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QCD is a key part of the Standard Model but quark 
confinement complicates things.

CDF QCD only tested to 5-10% 
level at high energies from 
comparison of e.g. jet 
phenomena to pert.th. 

But properties of hadrons 
calculable from QCD if fully 
nonperturbative calc. is done - 
can test QCD and determine 
parameters very accurately (1%).
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Rates for simple weak or em quark 
processes inside hadrons also calculable, 
but not multi-hadron final states. 

ALEPH
Bs→ Dse−ν

(DS→ K+K−π+)

Compare to 
exptl rate 
gives 
accurately

Vqq�

q emits W 
and changes 
to 

Vqq�
CKM 
element

q and    
annihilate

q�

q�

Vqq�

CKM 
element
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Solving a path integral: quantum mechanical case
Solve Schrödinger’s eq. for eigenvalues/fns of H or:

discretise time and integrate over 
all paths possible weighted by 

classical path is 
qm path fluctuates about this. 

mẍ = V �

In Euclidean time solve numerically, by making sets of x(ti)

average over ‘ensemble’ of paths - 
paths chosen with prob. e-S

fit as fn of time can extract 
excitation energies - amps are 
transition matrix elements

< x(t2)x(t1) >=
�
Dxx(t2)x(t1)e−S

�
Dxe−S

=
�

n

Ane−(En−E0)(t2−t1)

eiS

S =
�

dtL; L =
1
2
mẋ2 − V (x)

further reading: G.P.Lepage, hep-lat/0506036
Thursday, 17 March 2011



Solving a path integral: QCD
Now path integral over gluon and quark fields on a 4-d 
space-time lattice - quarks anticommute so do by hand. 

LQCD =
1
2
TrF 2

µν + ψ(γ · D + m)ψ
= a huge matrix, M

Integral over gluon 
fields only 

�
DUDψDψO(ψ,ψ)e−SQCD →�

DUO(M−1)e−(Sg−ln(det M))

complicated prob, 
distn for gluons - inc. 
effects of sea quarks

valence quarks
inc. in operator

< O >=< H(t)H†(0) >=
�

n

Ane−Ent Fit as fn of t to 
get hadron mass
and transn amp.ensemble average
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Lattice QCD =  fully nonperturbative 
QCD calculation 
RECIPE
• Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral
(inc effect of u, d and s sea quarks)
• Calculate averaged “hadron 
correlators” from valence q props. 

• Determine      and fix       to get 
results in physical units.

a mq

• Fit for masses and simple matrix 
elements

a
• extrapolate to                               
for real world

a = 0, mu,d = phys

Thursday, 17 March 2011
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FIG. 1: Masses of the D+ and Ds meson as a function of
the u/d quark mass in units of the s quark mass at three
different values of the lattice spacing. The very coarse results
are above the coarse and the fine are the lowest. The lines give
the simultaneous chiral fits and the dashed line the continuum
extrapolation as described in the text. Our final error bars,
including the overall scale uncertainty, are given by the shaded
bands. These are offset from the dashed lines by an estimate
of electromagnetic, mu != md and other systematic corrections
to the masses. The experimental results are marked at the
physical md/ms.

leading order in chiral perturbation theory. The polyno-
mial corrections are required because of the precision of
our data[23]. We use chiral perturbation theory to cor-
rect for the finite volume of our lattice, although only fπ

has corrections larger than 0.5%. We fit the couplings
in the chiral expansions simultaneously to the π and K
masses and decay constants from our simulations. We
do the same for the masses and decay constants of the D
and Ds. Given the couplings, we tune mu/d and ms so
that our formulas give the experimental values for mπ

and mK after correcting for the u/d mass difference and
electromagnetic effects. [8, 14].

Our data are sufficiently accurate that we can mea-
sure systematic errors due to the finite lattice spacing
values a used in our simulations. We find that these
errors are typically 2–3.5 times smaller with the HISQ
quark action than with the earlier asqtad action, but we
must still extrapolate our results to zero lattice spacing
before comparing with experiment. We combine this ex-
trapolation with the quark-mass extrapolation by adding
a2 dependence to our chiral formulas. We expect leading
discretization errors of various types: αsa2 and a4 er-
rors from conventional sources; and α3

sa
2, α3

sa
2 log(xu,d)

and α3
sa

2xu,d from residual taste-changing interactions.
We do not have sufficient data to distinguish between
these different functional forms, but we include all of
them (with appropriate priors for their coefficients) in our

fK/fπ fDs/fD fDs ∆MDs/∆MD

r1 uncertainty 0.3 % 0.3% 1.1 % 0.7%
a2 extrapol’n 0.2 0.3 0.4 0.3
finite volume 0.4 0.4 0.1 0.1
mu/d extrapol’n 0.2 0.1 0.3 0.2
statistical errors 0.2 0.5 0.6 0.5
ms evolution 0.1 0.2 0.2 0.4
md, QED, annhil’n 0.0 0.1 0.0 0.5
Total 0.6 % 0.8% 1.3 % 1.1%

TABLE II: Error budget for our determination of fDs and
various decay constant and mass ratios. ∆M = 2M − mηc .

fits so that uncertainties in the functional dependence on
a2 are correctly reflected in our final error analysis. The
a2 extrapolations are sufficiently small with the HISQ ac-
tion (1% or less for π and K; 2% for D and Ds) that the
associated uncertainties in our final results are typically
less than 0.5%.

Fig. 1 shows the masses of the D and Ds as a function
of u/d quark mass. To reduce uncertainties from the scale
and from c quark mass tuning, the meson masses were
obtained from mDq

−mηc
/2+mηcexpt/2. The lines show

our simultaneous chiral fits at each value of the lattice
spacing and the dashed line the consequent extrapolation
to a = 0. The shaded bands give our final results: mDs

= 1.963(5) GeV, mD = 1.869(6) GeV. We also obtain
(2mDs

− mηc
)/(2mD − mηc

) = 1.249(14), in excellent
agreement with experiment [2]. This last quantity is a
non-trivial test of lattice QCD, since we are accurately
reproducing the difference in binding energies between a
heavy-heavy state (the ηc used to determine the c quark
mass) and a heavy-light state (the D and Ds). Table II
gives our complete error budget for this quantity.

Fig. 2 similarly shows our results for decay constants
on each of the ensembles studied, and the chiral and con-
tinuum fits that are done simultaneously with the corre-
sponding masses. The complete error budgets for the key
decay constant ratios and fDs

are given in Table II. fK

and fπ show very small discretisation effects and good
agreement with experiment when Vud is taken from nu-
clear β decay and Vus from Kl3 decays [2]. Alternatively
our result for fK/fπ can be used, with experimental lep-
tonic branching fractions [8, 15], to give Vus. Using the
recent KLOE result for the K [16, 17] we obtain Vus =
0.2262(13)(4) where the first error is theoretical and the
second experimental. This agrees with, but improves on,
the Kl3 result. Then 1 − V 2

ud − V 2
us − V 2

ub = 0.0006(8), a
precise test of CKM matrix first-row unitarity.

fD and fDs
show larger discretisation effects but a

more benign chiral extrapolation. Our final results are:
fDs

= 241(3) MeV, fD = 208(4) MeV and fDs
/fD =

1.162(9). These results are 4–5 times more accurate
than previous full lattice QCD results [6] and exist-
ing experimental determinations. An interesting quan-

Lattice results need to be extrapolated to the real world
where a=0 and mu/d = small.

To do this 
well needs: 
• statistical 
precision
• small disc. 
errors and 
several 
values of a
• small mu/d

using HISQ 
charm quarks

E. Follana, CTHD et al, 
HPQCD, 0706.1726

em effects 
must be 
estimated !
Thursday, 17 March 2011



 0.9  1  1.1
Quenched

 0.9  1  1.1
with sea quarks

!(3S-1S)

!(1P-1S)
!(2P-1S)

!(1D-1S)

2mBs,av
-m!

"(1P-1S)
m" - m#c

mD*
s
 - mDs

mD

mDs

m$
mN

fK

f%

mBc

Including u, d and s sea quarks is critical for accurate results, 
but numerically expensive - particularly light mu,d. 

HPQCD/
MILC 
2008 “ratio 
plot”.

Multiple 
values of a, 
and of mu,d. 
Extrapolate 
to physical 
point. 

Latt./exptLatt./expt

update of:
C. Davies et al,  
hep-lat/0304004
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Example parameters for calculations now being done. 
Lots of different formalisms for handling quarks.

real 
world

min 
mass 
of u,d 
quarks

Volume of 
lattice also an 
issue - need                     
(2.5fm)4 or 
more

mu,d ≈ ms/10

mu,d ≈ ms/5

mu,d ≈ ms/27
 0

 0.05

 0.1

 0.15

 0.2

 0  0.005  0.01  0.015  0.02  0.025  0.03

m
2 m

in
 / 

G
eV

2

a2 / fm2

MILC imp. staggered, 2+1
RBC/UKQCD DW, 2+1

PACS-CS, clover, 2+1
BMW, stout clover, 2+1
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The gold-plated meson spectrum - HPQCD 2009

2008

CDF 
2005

new prediction
HPQCD
0909.4462

I. Allison et al, hep-lat/0411027, A. Gray et al, hep-lat/0507013
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- em effects
important!
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Determining quark masses 

0.2 0.21 0.22 0.23 0.24 0.25

PDG (CKM)

HPQCD/MILC quark mass

PDG quark mass

0.028 0.032 0.036 0.04 0.044

0 0.002 0.004 0.006 0.008

V
us

V
cb

V
ub

Figure 1: Test of the relationships 7, 8, and 9, between masses and CKM matrix elements
predicted by Chkareuli and Froggatt [34]. The circles are the results for the CKM matrix
elements. The squares and diamonds are the predictions for the CKM matrix elements in
terms of quarks masses from the HPQCD/MILC collaborations and the PDG respectively.

6

C. McNeile,CTHD, 
HPQCD, 1004.4285

C. McNeile, 1004.4985, model from 
Chkareuli+Froggatt, hep-ph/9812499

Lattice QCD has direct access to 
parameters in Lagrangian for 
accurate tuning 
- issue is converting to contnm 
schemes such as  

Can now rule out some quark 
mass matrix models 

ms(2GeV) = 92.2(1.3)MeV

md(2GeV) = 4.77(15)MeV

mu(2GeV) = 2.01(10)MeV

Vcb =
�

md/mb vs PDG

MS
mc(mc) = 1.273(6)GeV

mb(mb) = 4.165(23)GeV

Thursday, 17 March 2011



80 90 100 110

m
s

MS(2 GeV)
 (MeV)

MILC ’09
HPQCD ’10
RBC/KEK/Nagoya ’10
RBC/UKQCD ’10
BMW ’10

Strong convergence of lattice results for strange quark 
mass this year. 

Lattice world average = 93.6(1.1) MeV

PDG
to
130 
MeV
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Determining   αs

Key points:
• high statistical 
precision
• high order pert. th. 
exists and can 
estimate higher orders
• higher twist not a 
significant issue
• approaches very 
different - good test

Lattice QCD now has several determns of       to 1%.αs

 0.11  0.115  0.12  0.125  0.13

s(MZ)

 decays
 decays

DIS [F2]

DIS [e,p -> jets]

e+e-[jets shps]
electroweak

e+e-[jets shps]
HPQCD: wloops
HPQCD: heavy q corrs
JLQCD: light q. vac. poln
World average: 
Bethke 0908.1135

 CTHD et al,HPQCD 0807.1687; 
1004.4285;JLQCD,1002.0371. 

see 2011 Munich 
alphas workshop
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



Vud Vus Vub
π→ lν K→ lν B→ πlν

K→ πlν
Vcd Vcs Vcb

D→ lν Ds→ lν B→ Dlν
D→ πlνD→ Klν
Vtd Vts Vtb

�Bd|Bd� �Bs|Bs�





Determining the Cabibbo-Kobayashi-Maskawa  matrix

Vab appears in trivial way in decay processes involving 
quarks a + b. Calculating QCD effects is non-trivial - need 
precision lattice QCD to get accurate CKM results. 

Vus

K
µ

ν

Expt = CKM x theory(QCD)

If  Vab known, compare lattice to expt to test QCD.
Thursday, 17 March 2011



fπ

fK

Exp’t
0.1

0.15

0.1 0.2 0.3 0.4 0.5
mu/d/msmu/d/ms

K decay constant parameterises QCD effects in leptonic 
decay.- calculate in lattice QCD. Combine with expt.(KLOE)

Vus = 0.2262(14) (current world’s best but theory still 
dominates error)

Recent CKM highlights

µν

Vus

K

1−V 2ud−V 2us−V 2ub = 0.0006(8) test of first row unitarity 
of CKM matrix

 Follana, CTHD et 
al HPQCD, 0706.1726

Thursday, 17 March 2011



µν

Ds

Vcs
HISQ action allows us to 
study c meson decays also

 0.24

 0.245

 0.25

 0.255

 0.26

 0.265

 0.27

 0.275

 0.28

 0  0.005  0.01  0.015  0.02  0.025

f D
s  /

 G
eV

a2 / fm2

fDs =
0.2480(25)GeV

1% error!

update from 2007 
value of 0.241(3) GeV 
because of recalibration 
of lattice spacing

Follana, CTHD et al, HPQCD, hep-
lat/0610092, 0706.1726; 
CTHD et al, HPQCD, 1008.4018
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Calculate       decay 
constant - compare to 
experiment if assume 
known

New physics would give 
smaller decay constant than
Standard Model - allows limits 
on charged Higgs. 

 HPQCD, 1008.4018
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Semileptonic form factors q emits W 
and changes 
to q`

Vqq�

CKM 
element

Na, Shigemitsu et al, HPQCD, 1008.4562

With HISQ quarks 
no renormalisation issues
and good statistics 
possible

D → Klν

f0(q2 = 0) =

0.747(11)(15)
f+(q2 = 0) =

2.5% !!

f0(q2)

relate to
expt

dΓ
dq2

∝ |Vcs|2f+(q2)

Thursday, 17 March 2011



0.7 0.8 0.9 1 1.1
|V

cs
|

HPQCD semileptonic (2010)

0.961 (26)

HPQCD leptonic (2010)

1.010 (23)

•! |Vcs| from D semileptonic and Ds leptonic decays 

•! Used new HFAG included new BaBar results for leptonic decays 

Comparison to experimental leptonic and semileptonic 
rates allows direct determination of Vcs

0.961(26) 
error dominated by 
theory (now 2.5%)

1.010(22)
error dominated by 
expt (now 2%)

Aim: similar accuracy for CKM elements from B meson 
decay and mixing rates

Thursday, 17 March 2011



New work: calculating shape of 
J. Koponen, CTHD, in progress

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 1.3

 1.4

 1.5

-0.2  0  0.2  0.4  0.6  0.8  1

f (
q2 ) 

q2a2 

f0

f+

Ds -> s
D -> K
c -> Ds

Comparison 
to expt will 
provide 
more 
detailed test 
of QCD. 
Note how 
form factor 
same for 
different 
processes all 
involving 

decay. 
c→ s

f+(q2)

f+(0) = f0(0)
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New work: mapping shape of decay constants and form 
factors as a function of heavy quark mass from charm 
upwards - needs very fine lattices ...

a = 0.15fm
a = 0.12fm

a = 0.09fm
a = 0.06fm

a = 0.045fm

c b

Compare to nonrelativistic 
results at bJ. McNeile, CTHD, in progress

Thursday, 17 March 2011



New physics sensitivity in  neutral B mixing
Neutral B (and K) mix - gives rise to ‘oscillations’.  Mixing 
determined by box diagram. Calculate in lattice QCD 

B0 B0 =

HW

VtdV ∗
tb

Parameterise with              where        is decay constant.f 2BBB fB

ξ=
fBs

�
BBs

fB
√
BB

Using ratio 
for Bs to Bd

|Vtd
Vts

| = ξ

�
ΔMdMBs
ΔMsMBd

Lattice QCD results (HPQCD)
using NRQCD b quarks: ξ= 1.26(3)

7% normln error cancels in ratio. 
E. Gamiz, CTHD et al, 
HPQCD,  0902.1815
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Bs!µµ: LHCb reach in 2011 

37 pb-1 500 pb-1 

With the data collected in 2011 we will be able to explore the very  
interesting region of BR~ 10-8 and below 

!"!#$%&'()*+,-&.#!!/&
."!#$%&&&'0),,12&.#!!&/&

30 

345"!#$%&&'*+6(7/&

3"!#$8&'1-6&.#!!9/&

1 fb-1 

BS!µµ exclusion @ 95% CL 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
1

10

100

Use this to provide SM rate for LHCb of:

!"#! µµ
" !"#$% %&%$ '$(&) *+ !, -*./ -$00" !"#$%1%&%$1'$(&)1*+1!,1-*./1-$00

#%$'*(.$'1234251! 66718149:;;<=:997>?=@A

" !$+5*.*B$1.C1DE1*+1,!!,

231∝ .&+Fβ G1,H
I

" 2$5.1#%$5$+.10*J*.1*51K%CJ1LMNO

2342 ! 7 H ?= P Q A=R LS

$%&

234251! 6671T1H:U>?=@P1 Q1A=R1LS1

" NC%1./$1!,1#%$'*(.*C+

SVLW $X#$(.5 P 5*Y+&0 &+' ?ZSVLW1$X#$(.51P15*Y+&01&+'1?Z

W&([Y%C"+'1$B$+.51*+1./$1JC5.

5$+5*.*B$1W*+1*+1Z1KW@?11 :12&([Y%C"+'1*5

'CJ*+&.$' W) 5$J*0$#.C+*( '$(&)5'CJ*+&.$'1W)15$J*0$#.C+*(1'$(&)5

CK1'*KK$%$+.1W1\"&%[5

" 9σ $B*'$+($1-*./1Z1KW@?1
;σ CW5$%B&.*C+1-*./1FKW@?1

11BaBar Symposium April 2009 

E. Gamiz et al,  
0902.1815[hep-lat]

6% error from taking 
ratio to mixing rate  

Br(Bs → µ+µ−) = 3.19(19)× 10−9

Improvement 
needed, in 
progress  ....

New LHCb limit 
LanFranchi,  LaThuile 2011

Now working to 
improve lattice QCD 
result ..
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The CKM matrix and flavor physics from lattice QCD Ruth S. Van de Water

Figure 9: Potential impact of future lattice determinations on the global unitarity triangle fit. If the theoret-

ical errors in all of the lattice QCD inputs are reduced to 1% with the central values fixed, the fit would no

longer be consistent with Standard Model expectations. Figure courtesy of E. Lunghi.

problematic when the lattice errors are so small. The confidence level of this hypothetical fit is

0.0004%, indicating that this scenario would no longer be compatible with the Standard Model.

Thus improved lattice QCD calculations of hadronic weak matrix elements could allow the obser-

vation of new physics in the quark flavor sector with a high significance.

4. Hints of new physics in the flavor sector

Although most observations in the flavor sector are consistent with Standard Model expecta-

tions, there are currently several 2–3σ tensions that may indicate the presence of new physics. In

the following subsections I present those hints of new physics that rely on lattice QCD calculations

of weak matrix elements. It is worthwhile, however, briefly mentioning first two others that do not

require lattice inputs. In the case of all tensions, we must, of course, wait and see whether their

significance increases or decreases with improved experimental and theoretical precision.

The Bs-mixing phase in the Standard Model is given by β SM

s = arg(−VtsV ∗tb/VcsV ∗cb) ≈ 0.02.

This prediction disagrees, however, with the measured world average based on flavor-tagged anal-

yses of Bs → J/ψφ decays by 2.2σ [34]. If this discrepancy remains as the experimental errors

are reduced, it would indicate the presence of new sources of CP-violation beyond the phase of

the CKM matrix. Such new phases would lead to correlated effects between ∆B = 2 processes and

b→ s decays, thereby making improved measurements of CP-violation in b→ s penguin decays

particularly important [35]. Thus is is interesting that the “effective” value of the angle β in the

CKM unitarity triangle obtained from b → qqs penguin decays is lower than the value of β ob-

tained from tree-level b→ ccs decays, which are expected to be less sensitive to new physics. For

example, sin(2β )eff determined from the penguin decay B→ φK0
is∼ 1.3σ lower than the average

sin(2β ) from tree-level decays [36]. Although this discrepancy is not statistically significant, the

value of sin(2β )eff obtained from various penguin decay modes is systematically lower than the

average sin(2β ) from tree-level decays in almost all decay channels. Addressing these puzzles will

require improved determinations of the Bs-mixing phase and of sin(2β )eff from b→ qqs penguin

decays at LHCb and the super-B factory.

11

J.Laiho et al, 0910.2928; www.latticeaverages.org

Lattice QCD calculations are key to constraining sides of 
CKM Unitarity triangle

current situation

tensions developing 
at 2 sigma level. 

Future with 1% 
lattice errors for

fBs

�
BBs

fK

Vcb from exclusive SL decay

BK ,

ξ,

Vub,

The CKM matrix and flavor physics from lattice QCD Ruth S. Van de Water

Figure 8: Global fit of the CKM unitarity triangle [14] . The current fit is consistent with the Standard Model

at the 23% level. The constraints from εK , |Vub|/|Vcb|, ∆Ms/∆Md , and ∆Md are all limited by theoretical

uncertainties from lattice QCD.

Fortunately, assuming the Standard Model, the majority of inputs to κε are well-known from exper-

iment. The remaining unknown, ImA2, can be obtained from lattice QCD calculations of K→ ππ
matrix elements in the ∆I = 1/2 channel. The only Nf = 2+1 flavor determination of this quantity

is by the RBC and UKQCD collaborations [31], and has rather large systematic errors associated

with the use of leading-order chiral perturbation theory. Nevertheless, the contribution to Eq. (3.11)

from ImA2 is small and leads to only a ∼ 1% uncertainty in κε [14]:

κε = 0.92±0.01 . (3.12)

This result agrees with the estimate of Buras and Guadagnoli [29] and lowers the SM prediction

for εK by 8%. The correction factor κε is included in the global unitarity triangle fits presented in

the following section [14], and has also recently been included by the UTfit collaboration [32]. It

has not yet been implemented by the CKMfitter group [33].

3.2.3 Global fit of the CKM unitarity triangle

Figure 8 shows the current status of the global CKM unitarity triangle fit using the lattice QCD

inputs presented in Table 1 [14] . Although the average of inclusive and exclusive determinations

of |Vcb| is used, the error in the average is inflated in order to account for the inconsistency be-

tween the two values following the prescription of the Particle Data Group [4]. Only the exclusive

determination of |Vub| is used, however, because the inclusive determination varies so much de-

pending on the theoretical framework. The confidence level of the global fit is 17%; thus current

observations are consistent with Standard Model expectations given the present level of theoretical

precision.

Currently the constraints from εK , ∆ms/∆md , and |Vub/Vcb| are limited by uncertainties in the

lattice QCD calculations of |Vcb|excl., ξ , and |Vub|excl., respectively. In order to show the poten-

tial impact of future lattice calculations, it is therefore an interesting exercise to repeat the global

CKM unitarity triangle fit after reducing the lattice uncertainties in ξ , BK , |Vcb|excl., and |Vub|excl.

to 1% (with central values fixed). The resulting fit is shown in Fig. 9. In this case, only the exclu-

sive determination of |Vcb| is used because combining it with the inclusive determination becomes
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will tell you what is possible in future
e.g. is error from disc. errors, mu,d extrapoln, stats ...

Full error budgets now available for lattice calcs 
A Very Good Error Budget

(one omission)

chiral expansions simultaneously to our ! and K masses
and decay constants. We do the same for the masses and
decay constants of the D and Ds. Given the couplings, we
tune mu=d and ms so that our formulas give the experimen-
tal values for m! and mK after correcting for the u=d mass
difference and electromagnetic effects [8,18].

We find that finite a errors are 2–3.5 times smaller with
the HISQ quark action than with the asqtad action, but still
visible in our results. We combine the extrapolation to a !
0 with the quark-mass extrapolation by adding a2 depen-
dence to our chiral formulas. We expect leading discretiza-
tion errors of various types: "sa2 and a4 errors from
conventional sources; and "3

sa2, "3
sa2 log"xu;d#, and

"3
sa2xu;d from residual taste-changing interactions among

the valence and sea light quarks. We do not have sufficient
data to distinguish between these different functional
forms, but we include all of them (with appropriate priors
for their coefficients) in our fits so that uncertainties in the
functional dependence on a2 are correctly reflected in our
final error analysis. The a2 extrapolations are sufficiently
small with HISQ (1% or less for ! and K from fine results
to the continuum; 2% for D and Ds) that the associated
uncertainties in our final results are typically less than
0.5%. The combined chiral and continuum Bayesian fits
have 45 parameters for D=Ds and 48 for !=K with 28 data
points for each fit [19].

Figure 1 shows the masses of the D and Ds as a function
of u=d quark mass. To reduce uncertainties from the scale
and from c quark-mass tuning, the meson masses were
obtained from mDq

$m#c
=2%m#cexpt=2. The lines show

our simultaneous chiral fits at each value of the lattice
spacing, and the dashed line shows the consequent extrapo-
lation to a ! 0. The shaded bands give our final results:
mDs

! 1:962"6# GeV and mD ! 1:868"7# GeV. Experi-
mental results are 1.968 GeV and 1.869 GeV, respectively.
We also obtain "2mDs

$m#c
#="2mD $m#c

# ! 1:251"15#,
in excellent agreement with experiment, 1.260(2) [2]. This
last quantity is a nontrivial test of lattice QCD, since we are
accurately reproducing the difference in binding energies
between a heavy-heavy state (the #c used to determine mc)
and a heavy-light state (the D and Ds). Table II gives our
complete error budget for this quantity.

Figure 2 similarly shows our results for decay constants
on each ensemble with complete error budgets in Table II.
fK and f! show very small discretization effects and good
agreement with experiment when Vud is taken from nuclear
$ decay and Vus from Kl3 decays [2]. We obtain f! !
132"2# MeV and fK ! 157"2# MeV. Alternatively our re-
sult for fK=f! [1.189(7)] can be used, with experimental
leptonic branching fractions [8,23], to give Vus. Using the
recent KLOE result for K [24,25], we obtain Vus !
0:2262"13#"4# where the first error is theoretical and the
second experimental. This agrees with, but improves on,
the Kl3 result. Then 1$ V2

ud $ V2
us $ V2

ub ! 0:0006"8#, a
precise test of CKM matrix first-row unitarity.
fD and fDs

show larger discretization effects but a more
benign chiral extrapolation. Our final results are fDs

!
241"3# MeV, fD!207"4#MeV, and fDs

=fD!1:164"11#.
These results are 4–5 times more accurate than previous
full lattice QCD results [6] and existing experimental
determinations. An interesting quantity is the double ratio
"fDs

=fD#="fK=f!#. It is estimated to be close to 1 from low
order chiral perturbation theory [26]. We are able to make a

FIG. 1 (color online). Masses of the D% and Ds mesons as a
function of the u=d mass in units of the s mass at three values of
the lattice spacing. The very coarse results are the top ones in
each set, then coarse, then fine. The lines give the simultaneous
chiral fits, and the dashed line gives the continuum extrapolation
as described in the text. Our final error bars, including the overall
scale uncertainty, are given by the shaded bands. These are offset
from the dashed lines by an estimate of electromagnetic, mu !
md, and other systematic corrections to the masses. The experi-
mental results are marked at the physical md=ms.

TABLE II. Error budget (in %) for our decay constants and
mass ratio, where !x ! 2mDx

$m#c
. The errors are defined so

that it is easy to see how improvement will reduce them; e.g., the
statistical uncertainty is the outcome of our fit, so that quadru-
pling statistics will halve it. The a2 and mu=d extrapolation errors
are the pieces of the Bayesian error that depend upon the prior
widths in those extrapolations. ‘‘ms evolution’’ refers to the error
in running the quark masses to the same scale from different a
values for the chiral extrapolation. The r1 uncertainty comes
from the error in the physical value of r1, and the finite volume
uncertainty allows for a 50% error in our finite volume adjust-
ments described in the text.

fK=f! fK f! fDs
=fD fDs

fD !s=!d

r1 uncerty. 0.3 1.1 1.4 0.4 1.0 1.4 0.7
a2 extrap. 0.2 0.2 0.2 0.4 0.5 0.6 0.5
Finite vol. 0.4 0.4 0.8 0.3 0.1 0.3 0.1
mu=d extrap. 0.2 0.3 0.4 0.2 0.3 0.4 0.2
Stat. errors 0.2 0.4 0.5 0.5 0.6 0.7 0.6
ms evoln. 0.1 0.1 0.1 0.3 0.3 0.3 0.5
md, QED, etc. 0.0 0.0 0.0 0.1 0.0 0.1 0.5

Total % 0.6 1.3 1.7 0.9 1.3 1.8 1.2
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!q = 2mDq – m"c 

charmed sea     << 0.5%?
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Future
• sets of ‘next generation’ gluon configs will have 
            at physical value (so no extrapoln) or 
         down to 0.03fm (so b quarks are ‘light’) or
much higher statistics (for harder hadrons)
also can include charm in the sea now. 

mu,d
a

• Pushing errors down to 1% level will mean em 
corrections and                      must be understood.mu �= md

Conclusion
•  very accurate results are available now from lattice QCD
for QCD parameters and for simple hadron masses and 
decay matrix elements important for flavour physics. 

• some harder calculations (flavor singlet, excited states, 
nuclear physics) will also become possible
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