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Introduction

S : Θ→ Θ invertible, g : Θ→ (0,∞), I = [0, a], Ft : Θ× I → Θ× I ,

Ft(θ, x) = (Sθ, etg(θ)h(x))

where h : I → [0,∞) ↗, bounded, concave, C 1+, h(0) = 0, h′(0) = 1.

Global attractor:
⋂

n>0 F
n
t (Θ× I ) = {(θ, x) : 0 6 x 6 ϕt(θ)} where

ϕt(θ) = lim
n→∞

↓ π2 F n
t (S−nθ, a)

ϕt invariant graph: Ft(θ, ϕt(θ)) = (Sθ, ϕt(Sθ)).

Example: Baker map Θ = [0, 1)2, θ = (u, v)

S(u, v) =

{
(A−1u,Av), 0 6 u < A

((1− A)−1(u − A),A + (1− A)v), A 6 u < 1

g(u, v) = g̃(v) = 1 + ε+ cos(2πv), hence ϕt(θ) = ϕ̃t(v).
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Pictures (A = 0.49, ε = 0.01, critical t)
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Questions

�Size� of Nt := {θ ∈ Θ : ϕt(θ) = 0} as function of t?

Scaling behaviour of ϕt close to 0-axis (global and local)?
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Characterization of Nt [with Atsuya Otani, Erlangen]

Nt := {θ : ϕt(θ) = 0}, hence s < t ⇒ Ns ⊇ Nt .

Critical parameter: tc(θ) = sup{t ∈ R : θ ∈ Nt}.

Critical sets: Ct := {θ ∈ Θ : tc(θ) = t} =
⋂

r<t Nr \
⋃

s>t Ns

Γ−(θ) := lim infn→∞
1
n

∑
n

k=1 log g(S−kθ)

Proposition

1 Γ−(θ) + t < 0 ⇒ θ ∈ Nt

2 Γ−(θ) + t > 0 ⇒ θ 6∈ Nt

3 Ct = {θ ∈ Θ : Γ−(θ) + t = 0}
⇒ Dimension analysis based on thermodynamic formalism!

Examples

Baker maps, Anosov surface di�eos: Barreira (et al.)

Graph directed Markov systems: Olsen

Observe:

Nt consists of unstable �bres of S due to pullback construction of ϕt .
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Hausdor� dimension of Nt and Ct [with A. Otani, Erlangen]

µ−
SRB

: SRB measure of S−1

I absolutely continuous on unstable �bres of S−1

I stable foliation of S−1 is C 1+

I For baker maps: µ−
SRB

= Leb[0,1)2

For ergodic S-invariant µ de�ne:
I tc(µ) := sup{t : µ(Nt) = 1}= µ(− log g)
I tc := tc(µ−

SRB
), tmin := infµ µ(− log g), tmax := supµ µ(− log g)

Theorem 1 (for Anosov surface di�eo, baker)

dimH(Ct) = D(t) + 1

where D : (tmin, tmax)→ [0, 1] real analytic s.th.

D(tc) = 1, D ′(t)

{
> 0 (tmin < t < tc)

< 0 (tc < t < tmax)
, D ′′(tc) < 0.
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D(t) for baker map and g(v) = 1+ ε+ cos(2πv)

a = 0.45, ε = 0.01 [with H. Jafri and R. Ramaswamy, New Delhi]
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The stability index [→ Podvigina/Ashwin 2011]
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The stability index for t > tc

1 Global scaling close to 0-line

2 Local scaling close to 0-line

Gerhard Keller (University of Erlangen) Dimension and Stability Index 16.4.2012 10 / 12



The stability index for t > tc

1 Global scaling close to 0-line

2 Local scaling close to 0-line

Gerhard Keller (University of Erlangen) Dimension and Stability Index 16.4.2012 10 / 12



Global scaling: Anosov surface di�eo, baker

pt(s) :=topological pressure
(
log |DuS

−1| − s(log g + t)
)

= p0(s)− st

pt(0) = 0, p′t(0) = −µ−
SRB

(log g + t) < 0

∃! s∗(t) > 0 : pt(s∗(t)) = 0

Theorem 2

1

lim
ε→0

logm2{θ : ϕt(θ) < ε}
log ε

= s∗(t)

2 Let Ξε(t) := 1
ε

∫
Θ min{ϕ(θ), ε} dm2. Then

lim
ε→0

log (1− Ξε(t))

log ε
= s∗(t), lim

ε→0

logΞε(t)

log ε
= 0

Proof: Large deviations, motivated by papers on Loyne's exponent in
queuing theory.
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queuing theory.
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Local scaling: Anosov surface di�eo, baker

Σε(θ, t) :=
1

ε ·m2(Uε(θ))

∫
Uε(θ)

min{ϕt , ε} dm2

σ+(θ, t) := lim
ε→0

log (1− Σε(θ, t))

log ε
, σ−(θ, t) := lim

ε→0

logΣε(θ, t)

log ε

Γ(θ) := lim
n→∞

1

n

n∑
k=1

log g(S−kθ), Λ(θ) := lim
n→∞

1

n
log |DuS

−n(θ)|

Theorem 3 Let θ ∈ Θ. Suppose Γ(θ) and Λ(θ) exist.
1 If Λ(θ) + Γ(θ) + t > 0, then

σ+(θ, t) =
Λ(θ) + Γ(θ) + t

Λ(θ)
· s∗(t), σ−(θ, t) = 0

2 If Λ(θ) + Γ(θ) + t 6 0, then

σ−(θ, t) = −Λ(θ) + Γ(θ) + t

Λ(θ)
, σ+(θ, t) = 0
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