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Large Deviations for V¢ Interface Model
and Derivation of Free Boundary Problems

Tadahisa Funaki and Hironobu Sakagawa

Abstract.

We consider the Vo interface model with weak self potential
(one-body potential) under general Dirichlet boundary conditions on
a large bounded domain and establish the large deviation principle
for the macroscopically scaled interface height variables. As its ap-
plication the law of large numbers is proved and the limit profile is
characterized by a variational problem which was studied by Alt-
Caffarelli [1], Alt-Caffarelli-Friedman [2] and others. The minimizers
generate free boundaries inside the domain. We also discuss the Vi
interface model with §-pinning potential in one dimension.

§1. Introduction

Interfaces and variational problems.

It is one of the quite general and fundamental principles in physics
that physically realizable phenomena may be characterized by varia-
tional problems. Such principle is expected to hold in the problem
related to the phase coexistence and separation as well. Indeed, un-
der the situation that two distinct pure phases like crystal/vapor co-
exist in space, hypersurfaces called interfaces are formed and separate
these distinct phases at macroscopic level. The shape of the interface in
equilibrium is assumed to minimize the anisotropic total surface energy.
The corresponding solutions may be obtained by the so-called Wulff con-
struction (see [5], [8] and references therein). The underlying variational
problems change depending on the physical situations of interest.

In statistical mechanics, to derive the shape of the macroscopic inter-
face, one need to determine its total surface energy based on statistical
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ensembles at microscopic level, which are formulated as Gibbs measures.
This procedure can be accomplished by analyzing a proper scaling limit
in the ensembles, which connects microscopic and macroscopic levels.

V¢ interface model.

The basic microscopic model we study in this article is the V¢ in-
terface model, which is a continuous analogue of SOS type model. In
this model, the interface is already considered as a microscopic object
and described by height variables ¢ = {¢(z)}, the vertical distance of
the surface measured from the points z on a fixed reference hyperplane
located in the space (see [18], [19] for example). Assuming interfaces
are formed in d + 1 dimensional space, the variables ¢ are defined on a
large bounded domain Dy in the d-dimensional square lattice 7%, Here
Dy corresponds to the reference hyperplane which is discretized and
N € Z4 is the scaling parameter representing the ratio of the macro-
scopically typical length to the microscopic one.

Given strictly convex symmetric nearest neighbor interactions V :
R — R and boundary conditions © = {¢(z) € R;z € dT Dy}, an
interface energy H;f’,(qﬁ) at microscopic level called Hamiltonian is as-
signed to each interface height variable ¢ = {¢(x) € R;z € Dy} on Dy
as a sum of V(¢(z) — ¢(y)) taken over all pairs of neighboring sites x
and y in the domain Dy. Here Dy = Dy UdT Dy is the closure of
Dy, 0tDy = {z ¢ Dy;|x —y| = 1 for some y € Dy} is the outer
boundary of Dy and ¢(z) = v(z) for z € 9t Dy in the sum; note
that © ¢ Dy means x € VA \ Dy. We shall take Dy = ND N 7% for
a fixed bounded domain D in R? having piecewise Lipschitz boundary
dD, where ND = {N6 € R% 0 € D}; D is the macroscopic reference
hyperplane while Dy is its microscopic correspondence.

Weak self potentials.

We further assume the space is filled by a media changing in the
distances from Dp. Such situation can be realized by adding self po-
tentials (one-body potentials) U : D x R — R to the Hamiltonian which
has therefore the following form:

L) HZ@) = Y V@) —em)+ Y Ul o).

z,y€DN,|z—y|=1 r€DN

The first sum here is over all pairs of neighboring sites. Then the statis-
tical ensemble for the height variables ¢ is defined by the finite volume
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Gibbs measure on Dy

(1.2) py' (do) =

exp{—HyY(9)} [] do(=),

P, U
ZN z€DN

where Z}f’,’U is a normalization factor; note that ;ﬂfv’U € P(RP~), the
family of all probability measures on RP~. We shall sometimes regard
M%’U € P(RP~) by considering ¢(x) = 1 (z) for € 9+ Dy under M%’U.
We consider the case that U is represented as U (6, r) = Q(6)W (r), where
the function @ : D — [0, 00) is bounded and the basic assumption on W :
R — R is that the limits o = lim, 4o W(r) and § = lim,_,_o W (r)
exist, and the values of W are always between o and 3; see the conditions
(Q1), (W1) and (W2) in Section 2. The self potential U is called weak
since it is bounded. A typical example of W we have in mind throughout
this paper is a function of the form

(1.3) W(r) = ply<oy +alpso, reR.

This potential describes the situation that the space is filled by two dif-
ferent media above and below the hyperplane Dy. If 8 < «, the negative
values are more favorable than the positive ones for the interface height
variables ¢ under the Gibbs measures. In other words the interface is
weakly attracted to the negative side, namely by the media below the
hyperplane D .

Scaling limit and large deviations.

The aim of the present paper is to study the macroscopic behav-
ior of the microscopic height variables ¢ under the Gibbs measures
/ﬂﬁ,’U as N — oo. The scaling connecting microscopic and macro-
scopic levels is introduced by associating the macroscopic height vari-
ables h'V = {h™(0);0 € D} with ¢ as step functions (or their polilinear
approximations (2.1)) on D, which satisfy

RN (z/N) = N"'¢(x), =€ Dy.

Note that both z- and ¢-axis are rescaled by the same factor 1/N, since
the interface is located in the d 4+ 1 dimensional space. The boundary
conditions 1 should be simultaneously scaled to have macroscopic limits
g(0),0 € 90D, see the conditions (¢1), (¢)2) in Section 2. We shall
prove that the law of large numbers holds for A" distributed under M%’U
as N — oo and the limit h = {h();0 € D} is characterized as the
minimizer of the macroscopic total surface energy

(1.4) /Do(Vh(G))dG - A/D Q0)1(h(0) < 0)do
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in the class of h having boundary condition ¢ if the minimizer is unique,
see Corollary 2.1. Here 0 = o(u) € R is the so-called surface tension
of the (macroscopic) surface with tilt u € R? (see (2.3) or [18]) and we
assume A = o — 3 > 0. When A < 0, the formula (1.4) should be
slightly modified.

We shall actually establish the large deviation principle (LDP) for
AN under u’f\’/U, see Theorem 2.1. As its application, one can prove
the law of large numbers. The variational problem characterizing the
limit generates free boundaries inside D. Such variational problem was
thoroughly studied by Alt and Caffarelli [1] for non-negative macroscopic
boundary data g with A > 0 and by Alt, Caffarelli and Friedman [2] for
general g especially when o is quadratic: o(u) = |u|?, and by Weiss [26]
for more general o.

Bibliographical notes.

Our results are related to those obtained by Pfister and Velenik [24].
They considered the two dimensional Ising model at low temperature on
a large box with attractive wall set at the bottom line. This line segment
corresponds to our hyperplane Dy, although it has an effect of hard wall
at the same time, since the interfaces separating +-phases can not go
down beyond the bottom line in their setting. One of the motivations
of [24] was to understand the so-called wetting or pinning/depinning
transition.

The problem of the wetting transition is recently discussed for the
Vi interface model as well by several authors. We shortly summarize
the known results. The potential

(1.5) U0,r) =U(r) = =blyjrj<a}, TER

with a,b > 0 is called of square well type and yields a weak pinning
effect to the interface near Dy, i.e. the level ¢(x) = 0. The limit as
a | 0 keeping s = 2a(e® — 1) constant is called J-pinning. Dunlop et
al. [16] first proved the localization of the ¢-field, namely the uniform
boundedness in N of the expected height variables E#¥ [|¢(x)]] under
the Gibbs measures u?\}U with 0-boundary conditions or the existence
of infinite volume limit of u?\}U as N — oo, if the Hamiltonian contains
arbitrarily weak pinning potentials U when d = 2 for quadratic V. This
should be compared with the case without pinning (i.e. U = 0) in which
the localization occurs only when d > 3 and also compared with the case
of strong pinning (or massive) potentials satisfying lim | o U(r) = 400
for which the localization occurs for all dimensions. The result of [16]
is extended for general convex potential V' by Deuschel and Velenik [15]
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later. In addition to the localization, the mass generation, namely the
exponential decay of the correlations of the ¢-field is shown by Ioffe
and Velenik [20] for d = 2 with §-pinning. Further precise estimates on
the asymptotic behaviors of the mass and the degree of localization by
means of the variances of the field as the pinning effect becomes smaller
were established by Bolthausen and Velenik [9]. The basic assumption
in our paper (W2) on the potential W (r) unfortunately excludes the
potential U of square well type given in (1.5).

When U(r) = +oo for r < 0, we say that the hard wall is settled
at the level ¢(x) = 0 or at Dy. The ¢-field can take only non-negative
values. To discuss the wetting transition for the V¢ interface model,
the effects of the hard wall and the pinning near 0-level are introduced
at the same time. Fisher [17] proved the existence of the wetting tran-
sition, namely the qualitative change in the localization/delocalization
of the field depending on which of these two competitive effects dom-
inate the other, when d = 1 for the SOS type discrete model. This
result is extended by Caputo and Velenik [10] for d = 2. The precise
path level behavior is discussed by Isozaki and Yoshida [21] when d = 1.
Bolthausen et al. [7] showed that, contrarily when d > 3, no transition
occurs and the field is always localized, i.e. only the phase of partial
wetting appears. Note that the field on a hard wall is delocalized for all
dimensions d if there is no pinning effect, i.e. U =0 for » > 0. The lat-
ter property is called entropic repulsion. Bolthausen and Toffe [8] proved
the law of large numbers in the partial wetting phase in 2-dimension
(i.e. d = 2) under the Gibbs measures with 0-boundary conditions, hard
wall, 4-pinning and quadratic V' conditioned that the macroscopic total
volume of the interfaces is kept constant. They derived the so-called
Winterbottom shape in the limit and the variational problem charac-
terizing it. The 1-dimensional case with general V was discussed by De
Coninck et al. [11].

Our model only takes a special class of self potentials, in particular
satisfying the condition (W2), into account and neglects the effect of the
hard wall. Since the field can take negative values and the potential U
has no strong singularity like hard wall, the situation becomes mild in
a sense. On the other hand, this makes us possible to discuss the corre-
sponding dynamics without making much effort, which will be discussed
elsewhere; see also [23] for dynamics with general boundary conditions
when U = 0.

Organization of the paper.

In Section 2, the model is introduced in more precise way and the
main results are stated. The proof of the large deviation principle is
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reduced to the case of U = 0 in Section 3, since the potential U can be
treated as a rather simple perturbation. The large deviation principle
for general boundary conditions without the self potential U is proved in
Sections 4 and 5. The case with 0-boundary conditions without U was
discussed by Deuschel et al. [13]. Our main effort is therefore made for
the treatment of the general boundary conditions. By a simple shift the
problem can be reduced to the 0-boundary case, however with bond-
depending interaction potentials. Finally, in Section 6, we prove the
large deviation principle for §-pinning case when d = 1 and Gaussian
potential.

§2. Model and Results

Model and basic assumptions.

Recall that a bounded domain D in R? with piecewise Lipschitz
boundary is given and microscopic regions Dy, Dy and 0T Dy, N € Z,.
in Z¢ are defined from D. For a configuration ¢ = {¢(z);x € Dy} €
RP~ of the random interface on Dy and microscopic boundary condition
¢ = {Y(x);x € 0T Dy} € R9"PN | ¢V 4 represents that on Dy which
coincides with ¢ on Dy and 1) on 0T Dy. For every A C Z%, A* denotes
the set of all directed bonds b = (z,y) in A, which are directed from
y to x. We write 2, = z, y, = y for b = (x,y). For each b € (Z%)*
and ¢ = {¢(z);z € Z¢}, define Vo (b) = ¢(xp) — ¢(yp). We also define
Vip(x) = p(z +e;) — d(x), 1 < j < d for x € Z? where e; € Z% is the
j-th unit vector. Vo(z) = {V;é(x)}1<,<a denotes vector field of height
differences of ¢.

The Hamiltonian on Dy with boundary condition 1 is defined by

1
HY@) =5 > V(V@Vu)®). ¢eR.
beDn"
Note that this coincides with the first term of (1.1). For the interaction
potential V| we assume the following conditions:

(V1) V € C*(R),
(V2) V(n) =V(—n) for every n € R,
(V3) there exist c_, ¢ > 0 such that c. < V" (n) < ¢4 for every n € R.

Next, let U : DxR — R be a self potential which has an effect attracting
the interface ¢ to the negative or positive side. We consider the case
that U is decomposed as U(0,7) = Q(0)W (r), where Q : D — [0, 00),
W : R — R and assume the following conditions:
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(Q1) @ is non-negative, bounded and piecewise continuous,

(W1) W is measurable,

(W2) there exist o, 8 € Rsuch that lim, .,y W(r) = o, lim,_,_ o, W(r)
=pand aNG <W(r) <aVpforevery r € R (in particular, W
is bounded).

Then, H;@’U(@ = H;@(qb) +> weny U, @(x)) is the Hamiltonian (1.1)
on Dy with boundary condition ¢ and self potential U. The corre-
sponding finite volume Gibbs measure u%'Y on Dy is defined by (1.2).
We shall denote M}pv,o by ulf\’,. In the Gaussian case i.e. V(1) = 41? and
U = 0, we shall denote it by p".

For g € C*(R?), define H}(D) = {h € H(D);h — g| € H}(D)}.
The function g ‘ oD will be the macroscopic boundary condition. We as-
sume the following conditions for the corresponding microscopic bound-

ary condition 1) € R9" D~

(¥1)  max [|¢(z)] <CN,

z€d+ DN
(¥2) Y |¢(x) — Ng(£)[Pe < CN? for some C > 0 and pg > 2.
€0+t DN
Remark 2.1. Since 0D is piecewise Lipschitz and g |D€ C>=(D),
by Theorem 8.7 and Theorem 8.9 of [27], there exists a continuous linear
trace operator Ty : HY(D) — Hz (D) such that Tou = u ‘BD for every
u € C=(D) and it holds that H}(D) = {h € H'(D); Toh = g|6D}.

Scaling and polilinear interpolation.

Our scaled random interface {hV(0);0 € D} is defined by polilinear
interpolation of the macroscopically scaled height variables i.e. N (9) =
~¢(z) for = £, x € Dy and

U

(2.1) MO {H(M{Nﬁ’i}

Ae{0,1}4 i=1

FO =00 - (v (A2

for general § € D, where [-] and {-} denote the integral and the fractional
parts, respectively, see (1.17) of [13]. We also define the scaled profile
{rN(0);6 € D} by step function ie. hN(0) = % ¢(IN0]) for 6 € D.
Similarly, for each scalar lattice field {u(%);x € Dy}, we will define
{uN(0);0 € D} by u™(0) = u(%) for § = %, x € Dy and by (2.1) for
general § € D and {a™V(0);0 € D} by a™V () = u([N—]\f]) for € D. Also,
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given a continuous function f(0) of 0 € D, we will define { fV(0);60 € D}
and {fN(0);0 € D} from scalar lattice field {f(%);2 € Dy} as above.
Using Jensen’s inequality and elementary estimates, we can see that for
each p > 1, there exists a constant Cy = Cy(d, p) > 0 such that

(2.2) Colla™ Loy < luM ey < NEN Loy,

for every scalar lattice field {u();z € Dn}.

LDP in the case with weak self potentials.

Now we are in the position to state the main result of this paper.
The (normalized) surface tension with tilt « € R is defined by

wu
(2.3) (1) = — Jim o log A
' M

where Z}\/’N is a partition function for ,uKN (= MK;\?) on Ay = [1, N—-1]¢N
7% and 1, (z) = u-x, * € Ay represents the u-tilted boundary condition
(cf. [13], [18]). For h € H!(D), define surface free energy (integrated
surface tension)

(k) = /D o (Vh(6))db.

Theorem 2.1. The family of random surfaces {h™(0);0 € D}
distributed under ,u?\’,’U satisfies the large deviation principle (LDP) on
L2(D) with speed N and the rate functional IV (R), that is, for every
closed set C and open set O of L?(D) we have that

1
: 1 WU N o i U
(2.4) h]{]nsup Nd loguy ™ (B €C) < }gelfC\I (h),
1
B WU} N > i U
(2.5) 1}\1{n1nf S log ™ (b € 0) > ;Felfol (h).

The functional IV (h) is given by
SU(h) — inf SV if h e HY(D),
IY(h) = H}(D)
400 otherwise,

where Hiﬂf:)) Y = inf{XY(h);h € Hy(D)} and

U (h) = Z(h)+a/ QO)L(h(6) > 0)db + 6/ QO)1(h(6) < 0)d6

+(ahB) /D QO)1(h(60) = 0)do.
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Remark 2.2. By the proof of Theorem 2.1 (see (3.8) below), if U is
given by U(0,r) = QW (r) for some constant Q@ > 0 and W (r) satisfies
the condition (W2) with (o, 8) = (0,—A) or (—A,0) for some A >0 so
that —A < W(r) <0 for every r € R, then it holds that

1 0,U
(2.6) —AQ = — hm log An ,
N N8 70

where the right hand side represents the difference of the free energies
of the interface in the case with self potential and in the case without
self potential. In this sense, XYV (h) above represents macroscopic total
surface energy of the profile h; see also Remark 3.1 below.

As a corollary of the upper bound (2.4) in Theorem 2.1, we obtain
the following law of large numbers for {h" (6);0 € D} under ,U,%’U

Corollary 2.1. If ¥V has a unique minimizer h in H;(D), then

the law of large numbers holds under u}l\’,’U, namely,
R p (1N = Dll2 ) > 6) =0,

for every § > 0.

Remark 2.3. (Free boundary problems) If o = o(u) is smooth
enough (i.e. o € C*Y(R%),y > 0) and if the free boundary O{h >
0} of the minimizer h of XV is locally C?, then h satisfies the Eu-
ler equation div{Vao(Vh)} = 0 in D\ 0{h > 0} and the condition
U(VhT) — ¥(Vh™) = AQ on the free boundary D N d{h > 0}, where
U(u) =u-Vo(u)—o(u) and A= (aV ) — (aAB). The Lipschitz con-
tinuity of the minimizer h and the regularity of its free boundary were
studied by [1], [2], [26] and others. In our case, for the regularity of the
surface tension, o € C1(R?) is only known in general, see [18].

LDP for 4-pinning in one dimension.

The Gibbs measure with J-pinning corresponds to the weak limit
of the square-well pinning measure ,u}f,’w with W(r) = —blfjrj<q} as
a | 0,b — oo by keeping 2a(e® — 1) = ¢’ for J € R and has the following
representation:

%7 (d0) = — exp{—-HY(0)} [ (¢/6(do(@)) + do(a)).

N z€DN

We regard u%” e P(RP~) by considering ¢(z) = (z) for z € 9+ Dy
as before.
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We study the large deviation principle for {h™(0);0 € D} under
1y’ when d = 1 and with Gaussian potential i.e. V(1) = 4% Let D =
(0,1), Dy = [1, N — 1] NZ and take the boundary condition ¢ (0) = aN
and ¥Y(N) = bN,a,b € R. We shall denote ,u}f,"], Z}(’,’J, ,u}l\’, and Z}(’, as

;L?\}b"], Zf(,’b"], [L;l\}b and fo’b, respectively. Define

Wa,b(D) = {h S C([07 1]aR)7 h(O) = a, h(l) = b}7
H;b(D) = {h € W,4(D); h is absolutely continuous and h’ € L?(D)}.

The space W, (D) is endowed with the topology determined by the
sup-norm || - ||s. Then, we have the following LDP.

Theorem 2.2. Assume that d = 1 and V() = 0. Then the
family of random surfaces {h™ (0);0 € D} distributed under u'}\}b"] sat-
isfies the large deviation principle on Wy (D) (i.e. the upper and lower

bounds for closed and open subsets of W (D), respectively) with speed
N and the rate functional given by

$7(h)— inf X7 if he H, (D),

I'](h) _ H! (D)

400 otherwise,

where
1 1
270 =5 [ (4208 + (D6 < Dih(o) = 0},

0

and
1z

note that | - | stands for the Lebesque measure.

Remark 2.4. The function 7(J) is the so-called pinning free energy.
By the proof of Theorem 2.2 and Remark 6.1 below, one can see that the
limit exists and T7(J) < 0 for every J € R.

§3. Proof of Theorem 2.1: LDP with Self Potentials

LDP without self potentials.

This section reduces the proof of Theorem 2.1 to the LDP for u}p\, (=

u}f/o), i.e. the Gibbs measure without self potential. The case where the
boundary condition 1 = 0 was studied in [13].
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Proposition 3.1. The family of random surfaces {h™¥(0);0 € D}
distributed under u% satisfies the large deviation principle on 1L?(D) with
speed N and the rate functional given by

Y(h)— inf ¥ if h € HY(D),
I(h) = H; (D) !
400 otherwise.

Treatment of boundary conditions.

One of the key observations for the proof of Proposition 3.1 is the
following trivial identity:

(3.1) V(g V) (b) = V(¢ —€) V0)(b)+V(EVY)(b),

for every § = {{(z);2 € Dy} and b € Dn~. Now take £ as &(z) =
Ng(%) for z € Dy (and for € Dy; recall g € C*°(R?)) and define

Z V(V(¢V0)(b) + V(EV)(b)).

bEDN

Consider the finite volume Gibbs measure with Hamiltonian I?}f’,(é) and
0-boundary condition:

ik (do) = exp{ a3 )} [[ detx)

N z€DN

Then the following LDP holds for [fﬁ,

Proposition 3.2. The family of random surfaces {h™¥(0);0 € D}
distributed under [L% satisfies the large deviation principle on 1L?(D) with
speed N and the rate functional given by

N S(h)— inf ¥ if h e HY(D),
I(h) = Hg (D)
400 otherwise,

where

S(h) = /D o(Vh(6) + Vg(6))de.

We shall prove this proposition in Sections 4 and 5.
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Proof of Proposition 3.1.  Consider the continuous map ®, : L?(D)
— L?(D) given by ®,(h) = h+ g. It is easy to see that

I(h) = inf{I(h); h € L*(D), ®4(h) = h}.

Then by definitions of ,u}pv, [ff\’, and (3.1), Proposition 3.1 follows from
the contraction principle (cf. [25], [14] and [12, Theorem 4.2.1]) and
Proposition 3.2. Q.E.D.

Deduction of Theorem 2.1 from Proposition 3.1.

We shall prove Theorem 2.1 assuming that Proposition 3.2 and
therefore Proposition 3.1 are shown. We only consider the case where
« > (. The case where o < (8 can be proved completely in an analogous
manner or by turning the interfaces upside down by the map ¢ — —¢
and 1 — —1. The pinning potential U(6,r) = Q(6)W (r) which sat-
isfies the conditions (W1) and (W2) with o > ( can be rewritten as

U@,r) =Q(0)a+ Q(6)W (r) and W (r) satisfies conditions (W1) and

(W2)" there exists A > 0 such that lim, o W(r) =0, lim,_,_o, W(r)
=—Aand —A <W(r) <0 for every r € R,

with A = a — (. Since the contribution of the first term Q(f)« in
exp{fH;f’,’U(gb)} of u}p\,’U cancels with the normalization factor, we only
have to consider the case that T satisfies the conditions (W1) and (W2)'.

The following lemma allows us to replace the self potential part
of the Hamiltonian by the integration of —AQ on the domain where
g € L?(D) is non-positive when the macroscopically scaled profile h™Y
is close enough to g. Note that g here represents a general function in
L2(D) and not the macroscopic boundary condition.

Lemma 3.1. Assume the conditions (Q1), (W1) and (W2)" on
U@,r) = QOW(r). Let g € L>(D) and 0 < & < 1 be fized. If
N € Bsy(g,6) = {h € L*(D); ||h — gllLz(py < 6} for N large enough,
then there exists some constant C' > 0 such that

> UG5 o) + N4 [ QO)g(6) < ~5%)ds < NS,
N D
xe€DN
for every N large enough.

Proof. There exists an approximating sequence {gx }x>1 C C(D) of
g € L*(D) such that |[gr — gllL2(p) — 0 as k — oo. Recall that one can
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define g} (polilinear functions) and gi (step functions) for g, € C(D).
Now, by (2.2), it holds that

AN = gllzpy < ClIRY = gllizpy + ank,
for every k > 1, where
ank = (C+1)llg — grllzoy + Cllgr — 98 2oy + gk — G lL2(p),
which goes to 0 as N — oo and k — oco. Hence,
(3.2) [N = gllLz(py < C8 + an

if AN € By(g,6). The positive constants C' in the estimates may change
from line to line in the paper.
Now, for v > 0, we rewrite

> Ul 0() + 54 | QONe(0) < —)as

€D N

— N / (W(NEY (8)) + A1(g(8) < —))Q(0)db

D
+ {IEXD:N Q(%W(NBN(%)) - N4 /D W(NEN(G))Q(G)dH}

=57+ 5.

For S;, we divide the integration on D into the sum of those on three
domains {g > —v}(= {0 € D;g(0) > —}), {9 < =7} N C}, and
{9 < —v}NCn , where Oy = {|hN —g| < v/2} and Cx,=D\Cnp.
The integration on {g > —~v} is non-positive, because @ > 0, W < 0
and Al(g(#) < —v) = 0 on this domain. Next, since (3.2) implies

Oyl < %(05 + an )%, we obtain

=

) (C(S + aN,k)Q,

2

/ |W(NRY (6)) + AL(g(6) < 0)| df <
{g<—3InCy

where K = 4(||W|loo + 4). On {g < —v} N Cn ., we have h¥(0) <
—v/2. By this fact and the assumption (W2)', | W (NAN (6))+AlL(g(0) <
—) |§ 0 holds for N large enough and we see that

/{ ey |WVEY(@) + AL(g(6) < )] db < 5ID).
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Therefore, we obtain
d K 2
S1<N ||Q||oo(;(05 +ank)® +6|DJ),
for N large enough, every k > 1 and v > 0. For Sy, we have
N6 _
2l < NW e [ @5 - @0)] s + o)

where O(N?~1) is the boundary term. Finally, taking v = 52 and N,k
large enough, we complete the proof. Q.E.D.

Under the condition (W2)', the rate functional £V (k) has the form
(3.3) SU(h) = S(h) — A / QO)1(h(6) < 0)do,
D

which coincides with (1.4), and enjoys the following properties.

Lemma 3.2. (1) The functional XY (h) is lower semi-continuous
on L?(D).
(2) Let ©Y(h) be the functional defined by (3.3) with 1(h(0) < 0) replaced
by 1(h(0) < 0). Then, for every open set O of L?(D), we have that
inf 2V (h) = inf £Y(h).
46> () = jep =

Proof. (1) Decomposing D into two domains C-, = {|h — g| < 7}
and C7, in a similar way to the proof of Lemma 3.1, one can prove that

2

/DQ(G)l(h(G) < 0)dh < /DQ(9>1(9(9> < y)df + I\Qllm%,

for every v > 0 if h € By(g,0). By this inequality and the property
(strict convexity) of the surface tension (cf. [13, Lemma 3.6]):

(34) elv—ul <o) o) — (v —u)- (Vo)(u) < geilo—uf,

for every u,v € R%, it is easy to see the lower semi-continuity of XU (h)
on L2(D).

(2) Since XY (h) < XY (h) is obvious for every h € L2(D), the conclusion
follows once we can show that

: inf XY (h) > inf BY(h).
3 e
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To this end, for every £ > 0, take h € O such that LY (h) < infp XY +e.
We approximate such h by a sequence {h"},>1 defined by h"(0) =
h(0) — f™(), where f™ € C§°(D) are functions such that f™(f) = 1
on D, = {0 € D;dist (§,0D) > 1} and |Vf"(9)| < C with C > 0.
Note that h™ satisfy the same boundary condition as h. Then, since
lim,, 0o B(h") = X(h) (recall h € Hj(D)) and

—A/Q L(h™(6) < 0)d6 < A/Q ()<%)d0
-4 [ Q1) < 0)d0 + 4]l ID\ Dy |
D

we obtain limsup,,_, ., Y (h") < BY(h). However, O is an open set of
L2(D), so that k™ € O for n large enough and thus (3.5) is shown.
Q.ED.

Proof of Theorem 2.1.  Stepl (lower bound). Let g € L2(D) and
6 > 0. Then, by Lemma 3.1 and the LDP lower bound for ,u}/i, (Propo-
sition 3.1), we have

lim inf —— 1 Z%’U UUMN € By(g,4))
im inf -3 log 7 KN 2(9,
> - mf I +A/Q 0) < —567)df — C§
h€Bs(g

> ~{10)= 4 [ Q0)1(s(0) < ~5%)d0} ~ C5

Take now an arbitrary open set O of L2(D). Then,

1 zgv
lim inf — log =27 (W € 0)
N—oo Z

Nd
/Q ) < —6%)do} — C.

for every h € O and § > 0 such that Ba(h,d) C O. Letting § | 0, since
h € O is arbitrary, we have

1 zZyY o N
(3.6) lim inf <= log ZN (Y € 0)

>~ inf {1(h) / QO)L((0) < 0)d6}.



186 T. Funaki and H. Sakagawa

However, by Lemma 3.2-(2), one can replace 1(h(6) < 0) with 1(h(0) <
0) in the right hand side of (3.6).
Step2 (upper bound). Let g € L?(D) and § > 0 be fixed. We define

LY, = N{6 € D;g(0) > 62} nZ°,
Ly =N{0€D;g(0) < —62}nZ,
In = N{6 € D;|g(0)| < 62} Nz

By the assumption (W2)’ on W, for every & > 0 there exists K = K. > 0
such that W(r) > —(A — e)l{,<ky — ¢ for every r € R. Therefore, we
have

epf{— Y Ul5 ()}

rE€DN
X

<ep{(Ad-2) Y Q6@ <K)+e Y Q1))
r€DN r€DN

=expfe Y Q(%)} 3 I (W99 —1)1(d(2) < K).

x€DN ACDN €A

Now, if ¢(z) < K for z € LY, then +é(z) — g(£) < 7%5% for N large
enough. Thus, if ¢(z) < K for every z € A C LY on {hYN € Bs(g,9)},
since [N — gNlL2py < &-(6 + llg — ¢V llL2(py), we have for N large
enough
262 1 1 .o _ |AlS
Ty O N >, (2@ —9()" > e

€D N
namely, [A| < 8Cy ' N?, where Cj > 0 is the constant appeared in (2.2).
Combining these facts

z . z%Y
exp{—¢ Z Q(N)}qu%U(hN € Bs(g,0))
rE€DN ZN
< Z H (e(A*E)Q(%) ~1) Z H (e(A*s)Q(%) ~1)

AcLf,  meA A'CINULy TN

|A]<8C, TN

X 20 / 1(hWY € Ba(g,6))1(p(2) < K for every . € AU A')
N

xexp{—Hy(¢)} [] do(=)

xE€DN

—1 d
< (eA=lQlle _ 1)%0 NN © LA < 8CF N |
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xexp{(A=e) D Q)N € Ba(g.6).

zelINUL
By using Stirling’s formula, we see that

(CNd)scglaNd
(8C;1oNd)!
c c

< gNd(g)CéN (1+0(1))

[{A C L} Al < 8Cy 6N} | <

as N — oo, for some constant C' > 0 independent of N and §. Hence, by
the LDP upper bound for the measure /ﬂf\’, (Proposition 3.1), we obtain

, 1 zgv
hmsupmlog ZNw Y (hWN € Ba(g,0))

N—oo

N
<(4—e) /D QO)1(g(0) < 5)dp

— inf I(h)+C’(5)+e/ Q(0)do,

hé€ Bz (g,0)

where C'(§) is a constant independent of N and goes to 0 as 6 — 0. Then,
by using the lower semi-continuity of I(h) and the right-continuity of
[, Q(0)1(g(0) < §7)d6 in &, we see that for every g € L?(D) and ¢ > 0,
there exists d > 0 small enough such that

U

Z
108 ZNw px” (BN € Ba(g, )

lim sup
N—oo

< —{I(g) - A/D Q(0)1(g(0) < 0)db} + <.

Therefore, the standard argument in the theory of LDP yields

(3.7) I L g ZN VN e ¢)
. m — ’
P v 108 o iy

<~ i {1) — 4 [ @)(ae) < 0)ap).

for every compact set C of L?2(D). Since U is bounded, exponential

tightness for /ff\’,’U can be proved in a similar way to those for /fﬁ, which
will be proved in Section 4 (see Remark 4.1 below). Thus, (3.7) holds
for every closed set C of L?(D).
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Finally, taking O = C = L?(D) in (3.6) (recall the remark subse-
quent to the estimate) and (3.7), we see that

1 zRv
(3.8) lim —log =X — = — inf XV 4+ inf 3,
N—oo N4 Z}f, HL(D) HL(D)
and this concludes the proof. Q.E.D.

Remark 3.1. As we mentioned in Remark 2.2, if U is given by
U(0,r) = QW (r) for some constant Q > 0 and W(r) (or W(—r)) satis-
fying the condition (W2)', then (3.8) with Dy = Ay yields the difference
of the free energies of the interface in the case with and without self po-
tentials, see (2.6). This can also be proved in the following way under
the condition (W2)': for every ¢ € (0, A) there exists K = K. > 0 such
that W(r) < —(A — €)1 <_ky for every v € R. Therefore, we have

o,U

A 0
AN — pfax [exp{—Q Z W (p(x))}]
ZAN TEAN
> EMin [exp{(A —)Q Z L(p(z) < *K)H
TEAN, e
— EMAy [ Z (eA=2Q _ )IT1(p(z) < —K for every z € )]

I'CAN,e
> (ADUNNEE (o) < K for cvery x € An.0),

where Ay = {x € Ay;dist(z,AS) > eN}. However, [6, Proposition
2.1] shows that the probability in the last line is bounded below by

exp{fC'Nd*2 log N(1+o0(1))},

as N — oo for some constant C > 0 independent of N. This implies

Jim inf —— 1 ZR£>AQ
N Nd 98 '

The opposite inequality is obvious, since W (r) > —A.

§4. Proof of Proposition 3.2: LDP without Self Potentials

Convergence of average profiles.

In this section, the proof of Proposition 3.2 will be given assuming
the convergence of average profiles (Lemma 4.1). We shall follow the
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strategy of [13]. The only difference is that the Dirichlet boundary data
9|,p 18 given from g € C*° (R9) in our case, while [13] treated the case
of g=0. For f € C§°(D), set

Y 1(0) = HY0) — 5 20 f(5)0(a),

€D N

3 ,(6) = T5(0) ~ 3 F(5)6(),

x€DN

and consider the following two Gibbs probability measures:

bt 4(@6) = ——exp( -1 (@) [] o)

N.f z€DN

i 4(@9) = =— exp{ =% (@) [] o)

N.f z€DN

having the different boundary conditions ¢(x) = 1 (x) and ¢(x) = 0 for
x € 0T Dy, respectively; recall that 1) and g satisfy the conditions (1),
(12). We write the averages of the profile A defined by (2.1) under

g and i ; as B (60) = E¥So[hN(9)] and By ((6) = EF5s[hN (9))
respectively. For f € L?(D), hy denotes the unique weak solution h =
h(0) in H (D) of the following elliptic partial differential equation:

div{(Vo)(Vh(0) + Vg(0))} = —f(0), 6€ D.
The crucial step in the proof of Proposition 3.2 is the following lemma.
Lemma 4.1.
E}l\’,’f — hy in Hy(D) as N — oc.

We shall prove this lemma in Section 5. Next, define

Then, in a similar way to the proof of Theorem 1.1 of [13] , by calculating
the functional derivative of $(h) and using the differentiation-integration
trick (i.e. computing 4 log Z;f,,tf and integrating it in ¢ € [0, 1]), Lemma
4.1 yields the following lemma. The proof is omitted.
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Lemma 4.2. The limit A(f) = A}im ~ log E%,f exists and it holds

that
A(S) = /D / ey (6)(6)dtdd,

= sup {(h,f)—3S(h)}+ inf 3,
heHL(D) Hj(D)

= (s, ) = Z(hy) + lgf)Z

where (h, f) = f D

Exponential tightness.

For the proof of the LDP upper bound in Proposition 3.2, we prepare
the following lemma.

Lemma 4.3. There exists € > 0 such that

Jsvuzpl % logE’l}/\)ﬁf [exp{s Z (|hN( )|2 + |VNhN(N)|2)}} < 00,

z€DN

where for a scalar lattice field {u(%£);xz € Dy}, VNu(%&
{VY¥u(%)}i<j<a denotes a discrete gradient of u defined by V3 u(
N{(mﬂ)*u()}1<1<d

)
%

Proof. Since D is bounded, by discrete Poincaré’s inequality and
the definition of A", we only have to prove that there exists ¢ > 0 such
that

1 _
(4.1) ]svlg)lmlogE“%vf [exp{s Z [Vo(b)” }} < 0.
- bEDN

However, this is shown by a simple direct computation. Indeed, by the
strict convexity of V', it is easy to see that

S HY(0) — jeo 3 (VEVH)®)’
beDN"
< H{(9) < 21 HY (0) C+ > (VEvY) )%,

beDN "
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where HY(¢) = 1 > (V(pV 0)(b))2. Therefore, the expectation in
beDn "
(4.1) is bounded above by

ol (T +%) 2 IVEVHO)P)
Jexp{(4e = F)HY (&) + + X f(£)@)} I do(x)
Jexp{—2c.HY (¢) + + X f(£)b(2)} TI do(x)

X

A simple Gaussian calculation yields

/exp{—aH]OV’*(qﬁ)—ﬁ-% Z f(%W(x)} H do(z)

z€DN zeD N
2 DN
e N e T T M)

for every a > 0, where Ap, is a discrete Laplacian on Dy with 0-
boundary condition,

Vir = (F()s (CB0) 7 (), = Varge( 32 F(7)0(@)),

and (-, - )p, denotes I2(Dy)-scalar product. Therefore, for every
0<e< %c,, we obtain

1ogEme’f [GXP{E Z V(b |}}

bGDN

< CIDx|+ O Vs +C 3 IV (EV DB,

beDN "

for some C' = C. > 0 independent of N. However, Vy ; = O(N+2)
(cf. [13, Lemma 2.8]) and

> vEve)®)
beDy "

<2 ) IVEOP+2 ) @) —9(x)P = O(NY),

bEDN " €0+ Dy

as N — oo by recalling the assumption on ¢ and that {(x) = Ng(%) for
r € Dy with g ’DE C*>(D). This concludes the proof of (4.1). Q.E.D
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Proof of Proposition 3.2.

Proof of Proposition 8.2; upper bound. For every f € C§°(D) and
measurable set £ of L2(D), Chebyshev’s inequality shows

(42) (" € £) < exp{ =N ink (b, )} BN [exp{NT (0", )} ].

Noting that

NN ) < 5 3 FC0() + VSl 3 Jo)

x€DN rE€DN

and using Holder’s inequality, the expectation in the right hand side of
(4.2) is bounded above by

575 [expf £ £(Eyo}] B [ (2519 1 3 tote)}]

z€DN z€DN
_ 7N N
=1 x 1y,

for p,q > 1 satisfying % + % = 1. However, Lemmas 4.2 and 4.3 imply
. 1 N 1
im 2 log Iy = Z;A(pf%

and
lim Sup —7 1og ¥ <o,

N—o0

respectively. Hence, we have

1

hmsup loguN( RN € £) < —inf (h, f) + —A(pf).
N—o0 heé& p

Now, by (3.4), we can prove the continuity of h¢ in H} (D) with respect

to f € L%(D) (cf. [13, Section 3.5]). Therefore, by taking the limit p | 1

and infimum with respect to f € C§°(D), we obtain

1
lim su lo MWWe&)<— su inf { (h, .
msup < log i (b € €) < €Cmp(D)heg{ £ =A£}

Then by using Lemma 4.2, mini-max theorem (cf. [22, Appendix 2
Lemma 3.2]) and duality lemma (cf. [12, Lemma 4.5.8]), the standard
argument yields the LDP upper bound for every compact set of L2(D).
This can be generalized for every closed set, since the exponential tight-
ness of ,ll}l\’,’f follows from Lemma 4.3. Q.E.D.
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Remark 4.1. Since the potential U is bounded, by recalling (3.1)
and the assumption on Y, we see that the estimate in Lemma 4.3 holds
for ,u}l\’,’U in place of ﬂ}f,yf for some g9 > 0, which might be smaller than
that in Lemma 4.3. In particular, the exponential tightness holds for

U
iy

Proof of Proposition 3.2; lower bound. By Lemmas 4.1 and 4.2, it
is easy to see that

. 1 U ~
A WH(N%,HM%) =1(hy),
_ -
where H([ff\’, f|ﬁ}p\,) — BN [ log d;;;f | is the relative entropy of ﬂ}z\’, f
; i :

with respect to ﬂ%; see (5.4) in [13]. On the other hand, by Lemma
4.1, Brascamp-Lieb inequality (cf. [13, Lemma 2.8]) and the definition

of ﬁ%,f, ome can prove that lim BN RN = gl ()] = 0 (cf. (1.39)
in [13]), and this implies ngnoo ﬁ%7f(hN € 0) =1 for every open set

O C L*(D) satisfying hy € O. Combining these two facts with the
entropy inequality (cf. [14, Lemma 5.4.21]), we obtain

1 ~

. N .

l}wélofmloguzv(h €0)> ffecl%f(D)I(hf).
s.t. hyeO

However, we can prove by (3.4) that if hy, — h in HJ(D) as n — oo
for {fn} C C§°(D) then I(hy,) — I(h) as n — oo. This fact and
the continuity of hy in H}(D) with respect to f € L?(D) yield that
feé‘?"f(D)I(hf) = hlg(f9 I(h) for every open set O C L%*(D), which com-
s.t. hyeO

pletes the proof of the LDP lower bound. Q.E.D.

85. Proof of Lemma 4.1: Convergence of Average Profiles

Reduction to two lemmas (Lemmas 5.2 and 5.3).

In this section we shall prove Lemma 4.1. The following lemma
follows from (3.4) (cf. [13, Lemma 3.7]).

Lemma 5.1. Let {h,}n>1 be a sequence of H} (D) and define f]f(h)
= X(h) = (h, f). If lim Ty¢(hy) = ilr%f )Ef, then h, — hy in H}(D)
n—o0 HY(D

as n — Q.
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Also by (3.4), we have
£5(a) — ¢ (hy ;)

> /D (Va(6) — VR 1(0)) - (Vo) (VRY ,(6) + Vg(6))do

for every ¢ € C§°(D). Once we can prove that the right hand side

goes to 0 as N — oo for every g € C§°(D), we have ]\}Enoo Zf(h}f,yf) =
inf 7. This combined with Lemma 5.1 completes the proof of Lemma

Hg (D)

4.1. Hence, all we have to prove are the following two lemmas.

Lemma 5.2. For every g € C§°(D),

Jim [ Sa(6)- (o) 0 + To(@)do = [ a®)5160)as
—>JD D

Lemma 5.3.

hm{LV%A@(WMVWV@+VﬂWM

N —o0
—Aﬁ%ﬂmﬂ@w}zo
For the proof of Lemmas 5.2 and 5.3, we prepare several lemmas.
A priori bounds.
Lemma 5.4. There exists some p € (2,pg) such that
sup ||Vﬁ%7f|\u(p) <oo and  sup ||VB1]/<[,f||LP(D) < 00,
N>1 N>1

where pg > 2 is the constant appearing in the condition (¥2).

Proof. We first prove the uniform IL? estimate for Vﬁ}pv ;- It is easy
to see that

(5.1)
V/(Vjd(x) + V;(€V)(2))
= V!(V50(a) = BNV j0(@)] + V(6 V) (@)
= EF%5[V6(x)]

< [ V(T1000) = (1= DB 900 + V€V v @)
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for every 1 < j < d and € Dy. For x € Dy, define Ay(z) =
{An,i(®) }1<ij<a and an(z) = {an j(2) }1<j<a by
1 "
Ay afa) = B [ [ V7 (95000 - (L= 087519000
Vi€V ) (@)dt]
ANyi’j(JE) = 0 lf Z 7é j,
an (@) = BN [V (V56(2) = BP0 (9;0(@)] + 5(6 V) (@),

respectively. Then, taking dij{Eﬂ%,f[ -]} of the both sides of (5.1),
we have

leN{AN V h (N)}
= —divy{an(z)} + diva {E" [V (Vo(x) + V(EV ) (2))]

where divya is defined by divya(z) = N Z?Zl(aj (x)—aj(x—ej)) for a
"
vector lattice field a(x) = {a;(x)}1<j<d, ¢ € Z¢. By calculating BBI;EVI{

and taking its expectation under M% s as in the proof of (1.55) of [13],
we obtain

(5.2) divy { B*% [V (V)] } = —
for every x € Dy. By (3.1), the change of variable yields

divi{ E"%1 [V (Vola) + V(EV ) @)]} = —F(5
Therefore, {iff\’, ()} satisfies the following discrete elliptic equation:

. x
divy {An(z) VNh )} = —divy{an(z)} — f(N)

for every © € Dy. However, by the assumption on V', Ay (z) satisfies
the uniform ellipticity condition ¢_I < An(z) < ¢4 1 for every x € Dy.
Hence, by the proof of Lemma 3.4 of [13], we know that there exist some
p > 2 and C' < oo such that

IVEY fllwe(py < C(llanllLeo) + I fllLeo))

uniformly in N. Note that ﬂ}l\’,’ s 1s endowed with O-boundary condition.
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Now, since V' is linearly growing, using the change of variable again,
we have that

lan,;(2)] < C(B*S1 [|V;(x) — B0 [V;6(@)]] + V(6 V) ()]),

for some C' > 0. Then, Y .5 |an(z)[P = O(N?) as N — oo follows
from the Brascamp-Lieb inequality and the assumptions on 1) as in the
proof of Lemma 4.3. This proves the uniform LL? estimate for Vh}pvﬁf.

The uniform LP estimate for VB% f follows from that for Vﬁ}p\, £
the change of variable and the assumptions on . Q.E.D.

Lemma 5.5. For every e € Z¢ with |e| = 1, we have

. 1 = r+e 7 T2
(5-3) am -3 ; | V¥R ( N )_VNh%,f(N)‘ =0,
z€DN
(54)  dim — S |VVRS (RS - vRY (Z) =0
' N—oo N £ NFVON NIAN
x N

Proof. We first prove (5.4) by following the argument for the proof
of Lemma 3.1 of [13]. Define Iy = {x € Dy;dist(z,Z%\ Dy) > 2}, then
the sum > . in (5.4) can be divided into } ., and 37 .p 7. -
The boundary term ZIEBN\IN is o(N%) as N — oo by Lemma 5.4 and
Holder’s inequality. For the interior term . I the entropy argument
(cf. [13, Proposition 2.10 and Lemma 3.2]) yields the desired result. Note
that the variance of the field ¢(x) does not depend on the boundary
condition ¢ under the Gaussian measure ,u}f,’*.

Next, we shall prove (5.3). The boundary term }° . p \7, i o(N4)
as before. For the interior term, by (3.1), the change of variable yields

(5.5) VIR () = VIR (5) + Vi€V ) @),

for every 1 < j < d and z € Dy. The contribution from the first term
is o(N?) by (5.4), while that coming from the second term: Y .,
’Vf(x +e) — V() ’2 is also o(N%). This is because {(z) = Ng(%) and
we have V;&(z +e) — V;&(z) = %V?Vévg(%) for every 1 < j < d and
z € Dy. QED.
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Local equilibria.

Next, let
X = {ne R(Zd)*;n = V¢ for some ¢ € de},
X, o= {nex; Y )Pl <oo}, >0,

be(zd)*

and define Qy € M, (D x X) and Vy € M4 (R% x X) by

1 _

rE€DN

1 _
VN(d’UdU) = m Z 5VNE%Vf(%)(dv)M}<}/§ 0Ty, 1(d77)7

x€DN

where M4 (€) stands for the class of all non-negative measures on &,
u}f,’? (dn) is the distribution of n = V¢ on X under ,u}f,j and7, : X — X
denotes the shift on Z? defined by (7,1)(b) = n(b — x) for b € (Z9)*.
We regard u%’f € P(R%") by considering ¢(z) = (z)(= 9(%)) for
x € Z%\ Dy. We denote by uy (dn), v = (v;)1<i<a € R the unique V-
Gibbs measure on X which is translation invariant, ergodic and satisfies
EW n(b)?] < oo for every b € (Z4)* and o [n(e;)] = wv; for every
1 <4 <d (cf. [18, Section 3]).

In a similar way to the proof of Lemma 4.3 of [13], we can prove the
following lemma. Note again that the variance does not depend on the
boundary condition i under the Gaussian measure uqf\’,’*. The proof is
omitted.

Lemma 5.6. For each r > 0 both the families of measures {Qn} on
D x X, and {Vx} on RY x X, are tight. Moreover, for every limit point
Q of {Qn?}, there exists vg € My (D x R?) such that Q is represented
as

Qv = |

vo(dfdv)y (dn).
Rd

Similarly, for each limit point V of {Vx}, there exists vy € M (R?xR?)
such that V is represented as

V(dvdn) = /R vv(dvdu)py (dn).
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Now by Lemma 5.4, along some subsequence, {VB% 7(0)} N gener-
ates the family of Young measures (6, dv) € P(R?) i.e. it holds that

(56)  lim_ Dq(G)G(Vﬁ}Z\’,J(G))dG: /D Xqu(G)G(v)ﬂ(&,dv)dG.

for every q € L°°(D) and G € Co(R?) (cf. [13, Section 4.3], [3]). Then,
the following lemma holds.

Lemma 5.7. If the subsequence {N} is commonly taken, the limits
vg and vy which appear in Lemma 5.6 can be represented as

(5.7) vg(dfdv) = v(0,dv — Vg(6))do,

and

(5.8) vy (dvdu) = 5v(du)/ v(0,dv —Vg(0))do.
D

Proof. By following the argument in the proof of Lemma 4.4 of
[13], we shall only prove (5.7). The second equality (5.8) can be proved
in a similar manner. For (5.7), it is enough to show that

(5.9) /D | aO)G (v (dsdy) = / 2(0)G (v + Vg(6))#(6, dv)d8

DxRd

for every ¢ € C5°(D) and G € C}(R?). In fact, since the ergodicity of
wy implies
G(v) = lim o [G(Avin)],

l—o00

where Av;n = m Ywen N(x) € RY, By = [—1, ]"NZ, we have by

Lemma 5.6,

| a0)Gwo(dsd

. . 1 x R
= lim lim Na Z q(N)E”NYf = [G(Avin)].

l—o00o N—oo
€D N

If one can replace prRy e [G(Avn)] with G(VNB%J((%) +VNg(%)),
then the right hand side is equal to

. 1 T ~ T x

lim > q(N)G(VNh%J(N) + VNQ(N))

N—oo
x€DN

:A}W«maw+v¢mwwdmw,
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which implies (5.9). The last equality follows from Proposition 4.2 of
[13], Lemma 5.5 and the fact that the equation (5.6) holds for G =
G(v + Vg(0)) instead of G = G(v) by p.213 remark 3 of [3].

For the replacement above, we have

L3 ()BT (G lavn)

N
rE€DN
1 T ~ T T
- mm;[) ()G (5) + VV9(5)) |
S Sl + 52 + 533
where
1 y -1 3 -1
Si-l w3 (RS (GAvin) - GES T (v} |
rE€DN
1 T v,V -1 = T
S2 =| 7 EZD a(GHGE ™ [Avi]) = G(VVRY  ($))} -
1 T - T
Ss =| WIEXD: a(HC(VVRY ()

—G(VVRG () + 9V g(E))) ]

In a similar way to the proof of Lemma 4.4 of [13], we can prove that
51,82 — 0 as N — oo, I — oo. Also by (5.5),

% > a(H{G(VVRL 4 (5) + V(EV ¥)@)

€D N

S5 = |

GV R () + vew)} |

> dllssllVGol V(€ V) (x) — VE()),

x€0— Dy

1

Sm

where 0Dy = {x € Dy;dist(z,Z% \ Dy) = 1}. This goes to 0 as
N — oo by the assumptions on . Q.E.D.

Proof of Lemmas 5.2 and 5.3.

We are now in the position to prove Lemmas 5.2 and 5.3.
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Proof of Lemma 5.2. For every q € Cg°(D), by (5.2) and summa-
tion by parts, we have

= lim — Z VNq(%) EMNs [V (Vo(x))].

x€DN

Now by the definition of @y, Lemmas 5.6, 5.7 and the property of the

surface tension g—z(v) = EM [V/(V;9(0))] for every 1 < i < d (cf. [18,

Theorem 3.4 (iii)]), we obtain
/ q(0)f(0)do :/ Va(0) - B [V (V(0))]vg(dbdv)
D DxX
= / Vq(0) - (Vo)(v+ Vg(8))o(6,dv)do
DxRd

= lim [ Vq(0)- (Vo)(VRY ;(6) + Vg(0))db,

N—oo Jp

Note that we can apply (5.6) for G = G(v,0) = (Vo)(v+Vg(0)) instead
of G = G(v) by p.213 remark 3 of [3] and the property of the surface
tension |(Vo)(u)| < ¢(1 4+ |u]) (cf. [18, Theorem 3.4 (v)]).

Q.E.D.

Proof of Lemma 5.3. By (5.2), summation by parts and (5.5), we
have

ES1*SQ.

Now, by the assumptions on V' and 1, it is easy to see that

Sp= Jim o 37 VNg(5) B V(Vo(e))]

N—oo
rE€DN
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since {(z) = Ng(%). Hence, by the proof of Lemma 5.2, we obtain

Sy = lim [ Vg(6)- (Vo)(VRY, ;(0) + Vg(0))do.
—o0 Jp ’
Also, by Lemmas 5.6, 5.7 and the property of the surface tension o, in
a similar way to the proof of Lemma 5.2 we can prove that

Sy = lim (VR 4(0) + Vg(0)) - (Vo) (VR 4(0) + Vg(6))do.
—o0 JpD

Therefore, the proof is completed. Q.E.D.

86. Proof of Theorem 2.2: LDP for §-Pinning

Schilder’s theorem.

Throughout this section, we assume that d = 1 and V(1) = 1n?. We
first notice that the large deviation principle holds for {h"(0);60 € D}
under ;ﬁ\}b on W, (D). Recall that the space W, (D) is endowed with
the topology determined by the sup-norm.

Lemma 6.1. For the family of distributions on the space Wy (D)
under u‘]l\}b of {h™N(0);0 € D}, the large deviation principle holds with a
rate functional I%°*(h) := X(h)— 3(b—a)? where X(h) = %fol (h')2(6)d6.

Proof. Let w = {w(z);z € [0, N]} be the one-dimensional standard
Brownian motion starting at 0 and set AN (0) := w(N6)/N,0 € [0,1].
Then, by Schilder’s theorem (see, e.g., Theorem 5.1 of [25]), the large
deviation principle holds for {h™V} y on Wy = {h € C([0, 1];R); h(0) = 0}
with the rate function X(h). Define ¢ = {¢(z);x € [0, N]} from w as
d(x) = w(x) —zw(N)/N + (N —z)a+zb. Then, {¢(z);x € Dy} is u%'-
distributed. Set 2N (0) = ¢(N6)/N,0 € [0,1], and consider a mapping
®:h €Wy h € W,,(D) defined by

®(R)(0) = h(0) — OR(1) + (1 — O)a + Ob.

Then, ® is continuous and AN = ®(hN) holds. Therefore, by the con-
traction principle, the large deviation principle holds for {h™V} ;- with the
rate functional X(h) =  inf  %(h), which coincides with I**(h).
heWo:®(h)=h

The proof of lemma is completed by showing a super exponential esti-
mate for the difference between h™¥ and bV as in p.17 of [25]: For every
6 >0,

N252

P(|IBY = || = ) = exp [— +0<N2>] ,
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as N — oo. Q.E.D.
Proof of Theorem 2.2.

Proof of Theorem 2.2. Stepl (lower bound). Let § > 0 and g €
Wb (D) which satisfies the condition:

{0 € D;g(0) = 0}| > 0 and there exist disjoint intervals
, K ,
(6.1) {I'}1<j<i, K < oo such that [{6 € D;g(0) =0} = 1P
=
K
—0: J
and g(0) =0if 6 € szl I
be fixed. Then, one can decompose D K =5t L with dis-
=1 7j=1
joint intervals {L7}1<j<x41. We define I, = NIV NZ, Ly = NLV N

Z,In = U]K:l IJ{, and Ly = U]K:ng Lgv. By expanding the product
[L.cpy (€70(dé(x)) + d()), we have

a,b,J
ZN a,b,J

— iy (" € Buo(g,9))
ZN
Zy7 an
= 30 eI ‘Zl‘:b 47 (WY € Bxo(y,9))
ACDn
Za,b b
> Y INIZALR N € Ba(g,6)
LNCACDy ZN
- 3 el 08 ),
ACIN N

where Boo(g,0) = {h € W, 4(D); ||h — gl < ¢} and Mi’b is defined by

V(o exp{—— > V(e V) D)}
beA*
X H do(z) H 51;(1)(51‘15(13)),
TEA mem\[\

and ¢ (z) = (z) if z € "Dy = {0, N} (i e. (0) = aN,(N) = bN),

Y(x) = 0if z € Dy \ A. The constant Z’ ® is for normalization.
Now, write Iy \ A = {21, 29, - :I:k} 1< <a90 < -+ <

N — 1 and define 11:[1,1‘171](-]2, 12:[3914*1,13271](727 "'7lk

I IA
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k-1 + 1,2k —1)NZ, lp1 = 25 +1, N —1]NZ. Then, U] 1; = LyUA
+
and by the Markov property of the ¢-field, we have

a 1 xr 1
uL’fiUA(hN € Bx(9,0)) > u7, uA( max |_ (z) — Q(N” < 55)

k+1

ze U U
=1

k+1

T 1
G (x| - 6(0) — 9(5)| < 39).

for N large enough, where a; = a if j = 1, a; = 0 otherwise, b; = b
if j =k+1,b; =0 otherwise. We define I’ = {1 < j <k+1;l; D
Li, forsome 1 <i< K+1}and T¢={1<j<k-+1}\I. Ifj € I'°,
since g(47) = 0 for each = € [;, we have

a;,b; € 1 a;,b; 1 1
i (max | 0(x) — 95| < 50) = g (max | ()| < 50)

z€l;
1
>1= ) (I¢(x)] > 50N)-
T€L;
However, it is easy to see that
1 ($6N)?
M%O(W(x” 2 551\7) < eXP{*m} < exp{—Cé&*N},
/’Ll;

for some C' > 0 and we obtain

1 1
H 0 93:b3 maX|— (x) —g(%ﬂ < 55) >1— Nexp{—C§’N}.
jere

Next, for every closed interval F' = [zp,yr| C [0, 1], define

B (9,05 F) = {h € C(F;R); Slelglh(ﬁ’) —g(0)| < 4},

Wop(F) ={h € C(F;R); h(zp) = a, h(yr) = b},
H, (F) = {h € W, (F); h is absolutely continuous, b’ € L*(F)}.
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We also define [; C [0,1] for j € T'. Then, by the LDP lower bound
for uN (Lemma 6.1), we know that

Hua“ maXl— (x )*g( ) < 5)

jer

Zexp{—N(Z inf Iaj”(h)an)}

l’,
r h€Boo(g,585l5)

a® b2
> eXP{*N(E(Q) - %(m + m) + 6)},

for every € > 0 and N large enough, where

b—a)? .
pogy = {50 G it he HE(F),
400 otherwise,

and Yp(h) = £ [4(h')*(0)dd for closed interval F C [0,1]. Recall that
¥0,1(h) coincides with X(h). Therefore, we obtain

uil L a(hN € Bool(g.6))
> exp{ =N (3(g) ~ 5 nl |z§+1|)+5)}< ~ Nem @),

a

Note that this estimate holds for every choice of A C Iy and for every
N large enough, since |I'| < K + 1 is independent of N. Also, simple
calculation yields that

b2

a,b 0,0

Zryua = Ziyua ex P{ |l1| m)}a
N

ZN fZR,OeXp{fg (b—a)?}.

Hence we obtain

a b,J
(6.2) Z“b IN__ 98T (BN € Byo(g,0))
0.0
Z e/ IN\AI ZEnUA LNUA exp{ N(Ia ®(g) + 25)},
ACIn ZN

for every € > 0 and N large enough.
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Now, we can exactly calculate that Z 00 — % and this shows
0,0
(6.3) Zixun o o

<
= 0,0 ,0,0 =
AR

for every A C Iy, where ay = o(N). Note that Ly consists of finite
number of disjoint intervals of size O(NN). By using (6.3), it is easy to
see that

0,0,J 0,0 0,0,J
Z g} Z ) Z Vs
(6.4) In _p—an < E e/ IIN\AI ZLNVA o TN an,
0,0 = 700 = 00
In ACIN N In

The sub-additivity argument (cf. [8, Section 4.3], [18, Appendix IT]) and

the fact that ¥l — {6 € D; () = 0}| as N — oo yield that the limit
7(J) in (2.7) exists and it holds that

0,0,J
T o
65)  Jim los iy = ~r()H0 € Digl0) = O}

Combining (6.4), (6.5) with (6.2), we obtain

a,b,J

. 1 N a,b,J 1. N
(6.6) lim inf — log el (h™ € Bo(g,9))
> —1""(g) = 7(J){0 € D;9(0) = 0}
= _Iu,,b;.](g)7

for every g € W, (D) satisfying the condition (6.1) and § > 0. In the
case that [{6 € D;g(f) = 0}| = 0, we have only to take the sum A = Iy
in (6.2) and the same inequality as above is obtained.

However, for every open set O of W, (D), we have that

6.7 inf 1°%/(g) = inf I%7(h),
(6.7) et (9) jnf (h)

where (6.1) means the condition (6.1) or |{§ € D;g() = 0} = 0.
Indeed, since the left hand side of (6.7) is larger than or equal to the
right hand side, we may prove the reverse inequality only. To this end,
for every ¢ > 0, take h € O such that %%/ (h) < info I*%7 + ¢; note
that h € H,,(D). Since O is open, one can find § > 0 such that
By (h,d) C O. Taking n > 1 such that |#; — 02| < 1/n implies |h(6;1) —
h(02)| < 4, divide the interval [0,1] = U}_, Tk, Tk = [(k—1)/n, k/n] and
set J = UpJk, the union of Ji’s on which h(f) # 0. We now define
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a function g = g(0), first on 7, by g(f) = h(d). On J¢, starting at
points in .7, g(#) = h(0) up to 6’s such that h(f) = 0, and set g = 0
otherwise. Then, g € Buoo(h,d) C O, I¢%7(g) < I%%7(h) and g satisfies
the condition (6.1)". This proves (6.7). Therefore, from (6.6) and (6.7),
we have

i 1 Z](ifybﬁJ a,b,J N . a.bJ
(6.8) hmlnfﬁlog o iy (WY € 0) = — inf I%%(h),

N—o00 ZN heO

for every open set O of W, (D).
Step?2 (upper bound). Let 6 > 0 and g € W, (D) which satisfies the
condition:

for every v > 0 small enough, there exist disjoint

(6.9) intervals {I’(y)}1<j<x, K < oo such that
0 € D;|g(0)| < g
{0eDilg@l <t =UU_ PO,

be fixed. Then, one can write {# € D;|g(6)] > v} = U]K:ng Lj(’y)‘ for
disjoint intervals {L7(v)}1<j<k+1. We define I3, = NI9(8) N Z, L% =
NLI(&)NZ, Iy = Uf(:1 I and Ly = Ufﬁl LY. Since py(RN €

Bs(g,0)) =0 for A C Dy such that A p Ly, we have

Zab J b.J
Py (WY € Bxo(g,9))
ZN
Za,b b
= > IWIEL (N € Buo(g, )
LNCACDnN ZN
— Z eJIIN\A| LIZLZA %f,uA(hNeBoo(g;(s))-
ACIn N
Now, let IN\NA ={z1,20, -+ ,zp}, 1 <21 <20 < -+ <, < N-—1
and define 1,15, - ,lg,lx+1 and T in the same way as in the proof of

lower bound. Then, by the Markov property of the ¢-field and the LDP
a,b
upper bound for py;” (Lemma 6.1), we have

a,b 1 x
Hiwua(h™ € Boo(9,6)) < g ual H;Sfl 5 ¢(@) —9(5)I < 9)
S J

j=1

< [T wi " (max 00 — 951 < 9)

jerl
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< eXp{—N(Z inf Zj’bj (h) — 5)}

er h€Boo(9,28315)
2 b2
+

Q

2|

1
< eXp{—N _inf Y(h)— =
he B (9,20) 2

h(0)=a,h(1)=b

)—9)}s

for every € > 0 and N large enough. Then, in a similar way to the proof
of lower bound, we can prove that

—

1 e

1 Za,b,.] -
(610)  limsup - log ~Xp iy (Y € B9, )
=- hEBin(fg 26) Ia,b(g) B T(J)‘{@ € D; |g(6)| < 5}|a

for every g € Wy (D) satisfying the condition (6.9) and 6 > 0. Note
that I is defined by N{0 € D;|g(0)| < §} NZ in this case.

By using (6.10), the right-continuity of [{# € D;|g(8)| < &§}| in §
and the fact that the set of g € W, (D) satisfying the condition (6.9) is
dense in W, (D), the similar argument to the proof of the upper bound
of Theorem 2.1 yields that for every g € W, (D) and € > 0, there exists
some § > 0 such that

Za,b,J )
lim sup — log N—bu‘;\}b’J(hN € Bxo(g,0)) < —1%"(g) + €.
N —o0 N Z?\f

Since u}l\}b’J can be written as the superposition of ,u‘}\’b, A C Dy, expo-

nential tightness for u?\}b"] follows from the similar argument as before
and the standard argument yields

a,b,J

: 1 ZN"" abd N e rabid
. b, < _ ;.
(6.11) th\?jBop log ngb py (R €eC) < iréfcl (h),

for every closed set C of W, (D). The lower and upper bounds (6.8)
and (6.11) conclude the proof. Q.E.D.

Remark 6.1. By the proof above and [8, Lemma 2.3.1 (a)] (note
that the argument given there can be extended to all d > 1), we know
that

ZO,O,J ZO,O
c c c
D= 3 WIS T IO < (14Ol
N ACDN N ACDN

for some constant C > 0. Therefore, 7(J) < 0 for every J € R.
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