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Parr mark formation on the Amago trout

Figure: Transient patterns exhibited during early development
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Reaction-diffusion systems(RDS) as a mechanism for biological pattern
formation

Linearly stable uniform steady state in the absence of diffusion driven
unstable in the presence of distinct diffusion coefficients [Turing, 1952].

Domain evolution central both empirically and theoretically.
Lots of models on evolving domains
Theoretical results lacking
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Semilinear RDS on evolving domains

model problem

∂tu − D∆u +∇ · (a : u) = f (u) x ∈ Ωt and t ∈ (0,T ],

∂u
∂ν

= 0 x ∈ ∂Ωt , t > 0,

u(x ,0) = u0(x) x ∈ Ω0, t = 0.

flow assumption

a = ∂tx(t)
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Kinetics

Gierer-Meinhardt

f1(U) = γ

 
a− bu1 +

u2
1

u2(1 + ku2
1)

!
f2(U) = γ(u2

1 − u2)

Schnakenberg

f1(U) = γ(a− u1 + u2
1u2)

f2(U) = γ(b − u2
1u2)

Thomas

f1 (U) = γ (a− u1 − g(u1, u2)) ,

f2 (U) = γ (b − αu2 − g(u1, u2))
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Existence and uniqueness

Bounded spatially linear isotropic evolution.

∂tx(t) = ρ(t)x(0), ρ(t) ∈ C1(R+; R+)

Rescaled problem

∂sv(x , s)− D∆v + vnρ∂tρ = ρ2f (v) (x , s) ∈ Ω0 × (0, s],

∂v
∂ν

= 0 x ∈ ∂Ω0, s > 0,

v(x ,0) = v0(x) x ∈ Ω0, s = 0,

where v(x(0), s(t)) = u(ρ(t)x(0), t) and s(t) :=
∫ t

0
dr
ρ(r)2 .
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Existence and uniqueness contd.

Local existence [Hollis et al., 1987].

Positivity [Smoller, 1994].
Global existence, extending the results of Morgan [1989].
e.g., autocatalytic models (Schnakenberg, Brussellator, Gray
Scott).

7



Existence and uniqueness contd.

Local existence [Hollis et al., 1987].
Positivity [Smoller, 1994].

Global existence, extending the results of Morgan [1989].
e.g., autocatalytic models (Schnakenberg, Brussellator, Gray
Scott).

7



Existence and uniqueness contd.

Local existence [Hollis et al., 1987].
Positivity [Smoller, 1994].
Global existence, extending the results of Morgan [1989].

e.g., autocatalytic models (Schnakenberg, Brussellator, Gray
Scott).

7



Existence and uniqueness contd.

Local existence [Hollis et al., 1987].
Positivity [Smoller, 1994].
Global existence, extending the results of Morgan [1989].
e.g., autocatalytic models (Schnakenberg, Brussellator, Gray
Scott).

7



Reference configuration

Ω̂ a bounded reference configuration independent of time.

A : Ω̂× [0,T ]→ Ωt a one to one mapping, such that,
for

ξ ∈ Ω̂,A(ξ, t) = x(t), ∀t ∈ [0,T ]

Notation

g(A(ξ, t)) = ĝ(ξ)

J ij = ∂ξi
Aj and J = det(J)

K ij = ∂Ai ξj and B = JKK T
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Weak formulations

Reference frame

〈
d
dt

(Jû), χ̂

〉
Ω̂

+ 〈D(B : ∇û),∇χ̂〉Ω̂ = 〈Jf (û), χ̂〉Ω̂

Evolving frame

d
dt
〈u, χ〉Ωt − 〈u, χ̇〉Ωt + 〈D∇u,∇χ〉Ωt = 〈f (u), χ〉Ωt
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FEM for reaction diffusion systems

V̂ = {ψ(ξ) ∈ H1(Ω̂) : ψ|k pw polynomial of degree k}

Vt = {φ ∈ H1(Ωt ) : φ(A(ξ, t)) = ψ(ξ)}

φ̇ = ∂tψ = 0

Reference FE scheme

fi
(JnUn − Jn−1Un−1)

τ
, ψ

fl
Ω̂

+
˙
D(Bn : ∇Un),∇ψ

¸
Ω̂

=
D

Jnf (Un,Un−1), ψ
E

Ω̂

Moving FE scheme (affine domain evolution)

fi
Un

τ
, φn
fl

Ωtn

+
˙
D∇Un,∇φn¸

Ωtn
=
D

f (Un,Un−1), φn
E

Ωtn
+

fi
Un−1

τ
, φn−1

fl
Ωtn−1
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Numerical simulation
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Peridoic evolution: x(t) = (1 + 7sin(π t
T ))x(0)
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sin_fixed.avi
Media File (video/avi)


sin_moving.avi
Media File (video/avi)



Nonlinear evolution: x(t) = x(0) + 7sin(π t
T )x(0)2
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nonlin_fixed.avi
Media File (video/avi)


nonlin_transf.avi
Media File (video/avi)



Final remarks

Future work
Existence results for more general evolution

Adaptivity
Concentration driven evolution
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