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Nondiffusive anomalous momentum transport in toroidal plasmas occurs through symmetry
breaking mechanisms. In this paper the contribution of sheared E�B flows to parallel momentum
transport �R. R. Dominguez and G. M. Staebler, Phys Fluids B 5, 3876 �1993�� is investigated with
nonlinear gyrokinetic simulations in toroidal geometry. The background perpendicular shear is
treated independently from the parallel velocity shear to isolate a nondiffusive, nonpinch
contribution to the parallel momentum flux. It is found that the size of the term depends strongly on
the magnetic shear, with the sign reversing for negative magnetic shear. Perpendicular shear flows
are responsible for both symmetry breaking and suppression of turbulence, resulting in a shearing
rate at which there is a maximum contribution to the momentum transport. The E�B momentum
transport is shown to be quenched by increasing flow shear more strongly than the standard linear
quench rule for turbulent heat diffusivity. © 2009 American Institute of Physics.
�doi:10.1063/1.3227650�

I. INTRODUCTION

A growing body of experimental evidence1–11 now dem-
onstrates that tokamak plasmas can exhibit toroidal rotation
even in the absence of an external torque. This “spontane-
ous” �or “intrinsic”� rotation has generated much recent the-
oretical attention in mechanisms of anomalous momentum
transport beyond the diffusional paradigm.12–32 Plasma rota-
tion is of practical importance since it is widely accepted that
sheared flows play a role in regulating microturbulent
transport,33,34 and are associated with the formation of trans-
port barriers.35,36 The theory of toroidal momentum transport
is not yet complete, but it is clear that a comprehensive de-
scription will contain a number of the components that are
currently emerging.

In Ref. 15, it was shown from the symmetry of the local
gyrokinetic equation that for axisymmetric nonrotating plas-
mas with up-down flux surface symmetry, there can be no
net radial transport of parallel momentum. By breaking the
symmetry assumptions of the derivation,15 nondiffusive con-
tributions to the momentum transport can be present. These
contributions, which do not fit well into the transport matrix
picture, each arise due to a symmetry breaking mechanism,
which can also be viewed in the framework of wave-particle
momentum exchange.25 A number of symmetry breaking
mechanisms leading to parallel momentum transport have so
far been identified:

• In a plasma with an initial rotation, parallel velocity sym-
metry is broken by the Coriolis drift. The resulting phase
difference between density and velocity fluctuations gen-
erates a “pinch” transport of parallel momentum, which
can sustain finite rotation gradients in a source free
region.18–21

• Recently, flux surface shaping asymmetric about the hori-
zontal axis �typical in single null plasmas� has also been
shown to generate net momentum transport, providing a
“seed” rotation mechanism to build an initial rotation gra-
dient in the outer core.27,28

• In a global model, terms of order �� contribute off diagonal
terms to the transport matrix, resulting in a coupling of the
heat, momentum, and particle transport channels, as has
been evidenced in global gyrokinetic simulations.17

• A nondiffusive, nonpinch contribution to parallel momen-
tum transport due to sheared background E�B flow was
first identified in a sheared slab quasilinear model in Ref.
12, in which the anomalous parallel stress was found to be
nonzero through numerical solution of the system.

The focus of the present work is on the last of the above
mechanisms; the contribution of sheared E�B flow to mo-
mentum transport. We reserve pinch to refer to a transport
term proportional to the quantity that is being transported;
under this definition we do not refer to the E�B shear term
as a pinch.

The turbulent flux of parallel momentum is calculated
from the perturbed distribution f as

�� = mi�2�B� �r · ṽEv�fdv�d�� , �1�

where the angle brackets denote the flux surface average and
ṽE are the E�B drifts arising from the perturbed electric
field. Motivated by the linear theory of the Coriolis
pinch18 and geometric symmetry breaking,27 we write the
parallel momentum flux in the local limit as the sum of four
components
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�� = nimi���u�� + V�u� + �EM� + C�� , �2�

where ni is ion number density and mi is the ion mass. The
first term is the diffusive term due to the gradient in the
parallel flow u��=−�Bt /B�R�	, where 	 is the plasma
cofield rotation frequency, the second term is the Coriolis
pinch dependent on the parallel flow18 u� = �Bt /B�R	, the
third term is due to the background E�B shear,12 and the
final term is due to the up-down flux surface asymmetry.27 In
the linear models of Refs. 18 and 27, it is assumed that the
fluctuation amplitudes in temperature, density, and potential
scale together, such that the dimensionless ratios V� /�i,
�� /�i, and C� /�i are roughly constant �with �i the ion heat
diffusivity�. We use the decomposition of Eq. �2� as a heu-
ristic framework in which to examine the E�B contribution
to momentum transport. This work makes clear, however,
that the linear models which motivate this picture do not
easily extend to the nonlinear regime with �E�0. The trans-
port ratio scalings based on fluctuation amplitudes neglect
the cross-phase dependence of the fluctuations, which is cal-
culated for the slab in the quasilinear weights of Ref. 12, and
retained in the present work through fully nonlinear simula-
tions in toroidal geometry. We stress that in this work M�

represents the E�B contribution to parallel momentum
transport, not the Mach number.

We define the E�B shearing rate �E as a flux function

�E =
1

B0

�2


�r2 , �3�

where 
 is the background electric potential, r= �Rmax

−Rmin� /2 and B0 is the magnetic field evaluated on the mag-
netic axis.37 The background E�B flow is defined to be zero
in the center of the local radial domain simulated.

In a conventional large aspect ratio tokamak, the toroidal
component of the parallel momentum dominates, and neo-
classical mechanisms damp the poloidal flows. For the
present work it is assumed then that transport of parallel
momentum is approximately equivalent to the transport of
toroidal angular momentum ��� 	���.

A sheared toroidal rotation has a parallel shear compo-
nent u��, which is coupled to a perpendicular shear compo-
nent �E. Sheared E�B flow can also be present independent
of u��, as the perpendicular component of a sheared poloidal
flow �either neoclassically given by v�= �kneo /eB�dT /dr or
anomalous�. Global fluid simulations of internal transport
barriers �ITBs� have included the E�B contribution to mo-
mentum transport with a quasilinear model, keeping both
parts of the E�B shear consistently with global temperature
and rotation profiles.13 Later, a cylindrical fluid model23 also
used a quasilinear model for the parallel stress to elucidate
the parallel symmetry breaking mechanism leading to mo-
mentum transport. Local gyrokinetic simulations with
sheared toroidal rotation16,22 have indicated a sizeable cor-
rection to the momentum diffusivity, also seen in recent glo-
bal gyrokinetic particle-in-cell simulations.31,32 In Ref. 22,
parallel and perpendicular flow shears were varied indepen-
dently �i.e., not pure toroidal rotation� to identify null flow
points.

In the present work, we investigate the effect of sheared
perpendicular flow ��E� on momentum transport, indepen-
dently from sheared parallel flow �u���. We also examine the
case of purely toroidal rotation, motivated by experimental
observations of v��v� �e.g., Ref. 7�. Local nonlinear gyro-
kinetic simulations with E�B shear performed with the
GKW code14,37 are presented, and the resulting momentum
transport is shown to exhibit a strong dependence on the
magnetic shear and direction of the plasma current.

This paper is structured as follows: Section II introduces
the basic parameters of the simulated system; Sec. III de-
scribes a benchmark of the background E�B shear, Sec. IV
presents the results for parallel momentum transport, and
conclusions are drawn in Sec. V.

II. SYSTEM DESCRIPTION, UNITS,
AND CONVENTIONS

Nonlinear electrostatic gyrokinetic simulations in toroi-
dal geometry are performed with the Vlasov flux tube code
GKW.14,37 A full description of the code is detailed in Ref. 37
and the code is available from the associated library. All
simulations were performed for the collisionless Waltz
standard case34,38,39 of a deuterium plasma with R /LT=9,
R /LN=3, electron to ion temperature ratio Te /Ti=1, mass
ratio 
�mi /me�=60, safety factor q=2, magnetic shear ŝ=1,
and inverse aspect ratio �=r /R=0.16 unless stated other-
wise. The geometry used is the “s−” model, which assumes
circular flux surfaces with the magnetohydrodynamic param-
eter =0, with geometry quantities evaluated to only lowest
order in �.

The sign of the momentum flux will depend on a number
of other quantities, so for clarity and convenience we define

sB = sign�B · ��� = � 1,

sj = sign�j · ��� = � 1,

�4�
sŝ = sign�ŝ� = � 1,

s� = sign��E� = − sign��Er · �r� = � 1,

where � is the toroidal angle clockwise viewed from above.
Unless otherwise stated, all simulations were performed with
sB=sj =s�=1. We define q as always positive, since sj

determines the direction of the poloidal field. In the case of a
purely toroidal rotation, the poloidal components of the
parallel flow and the E�B flow cancel to give
�E=sBsj�� /q�u�� �with q always positive�. We define u� �0 as
flow in the direction of B, with the result that a peaked tor-
oidal flow profile �in the direction of B� has s�sBsj =1.

Results are presented in the standard gyro-Bohm units

where a is the plasma minor radius, cs=
Te /mi is the ion
sound speed, �s=cs /	ci is the ion-sound Larmor radius, and
	ci=eB /mi is the ion cyclotron frequency evaluated on the
magnetic axis. Unless otherwise stated, all simulations with
adiabatic electrons are performed with Nmod=16 binormal
modes and Nx=83 radial modes. The maximum wave vector
has binormal wave number k��s=0.75, where k� is evalu-
ated at the outboard midplane and �s is evaluated at the mag-
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netic axis. The mode spacing gives a perpendicular simula-
tion domain of extent �Lradial ,Lbinormal�= �120,126��s. The
number of grid points in parallel velocity, magnetic moment,
and along the field line are Nv� =16, N�=8, and Ns=16, re-
spectively. These grid sizes have proved sufficient to inves-
tigate the physics phenomena. The results are fully con-
verged in Ns, N�, and Nx, and to within 20% in Nmod and Nv�.
All simulations with kinetic electrons are performed with
Nmod=21 binormal modes with a maximum k��s=1.0 and
Nx=167 radial modes with a perpendicular simulation do-
main of extent �Lradial ,Lbinormal�= �120,126��s. The number
of points in the parallel velocity is increased to Nv� =32 as
compared with the adiabatic case. Unless otherwise stated,
results presented are for adiabatic electrons.

Previous work40 has found that shear flow quenching of
heat transport follows the phenomenological relation for the
turbulent diffusivity

�i = �i0�1 − E�E/�max� , �5�

where E is a constant of order unity, and �max is the maxi-
mum linear growth rate of the system in the absence of the
sheared flow. The values of �max and other linear properties
for the simulations in this paper are given in Table I and most
results are presented in terms of �E /�max. The spectrum of
linear growth rates is shown in Fig. 1.

In simulations with a high E�B shear rate, the linear
growth is suppressed such that the simulation takes an im-
practically long time to reach the nonlinear saturated state.
However, if the simulation is initialized without background
E�B shear, and the shear is applied once the nonlinear
phase is reached, then the system will quickly reach a new
saturated state. We find that the statistical properties of the
saturated nonlinear state are unaffected by the path taken to
get there �Fig. 2�, and all results presented here were ob-
tained with the restart method for larger �E. All time aver-
ages were taken over a minimum range of tav=1600�a /cs�
after the new saturated state was reached, unless otherwise
specified.

III. NONLINEAR BACKGROUND EÃB SHEAR
BENCHMARK

The GKW implementation of the background E�B
shear37 was benchmarked against previous results16 from the
GYRO code41 for the Waltz standard case, for both kinetic and
adiabatic electrons. Both codes were run in the local limit
with the model s− equilibrium in which the shearing rate
for both codes is equivalent to the familiar definition:42,43

�E 	
�RBp�2

Bt

�2


��2 	
dvE

dr
, �6�

where � is the poloidal flux.
The GKW simulations were run with the resolution de-

scribed above, which are comparable to the grid sizes used in
Ref. 16 �although it should be noted that the numerics of the
codes are different�. In particular, both sets of results were
obtained with Nmod=16 binormal modes over the same range
of wave numbers.

In GKW the E�B shear is implemented with a discrete
wave vector remapping method,37,44 for which convergence
in radial resolution Lradial /Lbinormal should be checked; Fig. 3
demonstrates the results are well converged in this sense.
The variance of the fluxes in the nonlinear phase decreases
with increasing Lradial �since the average is over a larger ra-
dial domain� but the mean is converged to within 5%. For

TABLE I. Most unstable linear modes: Growth rate �max, with correspond-
ing mode frequency � and scale k��s. Positive values of � indicate propa-
gation in the ion diamagnetic direction.

ŝ �max�a /cs� ��a /cs� k��s

Adiabatic electrons

�0.50 0.119 0.272 0.44

�0.17 0.144 0.278 0.44

0.00 0.159 0.286 0.44

0.17 0.175 0.303 0.44

0.34 0.186 0.313 0.43

0.50 0.190 0.329 0.40

0.68 0.178 0.330 0.38

1.00 0.132 0.296 0.31

Kinetic electrons

1.00 0.265 0.324 0.28

FIG. 1. �Color online� Adiabatic ITG growth rate spectra for different val-
ues of ŝ. For values of ŝ�0.5, the spectrum peaks at lower k��s.

FIG. 2. �Color online� Time traces of ion heat diffusivity and momentum
flux for the restart method �blue, thin� compared to a run without restart
�orange, thick� with �E=0.118�cs /a� with means and variances �̄i

= �2.354�0.202,2.353�0.218� and �̄� = �−0.191�0.119,−0.188�0.127�
for the restart and nonrestart methods, respectively.
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these results, the shear was applied from t=0.
The correspondence between the linear growth rates pre-

dicted by GKW �Table I� and GYRO �Table I of Ref. 16� is
nearly exact. The comparison between the two codes for the
nonlinear turbulent ion diffusivity quenching with shearing is
shown in Fig. 4 and the GKW results are summarized in Table
II. It can be seen that GKW diffusivities are up to 25% higher,
which may be due to a difference between the codes in the
treatment of the radial boundary condition. It is likely, how-
ever, that closer agreement could be obtained in a benchmark
undertaken collaboratively with full convergence as the aim.

Notwithstanding the above, GKW and GYRO give good
agreement for the turbulence quench relation �Eq. �5�� with
close concurrence on the important parameter E	0.4–0.6
�depending on the case�, which quantifies the strength of the
shear suppression. This agreement gives good confidence in
the qualitative physics predicted by both codes.

For adiabatic electrons, the benchmark was also con-
ducted including the destabilizing effect of parallel velocity
shear u��=12�E consistently for purely toroidal rotation, also
shown in Fig. 4. Here too the codes give good agree-
ment, both predicting a minimum in the heat transport at
�E=2�max.

For the simulations with adiabatic electrons, there is a
sharp transition from the turbulent state at the limit of the
critical shear. As was noted in Ref. 16, the region near the
critical shear is difficult to resolve properly, indeed this is the
region in which the two codes show worst agreement. Simu-
lations conducted with k��s up to 2.05 indicate that the re-
gion near the critical shear is sensitive to maximum binormal
mode resolution �Fig. 5�. This is not surprising since the
effect of the shear is to break up structures, pushing the
turbulence to smaller scales. While the kinetic case does not
exhibit the same sharp transition at high shear, there is still
the same difficulty in obtaining a converged result. The
higher resolution adiabatic results indicate that the linear
quench rule does not well describe the region of
�E�1.5�max, but further investigation of this is beyond the
scope of the present work.

FIG. 3. �Color online� Lradial /Lbinormal convergence check of the E�B shear-
ing implemented in GKW, with Lbinormal held constant. The test is most im-
portant for small values of �E; here �E=0.024�cs /a�. The values of the
averages over tav=1000�a /cs� are �̄i

120�a /cs�s
2�=4.16�0.50, �̄i

244�a /cs�s
2�

=4.38�0.38, and �̄i
524�a /cs�s

2�=4.42�0.29, with increasing Lradial.

FIG. 4. GKW benchmark of background E�B shear with GYRO. Anomalous
ion heat diffusivity against �E. GKW results �diamonds� for �a� adiabatic
electrons, �b� kinetic electrons, and �c� adiabatic with ŝ=−0.5 are compared
to the equivalent GYRO results �circles� from Tables II, III, IV, and V of Ref.
16. The dashed lines in �a� include coupled parallel velocity shear for purely
toroidal rotation with u��=12�E.

TABLE II. Representative nonlinear results for ŝ=1 with mean and variance
of saturated quantities.

�E�a /cs� �i�a /cs�s
2� �̄� /nimi��scs /a�2

Adiabatic electrons tav=1600�a /cs� tav=1600�a /cs�
0 4.21�0.65 −0.045�0.297

0.047 3.86�0.42 −0.269�0.257

0.094 2.77�0.24 −0.220�0.149

0.141 2.02�0.16 −0.143�0.095

0.189 1.57�0.12 −0.071�0.060

0.236 1.24�0.08 −0.018�0.043

0.283 1.10�0.09 −0.001�0.032

0.306 0.97�0.14 0.004�0.031

0.330 0 0

Kinetic electrons tav=255�a /cs� tav=255�a /cs�
0.000 13.56�2.95 0.446�0.985

0.047 12.20�3.13 −1.024�0.579

0.094 9.24�1.67 −1.232�0.570

0.141 6.86�1.07 −0.904�0.403

0.189 5.20�0.59 −0.615�0.234

0.236 4.42�0.49 −0.558�0.173

0.283 3.30�0.44 −0.396�0.120

0.330 1.55�0.17 −0.164�0.045

0.377 0 0

FIG. 5. Comparison of anomalous ion heat diffusivity for the standard and
extended binormal resolution with k��s up to 2.05 resolved. The standard
resolution is sufficient except in the region near to the critical shear.
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A. Parametric dependence of ITG shear quench

For the present work a scan over the magnetic shear is
conducted. In Ref. 16 it was noted that the ŝ=−0.5 case
showed a weaker dependence on �E than the ŝ=1 reference
case, and that results for more values of ŝ were needed to
elucidate this dependence further. GKW results for the ion
temperature gradient �ITG� quench rule for various ŝ are
shown in Fig. 6. The results indicate that for 0.5�max��E

�1.5�max the E�B shear dominates the magnetic shear in
regulating the turbulence and there is little variation with ŝ.
As discussed above, the value of the critical shear for which
the turbulence is completely quenched is sensitive to the
maximum resolution in the simulation, so values of
��E

crit /�max=1 /E
crit� should be treated with some caution. We

therefore also estimate E
grad from a line drawn through

�i��E=0� and �i�p�, where p is the last point before the sharp
transition, since Fig. 5 indicates that this point is less affected
by the resolution. While we note that this estimate is some-
what arbitrary, within the framework of the established linear
quench rule, the values estimated show at least that E varies
only slowly with ŝ �Fig. 7�.

IV. PARALLEL MOMENTUM TRANSPORT

The Floquet representation of a single mode eigenfunc-
tion in the presence of E�B shear40,45 makes clear that the
poloidal shift of the ballooning angle46 acquires a convection

rate �E / ŝ. The convected eigenmode will be driven and
damped as it passes through the regions of bad and good
curvatures, respectively. The E�B shear acts to undo the
magnetic twist of structures moving along a field line �Fig. 2
of Ref. 47�, with the result that the preferential location for
mode growth is shifted away from the outboard midplane,
which can be seen when the convected eigenfunction is av-
eraged over tav� ŝ /�E.

Clearly this picture �which we call “primary” symmetry
breaking� breaks down for small values of �ŝ�, but gives a
qualitative understanding of the physics elsewhere. With this
in mind, the use of sŝ= �1 in what follows should only be
interpreted if �ŝ��0.2. To treat E�B shear for values of ŝ
close to zero in the ballooning representation requires con-
sideration of higher ballooning mode harmonics �for more
details see Ref. 40�. In a spectral flux tube code such as GKW,
the ballooning formalism is treated spectrally with a shifted
periodic toroidal boundary condition37 with the higher bal-
looning harmonics kept implicitly.

For nonlinear simulations our results show an equilib-
rium shift in the time average of the parallel solution �Fig. 8�
always in the direction of sŝsBsjs�b. This symmetry breaking
is responsible for the E�B contribution to the momentum
flux.

A. EÃB induced momentum transport: u�̧=0

In order to investigate the E�B momentum transport
term independently from the diffusive and pinch terms, non-
linear gyrokinetic simulations were performed for the Waltz
standard case with u��=u� =0 with a scan over �E and ŝ. The
s− equilibrium model used has up-down symmetric flux
surfaces, so for these simulations all terms in Eq. �2� are zero
except for the M��E term due to E�B shear. Since these
simulations produce nonzero values for the parallel momen-
tum flux ��, the system is not in the null flow state of equi-
librium rotation.

FIG. 6. �Color online� Heat diffusivity against ŝ.

FIG. 7. �Color online� Variation of shear quench parameter E with mag-
netic shear ŝ. Linear fit has equation E

grad=−0.047ŝ+0.39.

FIG. 8. Time averaged perturbed parallel potential showing increasing
asymmetry with increasing �E. For negative �E the direction of the shift is
reversed. The case shown has ŝ=1. The shift is always in the direction of
sŝsBsjs�b. s�� /2� is the parallel coordinate.
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Since the results presented form a two dimensional pa-
rameter scan, we list only selected representative results in
tabular form; Table II shows the variation of fluxes with �E

for ŝ=1, and Table III shows the variation of the fluxes
against ŝ for �E=0.141�cs /a�.

The results for momentum flux are shown in Fig. 9. As
expected, the E�B contribution exhibits a maximum in the
shearing rate, but it can also be seen that the results exhibit a
nonlinear dependence on the magnetic shear. To examine this
further, we deconstruct the results by examining ratio quan-
tities of interest.

Since the turbulence follows a linear quench rule �Eq.
�5��, the quantity �� /�i plotted in Fig. 10 represents the
strength of the symmetry breaking E�B contribution with
the background level of the turbulence �quantified by �i�
factored out. These results show that the cases with
0� ŝ�0.5 behave differently to the outlying values of the
magnetic shear, since the ratio �� /�i grows with �E. We con-
clude that the behavior of the E�B momentum contribution
to transport strongly depends on the magnetic shear. The
results also clearly show that “secondary” symmetry break-
ing still occurs for the ŝ=0 case, the mechanism of which is
not covered by the Floquet mode picture described above.
This case could be treated with a purely periodic formalism
not requiring the ballooning transform, where further ana-
lytic work could elucidate the secondary symmetry breaking
mechanism.

Figure 11 plots the dimensionless quantity M� /�i; the
momentum transport due to E�B shear with the assumed
dependence on both the level of the turbulence and the rate
of the shearing factored out. The conclusion drawn from Fig.
11 is that even after factoring out the quenching of turbu-
lence, the dependence on �E of the E�B contribution to
momentum transport is stronger than linear. This demon-
strates the limitation of the heuristic linear model �Eq. �2��.
For 0� ŝ�0.5, the value of M� /�i saturates at around �0.5
beyond �E /�max	1.

Slicing orthogonally through the �ŝ ,�E� parameter space,
we see that M� is not exactly symmetric about ŝ=0 �Fig. 12�,
i.e., that the secondary symmetry breaking mechanism is
present at all values of ŝ, although in most cases is domi-
nated by the primary Floquet mechanism. The result is that
ŝ=0.17 is a stationary point where M� is constant over a
range of �E.

The sign of the E�B contribution to the momentum
flux reverses with each of sB, sj, and s�. We emphasize that in
this work the definition of u� is positive in the direction of B,
and that positive �� is transport of cofield rotation radially
outwards. In the laboratory frame, then, flipping the toroidal
field does not alter the direction of the rotation resulting from
the E�B contribution to momentum transport. If �Er is ra-
dially outwards and ŝ�0.2 the effect of the E�B momen-
tum flux is to spin up the core counter to the plasma current.

TABLE III. Representative nonlinear results for �E=0.141�cs /a� with mean
and variance of time averaged saturated quantities.

ŝ �i�a /cs�s
2� �̄��a /cs�s

2�

Adiabatic electrons

�0.50 1.53�0.10 −0.143�0.095

�0.17 1.73�0.11 −0.193�0.109

0.00 1.68�0.13 −0.181�0.107

0.17 1.92�0.15 −0.166�0.088

0.34 2.03�0.20 −0.096�0.074

0.50 2.11�0.18 −0.066�0.055

0.68 2.15�0.18 0.046�0.056

1.00 2.02�0.16 0.124�0.046

FIG. 9. �Color online� Momentum transport due to E�B shear contribution
for different values of ŝ. Legend as for Figs. 1, 6, and 11.

FIG. 10. �Color online� Momentum transport due to E�B shear contribu-
tion normalized with heat diffusivity for different values of ŝ. Legend as for
Figs. 1, 6, and 11.

FIG. 11. �Color online� Momentum fluxes normalized with heat diffusivity
and �E for different values of ŝ.
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B. Coupling to momentum diffusivity: u�̧Å0

The terms in the heuristic breakdown of anomalous mo-
mentum transport �Eq. �2�� all depend on the background
level of turbulence �Eq. �5��. These contributions to parallel
momentum transport cannot be considered independent since
parallel velocity shear both drives turbulence �antiquench�
and causes diffusive transport, while �E both quenches tur-
bulence and drives nondiffusive momentum transport. This
dependence on the background turbulence can be factored
out, �as in the previous section� by normalizing each term
with the ion heat diffusivity �i to give dimensionless ratios.
In the linear models,18,27 it is implicitly assumed that these
dimensionless quantities are slowly varying over parameter
space. Here, we examine this assumption for both the diffu-
sive term and the E�B contribution to the momentum trans-
port �first and third terms in Eq. �2��. Additional adiabatic
simulations were performed over �u�� ,�E� parameter space by
holding a nonzero value of �E constant for a range of u��
�This is distinct from the case of toroidal coupling, which is
discussed in Sec. IV C.�. The resulting momentum fluxes
therefore contain both the diffusive and E�B contributions
to the momentum transport from which the assumed dimen-
sionless constants can be calculated. The simulations in this
section were performed with Nmod=21 and k��s up to 1.00.

The normalized diffusive term �Prandtl number� in the
heuristic model can be estimated from

PR�u��,�E� =
��

est

�i
=

���u��,�E� − ���0,�E�
u���i�u��,�E�

, �7�

the calculated values for which are plotted in Fig. 13
�middle�, indicating that the Prandtl number is roughly con-
stant over a range of both u�� and �E.

The normalized contribution of the E�B term alone
�also dimensionless� in the heuristic model can be estimated
from

MR�u��,�E� =
M�

est

�i
=

���u��,�E� − ���u��,0�
�E�i�u��,�E�

, �8�

the calculated values for which are plotted in Fig. 13 �lower�.
The figure shows that for �E��max the E�B contribution
can be argued to be constant, but this is not the case for

larger �E��max, with the inclusion of parallel flow shear
amplifying the E�B contribution to the momentum trans-
port. For negative u��, the sign of M� is even found to invert.
In the previous section it was demonstrated that the E�B
contribution was quenched by �E more strongly than the heat
flux quench rule; here we see the converse. The turbulence is
driven by the destabilizing parallel flow shear, and the
E�B contribution is amplified. These two results both dem-
onstrate that the E�B contribution has a stronger than linear
dependence on the background level of turbulence, which is
not captured by the heuristic breakdown.

We also define the dimensionless number

QR =
��/u��

�i
= ��

eff/�i, �9�

which is distinct from the Prandtl number since the momen-
tum transport in this case is not purely diffusive. The value
of QR is plotted in Fig. 13 �upper�.

Despite the amplification of M� with u��, the value of QR

converges with u�� to close to the Prandtl number PR	0.6
irrespective of �E ��7% difference� �Fig. 13 �upper��, since
the diffusive term still dominates the slower variation of M�

with u��.
Keeping only the rotational terms �diffusive, E�B,

and Coriolis� of Eq. �2� without the toroidal rotation linking
of u�� and �E, locating null flow points ��� =0� requires ex-
pensive scans over �u� ,u�� ,�E� parameter space. Using the

FIG. 12. �Color online� M� against ŝ for various �E.

FIG. 13. QR �upper� converges to the estimated Prandtl number PR
est=0.6

�middle�. The curve for �E=0 �circles� is the same in the top two figures. MR

�lower� is only independent of u�� for small values of �E. The legend is the
same for all three figures. The linear fits used in the bottom figure are
MR= �−0.60,−3.57�u���a /cs�− �1.47,0.20� �dashed, solid�.
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assumption of independence of the terms in Eq. �2�, valid for
�E��max, we estimate the location of null flow points for
u=0.

Using the value PR=0.6 for the Prandtl number deter-
mined above, and the results for M� /�i shown in Fig. 11, we
estimate that for the ŝ=1 case there is one example of a
null flow point at �u�� ,�E�	�0.1,0.04��cs /a�, but none for
u���0.14�cs /a�. In Ref. 22, slightly different null flow points
were found for u��=0.1,0.2 but not for u��=0.3 or greater. For
the case with ŝ=0.5 we again find the Prandtl number
PR	0.6 and a similar null flow point at �u�� ,�E�
	�0.1,0.05��cs /a�. Since the curve of �� /�i �Fig. 10� for ŝ
=0.5 does not turn over there may also exist null flow points
at greater values of �E, but these cannot be estimated
accurately since �as discussed above� M� is enhanced for
�E��max with u���0. We stress that the existence of null
flow points requires sŝs�sjsB=1 since the sign of the E�B
momentum flux inverts with each of the sign coefficients.

C. Sheared toroidal rotation

For the case of purely toroidal rotation, the parallel and
perpendicular flows are coupled such that the poloidal com-
ponents cancel, with u��=sBsj�R�q� /r��E in the s− geometry
model with u� =0. While E�B shear quenches transport,
parallel velocity shear is destabilizing. With the coupling of
the parallel velocity shear drive, the turbulence can be sus-
tained in the limit of large �E. An effective momentum dif-
fusivity can be defined including the E�B momentum trans-
port as a correction

��
eff = �� + sBsj

r

R�q�
M� . �10�

For magnetic shear ŝ�0.17, the E�B shear contribution to
momentum transport has sign�M��=−sBsj �Fig. 11� and al-
ways acts to reduce the effective diffusivity irrespective of
the direction of plasma current and toroidal field. Equiva-
lently, the E�B contribution for ŝ�0.17 always transports
clockwise momentum in the direction of �Er, which is de-
termined by the direction of any existing peaked rotation
profile.

To examine the case of toroidal rotation, further simula-
tions were conducted including both the parallel shear u�� and
the perpendicular shear �E coupled for purely toroidal rota-
tion. Since the size of correction is partly determined by

geometry parameters, the aspect ratio �=r /R was varied be-
tween 0.16, 0.20, and 0.25, and scans were conducted over
u��. The safety factor q=2 was held constant. For the values
of � used �and for the other specific parameters of this case�,
the diffusive correction can be up to 50% �Fig. 14�. It is
possible that for other cases �e.g., lower q or larger �� the
correction could dominate, resulting in null flow or a nega-
tive effective diffusivity. The convergence of QR in Fig. 14
occurs slower than in Fig. 13 �upper� because in the toroidal
shear case �E increases in tandem with u��, increasing the
E�B correction to the momentum transport.

D. Kinetic electrons

Finally, we examine the effect of trapped electrons on
the E�B momentum transport. In Fig. 15 �Top� the momen-
tum fluxes for �u�� , ŝ�= �0,1� are shown to be comparable
with the adiabatic case once the increased turbulence due to
the trapped electron drive is factored out. Comparing the
parallel potential structure Fig. 15 �Bottom�, we see an
equivalent asymmetric shift for the kinetic and adiabatic
cases. This differs from the Coriolis pinch18 in which the
Coriolis drift generates an asymmetry in the parallel velocity
structure, and the potential shift in response compensates
�completely in the case of adiabatic electrons� the symmetry
breaking of the Corilois drift.19 Here, no such “compensation
effect” occurs since the asymmetry in the solution is gener-
ated directly through the convection and effective shift of the
ballooning angle.

V. DISCUSSION AND CONCLUSIONS

Nonlinear local gyrokinetic simulations have confirmed
the quasilinear slab prediction of parallel momentum trans-
port due to the background E�B shear,12 generated by sym-

FIG. 14. �Color online� Effective momentum diffusivity �eff for cases with
purely toroidal rotation �u��= �Rq /r��E�. The aspect ratio r /R was varied
between 0.16, 0.20, and 0.25, with the safety factor q=2 unchanged.

FIG. 15. �Top� Comparison of normalized M� for kinetic electrons and adia-
batic electrons. �Bottom� Parallel perturbed potential structures compared.
The trapped electron drive is localized on the outboard side, but the asym-
metric shift is equivalent.
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metry breaking. The sheared E�B flow both quenches tur-
bulence while driving a parallel asymmetry that produces
anomalous parallel momentum transport. Given these com-
peting effects, the turbulent momentum transport due to this
term in isolation exhibits an extrema in the shearing rate �E

�as predicted in Ref. 12�.
The simulations show that the E�B contribution to the

momentum transport �M��E� has a stronger dependence on
�E than that observed for the heat diffusivity, such that the
dimensionless number MR=M� /�i is not constant. The simu-
lations also demonstrate that the behavior of MR relative to
the background turbulence strongly depends on the magnetic
shear ŝ, and also depends on the parallel and perpendicular
velocity gradients. It is likely that M� will also vary with
toroidal flow u�, but this is not studied in the present work.

The direction of the E�B induced momentum transport
depends on the plasma current direction and also reverses
with the sign of �Er and ŝ, such that for �Er radially out-
wards and positive magnetic shear, the tendency is to spin up
the plasma core counter to the plasma current. We also find
that secondary E�B symmetry breaking generates momen-
tum transport at zero magnetic shear.

For low parallel flow gradients, the size of the E�B
contribution can be a significant correction to the diffusive
momentum transport, under certain conditions resulting in
null flow sustaining equilibrium rotation gradients. For posi-
tive magnetic shear, the effect is to enhance any existing
rotation gradient responsible for a radial electric field gradi-
ent �Er. While the Coriolis pinch18 requires a seed rotation,
for this effect a gradient in the initial rotation must be
present. In the case of purely toroidal rotation, the effective
momentum diffusivity can be significantly reduced at lower
toroidal rotation gradients.

Since the sign of E�B contribution to momentum trans-
port reverses with the magnetic shear, parallel momentum
can be transported toward a minimum in the q-profile if
sjsBs�=1. This local “spin up” may play a role in the forma-
tion of some ITBs, especially if �as indicated in Ref. 7� the
poloidal flows in the region of a transport barrier are elevated
well above the neoclassical level. A fully consistent treat-
ment of barrier formation and rotation will require consistent
calculation of neoclassical poloidal flows and turbulent po-
loidal momentum transport.12,48

Simulations including trapped electron drive demon-
strated comparable results to those with adiabatic electrons,
with no compensation effect �as seen for the Coriolis
pinch19� observed. The case examined was ITG mode domi-
nated and a trapped electron mode case could produce dif-
ferent behavior.

In summary, while the diffusive parallel momentum
Prandtl number is roughly constant over a range of parameter
space, this work shows that the equivalent dimensionless ra-
tio for E�B induced momentum transport is a strong func-
tion of shearing rate, parallel flow gradient, and magnetic
shear.
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