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1. Composite marginal likelihoods: Definition

• Low-dimensional Marginal densities (Cox & Reid, 2004).

• Univariate and bivariate distributions are often adopted, and this
leads to the so-called pairwise likelihood.

• For a single vector Y , the 1st and 2nd-order log-likelihoods
contribute

l1(θ; Y ) =
∑

s

log f(Ys; θ), (1)

l2(θ; Y ) =
∑
s>t

log f(Ys, Yt; θ) − al1(θ; Y ). (2)

a is a pre-specified constant. a = 0: taking all possible bivariate dist’ns and leading to the pairwise

log-likelihood. a = 1/2: taking all possible conditional dist’ns of one component given another.



2. Composite score functions and estimators

Composite score functions
For n i.i.d. vectors Y (1), Y (2), . . . , Y (n) the joint composite
log-likelihoods are defined by addition:

lν(θ; Y (1), Y (2), . . . , Y (n)) =
∑

i

lν(θ; Y (i)), ν = 1, 2.

Composite score functions are defined in the usual way by the composite
likelihood derivatives:

Uν(θ; Y (1), Y (2), . . . , Y (n)) = ∂lν(θ; Y (1), Y (2), . . . , Y (n))/∂θ, ν = 1, 2.

Maximum Composite likelihood estimator
The estimating equations

Uν(θ; Y (1), Y (2), . . . , Y (n)) = 0

give out the maximum composite likelihood estimator θ̃.

3. Efficiency of Composite likelihoods

Intraclass Correlation Normal

Y = (Y (1), . . . , Y (n))T , and Y (1), . . . , Y (n) ∼ i.i.d.Nq(µe , Σ) where

Σ = σ2((1 − ρ)I + ρJ)) and θ = (µ, σ2, ρ)T .

• Full log-likelihood function of Y : l(θ, Y )
• Pairwise log-likelihood function:

l2(θe;Y ) =
∑

i

q∑
s>r

log f(Y (i)
r , Y (i)

s ; θe)

• Pseudo log-likelihood function: l∗ = l2 − aql1

θ̂ = θ̃ = θ∗ = (ȳ..,
S1

nq
,

2S2

(q − 1)S1
)T (3)

ȳ.. = 1
nq

P Pq
r=1 Y

(i)
r , S1 =

P Pq
r=1(Y

(i)
r − ȳ..)

2, and S2 =
P Pq

s>r(Y
(i)
r − ȳ..)(Y

(i)
s − ȳ..).



3.1 Introclass Correlation Normal: Information Matrices

Question: I(θ) = H(θ)J−1(θ)H(θ)?

Smth we need to obtain to show the equivalence:

• obtain Σ̇σ2 , Σ̈σ2 , Σ̇ρ, Σ̈ρ, derivatives of Σ with respect to σ2 and ρ;

• H(θ) = E(− ∂2l2
∂θ∂θT ), easy one;

• J(θ) = E(∂l2
∂θ

∂l2
∂θT ), difficult one.;

• need to obtain H(θ), J(θ) for both pairwise and pseudolikelihood.
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I = HJ−1H = H∗J−1∗H∗, regardless of the value of a.

3.2 Symmetric Normal

Y (i) = (Y (i)
1 , . . . , Y

(i)
q )T ∼ Nq(0e, V ) = Nq(0e, (1 − ρ)I + ρJ)
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3.3 Unrestricted Multivariate Normal

• In Mardia 2007, conditional pairwise pseudolikelihood is defined as

PPL =
n∏

i=1

q∏
j 6=k

f(yji|yki; Σ)

and has been showed to be fully efficient for unrestricted
multivariate normal distributions.

• Let a = 1/2, log CR = log PPL.

• (
yji

yki

)
= CY ∼ N(0e, CΣC′)

if Σ unrestricted, Σ̂jk = ĈΣC′ = CΣ̂C′ = (Σ̂)jk.

3.4 AR(1)

The working full likelihood of AR(1) process is given by

L(a, σ2) = f(x1)
T∏

t=2

f(xt|xt−1)

The associated log-likelihood is

l(a, σ2) =
1
2

log(1 − a2) − T

2
log σ2 − 1

2σ2
[S1 + a2S2 − 2aS12] (4)

where S1 =
∑T

t=1 x2
t , S2 =

∑T−1
t=2 x2

t , S12 =
∑T−1

t=1 xtxt+1.



Pairwise likelihood for AR(1)

We propose a composite likelihood formed by adjacent pairs, denoted by
L2

L2 =
T∏

t=2

f(xt, xt−1) (5)

where (Xt, Xt−1) follows a bivariate normal distribution with mean zero
variances σ2/(1 − a2) and correlation a.

L2(a, σ2) = f(x1)
T∏

t=2

f(xt|xt−1)
T∏

t=2

f(xt) = L(a, σ2)
T∏

t=2

f(xt)

where L(a, σ2) is the full likelihood function. That is,

l2(a, σ2) = l(a, σ) +
T∑

t=2

f(xt) (6)

3.4.1 Max likelihood and pairwise likelihood estimation

MLE

0 = (1 − 1
T

)S2â
3 − (1 − 2

T
)S12â

2 − (S2 +
S1

T
)â + S12 (7)

σ̂2 = (S1 + â2S2 − 2âS12)/T (8)

For large T , it can be show â ∼= S12/S2.

MPLE

ã =
2S12

S1 + S2
, (9)

σ̃2 =
(S1 + S2)2 − 4S2

12

2(T − 1)(S1 + S2)
. (10)

For large T , â = ã.



3.4.2 Simulations

Table I Maximum likelihood estimatiors and Maximum pairwise likelihood
estimators for AR(1) model Xt = 0.55Xt−1 + ǫt, with ǫ ∼ N(0, 0.12).

T=200 T=100 T=20
AR a σ a σ a σ
MLE 0.5651 0.0970 0.5604 0.1006 0.4978 0.0661
MPLE 0.5579 0.0096 0.5556 0.0103 0.5037 0.0046

Sample Variance
Table II Sample covariance matrices of Full and Pairwise likelihood for AR(1) model Xt = 0.55Xt−1 + ǫt , with

ǫ ∼ N(0, 0.12) with different lengths T .

N=100,T=200 N=200,T=100

ratio 0.2017444 0.1973112

Î(θ̂)

„
4.778e − 03 1.186e − 05
1.186e − 05 2.318e − 05

« „
6.260e − 03 −1.958e − 05
−1.958e − 05 4.058e − 05

«
̂HJ−1H(θ̂)

„
4.796e − 03 2.801e − 06
2.801e − 06 9.030e − 07

« „
6.380e − 03 −3.087e − 06
−3.087e − 06 1.568e − 06

«

N=100,T=20 N=10,T=20

ratio 0.1999862 0.2137193

Î(θ̂)

„
3.758e − 02 4.150e − 04
4.150e − 04 2.417e − 04

« „
7.102e − 02 9.829e − 04
9.829e − 04 2.537e − 04

«
̂HJ−1H(θ̂)

„
3.646e − 02 5.658e − 05
5.658e − 05 9.470e − 06

« „
6.551e − 02 1.449e − 04
1.449e − 04 1.254e − 05

«

N=100,T=3 N=10,T=3

ratio 0.2449904 0.1826142

Î(θ̂)

„
0.2730 −0.0024
−0.0024 0.0012

« „
1.5296e − 01 −5.0205e − 03
−5.0205e − 03 1.4909e − 03

«
ĤJ−1H(θ̂)

„
0.2545 0.0004
0.0004 0.00006

« „
1.42323e − 01 1.1454e − 03
1.1454e − 03 5.3282e − 05

«



Relative Efficiency

The efficiency of pairwise likelihood compared to full likelihood for
AR(1) model can be obtained as{ |H(θ)J−1(θ)H(θ)|

|I(θ)|
}1/2

(11)

where θ = (a, σ2)′ is a 2-dimensional parameter vector.

E{(Xi − µi)(Xj − µj)(Xk − µk)(Xl − µl)} = σijσkl + σikσjl + σilσjk

Table III Efficiency of pairwise likelihood for AR(1) model
Xt = 0.55Xt−1 + ǫt, with ǫ ∼ N(0, 0.12) with different lengths T .

T=100 T=20 T=8 T=4
Efficiency 0.2296845 0.4101251 0.5005665 0.5636764

Figure 1: Efficiency against T
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Figure 2: Given T = 4, Efficiency against a and σ.
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Figure 3: Given T = 20, Efficiency against a and σ.
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4. Higher order asymptotics

• Higher accuracy inference in terms of r̃ under simple null hypothesis
under the first scenario.

• Expansions for the expectation and variance of the composite signed
likelihood ratio root are found to the order n−3/2 and n−2,
respectively.

• Ideally we would expect that

E(r̃) = m(θ) + O(n−3/2), V ar(r̃) = 1 + v(θ) + O(n−2)

where m(θ) is of order O(n−1) and v(θ) is of order O(n−1).

• Then, the standard normal approximation to the distribution of

r̃ − E(r̃)
{V ar(r̃)}1/2

has an error of order O(n−3/2).

Expansion of r̃2 with asymptotic magnitude of order n−3/2

r̃
2

= u
rs

l̃r l̃s + u
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u
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3
u
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u
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rs

u
tu

u
vw

u
xy

νrtvHsx l̃u l̃w l̃y +
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3
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+
1

12
u

rs
u

tu
u

vw
u

xy
νrtvx l̃s l̃u l̃w l̃y + Op(n

−3/2
) (12)

• The leading term ursl̃r l̃s is the composite score statistic.

• The 1st order result of the composite likelihood ratio statistic

E[r̃2] = µrsE[l̃r l̃s] + O(n−1/2) = µrsνr,s + O(n−1/2).



Expansion of the expectation of r̃2/r̃

Similar as defined in Peter McCullagh(1987, Ch.7)[10], let

r̃t = l̃t +
1
6
urs(3Hrt l̃s + uvwvrtv l̃sl̃w)

+
1
72

ursuvw
[
27HrtHsv l̃w + 8uxyuzpvrtvvsxz l̃w l̃y l̃p

+30uxyvrtvHsx l̃w l̃y + 12Hrtv l̃sl̃w + 3uxyvrtvx l̃sl̃w l̃y

]
(13)

It can be verified that

r̃2 = r̃tr̃uutu + Op(n−3/2) (14)

while
E(r̃t) =

1
6
urs{3E(l̃rtl̃s) + uvwvrtvE(l̃s l̃w)} + O(n−3/2)

=
1
6
urs{3vrt,s + uvwvrtvvs,w} + O(n−3/2) (15)

Expansion of the expectation of r̃2/r̃ with Bartlett
Identities

If the second Bartlett Identity holds, equation (15) can be simplified into

E(r̃t) =
1
6
urs{3vrt,s + vrst} + O(n−3/2) (16)

consistent with the results shown in Barndorff & Cox 1994.

It suffices to write the variance of r̃ as

V ar(r̃) = c{1 + v(θ)} + O(n−2)

where v(θ) is of order O(n−1), computed directly with sufficient
algebraic diligence.



Comments

• For certain distributions, composite marginal likelihoods may yield
full MLE and are fully efficient.

• Loss of efficiency is, in general, not ignorable for curved exponential
family, or restricted normal distributions.

• Though from time to time we tend to overlook the fact that
composite likelihood estimators are not consistent or asymptotically
normally distributed especially under the second scenario, their
asymptotic behaviors are still worth of further consideration.

• Profile based inference for AR(1) model, as σ2 can be treated as a
nuisance parameter. Performance of r̃ and its higher order
approximation.
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