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Introduction
@ 5:0 — O invertible, g : © — (0,00), I =[0,a], Ft :© x| — 0O x|,
Fe(0,x) = (S0, e'g(0)h(x))

where h: | — [0,00) /, bounded, concave, C'*, h(0) =0, H'(0) = 1.
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@ 5:0 — O invertible, g : © — (0,00), I =[0,a], Ft :© x| — 0O x|,
Fe(0,x) = (S0, e'g(0)h(x))

where h: | — [0,00) /, bounded, concave, C'*, h(0) =0, H'(0) = 1.
o Global attractor: (1,0 F{(© x 1) = {(0,x) : 0 < x < p¢(0)} where

pe(0) = lim | mo FP(S7"0, )

ot invariant graph: F¢(0,¢:(0)) = (56, ¢:(S6)).
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Introduction
@ 5:0 — O invertible, g : © — (0,00), I =[0,a], Ft :© x| — 0O x|,
Fe(0,x) = (S0, e'g(0)h(x))

where h: | — [0,00) /, bounded, concave, C'*, h(0) =0, H'(0) = 1.
o Global attractor: (1,0 F{(© x 1) = {(0,x) : 0 < x < p¢(0)} where

w(0) = |i_>m L m F(57"6,a)

¢ invariant graph: F¢(6 ,gpt( ) = (59,<pt(50))
o Example: Baker map =10,1), 0 = (u,v)

Sty = [T A, 0<u
(u,v) = (1-A) Y uv—-A),A+(1-Aw), A<u

g(u,v) =g(v) =1+ e+ cos(2mv)
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Introduction
@ 5:0 — O invertible, g : © — (0,00), I =[0,a], Ft :© x| — 0O x|,
Fe(0,x) = (S0, e'g(0)h(x))

where h: | — [0,00) /, bounded, concave, C'*, h(0) =0, H'(0) = 1.
o Global attractor: (1,0 F{(© x 1) = {(0,x) : 0 < x < p¢(0)} where

w(0) = |i_>m L m F(57"6,a)

¢ invariant graph: F¢(6 ,gpt( ) = (59,<pt(50))
o Example: Baker map =10,1), 0 = (u,v)

Sty = [T A, 0<u
(u,v) = (1-A) Y uv—-A),A+(1-Aw), A<u

g(u,v) =g(v) =1+ e+ cos(2mv), hence ¢;(0) = G¢(v).
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@ "Size” of Ny := {0 € © : p(0) = 0} as function of ¢?
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Questions

oo

0.2
urteoom

@ "Size” of Ny := {0 € © : p(0) = 0} as function of ¢?
@ Scaling behaviour of ¢, close to 0-axis (global and local)?
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Characterization of N; [with Atsuya Otani, Erlangen]

o Ny :={0:¢:(0) =0}, hence s <t = Ns D N;.
o Critical parameter: t.(0) = sup{t € R: 0 € N;}.
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Characterization of N; [with Atsuya Otani, Erlangen]

o Ny :={0:¢:(0) =0}, hence s <t = Ng D N;.

o Critical parameter: t.(0) = sup{t € R: 0 € N;}.

o Critical sets: Gt :={0 € © : t.(0) =t} = (,ct Ne \ Ugsr Ns
o I_(0) :=liminfpo 2 37_; log g(S750)
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Characterization of N; [with Atsuya Otani, Erlangen]
o Ny :={0:¢:(0) =0}, hence s <t = Ns D N;.
o Critical parameter: t.(0) = sup{t € R: 0 € N;}.
o Critical sets: Gt :={0 € © : t.(0) =t} = (,ct Ne \ Ugsr Ns
o I_(0) :=liminfpo 2 37_; log g(S750)

Proposition
Qr_(0)+t<0=0¢cN;
Qr_(O)+t>0=0¢N,;

Q@ G={0c0:T_(A)+t=0}
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Characterization of N; [with Atsuya Otani, Erlangen]

o Ny :={0:¢:(0) =0}, hence s <t = Ng D N;.
o Critical parameter: t.(0) = sup{t € R: 0 € N;}.
o Critical sets: Gt :={0 € © : t.(0) =t} = (,ct Ne \ Ugsr Ns
o I_(0) :=liminfpo 2 37_; log g(S750)
Proposition
Qr_(0)+t<0=0¢cN;
Qr_(0)+t>0=0¢N;
Q@ G={0cO:T_(0)+t=0}
= Dimension analysis based on thermodynamic formalism!
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Characterization of N; [with Atsuya Otani, Erlangen]

o Ny :={0:¢:(0) =0}, hence s <t = Ng D N;.
o Critical parameter: t.(0) = sup{t € R: 0 € N;}.
o Critical sets: Gt :={0 € © : t.(0) =t} = (,ct Ne \ Ugsr Ns
o I_(0) :=liminfpo 2 37_; log g(S750)
Proposition
QI _(O)+t<0=0¢eN,
Qr_(O)+t>0=0¢N,;
Q@ G={0cO:T_(0)+t=0}
= Dimension analysis based on thermodynamic formalism!
Examples

@ Baker maps, Anosov surface diffeos: Barreira (et al.)

@ Graph directed Markov systems: Olsen
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Characterization of N; [with Atsuya Otani, Erlangen]

o Ny :={0:¢:(0) =0}, hence s <t = Ng D N;.
o Critical parameter: t.(0) = sup{t € R: 0 € N;}.
o Critical sets: Gt :={0 € © : t.(0) =t} = (,ct Ne \ Ugsr Ns
o I_(0) :=liminfpo 2 37_; log g(S750)
Proposition
QI _(O)+t<0=0¢eN,
Qr_(O)+t>0=0¢N,;
Q@ G={0cO:T_(0)+t=0}
= Dimension analysis based on thermodynamic formalism!
Examples
@ Baker maps, Anosov surface diffeos: Barreira (et al.)
@ Graph directed Markov systems: Olsen
Observe:
@ N, consists of unstable fibres of S due to pullback construction of ;.
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Hausdorff dimension of N; and C; [with A. Otani, Erlangen]

® /igpg: SRB measure of 571
» absolutely continuous on unstable fibres of S—!
» stable foliation of S~1is C1+
» For baker maps: jiggg = Lebyg 1)
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Hausdorff dimension of N; and C; [with A. Otani, Erlangen]

® /igpg: SRB measure of 571
» absolutely continuous on unstable fibres of S—!
» stable foliation of S~1is C1+
» For baker maps: jiggg = Lebyg 1)
@ For ergodic S-invariant p define:
> te(p) = sup{t : u(N;) =1}
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Hausdorff dimension of N; and C; [with A. Otani, Erlangen]

® /igpg: SRB measure of 571
» absolutely continuous on unstable fibres of S—!
» stable foliation of S~1is C1+
» For baker maps: jiggg = Lebyg 1)
@ For ergodic S-invariant p define:
> te(p) = sup{t : p(N¢) = 1}= p(—log g)
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Hausdorff dimension of N; and C; [with A. Otani, Erlangen]

® /igpg: SRB measure of 571
» absolutely continuous on unstable fibres of S—!
» stable foliation of S~1is C1+
» For baker maps: jiggg = Lebyg 1)
@ For ergodic S-invariant p define:
> te(p) = sup{t : p(Ne) = 1}= p(~logg)
> to = tc(pgrg), tmin :=inf, u(—logg), tmax:= sup,, u(—log g)
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Hausdorff dimension of N; and C; [with A. Otani, Erlangen]

® figpg: SRB measure of st

» absolutely continuous on unstable fibres of S—!
» stable foliation of S~1is C1+
» For baker maps: jiggg = Lebyg 1)

@ For ergodic S-invariant p define:

> te(p) = sup{t : p(Ne) = 1}= p(~logg)
> to = te(fgrp)s  tmin = inf, p(—logg), tmax :=sup, u(—logg)

Theorem 1 (for Anosov surface diffeo, baker)
dimy(Ce) = D(t) +1
where D : (tmin, tmax) — [0, 1] real analytic s.th.

>0 (tmin <t <t)

, D'(t;) <o.
<0 (te <t< tmax) (tc)

D(t.) =1, D'(t){
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D(t) for baker map and g(v) =1 + € + cos(27v)
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The stability index [— Podvigina/Ashwin 2011]

Basin of X Basin of X

o (x)>0 o (x)<0

Figure 1. Schematic diagram illustrating how the stability index o (x) of a point x € X relates to
the local geometry of the basin of attraction of X (shaded region). For o(x) = (0, the measure of
points in a ball of radius r that are in the complement of the basin goes Lo zero, relative the measure
of the ball, as r'"™!| For o (x) = 0, this estimate applies to the basin itsell.
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The stability index for t > t,
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The stability index for t > t,

oo

o0&

wriooom

0.2

O Global scaling close to 0-line

@ Local scaling close to 0-line
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Global scaling: Anosov surface diffeo, baker

o p:(s) :=topological pressure(log|D,S| — s(logg + t)) = po(s) — st
® p:(0) =0, p(0) = —pigrp(logg +t) <0
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Global scaling: Anosov surface diffeo, baker

o p:(s) :=topological pressure(log|D,S| — s(logg + t)) = po(s) — st
® p:(0) =0, p(0) = —pigrp(logg +t) <0
o Jls.(t) >0: pe(si(t)) =0

Gerhard Keller (University of Erlangen) Dimension and Stability Index 16.4.2012 11/ 12



Global scaling: Anosov surface diffeo, baker

o p:(s) :=topological pressure(log|D,S| — s(logg + t)) = po(s) — st
® p:(0) =0, p(0) = —pigrp(logg +t) <0
o Jls.(t) >0: pe(si(t)) =0

Theorem 2

° 2
im log m*{6 : v1(0) < €} _s(1)

e—0 log e
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Global scaling: Anosov surface diffeo, baker

o p:(s) :=topological pressure(log|D,S| — s(logg + t)) = po(s) — st

 pe(0) =0, p(0) = —pgpp(logg +t) <0
o J's.(t)>0: pi(si(t)) =0

Theorem 2
° | 2{0 0
||m ogm { . Sot( ) < E} — S*(t)
e—0 log €
Q@ Let =(t) :=1 [gmin{e(6),e} dm?. Then
lim log (1 = =(t)) =s.(t), lim log =(t) =0
€0 log e e—0 loge
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Global scaling: Anosov surface diffeo, baker

o p:(s) :=topological pressure(log|D,S| — s(logg + t)) = po(s) — st

 pe(0) =0, p(0) = —pgpp(logg +t) <0
o J's.(t)>0: pi(si(t)) =0

Theorem 2
° | 2{0 0
||m ogm { . Sot( ) < 6} — S*(t)
e—0 log €
Q@ Let =(t) :=1 [gmin{e(6),e} dm?. Then
lim log (1 = =(t)) =s.(t), lim log =(t) =0
€0 log e e—0 loge

Proof: Large deviations, motivated by papers on Loyne's exponent in
queuing theory.
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Local scaling: Anosov surface diffeo, baker

Y. (0,t) = min{¢;, €} dm?

1
e - m?(Uc(6)) /ué(o)
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Local scaling: Anosov surface diffeo, baker

1
(0t :=—/ min{oe, € dm?
(6,1) e - m2(U.(0)) .9 {et, €}
o+(0,t) == lim log (1 — (0. t)), o_(0,t) := lim log 2.(6 t)
=0 log € 0  loge
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Local scaling: Anosov surface diffeo, baker

Y. (6,t) = <2 (UA0) /5(0) min{¢;, €} dm?

oo (0,8) = lim 1PBLZE00) iy 8 E(6,)
T 0 log € TN es0 loge

T 1 - —k BT 1 —n
r(0) .—nlmw;;bgg(s 0), A®):= lim ~log|D,S™"(6)]
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Local scaling: Anosov surface diffeo, baker

1
(0.0 - [ mintoct o
(6,1) e - m2(U(9)) .0) {ee, €}
o4(0,t) == lim log (1 — (0. t)), o_(0,t) == lim log>-c(0, t)
€0 log € e~0  loge

L 1 - —k N 1 —n
re) = nlmmnglogg(s 0), A(©) = lim ~log|D,S~"(9)|
Theorem 3 Let § € ©. Suppose '(0) and A(0) exist.
Q IfAB)+T(0)+t >0, then

oo (0. 1) = ANO)+T(0)+t

- s(t), o-(0,t)=0

A(O)
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Local scaling: Anosov surface diffeo, baker

1
(0.0 - [ mintoct o
(6,1) e - m2(U(9)) .0) {ee, €}
o4(0,t) == lim log (1 — (0. t)), o_(0,t) == lim log>-c(0, t)
€0 log € e~0  loge

L 1 - —k N 1 —n
re) = nlmmnglogg(s 0), A(©) = lim ~log|D,S~"(9)|
Theorem 3 Let § € ©. Suppose '(0) and A(0) exist.
Q IfAB)+T(0)+t >0, then

oo (0.1) = A(0) J/r\(;()e) +t

- s(t), o-(0,t)=0

Q IfA(0)+T(0)+t <0, then
NO)+T(0)+t

o_(0,t) =— o(60,t)=0

AO)
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