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Dispersing billiards in 2D
Intermittent billiards in 2D — cusp, stadium, ooH
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Non-standard limit law
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Billiards
Q =T2?\ UI|<<:1 Cy strictly convex scatterers

e Billiard flow : St : M — M, (q,v) e M =Q x St, [v| =1
Uniform motion within Q, elastic reflection at the
boundaries
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e Billiard map phase space: M
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Q =T2?\ UI|<<:1 Cy strictly convex scatterers

o Billiard map phase space: M = | J_; Mk

e (r,¢) € My, r: arclength along 9Cy, ¢ € [-7/2,7/2]
outgoing velocity angle
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Billiards

Q =T2?\ UI|<<:1 Cy strictly convex scatterers

o Billiard map phase space: M = | J_; Mk

e (r,¢) € M, r: arclength along 9Cy, ¢ € [-7/2,7/2]
outgoing velocity angle

e invariant measure du = c cos¢drd¢
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Sinai billiards
Cy are C® smooth and disjoint (no corner points);
finite horizon: flight length uniformly bounded from above

e Billiard map is ergodic, K-mixing (Sinai '70)
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Sinai billiards
Cy are C® smooth and disjoint (no corner points);
finite horizon: flight length uniformly bounded from above
e Billiard map is ergodic, K-mixing (Sinai '70)
e EDC:f,g : M — R Hélder continuous, [fdu = [gdu =0
let Cn(f,g) = pu(f -goT"), then |Cy(f,g)| < Ca" for
suitable C >0and a < 1
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Cy are C® smooth and disjoint (no corner points);
finite horizon: flight length uniformly bounded from above
e Billiard map is ergodic, K-mixing (Sinai '70)
e EDC:f,g : M — R Hélder continuous, [fdu = [gdu =0
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¢ Young '98 — tower construction with exponential tails,
e Chernov & Dolgopyat '06 — standard pairs
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Sinai billiards
Cy are C® smooth and disjoint (no corner points);
finite horizon: flight length uniformly bounded from above

e Billiard map is ergodic, K-mixing (Sinai '70)

e EDC:f,g : M — R Hélder continuous, [fdu = [gdu =0
let Cn(f,g) = pu(f -goT"), then |Cy(f,g)| < Ca" for
suitable C >0anda < 1

¢ Young '98 — tower construction with exponential tails,
e Chernov & Dolgopyat '06 — standard pairs

e CLT:letSf =f +foT +...+foT" 1, then
Spf

S 2 N(0,0?) where 0% = [f2dpu+2 3 Ca(f,f).
n=1
Bunimovich & Sinai ‘81, ASIP Melbourne & Nicol '06.
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Sinai billiards
Cy are C® smooth and disjoint (no corner points);
finite horizon: flight length uniformly bounded from above

e Billiard map is ergodic, K-mixing (Sinai '70)

e EDC:f,g : M — R Hélder continuous, [fdu = [gdu =0
let Cn(f,g) = pu(f -goT"), then |Cy(f,g)| < Ca" for
suitable C >0anda < 1

¢ Young '98 — tower construction with exponential tails,
e Chernov & Dolgopyat '06 — standard pairs
o CLT:letSpf =f +foT +...+foT" 1 then

5_\/nﬁf L. N(0,52) where 02 = [f2dpu+2 ) Co(f, f).

n=1
Bunimovich & Sinai ‘81, ASIP Melbourne & Nicol '06.
e Billiard flow: F,G : M — R, C(F, G):
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Sinai billiards
Cy are C® smooth and disjoint (no corner points);
finite horizon: flight length uniformly bounded from above

e Billiard map is ergodic, K-mixing (Sinai '70)

e EDC:f,g : M — R Hélder continuous, [fdu = [gdu =0
let Cn(f,g) = pu(f -goT"), then |Cy(f,g)| < Ca" for
suitable C >0anda < 1

¢ Young '98 — tower construction with exponential tails,
e Chernov & Dolgopyat '06 — standard pairs

e CLT:letSf =f +foT +...+foT" 1, then

oo
St 2 N(0,02) where o2 = [f2dp+2 Y- Ca(f,f).
Bunimovich & Sinai '81, ASIP Melbournen&lNicoI '06.
e Billiard flow: F,G : M — R, C(F, G):
e stretched exponential bound, Chernov '07 (approximate
Markov partitions)
o faster than any polynomial, Melbourne '07 (Suspensions of
Young towers)
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Cusps, stadia, infinite horizon

cusp:
long series
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Cusps, stadia, infinite horizon

cusp: stadium: oo H:
long series bouncing orbits arbitrary long flights
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Decay of correlations

e Cusp map:

e Rehacek 95 ergodicity
e Machta '83 numerics and heuristic reasoning for
Ca(f,g) < 1/n

Summary and Outlook
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Decay of correlations

e Cusp map:
e Rehacek 95 ergodicity
e Machta '83 numerics and heuristic reasoning for
Cn(f,g) <1/n ,
e Chernov & Markarian '07: Cp(f,g) < C290

n

Summary and Outlook
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Decay of correlations

e Cusp map:
e Rehacek 95 ergodicity
e Machta '83 numerics and heuristic reasoning for
Ca(f,g) < 1/n
e Chernov & Markarian '07: Cy(f,g
e Chernov & Zhang '08: C,(f,g) < C

C log’n
n

)

:sll—‘|/\

Summary and Outlook
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Decay of correlations

e Cusp map:

e Rehacek 95 ergodicity

e Machta '83 numerics and heuristic reasoning for
Ca(f,g) < 1/n

e Chernov & Markarian '07: Cy(f,g) < C'°§f”

o Chernov & Zhang '08: Cy(f,g) < C1

e Stadium map: Markarian '05, Chernov & Zhang '06
2

rther details Summary and Outlook
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e Cusp map:
e Rehacek 95 ergodicity
e Machta '83 numerics and heuristic reasoning for
Cn(f,g) <1/n ,
o Chernov & Markarian '07: Cy(f,g) < C%9-"
e Chernov & Zhang '08: C(f,g) < C1
e Stadium map: Markarian '05, Chernov & Zhang '06
2
e ooH flow: Melbourne '09 Ci(F,G) < C% (essentially)
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e Cusp map:
e Rehacek 95 ergodicity
e Machta '83 numerics and heuristic reasoning for
Cn(f,g) <1/n ,
o Chernov & Markarian '07: Cy(f,g) < C%9-"
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e Stadium map: Markarian '05, Chernov & Zhang '06
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ooH flow: Melbourne '09 C(F,G) < C% (essentially)

Cusp flow: Melbourne & B. '08 C;(F,G) decays faster than
any polynomial
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Decay of correlations

e Cusp map:
e Rehacek 95 ergodicity
e Machta '83 numerics and heuristic reasoning for
Cn(f,g) <1/n ,
o Chernov & Markarian '07: Cy(f,g) < C%9-"
e Chernov & Zhang '08: C(f,g) < C1
e Stadium map: Markarian '05, Chernov & Zhang '06
2
e ooH flow: Melbourne '09 Ci(F,G) < C% (essentially)
e Cusp flow: Melbourne & B. 08 C((F, G) decays faster than
any polynomial

e Not summable = non-standard limit law?
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Superdiffusion in dispersing billiards with cusps

Theorem (Chernov, Dolgopyat & B. 2011)

e Denote by r; € C; and rp, € C, the two
points that make the cusp.

LeLn
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Superdiffusion in dispersing billiards with cusps

Theorem (Chernov, Dolgopyat & B. 2011)

e Denote by r; € C; and rp, € C, the two
points that make the cusp.

w/2
o Letly = [ (f(r1,¢) +f(r2,0))p(0)do
—7/2
it 3 with p(¢) = W&
| cosgde

—7/2
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Superdiffusion in dispersing billiards with cusps

Theorem (Chernov, Dolgopyat & B. 2011)

e Denote by r; € C; and rp, € C, the two
points that make the cusp.

w/2
e Letly = [ (f(r1,¢)+f(r2,¢))p(¢)d ¢
—7/2
it 32 with p(¢) = —yese VCOS §
[ Veosads
—m/2
o if Iy # O then \/% L. N(0,Dy)

where D = c¢*I? and c* is some numerical
constant.
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Superdiffusion in dispersing billiards with cusps

Theorem (Chernov, Dolgopyat & B. 2011)

e Denote by r; € C; and rp, € C, the two
points that make the cusp.

w/2
o Letl = [ (f(r1, ) +f(r2,6))p(4)d¢
—/2
ner with p(¢) = —yese VCOS §
J eosgdé
—7/2
H Snf D
o if If # 0 then VAT = N(0, Dy)
where D = c¢*I? and c* is some numerical
constant.

e if It = 0 then S,f satisfies standard CLT.
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Superdiffusion in the stadium

« Gouézel & B. 2006. f : M — R,
u(f) = 0.

< 51 ) )
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Superdiffusion in the stadium

e Gouézel & B. 2006.f : M — R,

u(f) = 0.
o Letl = [, f(r,3)dr.
< S ) S
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Superdiffusion in the stadium

e Gouézel & B. 2006.f : M — R,

™ pu(f) = 0.
"" ’ ) o Leth = f51Usz f(r,Z)dr.
// Shf

. D
o if I ¢0thenm = N(0, Dy)

4+43log 3
where Dy = 473|033

< 51 ) )

*|2
c*l:
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Superdiffusion in the occH Lorentz gas

e Collision map: EDC for Hélder — Chernov 1999
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Superdiffusion in the occH Lorentz gas

e Collision map: EDC for Holder — Chernov 1999

e an observable of particular interest: L(x) free flight (vector)
— neither Holder, nor in L?
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Superdiffusion in the occH Lorentz gas

e Collision map: EDC for Holder — Chernov 1999
e an observable of particular interest: L(x) free flight (vector)
— neither Holder, nor in L?

. ?Ilcl)_g_n L. N(0,D,) — Szasz & Varji 2006

explicit formula for D — corridor sum
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Superdiffusion in the coH Lorentz gas, Il

e XeMwrt
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Superdiffusion in the coH Lorentz gas, Il

Summary and Outlook

e xeMwrtpy
e Si(x) unfold trajectory to R?
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Superdiffusion in the coH Lorentz gas, Il

e xeMwrtpy
St(x) unfold trajectory to R?

St D
oot = N(0,D),
D= (7)"'Dc
(Szész & Varju 2006, Chernov &
Dolgopyat 2009)
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Convergence in distribution vs. moments

Let mq denote the gth abs. moment of the standard Gaussian.
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Convergence in distribution vs. moments

Let mq denote the gth abs. moment of the standard Gaussian.
Consider (M, T, u) ergodic and f : M — R integrable such that
S_nf % N(07 1)!

an

(say a, = v/Dsnora, = 4/Dsnlogn).
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Convergence in distribution vs. moments

Let mq denote the gth abs. moment of the standard Gaussian.

Consider (M, T, u) ergodic and f : M — R integrable such that
St 2 N(0,1),

(say a, = v/Dsnora, = 4/Dsnlogn).

q
Saf
=nd )—>mq?

Does that mean p <
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[ Je}

Convergence in distribution vs. moments

Let mq denote the gth abs. moment of the standard Gaussian.
Consider (M, T, u) ergodic and f : M — R integrable such that

Sot Py Af(0,1),

an
(say a, = v/Dsnora, = 4/Dsnlogn).

Suf |4

an _>mq?

Does that mean p <

Melbourne & To6rok, 2011 yes, if

e (M, T, ) can be modeled by a Young tower with n—(%+1)
tails, 8 > 1 (standard CLT case)

o f Holder, q < 24.
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Convergence in distribution vs. moments

Let mq denote the gth abs. moment of the standard Gaussian.
Consider (M, T, u) ergodic and f : M — R integrable such that

Sot Py Af(0,1),

an
(say a, = v/Dsnora, = 4/Dsnlogn).

Suf |4

an _>mq?

Does that mean p <

Melbourne & To6rok, 2011 yes, if

e (M, T, ) can be modeled by a Young tower with n—(%+1)
tails, 8 > 1 (standard CLT case)

o f Holder, q < 24.
o for g > 24: IC s.t. C~In97F < y(|Syf|9) < Cn9—7,
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[ Je}

Convergence in distribution vs. moments

Let mq denote the gth abs. moment of the standard Gaussian.
Consider (M, T, u) ergodic and f : M — R integrable such that

Sot Py Af(0,1),

an
(say a, = v/Dsnora, = 4/Dsnlogn).

Suf |4

an _>mq?

Does that mean p <
Melbourne & To6rok, 2011 yes, if

e (M, T, ) can be modeled by a Young tower with n—(%+1)
tails, 8 > 1 (standard CLT case)

o f Holder, q < 24.
o for g > 24: IC s.t. C~In97F < y(|Syf|9) < Cn9—7,
e q=204: C~'n” < p(|Snf|?) < C(nlogn)”.
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Convergence of the second moment

D
Cusps: \/% — N(0,Dy).
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Convergence of the second moment

D
Cusps: \/% — N(0,Dy).

Theorem (Chernov, Dolgopyat & B. 2012)
u((Snf)?) = 2D;nlogn(1 + o(1)).
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Convergence of the second moment

D
Cusps: \/% — N(0,Dy).

Theorem (Chernov, Dolgopyat & B. 2012)
u((Snf)?) = 2D;nlogn(1 + o(1)).

coH Lorentz gas: —3— =2 A/(0,D)

u((St)?2) = 2Dt logt(1 + o(1));
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Convergence of the second moment

D
Cusps: \/% — N(0,Dy).

Theorem (Chernov, Dolgopyat & B. 2012)
u((Snf)?) = 2D;nlogn(1 + o(1)).

coH Lorentz gas: —3— =2 A/(0,D)

u((St)?2) = 2Dt logt(1 + o(1));

numerics and heuristics; Dettmann 2012
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The first return map

Let M = M \ Mg where Mq is a fixed small nbd.
of the cusp.

M,

/\
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The first return map

Let M = M \ Mg where Mq is a fixed small nbd.
of the cusp.

o T :M — M first return map
|| e R : M — N unbounded return time
o f(x) = XR®£(Tkx) induced
/ observable

/\
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The first return map

Let M = M \ Mg where Mq is a fixed small nbd.
of the cusp.

o T :M — M first return map

e R : M — N unbounded return time

o f(x) = XR®£(Tkx) induced
observable

limit law for S,f implies limit law for Spf
(Melbourne & To6rok '04, Gouézel '04)

D: A
Dt = ﬂ(pfg) = M(M)Df
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Fast mixing of the first return map

Lemma (C1)

The map T : M — M is uniformly hyperbolic and it satisfies the
Growth Lemma (“Expansion prevails fractioning”)
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Fast mixing of the first return map

Lemma (C1)

The map T : M — M is uniformly hyperbolic and it satisfies the
Growth Lemma (“Expansion prevails fractioning”)

so that (via e.g Young tower or standard pairs)

EDC for Holder observables
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Fast mixing of the first return map

Lemma (C1)

The map T : M — M is uniformly hyperbolic and it satisfies the
Growth Lemma (“Expansion prevails fractioning”)

so that (via e.g Young tower or standard pairs)
EDC for Holder observables

Lemma (C2)

ja(f -foT) <Ce™withC > 0,a <1forn>1
Not for n = 0 as f is not Holder and not in L2
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Fast mixing of the first return map

Lemma (C1)
The map T : M — M is uniformly hyperbolic and it satisfies the
Growth Lemma (“Expansion prevails fractioning”)

so that (via e.g Young tower or standard pairs)
EDC for Holder observables

Lemma (C2)
ja(f -foT) <Ce™withC > 0,a <1forn>1
Not for n = 0 as f is not Holder and not in L2

Summarizing: the sequence f o T" behaves almost like an i.i.d.
sequence
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Blow-up of 2

e My = {x € M|R(x) = n} n-cell
* Ln =Uj<n M; low cells, Hn = Uj=n M; high cells
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Blow-up of 2

e My = {x € M|R(x) = n} n-cell
* Ln =Uj<n M; low cells, Hn = Uj=n M; high cells

Lemma (C3)

o flw, = nI(1+o(1))
w/2

(recall | =cy [ (f(r1, ) +f(r2,¢))\/cos(¢)d ¢)

—7/2
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Blow-up of 2

e My = {x € M|R(x) = n} n-cell
* Ln =Uj<n M; low cells, Hn = Uj=n M; high cells

Lemma (C3)
o flu, = ni(1+o0(1)
w/2
(recall | =cy [ (f(r1, ) +f(r2,¢))\/cos(¢)d ¢)
—7/2

* A(Hn) = (1 + 0(1)) (here cy, c; are numerical constants)
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Blow-up of 2

e My = {x € M|R(x) = n} n-cell
* Ln =Uj<n M; low cells, Hn = Uj=n M; high cells

Lemma (C3)
o flu, = ni(1+o0(1)
w/2
(recall | =cy [ (f(r1, ) +f(r2,¢))\/cos(¢)d ¢)
—7/2

* A(Hn) = (1 + 0(1)) (here cy, c; are numerical constants)
o hence A(f2 - 1|,) = 2lognD;(1 + 0(1))



Skeletons of arguments
ooe

Blow-up of 2

e My = {x € M|R(x) = n} n-cell
* Ln =Uj<n M; low cells, Hn = Uj=n M; high cells

Lemma (C3)
o flu, = ni(1+o0(1)
w/2
(recall | =cy [ (f(r1, ) +f(r2,¢))\/cos(¢)d ¢)
—7/2

* A(Hn) = (1 + 0(1)) (here cy, c; are numerical constants)
o hence A(f2 - 1|,) = 2lognD;(1 + 0(1))

iff o T" were i.i.d, it would belong to the non-standard domain
of attraction of the normal law
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers

e Truncation Let f=f- L i0g10n
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers

e Truncation Let f=f- L i0g10n

o - 1 2
PEj<n:foT!#AfoTH <Cn{ ——Mmm| —
Ersn:follZfoT) < n<\/ﬁloglogn>
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers

e Truncation Let f=f- L i0g10n

i - 1 2
PEj<n:foT!#AfoTH <Cn{ ——Mmm| —
Ersn:follZfoT) < n<\/ﬁloglogn>

e Decorrelation: Bernstein’s big-small block technique.
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers

e Truncation Let f=f- L i0g10n

i - 1 2
PEj<n:foT!#foT)<Cn|—"-—
SE el #TeT) < <\/ﬁloglogn> -
e Decorrelation: Bernstein’s big-small block technique.

e needto treat E (exp( \)%))
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers

e Truncation  Let f=f- 1|

i - 1 2
PEj<n:foT!#AfoTH<Cn|{——m | —
Ersn:follZfoT) < n<\/ﬁloglogn>

e Decorrelation: Bernstein’s big-small block technique.

itSp
e needto treat E (exp(\/m)>
e Taylor approximation
e moment estimates
e Cauchy-Schwartz inequalities
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers

e Truncation  Let f=f- 1|

o - 1 2
PEj<n:foT!#AfoTH<Cn|{——m | —
Ersn:follZfoT) < n<\/ﬁloglogn>

e Decorrelation: Bernstein’s big-small block technique.

e need to treat E (exp( \)%))

e Taylor approximation
e moment estimates
e Cauchy-Schwartz inequalities

Recall: a(f? - 1|,,) = 2lognD;(1 + o(1))
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Second moment convergence

u((Snf)?) =
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Second moment convergence

p((Saf)?) = nu(f - 30 FoT¥) 4 O(n),

k=-—n
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Second moment convergence

p((Saf)?) = nu(f - 30 FoT¥) 4 O(n),

k=—n

M, M = UP 3T Mp
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Second moment convergence

p((Saf)?) = nu(f - 30 FoT¥) 4 O(n),

k=—n

M, —— Mm = Up=3 T Mp,
T (Mm) = O(%)
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Second moment convergence
u((Snf)?) = np(f - 37 FoTX)+0O(n),

k=—n
M Mm = Up=3 T Mp,
l
M, - Lm = UjzmM;
My
M Hm = UismM,;
M= - u(Hm) = O(3)
2, 1%
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Second moment convergence
u((Snf)?) = np(f - 37 FoTX)+0O(n),

k=—n
M Mm = Up=3 T Mp,
l
M, - Lm = UjzmM;
My
M Hm = UismM,;
M= - u(Hm) = O()
2, 1%
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Second moment convergence
H(Saf)2) = npu(f - 30 FoTX)+0(n),

k=—n
T Mm = UE];(;LTka
: Mm) = O(5z)

Lm = Uj<mM,

e Hm - Uj>mMj

| | p(Hm) = O(%)

n
AN oTH) = [z, 1 (f( ) = FTAx))dp(x) + O(1) =
=—n =—n
n/10 m—1 m—j—1
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Second moment convergence

H(Saf)2) = npu(f - 30 FoTX)+0(n),

k=—n
T Mm = UE];(;LTka
; w(Mm) = O(#)
Lm = Ui<mM;
xe Hm - Uj>mMj
| | pw(Hm) = O(%)
n
p(t kZ FoT¥)= [, ,(f(x kZ F(T*x))du(x) + O(1) =
=-n =-n
n/10 m—1 m—j—1 "
= 2 2 Jrim(f( kZ_ FT*x))du(x) + O(1) =
m=1 j=0 =-I

— u(f2 - 1],, ,,) + O(1) = 2log Dy (L + 0(1))
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < -+ S.t. Ly = T — Ty_1 i.id,
P(Lk > X) ~ bx~2 as x — oo; E(Ly) = m.
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < -+ S.t. Ly = T — Ty_1 i.id,
P(Lk > X) ~ bx~2 as x — oo; E(Ly) = m.

Stationarity: k(t) = min{k > 0: Ty > t}; H(t) = Tgq) — t.
PH(t) >u)=P(Tog>u) =
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < -+ S.t. Ly = T — Ty_1 i.id,
P(Lk > X) ~ bx~2 as x — oo; E(Ly) = m.

Stationarity: k(t) = min{k > 0: Ty > t}; H(t) = Ty —t.
P(H(t) > u) =P(To >u) = 1 [*P(Lx >x)dx ~ 2

m-u’
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < -+ S.t. Ly = T — Ty_1 i.id,
P(Lk > X) ~ bx~2 as x — oo; E(Ly) = m.

Stationarity: k(t) = min{k > 0: Ty > t};  H(t) = Tgq) —
P(H(t) > u) =P(To > u) = 1 [*P(Lx >x)dx ~ 2.

m-u’

o0,&1, ... beiid. £1 fair coin tosses, £(t) = & ift € [Tx_1, Tk];

= [ &(t)dt
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < -+ S.t. Ly = T — Ty_1 i.id,
P(Lk > X) ~ bx~2 as x — oo; E(Ly) = m.

Stationarity: k(t) = min{k > 0: Ty > t};  H(t) = Tgq) —
P(H(t) > u) =P(To > u) = 1 [*P(Lx >x)dx ~ 2.

m-u’

o0,&1, ... beiid. £1 fair coin tosses, £(t) = & ift € [Tx_1, Tk];
= [ &(t)dt

Limit law: —=_ 25 A7 (0, £)

/TlogT m




Setting

(ele]
[e]e]

Anomalous phenomena Skeletons of arguments Further details Summary and Outlook
0000 000 00
oo ooe 0000

Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < -+ S.t. Ly = T — Ty_1 i.id,
P(Lk > X) ~ bx~2 as x — oo; E(Ly) = m.

Stationarity: k(t) = min{k > 0: Ty > t};  H(t) = Tgq) —
P(H(t) > u) =P(To > u) = 1 [*P(Lx >x)dx ~ 2.

m-u
o0,&1, ... beiid. £1 fair coin tosses, £(t) = & ift € [Tx_1, Tk];
= [ &(t)dt
. ._s(m D b
Limit law: ot — N (0,2)

Second moment: E (S%(T)) = 2 [fy_s7 E(£(s)4(t)) ds dt.
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < -+ S.t. Ly = T — Ty_1 i.id,
P(Lk > X) ~ bx~2 as x — oo; E(Ly) = m.

Stationarity: k(t) = min{k > 0: Ty > t};  H(t) = Tgq) —
P(H(t) > u) =P(To > u) = 1 [*P(Lx >x)dx ~ 2.

m-u
o0,&1, ... beiid. £1 fair coin tosses, £(t) = & ift € [Tx_1, Tk];
= [ &(t)dt
. ._s(m D b
Limit law: ot — N (0,2)

Second moment: E (S%(T)) = 2 [fy_s7 E(£(s)4(t)) ds dt.
E(¢(s)é(t)) =P(H(s) >t —s) =P(To >t —s).
E(S*(T)) ~ 2 fooso7 2 10g(T —s)ds ~ 22T log T.



Setting Anomalous phenomena Skeletons of arguments Further details Summary and Outlook

(ele] 0000 000 [ ]e]
[e]e] oo 000 0000

Superdiffusion in the straight stadium

e Gouézel & B. 2006.f : M — R,
u(f) = 0.
o Letl; = f

S1USy

f(r, )dr.

o if I £ 0 then \/% L. N(0,Dy)

where Dy = 7551293 ¢*1?

[ Sy Cy Sy
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o M: leaving one of the semicircular arcs.

[ Sy Cy Sy

Summary and Outlook
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4+3log 39
Why 4-3log3 "

o M: leaving one of the semicircular arcs.
e in cusp or infinite horizon:

E(R(Tx)|R(x) = K) = cvVK(1+ 0(1))

[ S Cy Sy

Summary and Outlook
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4+3log 39
Why 4-3log3 "

M: leaving one of the semicircular arcs.
in cusp or infinite horizon:

E(R(Tx)|R(x) = K) = cvVK(1+ 0(1))

Summary and Outlook

in stadium: E(R(Tx)|R(x) = K) = aK (1 + 0o(1)) for some

a < 1, computable

[ S Cy Sy
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4+3log 39
Why 4-3log3 "

M: leaving one of the semicircular arcs.
in cusp or infinite horizon:

E(R(Tx)|R(x) = K) = cvVK(1+ 0(1))

Summary and Outlook

in stadium: E(R(Tx)|R(x) = K) = aK (1 + 0o(1)) for some

a < 1, computable — i.i.d. clusters

[ S Cy Sy
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Superdiffusion in dispersing billiards with cusps

Theorem (Chernov, Dolgopyat & B. 2011)

e Denote by r; € C; and rp, € C, the two
points that make the cusp.

w/2
o Letl = [ (f(r1, ) +f(r2,6))p(4)d¢
—/2
ner with p(¢) = —yese VCOS §
J eosgdé
—7/2
H Snf D
o if If # 0 then VAT = N(0, Dy)
where D = c¢*I? and c* is some numerical
constant.

e if It = 0 then S,f satisfies standard CLT.
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Corner series

For simplicity assume that C; and C, are circles of radius 1.
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Corner series

For simplicity assume that C; and C, are circles of radius 1.
Coordinates: « distance from cusp, v = 5 — ¢

<
(=}
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Corner series

For simplicity assume that C; and C, are circles of radius 1.
Coordinates: « distance from cusp, v = 5 — ¢

 while going down the cusp: « decreases, v: 0 — 7
 while coming out of the cusp: « increases, v: 5 —
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Corner series

For simplicity assume that C; and C, are circles of radius 1.
Coordinates: « distance from cusp, v = 5 — ¢

 while going down the cusp: « decreases, v: 0 — 7
 while coming out of the cusp: « increases, v: 5 —

<
(=}




Setting Anomalous phenomena Skeletons of arguments Further details Summary and Outlook

(ele] 0000 000 (e]e]
[e]e] oo 000 [e]e] le}

Equations of motion

vV —d =at+y
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/ Y —d =a+y
ol H /.
. ey b =sina —sinad’;
a=2-cosa—coso
and

a a=Dbtan(a+~)
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/ Y —d =a+y
H H /.
. ey b=sina —sind/;
a=2-cosa—cosao
and
a a=Dbtan(a+~)
sina’ — sina = _ 2—cosa’—cos o

tan(a+v)
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Equations of motion

/ Y —d =a+y
. /ey b =sina —sina/;
a=2-cosa—Ccosa’
and
a a=Dbtan(a+~)
sina’ — sina = _ 2—cosa’—cosa

tan(a+-)

e Throughout the corner series: o« < 1, a < ~;
e in a “large part” of the corner series: a < 7.
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Equations of motion

/ Y —d =a+y
. /ey b =sina —sina/;
a=2-cosa—Ccosa’
and
a a=Dbtan(a+~)
sina’ — sina = _ 2—cosa’—cosa

tan(a+-)

e Throughout the corner series: o« < 1, a < ~;
e in a “large part” of the corner series: a < 7.
2

" — v & 20 PP
v — v =2« o —a an()
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Flow approximation

v -y = 20a; o —ax —% well approximated by
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Flow approximation

v -y = 20a; o —ax —% well approximated by

a2
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Flow approximation

v =y =& 20 o —ax —giy  well approximated by
o 2 i - 042

Y = £Q4 o = —m

J = a?sin~ is first integral, so 4 = 2, /2=, dt = 2 \/lenwd'y
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Flow approximation

v -y = 20a; o —ax —% well approximated by
o 2 i - a2

Y = £Q4 o = —m

J = a?sin~ is first integral, so 4 = 2, /2=, dt = 2 \/lenwd'y

2
proportion of time between~y; andy, =< [ +/sin~d.
71
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Flow approximation

v -y = 20a; o —ax —% well approximated by
o 2 i - a2

Y = £Q4 o = —m

J = a?sin~ is first integral, so 4 = 2, /2=, dt = 2 \/Sjlnﬂ’dy

2
proportion of time between~y; andy, =< [ +/sin~d.
71

w/2

Recall lt =c [ (f(r1, ) +f(r2, ¢))\/cos(¢)dé.

—7/2
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Flow approximation

v — v~ 2aq; o —a = —% well approximated by

v = 2q; a = —%.

J = a?sin~ is first integral, so 4 = 2, /2=, dt = 2 \/Sjinﬂ’dy

proportion of time between v, and 7, =< fmd 7.
iy "

Recall |t = ¢ 7;[/2 (f(re, ¢) + f(r2, #))y/cos(¢)d ¢.

length of the excursion R = cJ~3 JV/sinydy = cJ 2
0
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Flow approximation

v -y = 20a; o —ax _taﬁ(z'y) well approximated by
o 2 i - a2

Y = £Q4 o = —m

J = a?sin~ is first integral, so 4 = 2, /2=, dt = 2 \/Sjlnﬂ’dy

2
proportion of time between~y; andy, =< [ +/sin~d.

71

Recall It = ¢ 7rf/z (f(re, @) +f(rz, ¢))\/cos(¢)d ¢.
—7/2

length of the excursion R = cJ~3 JV/sinydy = cJ 2
0

hence 1(Hn) = u(R >n) = u(J < ) = p(a®y < %) = -

n
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Dispersing billiards with tunnels

Work in progress

Denote be T. : M — M the billiard map
same phase space, samef : M — R
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Dispersing billiards with tunnels

Work in progress
Denote be T. : M — M the billiard map
same phase space, samef : M — R

e for fixed £ > O this is a Sinai billiard, hence
CLT:



Setting Anomalous phenomena Skeletons of arguments Further details Summary and Outlook

(ele] 0000 000 (e]e]
[e]e] oo 000 0000

Dispersing billiards with tunnels

Work in progress
Denote be T. : M — M the billiard map
same phase space, samef : M — R
e for fixed £ > O this is a Sinai billiard, hence
CLT:

o S 2 N(0,Ds.) with
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Dispersing billiards with tunnels

Work in progress
Denote be T. : M — M the billiard map
same phase space, samef : M — R
e for fixed £ > O this is a Sinai billiard, hence
CLT:

o S 2 N(0,Ds.) with
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Dispersing billiards with tunnels

Summary and Outlook

Work in progress

Denote be T. : M — M the billiard map
same phase space, samef : M — R

e for fixed £ > O this is a Sinai billiard, hence
CLT:

o S 2 N(0,Ds.) with
o Df. = Dylloge|(1 +0(1))



Motivation

1. Brownian Brownian motion — Chernov & Dolgopyat '09

m < M (separation of time scales)

\\“

\\\\\\\\\\\\
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Motivation

1. Brownian Brownian motion — Chernov & Dolgopyat '09

m < M (separation of time scales)
SDE for large particle:
dV = og(f)dw
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Motivation

1. Brownian Brownian motion — Chernov & Dolgopyat '09

m < M (separation of time scales)
SDE for large particle:

dV = og(f)dw

collisions of the heavy particle with
the wall?
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Motivation

1. Brownian Brownian motion — Chernov & Dolgopyat '09

m < M (separation of time scales)
SDE for large particle:

dV = oq(f)dw

collisions of the heavy particle with
the wall?

How does the planar
diffusion depend on ¢?
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Infinite horizon with field |

e Add field E transversal to corridors, |E| = < 1
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Infinite horizon with field |

e Add field E transversal to corridors, |E| = < 1

o -+ thermostating: Gaussianv = E — (E,v)v
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Infinite horizon with field |

e Add field E transversal to corridors, |E| = < 1
o -+ thermostating: Gaussianv = E — (E,v)v

e free flight L. < % is bounded, but depends on ¢ .

LOC
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Infinite horizon with field Il
Chernov-Dolgopyat 2009:

¢ SRB measure (non-equilibrium steady state) u.
e currentJ = (L)
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Infinite horizon with field Il
Chernov-Dolgopyat 2009:

¢ SRB measure (non-equilibrium steady state) u.
o currentJ = p.(L.)= 3|log|DLE + O(¢)
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Infinite horizon with field Il

Chernov-Dolgopyat 2009:
¢ SRB measure (non-equilibrium steady state) u.
o currentJ = p.(L.)= 3|log|DLE + O(¢)

o fluctuations: Lff” L. N(0,D.) with
D. = |loge|Di (1 + 0(1)).

LOOC
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The system of two falling balls

y Wojtkowski 1990, Wojtkowski &
& Liverani 1995

e m; = m; integrable

nyn I

ravit;
gravity v

my e m; < m, elliptic periodic orbit
" e m; > m;y hyperbolic, ergodic
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Wojtkowski 1990, Wojtkowski &
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& Liverani 1995
+ a e m; = m, integrable
- Vig m e my; < m; elliptic periodic orbit
" e m; > m;y hyperbolic, ergodic

Collision map: lower ball on the floor
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The system of two falling balls

y Wojtkowski 1990, Wojtkowski &
& Liverani 1995

s & e m; = m, integrable
gravity . . . . .
Vg m e m; < m, elliptic periodic orbit
" e m; > m;y hyperbolic, ergodic

Collision map: lower ball on the floor

Theorem (Borbély, Némedy Varga & B.)
For an a open set of mass ratios % > 1:
3
e PDC Cp(f,g) < c 19801,
e standard CLT.
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Dispersing billiards with cusps:
o —Sat_ P Ar(0,Dy) with explicit Dy;

o u((Saf)?) ~ 2Dy

Summary and Outlook
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Dispersing billiards with cusps:
o —Sat_ P Ar(0,Dy) with explicit Dy;

y/nlogn
o 1((Snf)?) ~ 2Dy.
analogous systems: stadia, ooH Lorentz gas.

Summary and Outlook
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Dispersing billiards with cusps:

. \/%m L. N(0,Dy) with explicit Dy;

o 1((Snf)?) ~ 2Dy
analogous systems: stadia, ooH Lorentz gas.
Questions (work in progress):

e extend second moment result,

e dispersing billiards with tunnels,
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Summary

Dispersing billiards with cusps:

. \/%m L. N(0,Dy) with explicit Dy;

o 1((Snf)?) ~ 2Dy
analogous systems: stadia, ooH Lorentz gas.
Questions (work in progress):

e extend second moment result,

e dispersing billiards with tunnels,

e more than two falling balls.
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Summary

Dispersing billiards with cusps:

. \/% L. N(0,Dy) with explicit Dy;

o 1((Snf)?) ~ 2Dy
analogous systems: stadia, ooH Lorentz gas.
Questions (work in progress):

e extend second moment result,

e dispersing billiards with tunnels,

e more than two falling balls.

Thank you for your attention!

Summary and Outlook
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Corner series for tunnel

Coordinates: «,~ as for cusp

Summary and Outlook
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Corner series for tunnel

Coordinates: «, as for cusp

v —ad =a+y
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Corner series for tunnel

Coordinates: «,~ as for cusp

vV -d =aty

Summary and Outlook

a=2-cosa—cosa +¢
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Corner series for tunnel

Coordinates: «,~ as for cusp

/ !
Yoa=aty a=2-cosa—cosa +¢

2—-cosa’ —cosa+¢

sinad’ —sina = —
tan(a + )
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Flow approximation for tunnel

D 20 d__ozz-l-s
TTE YT Tan(y)
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Flow approximation for tunnel

VY = 2a; d——az-l_g
T ~ tan(y)’

J = (a® +¢)sin v is first integral, s0 § = 2a = +2, /2= — <.
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Flow approximation for tunnel

V= 2q; d——a2+€
7= e — tan(y)’

J = (a® +¢)sin v is first integral, s0 § = 2a = +2, /2= — <.

Fix some small §5. We distinguish three cases:

J > e/dp, J <dpe and J/e=x1.
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Cusp case

J = (a?®+¢)siny,

J > 5/(50:
e a > 0 and o? > ¢ throughout the excursion
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Cusp case

J = (a? +¢)siny, Y =20 =42

J > 5/(50:
e a > 0and o? > ¢ throughout the excursion

e cusp estimates apply, however R = CJ~1/2 < %
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Cusp case

J = (a? +¢)siny, Y =20 =42

J > 5/(50:
e a > 0and o? > ¢ throughout the excursion

e cusp estimates apply, however R = CJ~1/2 < %

Contribution to the variance: ji(f2 - 1. . ) =Dy|loge|
Ve
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Crossing case

J = (a® +¢)siny, 4 =2a=

J < edo:
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Crossing case
= (a? i y=2a =42
J=(af+¢e)siny, v =2a=

J < edo:
e v <10 < 7, however, a changes sign
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Crossing case

J
(o +¢)sin-y, A Q@ siny €
J < edo:
e v <10 < 7, however, a changes sign

e R=CJ/%? < % and fi(J < edp) = O(e)
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Crossing case

J
(o +¢)sin-y, A Q@ siny €
J < edo:
e v <10 < 7, however, a changes sign

e R=CJ/%? < % and fi(J < edp) = O(e)

O(1) contribution to the variance.
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The third case

What is in between?
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The third case

What is in between?
a = 0,7 =m/2is a hyperbolic fixed point (period two orbit)

T
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The third case

What is in between?

a = 0,7 =m/2is a hyperbolic fixed point (period two orbit)
Saddle case: if J = ¢, R can be arbitrary large, however, it is
dominated by the hyperbolic periodic orbit

< Y
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The third case

What is in between?

a = 0,7 =m/2is a hyperbolic fixed point (period two orbit)
Saddle case: if J = ¢, R can be arbitrary large, however, it is
dominated by the hyperbolic periodic orbit

O(1) contribution to the variance.
< Y
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Stadium — what is £?

skewed stadia: similar, bouncing —-
diametrical
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Stadium — what is £?

skewed stadia: similar, bouncing =
diametrical

=1000
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Stadium — what is £?

skewed stadia: similar, bouncing =
diametrical

=1000

Numerics and heuristic reasoning: Ergodicity for large enough
finite ¢ (Halasz, Sanders, Tahuilan, B. 2011)
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