P/ , by the measure £ ,(-) = P£ (-1{&s = y}) for any x, y € Z%. This is included in the following proposition.

Proposition 2.5. Let m be a positive finite measure on 74 and let g :R? x R¢ — R be a bounded and continuous

strictly positive function. Replace Pf,y by g(x, y)IP’)’?_V y in the definition of the symmetrised measure Pg\s,ym) in (1.1).
Then:

(i) Theorem 2.1 remains true with the rate function replaced by
wis I ) = 3 po.p(x, y) logg(x, y).
x,yezd
(i1) Theorem 2.2 remains true with the rate function replaced by
w— _inf {H(Q| 0V em)+ %)~ Y 0, ylogglx, y)}-

V(74 % 7d
QeP (@4 x24) v yezd

(iii) Theorem 2.3 remains true with the rate function replaced by

pr> _inf {H(Q|Q“> em)+52(p) - > 0, y)logg(x,y)}.

QeP (24 x7d) x e
Proof. We will prove (i). Define the function Fy(w) = log g(wp, wg) for any path w € Dg([0, B]; 74). Then with
probability one with respect to ®lN= | Pﬁ.,

xg(i)s

N N ) )

[Tswi 200y = exp(Zlogg(é“), eg”)) =exp(N{Ln, Fy)).
i=1 i=1

Clearly, w > Fg(w) is continuous and bounded. Hence the large deviations principle follows from [19], Theo-
rem III.17, for any Q € ‘i?(Zd x Z%). The rate function follows as p > I ésym) (1) — (u, Fy) which together with
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(2.3) gives the proof. The proof of (ii) and (iii) follows analogously with (i) and the proofs of Theorem 2.2 and
Theorem 2.3 respectively. Note for (ii) that

i (sym)
@r inf 153%™ () — (po,p. log g)
Mem(Dﬁ):W(u):w{ B B.1ogg }

=  inf {?gsym)(w)— > Q(x,y)logg(x,y)} for w € L2(10, B1; Z),

V(74 x7d
QeP(Z xZ4) N

where ¥ :B(Dg) — D([0, B]; R%) is the continuous mapping for the contraction principle; compare the proof of
Theorem 2.2 in Section 3.2. Note that we used the fact that Q = o g if IéQ) (n) < o0. O

From the previous proposition we get the following proposition.

Proposition 2.6. Let m be a positive finite measure on Z¢ and let g :R? x R¢ — R, be a bounded and continuous
strictly positive function.

®

ngnooﬁk)g<N' Z Z nm(xz)l_[g(xhx(r(l)))

0eBy x;eZ4,1<i<N i=1

=— _inf { (010 @m) - > 0O(x,y)logg(x, y)} (2.5)

d d
0eP(Z4x24) xyerd

(i1) The unique minimiser of the rate function p +— Iésym) (n) — Zx’yezd wo,s(x,y)logg(x,y) is given by

> 0% PE 0!,

x,yezd

where Q° € %(Zd x Z4Y is the unique minimiser on the right-hand side of (2.5). Under the symmetrised measure

Pgsym) the sequence (L) nen converges in distribution to the measure u° as N — oo.

Proof. (i) Proposition 2.5 gives that the left-hand side of (2.5) equals —inf, g pp) Ig [osm (,u) (no,g,logg). If we
use (2.3) and substitute Q = g, g we get

— _inf { 010V @m)— > 0(x.y)logg(x.y)
QeP @I x.yezd

inf F—logEf _ (eF® }
WD) 0= ﬂOﬁFeZ’lbl?Dﬂ){(M 08B, (7))

The latter infimum over p is equal to zero. To see this, pick F = 0 to get the lower bound. To get the corresponding
upper bound take it = | 74 O(x, y)IP’f,y o &£~ ! and use Jensen’s inequality to get

—(u.logEE . (" @) <= 3" 0, EL (F).

x,yeZd

We are going to prove that u? is the unique minimiser of the rate function u — 1 ésym) (n) — Zx’ yezd MO, g(x,y) x

log g(x, y). This proves then both (ii) and (iii). For that, let 12 € 8(Dp) be a zero of I¥™. As the relative entropy
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has compact level sets, there is a 0% e ‘I&’(Zd x Z4) that minimises the formula on the right-hand side of (2.5). As
0
I/;Q )(/L) < 00, we have 1o g = 0" and hence

0= I/f(;QO) (M) = Sup {(,LL, F— logEgo,ﬂﬂ (eF(é)))}
FEC},(D;;)

Clearly, F =0 is optimal and the Euler-Lagrange equations yield, for any g € Cy(Dp),

(1, 8) =, B -, (h(®)),
which identifies  as 0. U
2.2. Non-commutative Varadhan’s lemma with Bose—Einstein statistics

In this section we use our large deviations principle for the mean paths under the symmetrised distribution Pﬁym) to
derive a non-commutative version of Varadhan’s lemma with Bose—Einstein statistics. Let /& be a self-adjoint n x n
matrix with i, , <Oforall x # y,x,y € G ={l, ..., n}. We define a Markov process on the finite index set G with
transition probabilities

—hy 8t if )
IP>(‘;§(f +481) = y|é§(t) = x) - { 1 +y’Zz¢x h: 8t ifi ii’ =0

analogously
Pi_s(x,y) = p(g (t/) - y}g(s) = x) - (e—(t—s)ﬁ)y’x forx,y € G,

where the matrix 7 is defined by Zy, x =hy for y # x and l~1x,x =->. #x iz x. For later convenience we let
A:[—n,n] — R be a continuous function such that A(x) = A, for x € G, and we denote by / p a continuous function
hp(x) = Ex,x — hy x foreachx € G.

We let N Markov processes & o & (V) with transition probabilities (2.6) and time horizon [0, 8] be given. Let

hp(w(s))ds

}P’fj;’ denote the conditional probability measure with density elo starting in x € G conditioned to terminate

iny € G. We write ]Ef il for the expectation with respect to the bridge probability measure }P’fjf.
We derive a large deviations principle for the mean path Yy under the symmetrised distribution (compare (1.1))

N
T G,

‘0eSyx1eG xyeG i=1

where the initial distribution m is defined by m(x) = % forx € G.
We consider mean-field type interactions for the N Markov processes &1, ... &™) of the form N x

foﬁ &Y £D)ds for some bounded continuous function f:R — R. In the following we write ]Exym’h) for
the expectation with respect to the symmetrised distribution.

Theorem 2.7. Fix 8 > 0 and n € N. Let h be a self-adjoint n x n-matrix with hy y <0 forx #y forall x,y € G.

(a) The mean paths, Yy, under the symmetrised distribution Pgsym’h)

on L2([0, B1; R) with rate function Iésym’h) defined by

satisfy, as N — 00, a large deviations principle

™ @)= nf {H(QIQV @m)+I°" ()},
0eT(GXG)
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for w € L*([0, B1; R), where

1% @)= " sup {(g o) = Y Q(x.y)logEf! (el g“)g“)‘h)}
¢eL2(10.BLR) r 3G
(b)
1 i B ,
lim — logIE(sym h)( N o F/n) T & ))dv) = sup {/ flw(s))ds — Ifgsym’h)(w)}. 2.7
N—oco N weL([0.A1R)

Proof. (a) is a direct application of our main Theorem 2.2, and (b) is an application of Varadhan’s lemma [15],
Theorem 4.3.1. (]

We outline how this large deviations principle gives a non-commutative version of Varadhan’s lemma under Bose—
Einstein statistics. Let p be the state on the algebra M of all complex n x n matrices given by p(A) = Tr(e #" A)
for A € M for the given matrix &, and let Tre #" = 1. We fix a self-adjoint element x € M and some continuous
bounded function f:R — R. This self-adjoint element x describes a mean-field interaction expressed through the
mean matrix

1N
N) _ Z
x _N_]x“

1=

where x;,i =1,..., N, is a copy of the matrix x. Further, let AN = % ZINZI hi,where h;,i =1,..., N, is acopy of
the matrix /. Hence #Y) and x™ both act on the Nth tensor product of the n-dimensional single variable space. The
symbol Try denotes the trace restricted to the subspace of all symmetric N-variables with respect to any permutation
of their single indices. The restriction to these symmetric variables is called Bose—Einstein statistics.

We shall calculate the trace via the Feynman—Kac formula and our previous results in Theorem 2.7. For this we
need the path measure

4
Wl () = BRI (e o@D g — vy),

which is the probability for the Markov process to start in x € G and to terminate in y € G. Note that this measure can
-

be normalised with the function gg(x, y) = ]P’ff ’h(efo hD(“’(‘Y))d‘YJl{é,g = y}) to obtain the conditional probability mea-

sure IF’,’? g Here we apply our Proposition 2.5 in combination with Theorem 2.7. Note that this results in substituting

the symmetrised distribution IP’(Sy M) with the symmetrised measure

M(Sym h) Z Z Z ®Mxl Xo (i) (28)

' oeGN xjeA  xyeA i=l

The Feynman—Kac formula gives

lim %logTr (—N(h‘M—f(x(N))))_ hm %logu(sy;n h)( NJE raa/m e IES(’))dv)

N—o00

B
= sup {/O f(a)(s))ds—Iésym’h)(w)+(Q,gﬁ)}, (2.9)

weL2([0,];R)

where we replaced m in Theorem 2.7 by the counting measure Cou, and where (Q, gg) denotes the expectation of gg
with respect to the pair probability measure Q.
The analysis of the variational formula of the right-hand side of (2.9) gives the following theorem.
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Theorem 2.8 (Mean-field interaction with Bose—Einstein statistics).

1 B
lim — logTry (e_N(h(N)_f(X(N)))) = sup {/ f(a)(s)) ds — Iésym’h)(w) + (0, gﬁ)}
N—oo N weL2([0,1R) LSO
. h
=psup inf {f@)— 12" @) — H(Q10W ® Cou)}, (2.10)
ueR QeP(G%G)
where

I;;Q‘h)(u)=5up{au— > Q(x,y)10gE£’h(eaf°ﬁg(s)ds1{5ﬂZY})} foru eR.

aceR x,yeG

Trace formulas like (2.9) and (2.10) go back to the work of Cegla, Lewis and Raggio [8] in which the authors use a
combination of large deviations theory and group representation to derive a variational formula for the free energy of
mean-field quantum spin systems. Inspired by their work, Petz, Raggio and Verbeure [22] derived a non-commutative
version of Varadhan’s theorem using C*-algebraic methods. We thus have in our Theorem 2.7 and Theorem 2.8 derived
a non-commutative version of Varadhan’s lemma and hence a variational formula for the free energy of mean-field
quantum spin systems under symmetrised distributions, i.e. a version with Bose—Einstein statistics.

Proof of Theorem 2.8. The proof follows from Theorem 2.7 and (2.10) and the analysis of the variational problems,
which is done in the following Lemma 2.9 and Proposition 2.10.
(]

Lemma 2.9. Let Q € %(G xG). Ifwe L2([0, B1; R) is a constant function then the supremum in

sup {<g,w>— > Q(x»)’)IOgEf’h(efoﬁg(X)S(S)dS]l{gﬂZy})}

2eL2([0,f1;R) ryeG

is attained at a constant function g.

Proof. Fix any Q € ‘%(G x G). Clearly

B o(VE() ds
g ) Q(.y)logEL! (eh 950 ¥ aqgy = )
x,yeG

is as a convex combination of logarithmic moment generating functions convex and continuous. We introduce the

Haar basis {h;};>¢ for L2([0, B1; R) consisting of the functions &; defined by hg(s) =1 for s € [0, 8] and if 2" <i <
2m+1 -1

bl

om2if g2 — 1) <s < B((i +3)27" — 1),
hi(s) =1 —2m2 it g((i + 127" = 1) <s < B(G + D27 —1),
0 otherwise.
Now for every ¢ > O there is a m € N and a function g in the space H,, spanned by the basis functions

h B o NE( e
ho, h1, ..., hom_1 such that IéQ’h)(w) <(8,®) =3\ yec Q(x, ) log]Ef (eho EOEO A gy — ) te. f w(s) =u
for all s € [0, B] we get the Euler-Lagrange equations for the finite-dimensional variational problem as

E)ﬂc h N <g’§)ﬂ =
Yy Z 0(x. y) ({ho,&)e £ y})’

ewr Ef (e&6)1{g5 = y})

B ((hi, &)e®8) 1&g = y})
Ef (&6 1{g5 = y))

0= Y 0@.y) for 1 <i<2"—1. @2.11)

x,yeZd
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We observe that

Ef (ele) (g, =
Y 06y (-e {€p =y}

rvend Ef (el84)1{g5 = y))

is symmetric if the function g is constant. This is easily seen by

B (-el¢8)1{gg = y)) ES (- ele6)1(&5 = y})
s < x
xgch e EX (el¢:€)) Pyt Ef (€6 1{gp = y})

and a complementary lower bound with min, ye4 Q(x, y) > 0 (indices x and y with Q(x, y) = 0 do not contribute at
all). Hence, the equations in (2.11) for 1 <i <2™ — 1 are trivially solved for any constant function g. The constant is
determined through the first equation of (2.11). (]

Proposition 2.10. The supremum in the variational formula (2.7) with the mean-field energy f is attained at a con-
stant function w(s) =u € R for all s € [0, B].

Proof. We split the proof into two steps. In the second step we will show that
(sym,h) B (sym,h) ,~
Ig=™ (w)z/ Ig= " (ws) ds, (2.12)
0

where @, (1) = w(s), t € [0, B], is the constant function with value w(s).
Step 1. From (2.12) we get

P (sym,h) p (sym,h) ,~
—/ flo())ds +1,°™ (a))z/ (—f (@) + 157" @y)) ds
0

0
= B inf () + """ @),

and hence

p (sym, ) (sym,h)
sup {/0 flo(9)ds — 157" (w)}sﬁsuﬂg{ﬂu)—lﬁy’ @ }.

weL2([0,8];R) ue

Step 2. We now prove (2.12). We only need to show that
(Q) P (Q)
Iy (a))z/ Iy (@s) ds (2.13)
0
forany Q € ‘%(Fz). We fix Q € %(Fz). For any u € R we get from Lemma 2.9 that

B
12 () = sup{au = > 00k, y) logBAM (et o £t gy = y})}.
aeR x,y€G

B
The function -, |5 Q(x, ) log]Eff’h(e“ Jo §6dsq(gg = y}) is clearly convex and infinitely differentiable with in-
creasing first derivative. From this we conclude that there exists, for any € > 0, a function g € L*°([0, 8]; R) such
that

12 @) < g — Y 0@.y) logEf’h(eg’ffg(s)dsll{éﬁ =y})+e forae.re[0,Bl. (2.14)
x,yeG
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As g € L*([0, B]; [0, m]) we get the lower bound
B
12@) > (g.w) = Y Q(x,y) log B! (el €5 dsq gy = 1),
x,yeG

Therefore we are finished with our proof if we show that
Rl d P (i JF £(s)d
BEH (eJo 80EO I g — ) < / BEH (81 Jo §O b (g, — yy) dr. (2.15)
0

By continuity, we may assume that g € H,,, for some m € N. Then g can be written as g = Ziil (hi, @) {[Bk —
1)27™, Bk27™]}. Hence, we need to show that

2m
B B
E)/?,h (efo g(?)f(?)dYﬂ{gﬁ — y}) S 2—m E Ef,h(e(hk,g) fO E(S‘)ds‘]l{gﬁ — y}) (216)
k=1

But (2.16) is an application of the Holder inequality for random walk expectations. Hence, (2.15) follows. Now, (2.15)
implies, together with (2.14) and the lower bound, the inequality (2.13), and finishes the proof. (]

Example 2.11 (Quantum-spin-1/2 variables and telegraph process). We shall apply our results for the mean field
free energy in Theorem 2.10 to the quantum spin 1/2 model introduced in [10]. In [10] the non-commutative central
limit theorem for the following model was studied. We show in this example the extension to the non-commutative
Varadhan lemma to obtain the mean mean-field free energy. In the setting of Theorem 2.7 and Theorem 2.10 we
consider the set G = {—1, +1} of possible spin values and the following process on G with transition probabilities

551 if y #x,

P(S(t+8t)=y!§(t)=x)={1_1& iy —x
2 - 9

equivalently

1 —t
pi(x,y) = 5(1 +xye™"), x,y€QG.

From Theorem 2.7 and Proposition 2.10 we get for this process and any continuous bounded function f :[—1,1] —
R the result

1 i B
lim — logug\s,ygl’t)(e(l/m PMEFIC ))) = sup {/ fw(s))ds — I/f(,sym’t)(a))}
N—oo N ’ weL2([0,81;R) LJ0

= sup{ /(@) — 15" W)},
uelR

where

1™y = inf {H(Q|Q“>®Cou)+sup{ua— > Q(x,y)logEf(eafé’as)dmgﬂ=y})”. 2.17)

0eP(G?) acR x,y€G

B
To analyse (2.17) we have to calculate the expectations Ef (e Jo E(S)dsjl{éﬂ =y}) for any x,y € G. This can be
done by simple matrix calculations as follows.

Ef (ea/;)ﬁé}(s)dsjl{%-ﬂ =y} = <y|e/3(a0'z_(l/2)(]l_o'x))‘x>’ (2.18)
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are the two-dimensional Pauli matrices. The eigenvalues of the matrix (ac, — %(]l —0oy)) are h41 = —% +,/ % +a2.

In principle, direct calculations of all the expectations in (2.18) lead to an evaluation of (2.17). The resulting mean
mean-field free energy is therefore given by

llm llog,uv(sym f)( /MY, f(S(i))) B sup{f(u) _ _( —J1= uz)}’

ueR

compare [11]. As an alternative to the tedious calculations we immediately get a lower bound via the following
considerations. Let a € R and let u, denote the eigenvector for the eigenvalue A| of the matrix (ac, — %(Jl — 0y)).
Then

Méa) — o ffé(s)dsefﬂ)ul ua(p)
uq(§0)

defines a martingale for the telegraph process. We insert M/ga) in the expectation on the right hand side of (2.17) and
obtain

SUP{ﬂ(au—M)— Y 0. y)logEf (M (“)ﬂ{sﬁzy})}.

aeR x,yeG

As Ey (M/(ga)]l{éﬂ = y}) is a probability measure for all x € G due to the martingale property we can combine the
logarithm term with the one from the entropy to get

Iﬁ(}sym,t)(u)z inf {ﬂ(au—)\l)"' Z O(x, y)log Q(();; y) }
0eP(G?) xiyeG QWE.(My"1{55 = y))

Hence, as the relative entropy of probability measures is positive, we get as a lower the Legendre—Fenchel transform
of A1, which is given by ﬂ%(l — /1 —u?).

2.3. A special case for the rate function

In this subsection we study a very important special case for the rate function for the mean of the normalised occu-
pation local times when our N random processes are simple random walks on Z¢ whose generator is given by the
discrete Laplacian. This is motivated by the Feynman—Kac formula for traces of trace class operators. Hence, we let
A C Z¢ be a finite box and we put m equal the counting measure Cou, on A and we employ Dirichlet boundary
conditions for the discrete Laplacian. Instead of the symmetrised probability measure ]P’g\s}ym) in (1.1) we consider the
symmetrised measure

A(/;yx) - NI Z Z Z ®/~’Lx, Xo(i)® (219)

ceSyx1eA xyeA i=1

Proposition 2.5(iii) gives a large deviations principle for the mean of the normalised occupation local times under

sym .
the measure ,u(Ay N), i.e. we have

. 1 (sym) 1 . (sym)
1 —1 oZy )=— f J
Nooo N og(ian ©Zy) pe‘%l(zd) (P).
where
ISy = _inf {H(QIQW ®Cous) + 1A (m).  peP(zY), (2.20)

QeP (i x29)
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with

158 ()= sup {ﬂZf(x)p(x)— > Q(x,y>1ogEx(efoﬁf<fs>dfn{sﬁ=y})}. .21)

feB@d) xeZd x,yeZd

Our goal is to identify the rate function in much easier and more familiar terms. It turns out that this rate function
is the Donsker—Varadhan rate function I 4, defined as

1 . _ 2 A

+00 otherwise,

where |x — y| =max<ij<g |x; — yil. X,y € 74, is the lattice distance. This is the rate function for the large deviations
principle for the normalised occupation local time /g as 8 — oo. More precisely, denote by [ g) the path of the ran-
dom walk and define the sub probability measure Px(ﬁ ) — Py (-|supp(lg) C A) =Py (:|&[0,5) C A). The the normalised
occupation local time satisfies as 8 — 0o a large deviations principle on 3 (A) with speed 8 and rate function /4 — C 4
[13], where C 4 is just the normalisation infpem(zd) % ZX’),EA; (V/p(x) — /p(y))? for the rate function.
lx—y|=1

The surprising result is that the rate function J ;Z‘m) for finite B but for large N under the symmetrised measure

equals the Donsker—Varadhan rate function.

Theorem 2.12. Let A C Z¢ be a finite set. Then Jl;f'z‘m)(p) = BI4(p) for any p € P(Z) with supp(p) = A.
For the proof of the theorem we need the following lemma.
Lemma 2.13. Fix S € (0, 00) and a finite set A C Z¢. Then, for all p € PB(Z4) having support in A,

(sym) — : (1 (Q)
Joo(py = _inf  [H(0|0" ® Couu) + I3 (0}, (2.23)
p.a \P Qesp(zdxzd){ ( A)+ 5}

where

158 (p) = sup {ﬁZf(x)p(x)— > Q(x,y)logEx(efoﬁf<f»v>dw{s[o,,3]cA}n{é,s=y})}.

feR4 x€eA x,yeA

Proof. Note that H(Q|Q" ® Couy) = oo if the support of Q is not contained in A x A. Hence, in (2.20) we need
to take the infimum over pair probability measures Q only on the set 3(A x A). From an inspection of the right-hand
side of (2.21) it follows that the function (vector) f in the supremum can be taken arbitrarily negative outside A to
approximate the supremum. Hence, we may add in the expectation the indicator on the event that the random walk
does not leave A by time 8. But then the values of f outside A do not contribute. This shows that we need to consider
only functions f that are defined on A; in other words, (2.23) holds. ]

Proof of Theorem 2.12. We proceed in two steps. First we show that J éﬁm) (p) = BIs(p) for any p € P(Z?) with

support in A. In a second step we show the complementary inequality for any p € PB(Z4) with supp(p) = A. We start
from (2.23).

Denote by A 4 the restriction of the discrete Laplacian to the set A with zero boundary conditions, i.e. for any
f € RA,

Aaf@)= Y [f@0—f»]. xeA, feR” supp(f)CA.

yeA:
lx—yl=1
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For f € 1>(A) =R let u r be the unique positive eigenfunction for the operator A 4 + f for the eigenvalue A(f)
given by

ra(fy= sup  ((As+ /)8 g)
g€l2(A): lgla=1
_ 1 PRI
- gdy(qud): {2”%(1. (g) —gM)" = (fr ) } (2.24)

supp(g)C A, llgll2=1
lx—y|=1
To check the positivity and uniqueness of the eigenfunction consider the operator A 4 4+ ¢1 4+ f, which is non-negative
and irreducible for some ¢ > 0. The theorem of Perron—Frobenius (see [26]) gives that A 4 + c1 + f has a unique
simple eigenvalue and that the corresponding eigenfunction is positive in A and unique up to constants. Clearly,
Ajp+cl+ f and A4 + f have the same eigenfunction, and the corresponding eigenvalues differ by the constant c.
Hence, A(f) is simple and the eigenfunction u ; is unique and positive.
We now introduce a martingale which permits a transformation of the random walk in the expectation of the
variational formula in (2.23). The expression

B . .
Mlgf) = ef() f(&)dse_ﬂ)v‘(f)]l{s[()’ﬁ] C A}M (225)

u f (o)

defines a martingale (Mfgf )) g>0 under P, for any x € A with respect to the canonical filtration (see the Markov process
variant of [24], Proposition VIII.3.1, or [20] for martingale theory for Markov processes).
We insert now M éf ) on the right-hand side of (2.23), obtain an extra S 4 (f) and use the marginal property of the

ur(y)

= 0. Thus we see that
uf(x)

pair probability measure Q, which gives y Qx, y)log

I8 (p) = sup {ﬂ((f, p)=ra(f) = > Q(x,ynogEx(M,;f)n{s,s=y})},

feR4A x,yeA

where (f, p) =) c4 f(x)p(x) is the scalar product in A. Here E, denotes expectation for the simple random walk

with generator A starting at x. Note that by the martingale property of (M /gf )) g>0 the measure E, (Méf )1{gﬁ =-}
is a probability measure on A for any x € A. Substituting this in (2.23) and recalling the definition of the relative
entropy of the pair measures, we obtain that

IO (py= _inf sup {ﬁ((f,m—Mf))

QeP(ZIx7A) ferA
O(x,y)
O } (2.26)
mze:A Q“)(x)Ex(Mlgfﬁ{gﬂ =)

The double sum in (2.26) is, because E, (M /gf )]l{.fﬂ =-}) is a probability measure, an entropy between probability
measures and therefore nonnegative.
Therefore we get that

I (py = B sup [(f, p) —ra(F)}. (2.27)
feRA

Note that the map f +— A (f) is the Legendre—Fenchel transform of /4, as is seen from the Rayleigh—Ritz principle
in (2.24). According to the duality lemma [15], Lemma 4.5.8, the r.h.s. of (2.27) is therefore equal to 814 (p) since it is
equal to the Legendre—Fenchel transform of X 4. Hence, we have shown that J/(xsym) (p) = BIs(p) for any p € ‘B(Zd)
with support in A.
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In our second step we prove the complementary inequality. For that we construct a pair probability measure to get
an upper for (2.26). The resulting upper bound is given by the supremum over any function f € R“. Thus we are left
to solve this variational problem for the upper bound. Let’s turn to the details.

For p € P(Z?) with supp(p) = A define the function u € R* by u(x) = /p(x) and the function f* € R4 by

A pu(x)
u(x)

Then u = u ¢+ is the unique positive eigenfunction for the operator A 4 4 f* with eigenvalue A o (f*) = 0. Given these
objects we define the function Q*: A x A — [0, 1] by

ffx)y=— forx € A.

0" (x, y) = u(x)u(Ey (e I E S (g0 11 ANy = y}). x.y € A.

This function is obviously symmetric and sums up to one. By the martingale property of (Méf '*)) g0 the first marginal
is identified as

0" D () = u()Ey (e I @S0 (g0 51 € Au(Ep)) =ux)® x € A.

Therefore Q* € ‘i?(A x A), which gives the following upper bound for (2.26), when we apply the marginal property
of Q* and separate the eigenvalue in the definition of Méf ). The marginal property gives

M(X)u(y)
y)log

Hence

JE £ & ds _
™ () < sup {ﬁ(ﬁ Y 0" (r. y) log Ex&” 1{£j0,5) C A)L{Ep = y})} 2.28)

feRA yeh E, (el FE S 1(g0 5 C AJL{Es = y))

We will show that the variational problem on the right-hand side of (2.28) is solved for f = f*. Due to the strict
concavity we need to get the solution for the Euler-Lagrange equation, which reads

B 1L rEnds _
Blv. p) = Z Q*(x,y)EX((f‘) v(&y) ds)elo 1{&p0,5) C A}1{ép =y}) (2.29)

B
ryeh E.(efo /€515 5 C AYL{Es = y))

for all v € R4. The right-hand side of (2.29) for f = f* reads

B
5w, (( [ o as )l 7 150 < Anntes =)

X, yeA

o B
=Zu(x)2Ex<Méf )/ v(ss)ds>
0

xXeA
b

- / as B (u(ey)),
0

where EU/™) is the expectation with respect to the transform with the martingale (M ;}f *)) p=0 (compare remark fol-

lowing Proposition VIII.3.9 in [24]), starting at its invariant measure u%(x) = p(x), x € A. Therefore E( *)(v(é‘s)) =
(v, p), because the transformed random walk does not leave the set A and is stationary when started in its invariant
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measure. Thus f = f* solves the variational problem on the right-hand side of (2.29) and gives finally after short
calculations

ym A
I3 (p) < Bf*.p) = /3< Lf”,u>=—ﬂZu(x)AAu(x):ﬂ(zd— 3 u(x)u(y))

xeA X, yeA:
[x—y|=1
1
= 5 Z (Vpx) — \/p(y))2=/31A(P)-
g ;

We will give a heuristic interpretation in terms of the cycle structure. The measure u( Y in (2.19) admits a repre-

sentation which goes back to Feynman 1953 [16]; in fact he considered Brownian motions mstead of random walks on
74, Every permutation 0 € G can be written as a concatenation of cycles. Given a cycle (i, o (i), o2@), ..., 0" 1)
with 0% (i) =i and precisely k distinct indices, the contribution coming from this cycle is independent of all the other
indices. Furthermore, by the fact that ,uf,. X 18 the conditional distribution given that the random walk ends in x¢ i),
this contribution (also executing the k integrals over x;i;) € A forl =k — 1,k —2,...,0) turns the corresponding
k random walk bridges of length 8 into one random walk bridge of length k8, starting and ending in the same point
Xx; € A and visiting A at the times 8, 28, ..., (k — 1) 8. Hence,

(sym) k,B,A ®Jk)
e X QX M)
'UEGNkeN yiEA

where fi (o) denotes the number of cycles in o of length precisely equal to k, and /Li’fg’A is the random walk bridge

measure /Liﬂy =P, (-1{g = y}) , restricted to the event ﬂle{élﬁ € A}. (See [18], Lemma 2.1, for related combi-
natorial considerations.) If fy(o) =1 (i.e., if o is a cycle), then we are considering just one random walk bridge
& of length NS, with uniform initial measure on A, on the event ﬂfi 1{&18 € A}. Furthermore, Yy is equal to the
normalised occupation measure of this random walk. For such a o, the limit N — oo turns into a limit for diverging
time, and the corresponding large-deviation principle of Donsker and Varadhan formally applies. The result in The-
orem 2.12 corresponds to the appearance of BEC in trap potentials [21]. That is, the box A is not growing with the
particle number as in the thermodynamic limit.

In [2] large deviation results are obtained for the cycle representation for integer partitions and a phase transition
for the path measure is proven in the thermodynamic limit which corresponds to the BEC of the ideal gas.

It has been proved by Siit6 [27] that the non-vanishing of the probability for long cycles is equivalent with Bose—
Einstein condensation for non-interacting bosons. The work [7] studies large deviations for different cycles statistics
in the grandcanonical ensemble.

If a permutation o does not contain a cycle of length ~ N*, for some « > 0, its contribution is quantified with
a different rate, compare [7] and for the canonical ensemble [2]. In this way, Theorem 2.12 says that the large-N

(Sym) oY

behaviour of N s predominantly determined by all those permutations consisting of just one cycle of

length N.
2.4. Preliminaries

For the convenience of our reader, we repeat the notion of a large-deviations principle and of the most important facts
that are used in the present paper. See [15] and [12] for a comprehensive treatment of this theory.

Let X denote a topological vector space. A lower semi-continuous function / : X — [0, oo] is called a rate function
if 7 is not identical oo and has compact level sets, i.e. if 1710, ¢]) = {x € X: I(x) <c} is compact for any ¢ > 0.
A sequence (X n)nen of X-valued random variables X y satisfies the large-deviation upper bound with speed ay and
rate function / if, for any closed subset F of X,

1
limsup — logP(Xy € F) < — mf I(x), (2.30)
N—oo 4N
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and it satisfies the large-deviation lower bound if, for any open subset G of X,

liminfL logP(Xy € G) < — inf I(x). (2.31)
N—oo an xeG

If both, upper and lower bound, are satisfied, one says that (X )y satisfies a large-deviation principle. The principle
is called weak if the upper bound in (2.30) holds only for compact sets F. A weak principle can be strengthened to
a full one by showing that the sequence of distributions of Xy is exponentially tight, i.e. if for any L > 0 there is a
compact subset K, of X such that P(Xy € K§) <e N forany N € N.

One of the most important conclusions from a large deviation principle is Varadhan’s lemma, which says that, for
any bounded and continuous function F : X — R,

1
lim —log/eNF(XN)sz—
N

N—o00

inf (1(x) — F(x)).
xeX

One standard situation in which a large deviation principle holds is the case where P is a probability measure, and
Xy = %(Yl + --- 4 Yy) is the mean of N i.i.d. X'-valued random variables ¥; whose moment generating function

M(F):/eF(Yl)d]P’

is finite for all elements F of the topological dual space X* of X. In this case, the abstract Cramér theorem provides a
weak large deviation principle for (X ) yen With rate function equal to the Legendre—Fenchel transform of log M, i.e.
I(x) =suppey«(F(x) —log M(F)). An extension to independent, but not necessarily identically distributed random
variables is provided by the abstract Girtner—Ellis theorem.

For our main theorems — Theorem 2.1, Theorem 2.2 and Theorem 2.3 — we shall rely on the following conventions.
We conceive the set 3(Dg) of probability measures on Dg as a closed convex subset of M(Djg), the space of finite
signed Borel measures on Dg. M(Dg) is a topological Hausdorff space, whose topology is induced by the set Cy(Dg)
of continuous bounded functions on Dg. Here Cy,(Dp) is the topological dual of M (Dg). The set 3(Dg) of probability
measures on Dg inherits its topology from M(Dg). When we speak of a large deviations principle of 3(Dg)-valued
random variables, then we mean a principle on M (Dg) with a rate function that is tacitly extended from B(Dpg) to
M(Dpg) with the value +o00. Thus, in the variational formula (2.2) the Legendre—Fenchel transform with respect to
the set Cyp(Dg) appeared. For the mean path we embed the space Dg([0, B]; R9) continuously into L2([0, Bl; RY),
hence the dual pairing is here given by the L?-scalar product.

3. Proofs

In this section we prove our main Theorems 2.1, 2.2 and 2.3. In Section 3.1 we prove the large deviations principle
in Theorem 2.1 for the empirical path measures. In Section 3.2 we prove Theorem 2.2. In Section 3.3 we prove
Theorem 2.3 both on the basis of the proof for Theorem 2.1 and the contraction principle. Section 3.4 is devoted to the
proof of the exponential tightness of the distribution of the empirical path measure under the symmetrised measure
(1.1) and the exponential tightness for certain products of not necessarily identical distributed objects coming form
the two-level large deviation method occurring in the proof of our main Theorems 2.1 and 2.3.

3.1. Proof of Theorem 2.1

For the proof of Theorem 2.1 we have to show the following inequalities and properties:
(1) For any open set A C PB(Dg),

.. (sym) . (sym)

1 floglP L A)> —inf | .

iminflog Py (Ly€A) = ,l‘éA s (W)
(2) For any compact set I/ C ‘B(Dg):

limsuplog P"™ (Ly € F) < — inf Iésym) (10).
neF

N—o0
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P(Sym)

(3) The sequence of probability measures (P, o L;,l)NeN is exponentially tight.

The symmetrised measure Pg\iy ™ is not a product of i.i.d. measures, hence we first transform the probability mea-
sure into a probability measure which permits an application of a version of the Gértner—Ellis theorem. This will
be done in Section 3.1.1 for the lower bound and in Section 3.1.2 for the upper bound, respectively. The technique
applied here is a purely combinatoric one and it is inspired by the works of [18] and [28]. The counting arguments
for the proposed combinatoric methods are given by the results in [1], where combinatoric counting was used to eval-
uate partition functions in the microcanonical ensemble. For the whole proof of Theorem 2.1 the initial distribution
measure m € B(Z?) allows some kind of compactification. The exponential tightness will be proved in Section 3.4.

3.1.1. Proof of the lower bound of Theorem 2.1
Fix an open set A € B(Dg) and a finite set A C 74 with m(A) > 0. We get the lower bound

Py (Ly € A) zm()" - Ly sy ]"[mA(xl <® 5 x(,”)(LNGA)’ G-I

oeGyx1eA xyeAi=1

where m 4 (x) :=m(x)/m(A) for any x € A defines a probability measure on A. The terminal points x4 ;) are in A
as well forany 0 € Gy, x; € A, 1 <i < N. We want to employ the following combinatoric scheme. We shall rewrite
the sum over permutations with a sum on pair probability measures, where we are only asking for the frequency of
transitions from an initial point in A to a terminal point in A. This frequency can be expressed in an easy way by a
pair probability measure, i.e. a probability measure on A x A. Let

- 1
N
W —PAx A)N N,

be the set of pair probability measures Q with equal marginals such that N Q(x,y) € Ng for any Q € &]3(AN) and

any x,y € A. Note here, that at most N entries of (Q(x, y))x,yea are nonzero for any Q € &BEXN). Further, for a

configuration X = (x1, ..., xy) € AV and given pair probability measure Q € ‘43<AN), let

Gy(x, Q)= {cr €GN Vx,ye A t{i: xi =x, X)) =y} =NQO(x, y)},

be the set of permutations which are admissible with a given configuration X and pair probability measure Q. Define
the distribution

= (@ )

x,yeA

for any pair probability measure Q € ‘B(AN). Note that

N
®P§MHO)—P'§ v 08N oe6yE 0),xeaV. (3.2)

Clearly the measure in (3.2) does not depend on 0 € Gy as long as 0 € Gy (X, Q). Furthermore 0W is the empirical
measure of the configuration X € AN hence

N
o
[[maG)=]]ma@™e"®.
i=1 xeA
We insert a sum over Q € ‘B(AN) in (3.1) and continue the estimation in (3.1)

ng,ym)(LNe m(A) Z Z Hm (x)NQ(l)(x) Z <® (Pg’y)®NQ(x’y))(LN€A)

QE‘B(N) Xi€A, x€A 0eGy(x,0) “x,yeA
1<i<N
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M &N (x, Q)
=m0 []maNeT R y(Lyea) Y TR (3.3)
Qegp(ANueA Xi€EA, ’
1<i<N

The measure P’Z y is a mixed product of single distributions of the random walks with given starting and terminal

points. Recall that Pff .y 1s the conditional probability measure for a random walk starting in x with terminal location y.
Now we need to compute the counting term

Z 16y (x, Q)
N!
X;i€A
1<i<N
because the remaining factors in (3.3) do not depend on ¥ = (x1,...,xy) € AY. We do this with the help of an
additional sum over configurations w € AN with X, = w, where X, = (Xo(1)s--+» Xa(N)) € (AN for any permutation
o € ©y. Thus
Z Z 1= Z Z Z ]]-{fazw}(g)]l{Vx,yeA: #{i:x,-:x,w,-:y}:NQ(x,y)}(w)
xeAN 0eGN(x,0) xeAN weAN 0By
= Z Z = Q(l) Z jl{fg=w}(0)]l{Vx,yEA:#{i: xi:x,wi:y}:NQ(x,y)}(a))v (3.4)
xeAN:  weAN: ceGy
LE®)=00 L(w)

where in the second line we took X € AY according to the marginal 0W e L(x)=0W. Here, L(x) = 0V means
that the first marginal of Q equals the empirical measure of the configuration X, i.e.

N
1
Q“)(y):N §4 lﬂx,~<y> fory € A.
1=

The same holds for the configurations w € AY | i.e. the sum is restricted to L(w) = Q(l). Now we have to count
the single terms in (3.4). We start with the sum over the permutations. For fixed x € A" and fixed w € AV the
number of permutations o € Gy with X, = w is exactly ]_[x ca(N Q“)(x))!, which follows from the fact that for any
x € A exactly (N Q1 (x)) times the x appears in the configuration X and w giving for the first permutation N Q" (x)
possibilities, for the second one N Q(l)(x) — 1 and so on. The sum over the configurations x € AN with Q(l) =L%)
is just the multinomial distribution

N O\ N!
<NQ<‘>> T TLeaNOD )Y

where ) " .4 N 0 (x) = N.In (3.4) the sum over the configurations ¥ € A" gives the multinomial factor, because all
the other terms do not depend on the configurations X anymore. Thus, together with the counting over the permutations
we get

Z Z 1=N! Z ]l{Vx,yeA: #{i: xi=x,w,-=y}=NQ(x,y)}(w)-

xi€eA 0eGN(E,Q) weAN
1<i<N L(w)=x

It remains to count the configurations w relative to the given configuration X and frequency N Q(x, y) forany x, y € A.
This number corresponds to the number of Euler trails in a complete graph or the number of configurations in a
microcanonical ensemble specified through the pair measure Q (cf. [1] and references therein), and equals

Z Tvx yea: #i N (w) = [TeeaAW OV )
N (V. yed: #i: xi=x.0i=y})=NQ(x.)} [LiyeaNQG, !
w€eA

L(w)=%
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Thus we get from (3.3)

(sym) N VoW [LieaW OV @)
PY"™ (Ly € A) = m(A) Z(N)x]lmm) M.\ (N O )] oy (L € A).
QE‘BA

Applying the Stirling formula for N!~ NN+1/2¢=N /21, we get after some computation and estimation

1
Hm Ve [TieaN QP (x))! = ClARIogN (N H Q10 ®m )
]_[x )GA(NQ(X y))' -

xeA

where

(x,y)
H D = E (x,y)1o g
(010 my) x’yeAQ s y)log ——— Dm0

is the relative entropy of the pair probability measure Q € ‘}~3(A x A) relative to the probability measure 0V @m 4 €
P(A x A), and where C > 0 is an absolute constant. Hence,

]P)g\slym)(LN e A) zm(A)Ne_ClA‘ZIOgN Z e_NH(QlQ(1)®mA)PBQ’N(LN c A) (35)
S

In (3.5) there is a sum over all pair measures in 2}3 N ™ For any pair measure Q € ‘B(Zd Z%) with finite relative
entropy H(Q| ‘O ® m) and finite functional / éQ) we need an approximation with a sequence (Qy)yen of pair prob-

ability measures Qy € ‘B(AN) converging to Q as N — oo in an appropriate way. Additionally, we let (Ax)yen be a
sequence of sub boxes Ay C Z4 such that Ay 0 74 as N — oo.
This will be done in the proof of the following proposition.

Proposition 3.1. Let (Ay)nen be a sequence of sub boxes Ay C Z4 such that Ay 0 74 as N — oo and such that
there is & > O with |Ay|3/N = N~ and 4| An|*/N < %for all N € N. Then for any open set A C PB(Dg) we have

1
llivm infﬁ log Z e_NH(Q‘Q(|)®mAN)IPZ’N(LN eA)
— 00 QE‘I;(N)

>—inf _inf {H(QIQW @m)+ 1% w}. (3.6)
HEA QeP (2 x74)

Proof. Let A C B(Dg) be an open set, and let min A and Q € ‘]~3(Zd x Z%) be given. In the case H(Q|Q0" ®
m) = +oo or J éQ) () = 400 the assertion (3.6) follows immediately. We assume therefore that the relative entropy

H (Q|Q(1) ® m) and the functional Jé@(u) are finite. The first assumption implies that supp(Q) C (supp(m) x
supp(m)), because

H(QIQ" @m)=H(Q|0" & 0V) + H(QV|m),

where H(QM|m) =", .0 01 (x) log £ Hence, 0 € F(supp(m) x supp(m)).
Our strategy is as follows:

Step 1. In the first step we construct a sequence (Q%V)) NeN of pair probability measures Q%v) € ‘B(N) such that

Q%V) — Q weakly in the sense of probability measures as N — oo and such that the
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Step 2. lower bound

P Y ()
lzlvrglgofﬁlOgPQ%V),N(LN €A)> —Iﬂ (w) 3.7
for any u € A follows from a lower bound of a large deviations principle for the distribution of Ly under the measure
}P’Z %])’N’ and that

Step 3.

1 (N)| H(N.(1)
liminfﬁ log(e_NH(QN 1Oy )®m/‘N)) > —H(Q|Q(l) ® m) (3.8)

N—o00

We will start with step 1.

Step 1. Construction of pair probability measures Q%V) € ‘B%’) This construction is split into two parts. First

we construct for a given pair probability measure on Z¢ x Z? with equal marginals a pair probability measure on
Ay x Ay with equal marginals such that it converges weakly to the given pair probability measure on Z¢ x Z@. This
is done in Lemma 3.2. Once we have a sequence of pair probability measures on Ay x Ay with equal marginals we
construct for this sequence a second sequence also with equal marginals but such that their single entries are integers
when multiplied by N.

Lemma 3.2 (Marginal construction). Let Q € %(Zd x Z4), Ay C Z% and xy € Ay and (nn) a sequence in (0, 1)
with ny — 0 as N — oo. Define the |AN|2 entries of a function Qn : Ay X Ay — [0, 1] as

Q(x, y) ifx,ye€ Ay \ {xo},
OV () = X capviwg) QN X, 2) ifx € Ay \ {x0}, y = X,

On () =1 0VO) = Xcanimg QNG Y) iy € An\ {x0}. x = xo, (3.9)
1= yenr: ON (X, Y) if (x,y) = (x0, X0).

(x,y)7#(x0,X0)
Then the following holds:

i) On € P(Ay x A).

(ii) Let (An)nen be a sequence of boxes Ay C Z¢ with Ay 1+ Z¢ as N — oo. Then Qn — Q strongly as
N — o0.

(i) Qn(xo,x0) = nn forall N e N.

Proof. (i) Clearly On(x,y) € [0,1] for all x,y € Ay \ {x0}, and QOn(x, x9) = ZzeAﬁ\,u{xo} Q(x,z2) €1[0,1] and

On(xg,x) = ZzeAﬁvu{xo} Q(z,x) €[0,1] forall x € An \ {xo}. Also

QN(xo,xo>=1—< oo o+ Y. Y (Q(x,y>+Q<y,x>))e[o,1],

x,ye AN \{xo} xeAn\{xo} ye A§,Ufxo}

because the terms in the brackets are bounded by ZX’ yezd Q(x,y). All | Ay|? entries of the function Q sum up to
one, because

Yo oovxy= > 0.y

X, yEAN x,yeAN\{xo}
+ > (2Q<”<x)— > (Q(x,y>+Q<y,x>))
xeAn\{xo} yeAn\{xo}

+ On(xp,x0) = 1.
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For any x € Ay \ {xo} we get

Qg\})(x) = On(x,x0) + Z 0(x,y) = 0V (x) = 0?(x)

yeAN\{xo}
=Ov(0. )+ Y. On(.x)=0F ()
yeAN\{xo}

and

0y (x0)=0n(xo.x)+ Y. Qx)=1— Y 0y =0y 0.

yeAn\{xo} xeAn\{xo}

Hence Oy € sJ~3(AN X AN).
(i1) First, a direct computation gives

On(xo.x)=1-2 > oV@+ >  0QGy= Y 0@y,

z€AN\{xo} y.z€An\{x0} y.2€ A5, U{xo}
this gives
| QN (x0, X0) — Q(x0, X0) | = D Q(x, ), (3.10)
v.zeA5,
and hence

dYole@yy-ov@ =2 Y 0@y

x,yezd (x,y)E(ANXAN)©

The assertion then follows since for any ¢ > 0 there is No € N such that

> |06 y) = Onx, )| <& forN=N.

x,yEZd

@iii) If Qpn(x0,x0) = Z},‘ZE/&%U{XO} O(x,y) < ny for all N € N we will multiply all the entries Oy (x,y) for
(x, X) € (AN X AN)\ {{0, xo} with the factor ay = (1 — nN)l(l — Qn (x0, x0)). The resulting entries are then denoted
by On(x, y). Clearly, On(x0,x0) =1 — Z(x,y)eA?\,\{xo,xo} On&x,y)>=ny anday — 0as N — oco. As

Yoy —0Ov@ <2 Y 0@y + (I —ap).

x,yezd (x,y)e(ANxAN)©

all requirements in (i) and (ii) are satisfied by é N- O

We now construct pair probability measures Q;VN) € ‘B(AAQ We apply the previous Lemma 3.2 for the choice ny =

(|Ay| — 1)?/N.Fix N € N and denote the pair probability measure Qy in Lemma 3.2 simply by Q. Hence, we have
the property that here is xp € Ay such that

(IAN] —1)?
O (xo, x0) > — N (3.11)
Now we define |Ay|? — |An| =: v components of a vector in [0, 1] which satisfy the conditions (1)—(4) in

Lemma A.1. These coordinates define then according to Lemma A.l uniquely a pair probability measure in ‘B(AA}]V)
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when the single components are elements of {0, 1/N,..., (N —1)/N, 1}. Now (JAyx| — 1)2 components are defined
as
N 9
0 (e, = MO oy e v 1ol (3.12)

where | x] is the largest integer smaller or equal to x € R. The remaining |Ay| — 1 coordinates are given as

QD) (.o VD))

forall x € Ax \ {x0},

where xg € Ay as in Lemma 3.2 and in (3.11). We check that the conditions (1)-(4) of Lemma A.l are satis-
fied, where we order the coordinates in an obvious way. Since Q%v’(l))(x) < 0W(x) for all x € Ay \ {xo} we

have ZXGAN\{XO} Q%V’“))(x) <1, 1i.e. (1) is satisfied. For any x, y € R} one has |x + y| > |x]| + |y]. Therefore,
OV () =Y e pyiing) Q@ ) and QP (x) = 0P () = 37 4\ (1) @, %) forall x € Ay \ {xo} imply that

oy V= Y oy and o Vw= Y oo

yeAn\{xo} yeAn\{xo}

forall x € An\{xo}. Hence, also (2) and (3) are satisfied. For x, y € Ax \{xo} we have Q%V) (x,y) = On(x,y)— % =
Ox,y)— % Notice further that from the proof of Lemma 3.2 and our assumption (3.11) we have

Ovixox)=1— > 200+ > 0w,»=0"0)—- Y 0 x)

xeAn\{xo} x,y€AN\{xo} xeAN\{xo}

(1An| = 1?

= Q(x0, x0) = N

Hence, an estimation and application of this gives

> <2Q§$V*“”(x>— > Q%V)(x,y))f > (2Q“>(x)— > Q(x,y))

xeAn\{xo} yeAN\{xo} xeAn\{xo} yeAn\{xo}

12
+(|AN| 1) <

]1
N

and therefore (4). We define the remaining 2| A x| — 1 entries of the function Q%v) as follows

oy .x)=0y""w - Y o @,

yeAn\{xo}
0y 0.0y =0y " - Y o (.x) forx e Ay \ {xo}, (3.13)
yeAN\{xo}
Q%xo,xo):l—( o200 V- Y Qﬁ&”(x,y)).
x€AN\{xo} x,y€AN\{xo}

Then the components in (3.12) and in (3.13) define uniquely a pair probability measure Q§VN) € 2]3%/) for
N eN.
Weak convergence of(Qg\],V))NeN. For x,y e Ay \ {xo} we have

1
10 (x,y) = 0(x, )| < -
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which implies
(N) AN
0y (x. x0) — Q(x, xo)<ﬁ+ > oe, -0y (x, y>|<T
yeAn\{xo}
and analogously

(V) [AN]
Oy (x0,x) — Q(xp,x) < N for any x € Ax \ {xo}.

Moreover, with (3.10) we get

A 2
0 o) — 0oy = PN S o,

(x,y)e(ANxAN)©

and therefore

2|AN|?

N N

Yol e -ow ==+ 3 oy,
X, yeAy (x,y)e(AnNxAN)©

and the assertion follows.
Step 2. Lower bound via Gdrtner—Ellis theorem. We are going to use the Girtner—Ellis theorem to deduce that

1

1 1 (Q)
liminf —1 ]P) LyeA)> I

[lv mn N og (N) ( N ) (/.L)

For doing this, we evaluate first the logarithmic moment generating function for a given F € Cy,(Dg), where we take
the dual pairing P(Dg) with Cy(Dpg) ([12], Lemma 3.2.3).

1
A(F):= lim —logE
(F) 1mN0g

Q(N)N(GMF’LN)): lim —log( l_[ ]Eﬁ el ®) NQN)(XJ*))

X, yEAN

= lim_ Y 0y (. y)logEf | (e7®)

xyEAN
— 1 (N) F( ) F(&)
= Jlim >0 Oy (. »logkf (") = ) 0(x.y)logEf ("),
X, yeAN x,yezd

because the limit and the sum can be interchanged, and recall that QO — Q (weakly) in sense of probability measures
as N — oo. Hence, A(F) exists, and

A(F)= Y 0(x,y)logEf ("®) forall F eCy(Dp).
x,yezZd

Also, it is easily seen that A is lower semi-continuous and Gateax differentiable. Thus, [15], 4.5.27, together with the

exponential tightness for the sequence (IP”?2 ™ y° L;,l )NeN, Which is derived in Lemma 3.5, gives
N 9

B -7
ljl\ln—lggofPQE\,N),N(LNEA)_ Iﬂ (w),

where

129G = sup {(F.u)— AF)},  peP(Dp).
Fer(Dﬁ)
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Step 3. Estimation for the relative entropy. We are going to show (3.8), i.e.
liminf —H (010" ®@may) = ~H(QIQ" ©m).

Hence we have to show the upper semi-continuity of the relative entropy. We estimate the relative entropy of the pair
probability measure Qg\}/\/) with respect to Q&N’(l)) ® my. We intend to bound this relative entropy from above by
the relative entropy of the restriction Q] 4, of Q onto Ay x Ay with respect to the measure Q|(Alj)\, ® my plus some

error terms. The latter relative entropy is known to converge to the relative entropy of Q with respect to Q ® m, see
[12], Lemma 4.4.15. Standard properties of the entropy function for finite sample spaces give the proof of the upper
semi-continuity. Hence the assertion (3.8) follows.

Finish of the proof of the proposition. Now, (3.7) and (3.8) show that the left-hand side of (3.6) is not smaller
than

H(010" @m) — 119 ().
Since this is the case for any u € A and any pair measure Q € ‘f? (Z4 x 7%, the proof is finished. (I

Finish of the proof of the lower bound of Theorem 2.1. Now, Proposition 3.1 gives the desired lower bound for
Theorem 2.1 when we apply it to the derived inequality in (3.5). Note that

1 2
l' : f l A N —C|AN| IOgN =0
iminf 7 log(m(An)Te )

due to our assumption that | Ay |3/N = N~¢. Thus,

.. (sym) . (sym)
| flogP LyeA)>—inf I .
iminflog P (Ly € 4) = inf I (1)

3.1.2. Proof of the upper bound of Theorem 2.1
For the upper bound we start with a finite box A C Z?. Later we will perform the limit A 4 Z?. The main task is
to estimate the probability of the two events and to apply the combinatoric scheme introduced in the proof of the
lower bound. Here, we are faced with the problem that a random walk may start in A and terminate in A or the
complement A€, or start outside A and terminate outside or inside the box A. All events have to be estimated. To
start, fix a closed set F' C P(Dg), abox A C 74 and & > 0.

We split our sum over the N initial points of the random walks into a sum over the initial points in the box A and
over the complement A€ for each single random walk. Thus we write

x1€Z4  xyeZd  ae{l,c}N x1eAl XN EAIN

To estimate the probability ng,ym)(LN € F) from above, we write the probability as the sum of the follow-
ing two events. The first event is the probability with additional indicator that the number of random walks
not starting in A is more than &N, whereas the second event is the complement, i.e. the same probability
with indicator that the number of random walks starting in A is greater than or equal to (1 — ¢)N. Thus for-
mally

R I D D VD VD DD D

x1ezd  xyezd ag{l,c}V  x1€AYl  xyeAN aef{l,c)N xj €AYl xyeAN
t{i: aj=c}>eN gi: a;=1}>(1—-e)N

The probability for the first event can be bounded from above by the factor 2V¥m(A€)*N. For the proba-
bility of the second event we have to sum over all possible subsets I C {l,...,N} with |I| > (1 — ¢)N,
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hence

PO™ (Ly € F)

G X X T [l @F, Javer)

666Nae{1 e}V x1€A91 XNEAN i=1

E2Nm(AC){-7N_}_m Z Z Z Z

"0eGy IC{l,..,N} ae{l,c}V: x1eA1
[I|>1=eN [={i: aq;=1}

x Y l_[m(x, (@lexa(l))(LNeF). (3.14)

XNEAN i=1

We consider only those random walks in the product of random walk measures in (3.14), which are conditioned to
start and terminate in the given box A. The contributions of the remaining random walks are estimated from above
by one. For any given permutation o € Gy and subset / C {1,..., N} with |I| > (1 — &) N we define the subset

I, ={i €{l,...,N}: o(i) € I}. This means that we replace the product measure ®1N= 1 IP’ffl. by the product mea-

Xo (i)
sure Qs 7 Pfi,xg(,-)' To perform this, we have to replace the empirical path measure Ly by the empirical path
measure L ny, given as

1

_— Sei) -
I, N 1| Z §0
iel,

From |I| > (1 — &) N we getthat |I, N I| > (1 —2e)N. We need some technical preliminaries to estimate the error of
this replacement. First note that Dg equipped with the Skorokhod topology is Polish [12]. Next we need a metric for
the probability measures on the Polish space Dg. Recall the Lévy metric d on the Polish space B(Dg) [12], defined
for any two probability measures ., v € P(Dg) as

Lin=

d(u,v) = gg{u(l“) <v(I®)+8and v(I") < u(r’) +éforall ' =T C Dg},

where I'® = {u € PB(Dp): dist(u, F) < 8} is the closed §-neighbourhood of F. (By dist(u, A) = infyeaq d(u, v) we
denote the distance to a set A C PB(Dg).) Note, NLy(A) is the number of random walk paths in any closed set
A C Dg and therefore

NLN(F) < |l NI|Lj n;+2eN,

which implies Ly (F) < L ni(F) +2¢. Thus, d(Ly, L1,nr) < 2e, and we get using |I| > (1 —&)N

N
( Pfiﬁxa(i)>(LN €F) =< ( ]P)ﬁfi,xzr(i))(LN € Fzs)'
i=1 iel,NI

We insert this in (3.14) and execute all the N — |I| summations over A% with j ¢ I since they do not contribute
anymore. All these contributions are estimated from above by one, and hence we are left with the |/| sums over those
x; withi € I,i.e. x; € Afori € I. Hence, we write X = (x; )7 for a configuration x € Al and get from (3.14)

PY™ (Ly € F) <2V m(AC)aN

G X e @ el (e e ) 15

GEGN I1c{1,...N} xeAl iel ielsNI
[I|>(1—&)N
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In the following we put |/, N I| =n and recall (1 —2e)N < n < N. We observe that the product measure does not
depend on the full information of the permutation o € Gy . It depends only on the frequencies of indices i € / such
that x; = x and x,(;) = y for any x, y € A. These frequencies can be expressed with some pair probability measure

1
0 e PY = P(A x A)N N4
n

i.e. for example there are nQ(x, y) indices i € I, N I such that x; = x and x,(;) = y. Hence, we need to count those
permutations that satisfy the constraint and further that

1
Qm:L(x):; > 8, and QP =L(c(®)= Z 8roi)-

ielyNI ze] NI

Note that here the marginals 0 and 0@ are not necessarily equal. But as n > (1 —2¢) N we can estimate the differ-
ence of these marginals with the metric d on (A x A). The marginal differs at most by 2¢, i.e. d(QV, 0@) < 2s.
Define the set

@9 =10 e B (A x A): d(QV, 0P) <2¢).

We rewrite the right-hand side of (3.15) with a sum on pair probability measures in the set ‘,13(” *) and an additional
sum over the subsets I C I with |I| =n>(1—-2¢)N.

PO™ (Ly € F)

< 2Nm(AC)£N
Z Z Z 1—[ (x )nQ( ’(x)( ® (IP’f,y)"Q(x’”>(Ln c F25) 1—[ mx;)
UEGN TcIc(l,...N}), gepe) xeA x,y€A ienT

n=|T|>(1-2¢)N

]1{] =I,NI}
X Z Z ]l{oeGN: Vx,yeA: tliel : Xi:xaxrr(i):y}:”Q(Xv)’)}(0)

xeAl oe6y
§2Nm(AC)£N n Z Z Hm(x)an(x)( ® (Pf,y)"Q(x,y)>(Ln c FZS)
(I-20)N=n=N geqe xed x,yed
x Z Z GN(x 1,0) ]_[ m(x;), (3.16)
Tcic{l,...,N}, xeA’ iel\T
n=IT]|

where we introduced the set
SN T, Q) ={oeGy: Vx,ye A tli € It xi =x, %4 =y} =nQ(x, )}

of permutations admissible with Q and the configuration X € A’ on the index set Icl.

Counting. We estimate now the cardinality of the set Sy (x, T, Q). We fix a configuration X € A’ and an index
set I CcIcC{l,...,N}ywith |I|=n,(1 — 28)N~§ n < N. We evaluate the cardinality of the set Sy (X, I, Q) with an
additional sum over those configurations w € A’ for which L j(w) = 0@ here Lj(w) is the empirical measure of the
configuration w. This gives

BNETL O = Y Lyyen: stich nmsomy=n0e @ D Lomr,qvieh) (©)- (.17)

wEAT, GEGN
L(0)=0®
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The last term is easily estimated as

Y Lmrgvien@ = Y [{o:T— T bijective: o =xo0) Vi €T}
ocGy Tcr|Ti=1]
x {o:(1,..., N}\T— {1,..., N\ T bijective}

< ( i') [[no® @) —n.

xeA

The first term in (3.17) is given as in the lower bound via a counting of Euler trails [1]. Therefore

5 fren = a0
” (Vx,yeA: g{iel: xi=x,0;=y}=nQ(x,y)} = ]_[X,yEA(nQ(x’ y))!'
w

L(0)=0®?

Note that the two previous estimations do not depend on the configurations ¥ € A’ as long as

_ 1
Q(l) — Lr(x) = ; Z(Sxi‘

iel

The number of all these configurations is clearly equal n!/[].c,(n 0 (x))!. We split the sum over the configura-

tions X € A! in the last line of (3.16) into a sum on (Xi);eT € Al and (xi)iel\y e A'M | and we estimate the term
[lie\ym(x;) from above by one. Hence, the last line of (3.16) can be estimated as

) %uc‘sm, Lo [] me

TcIcil,..,N},TeAl ienNl
n=|1|
< Y tageal L(eg) =0")
Tcic(l,...,N},
n=|T]
5 <|1|> [Tiea® @V ) Tiea QP ) (N —n)!
n l_[x’yeA(nQ(x’ y))’ N'

S (N)<l)2n!(N_")’ [TieaQ® ))!
TN ) NU o Tleyea®@QGx, y)!

(N>2 erA(nQ@)(x))! <N|A|2+5 2cen [lren Q(z)(x)"Q(z)(X)
< e ,
n HX,yEA(nQ(x’ y))’ I—[queA Q()C, y)nQ(x,y)

where we used that there is a constant C > 0 such that (2’ ) < eCeN for all n with (1 —2e)N <n < N, and where we
used Stirling’s formula and some constant C. Inserting all this in the estimation (3.16) gives

N
Py (Ly € F) < NAFHCCeN 5™ N~ ool Qm®0™ph (1, € F%) +2Vm(A)™Y.  (3.18)
n>(1-2¢)N QG‘I?(X’S)
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Large deviations. We now show for A C Z¢ fixed and any & > 0 that

1
lim —log( Z e_”H(Q‘m®Q(2))]P”é L(Ln € F2€)>

n—oon

Qepy?
<— inf inf {H Olm® 0®)+  sup {(F, w) + O(x, y)logEP (eF'® ” (3.19)
neF% QePy ( ) FeCy(Dp) Z 1 )

x,yEZd

where ‘}3([? ={0 e P(A x A): d(QWD, 0®@) < 2¢} is the set of pair probability measure whose marginals differs by

at most 2¢, and where the probability measure Q € 3% is trivially extended to 74 x 74 by zero outside of A x A. To

see this, consider the logarithmic moment generating function of the distribution of L, under the probability measure

B

]P’Q’n,

A9 (@) = log EF ” (e”(F’L">) =n Z O(x,y) logE)’?’y(eF(S))
x,yeA

forany Q € ‘JB(X’S) and any F € C,(Dg). Now let Q, € ‘13(/;"8) be maximal for the mapping Q +— enH(QIm@0®) o

Pé,n(Ln € F% ). Then, since the set EB(X) is compact, there is a pair measure Q € &B(j) with lim, . O, = O weakly.
Clearly the limit

1
Q — lim =A@ — E B (oF®
A (F)_nli{lgonAn (F)_ AQ(x’y)logEx,y(e )
X, V€

exists, and is lower semi-continuous and Gateax differentiable. Now the Gértner—Ellis theorem yields that

. 1 B 2 . { F
lim sup — IOgP L,eF ‘) < — inf su F, M + Q(x, ) log Eﬁ € © ,
n p n Qn,n( n ) = LeF erF 5 ( ) E : y x,y( )

x,yeZ4
because we may assume that F%¢ is compact. We can do so, because Lemma 3.4 shows that there is a sequence of
compact sets My C P(Dg) such that

- 1 8 .
lim limsup — log( sup IP’Q,n(Ln € ML)) = —00.

L—00 p—soo N QE%(X)

The cardinality of the set ‘ﬁg”s) is clearly polynomial in 7, and by continuity of Q > H(Q|m ® Q?), the assertion
of (3.19) follows.
We are now in the position to perform the N — oo limit for the upper bound in (3.18). We get

1
1imsupN10gP§\s,ym)(LN eF)< —min{—ZCs —log2 — slogm(AC),

N—o0

. : () (0)
L it [ (0im e 0) + 1060} .

where we recall

152w = sup {(F,m+ 3 Q(x,y)logEgy(eF@)}.

FEC},(D;;) X yGZd

The proof of the upper bound (3.1.2) of Theorem 2.1 is finished when we replace A C Z¢ and & by sequences
(enN)NeN and (Ay)nyen With ey — 0 and Ay 1 74 as N — oo such that |AN|2/N = N~% for some § > 0 and such
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that ey logm(A$,) — —oo as N — oo and use the following lemma. Recall that my € P(Ay) is the restriction of
the initial distribution on the set Ay .

Lemma 3.3. Fix a closed set F' C B(Dg). Then for any sequence (£,) yeN satisfying ey — 0 as N — oo and any
sequence (AN)NeN With Ay 1 74 as N — oo,

liminf inf inf {H(QImy®0?)+ 1% ()
N—o00 ;e F2 Qqu(jl)v

>inf _inf  {H(QIQV ®m)+ 12w} (3.20)
HEF Qe (74 x74)

Proof. Clearly, my — m weakly as N — oco. Now we pick approximating sequences of Q’s and u’s and employ
compactness arguments. Thus, forany N € Npick uy € F 26N and On € ‘B([ff\’/ ) such that the sequences (H(Qn|mny ®
Q%) )+ 1 éQN ) (uN)) NeN converges to the right-hand side of (3.20) and may therefore be assumed to be bounded. The

sequence (H(QS) |mn))nen is bounded because of

H(Onlmy ® 09) = H(QVmy) + H(0nI10V @ 0P).

As Q%) has support in Ay we have H(Q%)lmN) = H(Q%)|m), and thus the sequence (Q%))NEN is tight due to the

fact that the level sets of the relative entropy are compact (see [15], Lemma 6.2.12). As d(Qg\l,), Q%)) <2ey —> 0as

N — 00, also the sequence (Qﬁ))NeN is tight. By boundedness of the sequence (H(QN|Q§\}) ® Q;})))NGN, also the

set P :={Qpn: N € N} is tight. Hence, according to Prohorov’s theorem we may assume that Qy — Q as N — 00
for some Q € P(Z? x Z%). Since both Qg\l,) — 0W and Q%) — 0@ as N — oo, we get that Q € P(Z¢ x Z4).
For C > 0 sufficiently large, the sequence (i) yeN is contained in the set

C e 1(ON)
{MG‘B(Dﬂ)- Al,réglﬂ (M)SC}.

Now it turns out that this set is relatively compact. We are going to prove this fact now. Note that it suffices to find a
family of compact sets My C Dg, L > 0, such that

lim inf inf 19 = co.
L—o0 QeP M

We prove this in the usual way with the exponential tightness and a lower bound for a large deviations principle. The
sequence (L y)yeN is exponentially tight under the probability measure ng > uniformly in Q € P (see Lemma 3.5).
Moreover, it is easy to see that it satisfies a large deviations principle with rate function / f(;Q). Indeed, note that the
logarithmic moment generating function of Ly under the probability measure IP”;N,  1s easily shown to converge
towards the function

Fr— Z Q(x,y)log]Ef,y(eF(s)), F € Cp(Dp),
x,yeZd

whose Legendre-Fenchel transform is / Q) The Girtner—Ellis theorem then provides the proof for the large deviations
principle. For L € N, pick a compact set M; C 3(Dg) such that

IE”g,\,,N(LN EME) <e M foranyL,NeN, Qy € P.

Now the lower bound in the mentioned large deviations principle gives us that

1
g s r(0) s B
uéf }Jllzflﬁ > 111\}111an log]P’QN’N(LN € Mz) >L,
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implying that the sequence (n) yeN is tight. Therefore, we may assume that uy = @ as N — oo with some p € F L
Since uy € F2eN for any N € N and since ey — 0, we even have i € F, because F is closed. To finish now the proof
of the lemma we employ the representation of the relative entropy as a Legendre transform (see [12], Lemma 3.2.13).
This gives

inf inf {H(QImy ® Q) + 1% ()
neF NQG‘,BAx

> (g. On) —loglef.my ® OF)+ (. un) — Y Qn(x,y)logEL  (eF®)),

X, YEAN

where g € Cp(Any x Ay) and F € Cy(Dg) are arbitrary. Hence, we get

liminf inf inf {H(QImy ® QP) + 1P (w))

N—0o yeF2N Qem(:x)
> (g, Q) — logle®, 0V @ m) + (F, 1) — Z O(x, y)lOgEg’y(eF(é))‘ 321)
x,yezZd
Since this holds for any g € Cy(Ay x Ay) and any F € Cp(Dp), the left-hand side of (3.21) is not smaller than
H(QI0V @m) + IEQ) (). Therefore,

Lhs.of 321) > inf _inf {H(Q[Q®m)+ 1% ()},
HEF Qe (24 x74)

and the assertion of the lemma follows. O
3.2. Proof of Theorem 2.2

We prove Theorem 2.2 in the following. Denote by ¥ the continuous mapping

w P(Dg) — D([0, B1; RY), MHWWZAwWM.
B

Note that ¥y = ¥ (Ly) and recall that Dg = Dg ([0, B]; 7). The contraction principle ([12], Lemma 2.1.4) ensures

a large deviations principle for Y under the symmetrised measure nggl) with the rate function

M@= _inf  {H(010V ®m)+ T} @)},
Qe (zd x24)
where
Q) ~ )
1,7 (w)= inf 17 (w).
p neP(Dp): P
v (w=0

Therefore we need to show that Tésym) = ngsym), and for that it suffices to show that TéQ) = ifsg). If we consider the
class of functions F € Cy(Dp) of the form F(w) = foﬂ ds (wy, fi)pa for f € L2([0, B1; RY) we get for u € P(Dp)

B
IéQ)(M) > sup {/ ,u(da))/ ds (ws, fs)pa — Z Q(x,y)logIEf’y(eff ds(fs,é.ORd)}
Dg 0

FEL2(10.1:R) ryezd

=12 (v ().
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If we now take the infimum over all probability measures u € PB(Dg) with ¥ (u) = @ we get that &(Q) > INﬁ(Q). To
prove the complementary bound 7;3(Q) < fﬂ( 2) seems to cause major technical difficulties. We therefore proceed in an

indirect way. We show that both ES(Q) and T/S(Q) are the rate function for the same large deviations principle. In the
proof of Proposition (3.1) we have shown that the empirical path measures Ly satisfies a large deviations principle

with rate function / /3( 2 under the measure IP’ZN_ n»Where Oy € ‘B(AAQ is the sequence of pair probability measure from

step 1 in the proof of Proposition 3.1. According to the contraction principle the sequence (Yy)yen satisfies, under
the measure ]P”ZN - @ large deviations principle with rate function / ﬁ(Q).

Now we show directly that the sequence (Yn)nen under the measure ]P”ZN’ w satisfies a large deviations principle
with rate function %Q), which finishes the proof. Recall that Qy € ‘B(AA;]) with Qny — Q as N — oo. We perform this

in the usual setting of the Girtner—Ellis theorem. Let f € L([0, B]; R?), the logarithmic moment generating function
is then

6 :
An(f) = logEgN y (V) = log( 1_[ Ef’y(efo df(fs’gﬂued)NQN(x’-‘))

X, yEAN

=N Z QN(X, y) log Ef,y (ef()ﬁ dS(fS)%'x)Rd)’

X,yEAN

and hence

.1 Btk na d
A(f) = Jim —Av(f) = % O(x, y)logEf | (efo il ds).
X,y€

It is easily seen that A is lower semi-continuous and Géateax differentiable. The Legendre—Fenchel transform is equal
to 1 /S(Q). According to Lemma 3.5, the sequence (Yy)nen 1S exponentially tight under (P‘ZN ~)NeN. Hence, the
Girtner—Ellis theorem finishes the proof.

3.3. Proof of Theorem 2.3

In this subsection we prove Theorem 2.3. We denote by 5 : Dg — 74 , s € [0, B], the canonical projection g (w) = wy
for w € Dg. Then the mapping

1 r#
T:P(Dp) — P(2%), MHT(M):E/O dspom, !

is continuous and Zy = T (Ly). Then a large deviations principle for the mean Zy of occupation local times with
rate function

Seym), M ~0)
T py= inf  {H om)+ 7P, (3.22)
5o (p Qem(zdxzd){ (010 )+ 57 (0}

where

2= it 12,

neP(Dp):
T(w=p
is given via the contraction principle ([12], Lemma 2.1.4). Therefore we need to show that J ﬁ(sy m _ ./l;@(sym), and

for that it suffices to show that J, ﬂ(Q) = Z;Q). We relax the set of functions over which we perform the supremum.
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For a fixed probability measure u € 3(Dg) we consider bounded continuous functions F € Cy,(Dg) of the form
F(w) = %foﬁ ds f (w) for any bounded function f € B(Z?) and @ € Dg. Then for Q € R(Z¢ x Z4)

© 1P N
10wz s 1 por [ ds fo
Dﬁ ﬂ 0

3 0y logEL (/P f@ﬂdw}
feB(zd) ’

x,yeZd

— J(Q)(T(,u)).

If we now take the infimum over all probability measures u € B(Dg) with T () = p we get that .?}Q) >J /S(Q). To

prove the complementary bound .};Q) <J /éQ) seems to cause major technical difficulties. We therefore proceed in
an indirect way. We show that both j;Q) and J };Q) are the rate function for the same large deviations principle. In
the proof of Proposition 3.1 we have shown that the empirical path measures Ly satisfies a large deviations principle
with rate function / EQ) under the measure IP’ZN, N> Where Oy € ‘,)3(/‘1\1[\]) is the sequence of pair probability measure from
step 1 in the proof of Proposition 3.1. According to the contraction principle the sequence (Zy)yen satisfies, under
the measure ]P’ZN - @ large deviations principle with rate function J /S(Q).

Now we show directly that the sequence (Zy) yen under the measure IP”ZN  satisfies a large deviations principle

with rate function JléQ), which finishes the proof. Recall that Qy € ‘B%V) with Oy — Q as N — oco. We perform

this in the usual setting of the Girtner—Ellis theorem. Let f € B(Z?) any bounded function, the logarithmic moment
generating function is then

AN(f) = log]EgN’N(er’ZN)) = log< 1_[ IE)‘?’y(efo'3 f(Sx)d-Y)NQN(Xs}')>

X,yEAN

=N Z QN(X,y)IOgEf’y(efoﬁf(Es)dS),

x,yeAN

and hence

A= Jim Ay = Y 0y logB (el 1Y)

x,yeZd

It is easily seen that A is lower semi-continuous and Géteax differentiable. The Legendre—Fenchel transform is equal

to JéQ). According to Lemma 3.5, the sequence (Zy)yeN is exponentially tight under (PéN, N)NeN. Hence, the
Girtner—Ellis theorem finishes the proof.

3.4. Exponential tightness

We prove in this subsection the exponential tightness of the distributions of the empirical path measure Ly under
IP’E\S,ym) and under Pg’  for any pair measure Q € ‘B(AAQ For the first result we use the compactification given by the
initial distribution m of the random walks.

Lemma 3.4. The empirical path measures (L) neN are exponentially tight under the symmetrised measure P,E,S ym),

Proof. For [ € N, choose a subset A; C Z¢ such that m(Alc) < e_lz. Furthermore, choose §; > 0 so small that

1 2
sup Pf,y< sup |s,/—s,|A|é,~—st|+0sup |E@) —£O)| + sup ﬁ!é(t)—é(ﬂ)| >7>5e—l,

X,yeA t—8 <t'<t" <t+3§; <t<§ B8 <t<
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where we write & = &1 for a single random walk. Consider the set

1
Az={weD5: w(0) € A, w(B) € Ay, sup loy — | Aoy — | < —,
=8 <t'<t"<t+§; 31
sup |o(t) —w(0)| < —, sup |w()—o(B)| < }
0<r<§ p—8<t<p 3l

According to a well-known characterisation of compact subsets in Dg, compare e.g. [10], Lemma 2.1, or [23], A; is

relative compact in Dg with respect to the Skorokhod topology. Now put K; := {u € P(Dg): M(ZIC) < %} and note
that K; is closed by Portmanteau’s theorem. Let M € N be given and consider K, := ﬂfi u Ki. The set Ky is tight

and by Prohorov’s theorem K y; is compact. We shall show that Pg\s,ym)(L v € K§;) <e MV _ Observe that
c . () C N
{Lne K} citlie(l,....N}): & eAl}>7
N N
(@) c (l)
A A —

(l) A (i) A _ _ l
Utyi €Ay €Ay, sup & — &l A N&m $z|>3l,

=8 <t'<t"<t+9;

N
sup |£() —&£(0)| > =, sup |E(t) —&(B)| > }_31}
0<t<§; B—8<t<pB
Clearly,
(sym) (i) (sym) M _ 1o N
Py #{i: £y =Py i:§ EAI}Zg
1 N N
< > W Z ]_[ @) Q) Pu iy (Vi € 11 £ € A7)
1c{l,..., N}: ceBy xe(Z = i=1
VIES
< Z m(Alc)ll\Se—lNBzN'
[1|=(N/30)
Furthermore,
1
Pﬁiym)({ & € ALES €A sup & =&l A G — &l > o
t—8 <t'<t"<t+9;
1
sup |£() —£(0)| > —, sup |s<r>—s<ﬂ>|>—)
0<r<y 3l B—8<t<p 3l
Z Z > l—[m(x,)®IP’x XU()(\ﬁe]: g e g e,
|1|>N aeGNxe(Zd)Nz 1
1 1
sup & — &I N Er — &> —, sup [E() — &) > =, sup [E)—EB)|> =
=8 <t/ <t <t+4) 3l 0=<r<§ B—8<t<p 3l

<> > ]_[m(xz)]_[va< sup |st/—s,|A|st~—st|>%,

e (i )tE[GAl xi€Ayiel iel iel =8 =t'<t"<t+§
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sup [E() —§(0)] >, sup  [E(1) —E(B)| > ) Do NP < INBN,
Osr<h p-o=i=p S i@
Hence,
[e¢) o
P;\S])’m) (LN c chw) < Z IP’ﬁ\S,ym) (LN c ch) < 3N Z e IN/3 <6x N o—NM/3 < e~ NM/5
I=M I=M
for all large N if M > 24. This ends the proof. ]

The following exponential tightness is due to the product structure of the probability measure ]P"g y forany Q€

‘,]3(N) Here we have a product of not necessarily identical distributed random walks.

Lemma 3.5. Let (Qn)neN be any sequence of pair measures QN € ‘Ii(AAIIV) on Ay X Ay with Ay 1 74 as N — oo.
Then the family of distributions of Ly (respectively of Yn and of Z ) under PZN’ N 1s exponentially tight.

Proof. We will prove the case for the empirical path measure Ly. The proofs for Yy and Zy follow analogously.
Our proof is an adaptation of the proof for the i.i.d. case (see [15], Lemma 6.2.6). From the previous Lemma 3.4 we
have a compact set A; C Dg and a subset A; C Z4 such that

sup Pfyy(é € Af) < e 2’ (el —1).
xX,yeA]

The set M; = {v € P(Dp): v(AlC) < 1/1} is closed by Portmanteau’s theorem. For M € N define K, := ﬂfiM M.
By Prohorov’s theorem, each M; is a relative compact subset of 3(Dg). Then we derive via Chebysheff’s inequality

forany Oy € ‘B(N)

1 _ ) .
1P 81 1) <205 2010

N
=e2VE) (exp (212 > a{gPe Af}))
i=l1

— e~ 2NI l—[ ]E/S (exp(212 {E(l)eAc}))NQN(x,y)

X, yEAN

< e 2N l_[ ]Ef,y(l _}_6212(67212 (el . 1)))NQN(XJ’) <e M,

X,yEAN

Therefore,

o0 o
PZN’N(LN ¢ Ku) < ZPZNJV(LN ¢ M) < Ze—Nl <2 MN/2,
=M I=M

which implies the exponential tightness. (]

Appendix

We provide a lemma for a unique characterisation of a pair measure with equal marginals via a vector in the coordinate
space. Let E € N and v := E? — E in the following. The following lemma characterises pair probability measures
Q €B(1, ..., E}?*) which have equal first and second marginal. Recall the definition for the first and second marginal,

respectively 0 (j) = Yf_, 0(j, k) and QP (j) =Y f_, Q(k, j) forany j € {1,..., E}.
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Lemma A.1 (Pair measure representation). Ler x = (x(, ..., x™") € [0, 1]¥ be a vector with the following prop-
erties
E-2
) Y <
k=0
k+DE
) Z xD < x*E+D - fork=0,...,E—2;
J=kE+2
E-2 '
3) Z xKH2HIE) < fKEFD - g k=0, ... E —2;
j=0
E-2 E-2
4 1> Z 25 *E+D) _ Zx(k+2+jE)
k=0 =0
Then x defines uniquely a pair probability measure on {1, ..., EY* with equal first and second marginal.
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