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Abstract

We study the problem of estimating the parameters of an Ornstein-Uhlenbeck
(OU) process that is the coarse-grained limit of a multiscale system of OU pro-
cesses, given data from the multiscale system. We consider both the averaging and
homogenization cases and both drift and diffusion coefficients. By restricting our-
selves to the OU system, we are able to substantially improve the results in [26, 23]
and provide some intuition of what to expect in the general case.

Keywords : multiscale diffusions, Ornstein-Uhlenbeck process, parameter estimation,
maximum likelihood, subsampling.

1 Introduction

A necessary step in statistical modelling is to fit the chosen model to the data by infer-
ring the value of the unknown parameters. In the case of stochastic differential equa-
tions (SDE), this is a well studied problem [7, 17, 27]. However, quite often, there is a
mismatch between model and data. The actual system the data comes from is often of
multiscale nature whilst the SDE we are fitting is only an approximation of its behavior
at a certain scale. This phenomenon has been observed in many applications, ranging
from econometrics [1, 2, 21] to chemical engineering [5] and molecular dynamics [26].
In this paper, we study how this inconsistency between the coarse-grained model that
we fit and the microscopic dynamics from which the data is generated affects the esti-
mation problem.

In this paper, we take the approach by minimizing the discrepancy between the
maximum likelihood estimators based on the multiscale and approximated systems,
with our focus on the drift and diffusion parameters of both averaging and homoge-
nization. There are existing literatures explored alternatives to achieve a certain part of
our goal. [3, 4] explored an approach to estimate the bias between the estimators based
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the multiscale and approximated OU processes, as a function of the subsampling step
size and the scale factor. However, their approach is some what ad-hoc by limited to
scalar systems. [18] also discussed on achieving the strong convergence of the estima-
tors of the averaged multiscale OU system, and focused on the strong convergence of
the diffusion parameter.

This problem has also been discussed in [26, 23]. Our aim is to strengthen the
results in [26, 23]. To achieve this, we only consider the case where the multiscale
system is an Ornstein-Uhlenbeck process, where the averaging and homogenization
principles still hold. This allows us to prove a stronger mode of convergence for the
asymptotics.

To be more specific, we will consider multiscale systems of SDEs of the form

%: = a11x+a12y+@% (1a)
W Loty + 2 (1b)

or
i% = %(a11x+a12y)+(a13m+al4y)+\/q71% (2a)

We refer to equations (1) as the averaging problem, and to equations (2) as the ho-
mogenization problem. We assume that in both cases the averaging or homogenization
limits exist. In both cases, it will be of the form

dX
= —aX+f ,a<0,a>0, 3)

for appropriate ¢ and o. Our goal will be to estimate a and o, assuming that we
continuously observe = from (1) or (2). It is a well known result (see [7, 20]) that,
given X, the maximum likelihood estimators for a is

ar = (/OTXdX> (/OTdet>_1. 4)

If X is discretely observed, then the maximum likelihood estimator of ¢ is

N
Z X(n1)s — Xns)” 5)

which converges a.s. to o as § — 0, i.e. if X is observed continuously, then o will
be known. Our approach will be to still use the estimators defined in (4) and (5), re-
placing X by its  approximation coming from the multiscale model and then studying
their asymptotic properties. In section 2, we discuss the averaging case, where the
data comes from equation (1a) while in section 3 we study the homogenization case
corresponding to equation (2a).

We shall discuss problems in scalars for simplicity of notation and writing. How-
ever, the conclusions can easily be extended to finite dimensions. We will use ¢ to
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denote an arbitrary constant which can vary from occurrence to occurrence. Also, for
the sake of simplicity we will sometimes write z;, (or y,,, X,,) instead of z(nd) (resp.
y(nd), X (nd)). Finally, note that the transpose of an arbitrary matrix A is denoted by
A*.

2 Averaging

We consider the system of stochastic differential equations described by (1) (averaging
case), for the variables (z,y) € X x )). We may take X’ and ) as either R or T. Our
interest is in data generated by the projection onto the = coordinate of the system. We
will make the following

Assumptions 2.1. (i) U,V are independent Brownian motions;

(ii) q1, g2 are positive;

(iif) 0 < e< 1;

(iv) aza < 0anday; < a12a;21a21,’

(v) #(0) and y(0) independent of U and V, E (x:(0)* + y(0)?) < oc.

In what follows, we will refer to the following equation as the averaged equation
for system (1):

dX dU

—_— ~X _ 6

@ +Va 7 (6)
where:

@ = a1 — 12055 Az @)

2.1 The Paths

In this section, we show that the projection of system (1) onto the x coordinate con-
verges in a strong sense to the solution X of the averaged equation (6). Our result
extends that of [25] (Theorem 17.1) where the state space X’ is restricted to T and the
averaged equation is deterministic. Assuming that the system is an OU process, the
domain can be extended to R and the averaged equation can be stochastic. We prove
the following lemma first:

Lemma 2.2. Suppose that (x,y) solves (1a) and Assumptions 2.1 are satisfied. Then,
for finite T' > 0 and € small,

E sup (z(t)*+y(t)*) =0 <log <1 + f)) . ®)

0<t<T
Proof. Since U and V are independent, we can rewrite (1) in vector form as
dXt = axtdt + \/ath (9)

where
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and W = (U, V) is two-dimensional Brownian motion. Given the form of a, it is an
casy exercise to show that its eigenvalues will be of order O(1) and O(2). Therefore,
we define the eigenvalue decomposition of a as

a=PDP ' with D = (Aol ;;2).
Again, it is not hard to see that if (p1,p2) is an eigenvector, O(p1) = O(A"1pa).
So, for the eigenvector corresponding to eigenvalue of order O(1), all elements of
the eigenvector will also be of order O(1) while for the eigenvector corresponding to
eigenvalue of order O(1/€), we will have that p; ~ O(1) and py ~ O(e).
Now, let us define ¥ = P~1q(P~1)*. It follows that

(o) oq)
E‘(@(l) 0<1/e>)

We apply a linear transformation to the system of equations (9) so that the drift matrix
becomes diagonal. It follows form [12] that

: e {1,2).
wins( Do/ S ) 1.2}

E( sup [x(0)[

0<¢<T
Since the diagonal elements of D and ¥ are of the same order and max; | D;;| = O(2),
we have

E( sup |x<t>|2) — O (log(1 + T/e)).

0<t<T

Finally, since x = (;), we get

B ( s (@l +10])) =0 (lox1+ 7))

€

This completes the proof. O

Theorem 2.3. Let Assumptions 2.1 hold for system (1). Suppose that x and X are
two solutions of (1a) and (6) respectively, corresponding to the same realization of the
U process and x(0) = X (0). Then, x converges to X in L? (2, C([0,T], X)). More
specifically,

E sup (2(t) — X(1)? < ¢ <e2zog (f) + eT) eT

0<t<T
when T is fixed finite, the above bound can be simplified to

E sup (2(t) — X(t))? = O(e) .
0<t<T

Proof. For auxiliary equations used in the proof, please refer to the construction in
[25]. The generator of system (1) is

1
Eavg = 7£0 + £17
€
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where

Lo = (azz+a )8 +1 372
0 = 21 22Y By 2q26y2

o 1 02
L1 = (anz+a2y) - o T390 92

To prove that the L? error between the solutions z(¢) and X (¢) is of order O(,/€), we
first need to find the function ®(x, y) which solves the Poisson equation

—Lo® = a11x + a2y — ax , / Dp(y; x)dy = 0; (10)
Y

where p(y; ) is the invariant density of y in (1b) with z fixed. In this case, the partial
differential equation (10) is linear and can be solved explicitly

®(x,y) = B(y) = —(a1205, )y. (1n
Applying It6 formula to ®(z,y), we get
dd 1 0 th

E—*ﬁ@@"‘ﬁl@"‘ \[\/76

and substituting into (1a) gives

gyl
= ax—ed—f—l—eﬁlé—i-\f\/»a d‘/t%—\/»dUt. (12)

¢ 0P
0(t) = (@(a(0).5(6) = (a(0).9(0) = [ (@ra(s) + aray(s) s
From (11), we see that ® does not depend on z and thus

0(t) = @(x(t),y(t)) — 2(x(0),y(0))

= —(a12a,)(y(t) — y(0)). (13)
Now define
t
0
M) = = [ VEg ey
0 Y
t
- [ Vo
0
It6 isometry gives
EM?(t) = ct (14)

The solution of (1a) in the form of (12) is

x(t) = 2(0) + /Ot az(s)ds + €f(t) + /eM(t) + \/qT/Ot dU, .
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Also, from the averaged equation (6), we get
X(t) = X(0) + /ot aX (s)ds + m/ot dv, .
Let e(t) = 2(t) — X (). By assumption, e(0) = 0 and
e(t) = /Ot a(x(s) — X (s))ds+ed(t) +eM(t) . (15)

Then,
2

(1) < 3 (a /0 t e(s)ds) 1 3€20%(t) + 3eM>(t) .

Apply Lemma 2.2 on (15), the Burkholder-Davis-Gundy inequality [25] and Holder
inequality, we get

= (o, )
c (/OT Ee?(s)ds + €2 log(g) + eT)

T T
< ¢ (62 log(—) —|—6T+/ E sup 62(u)ds> .
€ 0

IN

0<u<s

By Gronwall’s inequality [25], we deduce that

E ( sup (e(t))2> < c(e? log(z) +€eT)el.
0<t<T €

When T is fixed, we have

B ( s €(0)) =0 (0.

0<t<T

This completes the proof. O

2.2 The Drift Estimator

Suppose that we want to estimate the drift of the process X described by (6) but we
only observe a solution {x(t)};c (0,7 of (1a). According to the previous theorem, x is
a good approximation of X, so we replace X in the formula of the MLE (4) by z. In
the following theorem, we show that the error we will be making is insignificant, in a
sense to be made precise.

Theorem 2.4. Suppose that x is the projection to the x-coordinate of a solution of
system (1) satisfying Assumptions 2.1. Let a7 be the estimate we get by replacing X in

@) by x, i.e.
—1

T T
a5 = (/ xdm) (/ x2dt> . (16)
0 0

. . A6_~2:
2 A, B0 — a7 =0

Then,
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Proof. We define

17 1 (7
Il:f/o xdx andfng/o z2dt.

By ergodicity, which is guaranteed by Assumptions 2.1 (iii) and (iv)

lim I, =E(2?)=C #0a.s.,

T—o0

which is a non-zero constant. We expand dx using Itd formula [25] applied on ® as in
(12):
h=h+Jh+J3+Ji+Js5

1 T
J1 = TA dl’th

€
J2 T /0 X

T
€
J3 = T/O ,Clél'dt

where

_ﬁ/Ta
Ji= % i ay@@xdw

1 T
Js = T\/(h/ xdUy
0

It is obvious that
J1 = dIQ

Since & is linear in y, and by It6 isometry, we get

T 2
E (J?) %]E G/O ac(t)d%)

by ergodicity, we have

Similarly for Js,

We know @ is independent of x, so
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Finally, using (11) and (1b) we break Js further into

1 (T 12055 /€ T
Jo = —T/ (a12a2_21)(a21o: + agoy)xdt — 12+q2/ zdV;
0 0

Again, using Itd isometry and ergodicity, we bound the L? norm of the second term by

01202_21 NG T ’
E 7T / zdVy | <
0

ce

N

By ergodicity, the first term converges in L? as T — oo,

-1
412099

T
T / (21 + agey)xdt — —a12E e ((a;zlamx + y)x) .
0

We write the expectation as
Epe ((ag a212 + y)z) = Epe (Epe ((agy aziz + y)z|z))

Clearly, the limit of p conditioned on z is a normal distribution with mean —a5; ag; .
Thus, we see that

lim E,c ((agy ag@ z)=0.

iy ((agy az1z + y)z)

Putting everything together, we see that

lim lim (I; —al) =0 in L2

e—0T—o00

Since the denominator I of a5 converges almost surely, the result follows. O

2.3 Asymptotic Normality for the Drift Estimator

We extend the proof of Theorem 2.4 to prove asymptotic normality for the estimator
a7. We have seen that

~E

. Jo+ Jy+ Js
ap—a=——-——.

I
We will show that

VT (a5 — @+ arzE e (x(a§21a21x +))) = N (0,02)

and compute the limit of 02 as ¢ — 0. First we apply the Central Limit Theorem for
martingales to J4 and J5 (see [13]). We find that

VTJy = N (0,0(4)?) asT — oo

where
o(4)? = eqz(arzay; )°Epex’
and
VTJs = N (0,0(5)2) asT — oo
where

o(5) = gE ez’
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We write Jo = Ja 1 + J2 2 where
-1 T —1 — T
Jg 1 = 7m/ ((1211'2 + aggﬂfy)dt and Jg 2 = 7M/ zdV.
’ T O ’ T 0
Once again, we apply the Central Limit Theorem for martingales to J » and we find
VT = N (0,0(2, 2)2) as T — oo

where
0(2,2)? = e(agiayy )’ @E, a2

Finally, we apply the Central Limit Theorem for functionals of ergodic Markov Chains
to Jo 1 (see [8]). We get

VT (J2,1 + a2k (ﬂf(a2_21&21$ =+ y))) - N (07 o(2, 1)?)

as T — oo, where

o(2.1)? = /X ol ey 2 /

[ee]
&(x,y) / (P& (x, y)dtpe(x, y)dady
XXY 0
with
&z, y) = — (a12a2_21a21x2 + algxy) +E (a12a2_21a21:c2 + algxy)

and
(Pré)(w,y) = E (&(x(t), y(t))]x(0) = 2,5(0) = y).
Putting everything together, we get that as 7" — oo,

VT (Jo 4 Js+ J5) = Xog + Xop + X4+ X5

in law, where X; ~ N(0,0(i)?) for i € {{2,1},{2,2},4,5}. Finally, we note that
the denominator 5 converges almost surely as 7 — 0o to E ¢ (z(¢)?). It follows from
Slutsky’s theorem that as 7" — oo,

VT (8 =+ a1oBpe (3(a35 az +19))) = X

in law, where
Xo1+Xoo+Xu+ X5
Epe (2(1)%)
It remains to compute lim,_,q 02. We have already seen that 0/(2,2)? ~ O(e) and
o(4)2 ~ O(e). Thus, we need to compute

X = ~ N(0,0?).

lim E(X21 + X5)? = Im E (X3, +2X51 X5 + X7) .
e—0 ? e—0 ’ ’
First, we see that

2
lim E(X2) = ¢ im B, o* = ;EX? = — 9L,
lim E(X5) = g1 im B, 2° = ¢, 5e
To compute lim._,o E(X3 ) first we set § = ay5 amx + y. Then, (z,7) is also an
ergodic process with invariant distribution p, that converges as ¢ — 0 to N'(0, &) ®
N(0, 522-). Since &(z,y) = —ag1 27, it follows that

’ 2(122

_ 241 Q2

. 2
L Eye (62, )") = atagt 22
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In addition, as e — 0, the process y decorrelates exponentially fast. Thus
lim (P{€)(z,y) = anB(X(1)| X (0) = 2)E(5) = 0

forallt > 0. Ast — oo, the process (z,¢) also converges exponentially fast to a
mean-zero Gaussian distribution and thus the integral with respect to ¢ is finite. We
conclude that the second term of (2, 1)? disappears as ¢ — 0 and thus

. q192
lim E(XZ,) = a? .
e—0 ( 2’1) 12 4&[122

Finally, we show that
lir%E(X271X5) =0.
e—

Clearly, X5 is independent of ¢ in the limit, since it only depends on x and U. So,
lim E(X2,1X5) = lim E (E(X2,1 X5[7))
e—0 e—0

and
ggr(l)E (E(X21]2)) =0

for the same reasons as above. Thus

4¢° q2 q
2 1 2 4192
oi=—F|—=+4a — .
€ q% ( 2a 12 4aags

We have proved the following

Theorem 2.5. Suppose that x is the projection to the x-coordinate of a solution of
system (1) satisfying Assumptions 2.1. Let a5 be as in (16). Then,

VT (i — @) = N(pe, 07),

where

a
pe =0 and o2 — —2a + a3, 2 s e 0.

2241

Remark 2.6. Note that in the case where the data comes from the multiscale limit and
for € — 0, the asymptotic variance of the drift MLE (blue lines in Figure 1) is larger
than that the asymptotic variance of the drift estimator where there is no misfit between
model and data (red lines in Figure I).

2.4 The Diffusion Estimator

Suppose that we want to estimate the diffusion parameter of the process X described
by (6) but we only observe a solution {z(t) };c(o,r) of (1a). As before, we replace X in
the formula of the MLE (5) by «. In the following theorem, we show that the estimator
is still consistent in the limit.

Theorem 2.7. Suppose that x is the projection to the x-coordinate of a solution of
system (1) satisfying Assumptions 2.1. We set

1Nfl
~E 2
G5 =7 (Tns1 = n) (17)

n=0

10

Paper No. 15-05, www.warwick.ac.uk/go/crism



AVERAGING: DRIFT ESTIMATOR ASYMPTOTIC VARIANCE

T (a5 — E(a5))

s
logy (7))

Figure 1: Averaging: Asymptotic Normality of a5,

where x,, = x(nd) is the discretized x process, § < ¢ is the discretization step and
T = N is fixed. Then, for every e > 0

lim E(¢§ —q1)* =0,

6—0

more specifically,
E(q5 — q1)* = O0(9) -

Proof. We rewrite x,,+1 — x,, using discretized (1a),

(n+1)6

Tpi1 — Ty = JadU, + B + R (18)
né
where

~ (n+1)8

Rﬁ") = an / x(s)ds
no

. (n+1)0

Rg") = (112/ y(s)ds
nd

We let &, = % (Utn+1ys — Uns ). We write

(n+1)d

\/q>1dU9 =V Q15 n

nd

‘We can write the estimator as

N—
i 2 (m) 4 )y 1 (n) 4 p(m)2
qrqlNZE N\[ZinR + B + 55 ZR + RS (19)

n=0

11
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Hence, we can expand the error as

2
E(d5-a)’ < CE (}VNZle - 1> (202)
":]3_1 2
+ C&E(%gn(égn)uég”))) (20b)
1 nJ;71 ) ) 2
+ Cramk <TLZO(R§”)+RSL))2> (20¢)

It is straightforward for line (20a),

| N2 2
E<N25§—1> =ch.

n=0

By Assumptions 2.1(v), and Holder inequality, we have,

A (n+1) 2
ERM)? = oE / (s @)
(n+1)6
< ca%&/ Ex(s)?ds
néd
< 2.
It is similar for E(Rén))Q,
H(n)y\2 2 (e 2
E(Ry")” = apE /5 y(s)ds (22)
(n+1)6
< ca?ﬁ/é Ey(s)*ds
< b2,

Since Rg") and Ré") are Gaussian random variables, we have E(Rg") + Ré") ) = 064,
so line (20c) is of order O(62). For line (20b), we need to get the correlation between
]:Zgn) for i € {1,2} and &,. We write system (2) in integrated form,

z(s) = xn—i-au/ x(u)du—i—alg/ y(u)du—l—\/(ﬂ/ dUu, (23)
n nd nd

§
y(s) = yot 2 x(U)dqu@/ y(U)dqu@/ v, (24
€ no € néd € no

12
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We substitute (23) and (24) into Rgn) and Rén) respectively,

A R (n+1)8
Rgn) + Rgﬂ) — /6 a,]_l.’lf(S) + a12y(s)d8
n,

11200 + a12ynd

1 (n+1)6 ps
(a%1+a12a21)/ / x(u)duds
no
(n+1)8
(a11a12+ a12a22>/ / u)duds
(n+1)8
+ anva / / AU, ds
0 né
(n+1)6  ps
+ 012@/ /qudS
) nd

Using this expansion, we find,
E (& (R + R$Y))
= E(&(annd + aiaynd) (25a)

n+1
+ <£n ((au + a12a21>/ / duds)) (25b)
(n+1)6
+ <fn <a11a12+ 012022)/ / dUd8> (25¢)
n+1 s
+ E (gn (ml\/cT1 / / dUuds>> (25d)
(n+1)é
+ E <§n (Cblz/ / dv, ds)) (25¢)

By the definition of ¢, line (25a) is zero. By substituting (23) and (24) into lines (25b)
and (25¢) respectively and iteratively, we know they are of orders O(§?2). By definition
of &, we know that line (25d) is of order O(§ 3 ). By independence between U and V,
line (25¢) is zero. Therefore,

E (R + BY)) = 0(6%).

_|_

_|_

Thus,
E (2(R(" + £y")?) = 0(6") .
When m < n, we have,
E (6.(R" +

E (E (g R 4 RS (RU™ 4 R™ )\]—'m;))
= E (&n(R™ + REIE (6a(RS + BY7)|Fus ) )

E (5 (R™ 4 R(’"))) E (gn(éﬁ”) + ég”)))
= o).

"+ RE)en (R + REM))

13
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When m > n, the same result holds. Thus we have that line (20b) is of order O(52).
Therefore, we have for equation (20),

E (35— m)” = 0(9).
This completes the proof. O

2.5 Asymptotic Normality for the Diffusion Estimator

To examine the asymptotic normality of the diffusion estimator, we use the decompo-
sition of g5 in the proof of Theorem 2.7,

N-1
1 1 1 9
072 (g5 —q1) = 52mﬁﬁ§:g—1) (26a)
+ 25—* )+ R (26b)
IR S VPV
1 »S(n H(n)\2
+ 6 2%;)(}%1 + RM) (26¢)
Since
. -1 2 — lim 2
iy 25 =V f\ﬁzg
It follows from Central Limit Theorem for sum of multivariate i.i.d random variables,
as 6 — 0,
. _1 2
lim 672 g1 (- Zk 02:

We have shown that E (gn(Rg”) + Ré”))) = O(6%), so line (26b) has mean

E <5N\f25n (R + Ry ))> o).

N-1 2
Using E (Z &R + Ré”))> = O(), we find the second moment of (26b),
n=0
VI, o s
E(63 (R 4+ REVY ) =009).
(TS a0 —o0

Thus when § is small,

5-%

M/Z&RW+&) ~ N(0(5%),009)).

Finally, for line (26¢), using (21) and (22), we have
| Nl
G”N5 m@+@%ﬁ=owm

14
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AVERAGING: DIFFUSION ESTIMATOR ASYMPTOTIC VARIANCE

(a5 — E(45))

5%

~1og,(9)

Figure 2: Averaging: Asymptotic Normality of ¢

and,
N— 2
( -+ 1 ZR(" Ry ):ow).
Thus,
N—
-3 L Z (B + RUY2 ~ N(O(52),0(6)) .
n 0

Putting all terms together, we have

1 D
672 (45 —q1) = N(0, — (27
We have proved the following,

Theorem 2.8. Under the conditions of Theorem 2.7 and with the same notation, it
holds that

572 (45— q1) B NY(O, T )a55—>0

In Figure 2, we show an example of the distributions of the errors of the diffusion
estimator as § — 0.

3 Homogenization

We now consider the fast/slow system of stochastic differential equations described by
(2), for the variables (z,y) € X x ). We may take X and ) as either in R or T.
Our interest remains in data generated by the projection onto the x coordinate of the
system.

Assumptions 3.1.
We assume that

15
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U,V are independent Brownian motions;

I<exkl;

)
(i) q1,q2 are positive;
)
) the system’s drift matrix

1 1
c011 + a1z Taiz2 +aia
1 1
=221 =222

only have negative real eigenvalues when ¢ is sufficiently small;

(V) as1 7£ O,'

(vi) 2(0) and y(0) are independent of U and V, (x(0),y(0)) is under the invariant
measure of system (1), and E (z2(0) + y2(0)) < oc.

Remark 3.2. In assumption 3.1(iv), we have assumed the whole system (2) to be
ergodic when ¢ is sufficiently small. This condition can be decomposed to ass and
aisz — a14a2_21 a91 are negative real numbers; and a1 — a12a2_21 as1 = 0, which ensures
the fast scale term in (2a) vanishes.

Remark 3.3. Assumption 3.1(v) is necessary in our setup, however, the result could
still hold when a1 is zero, an example is discussed by Papavasiliou in [ 10] for diffusion
estimates.

Under assumptions 3.1, the solution (z,y) of (2) is ergodic. In addition,  con-
verges as ¢ — 0 to the solution of the homogenized equation

%( —aX + \/Zj%/ (28)
where
@ = ai3 — a14a5, 21 (29)
and
= q1 + atya5,q2 (30)

The convergence of the homogenizing systems is different from that of the averag-
ing systems. For each given time series of observations, the paths of the slow process
converge to the paths of the corresponding homogenized equation. However, we will
see that in the limit € — 0, the likelihood of the drift or diffusion parameter is different
depending on whether we observe a path of the slow process generated by (2a) or the
homogenized process (28) (see also [23, 25, 26]).

3.1 The Paths

The following theorem extends Theorem 18.1 in [25], which gives weak convergence
of paths on T. By limiting ourselves to the OU process, we extend the domain to R
and prove a stronger mode of convergence.

Lemma 3.4. Suppose that (x,y) solves (2a) and Assumptions 3.1 are satisfied. Then,
for fixed finite T' > 0 and small e,

E sup (2°(t)+4°(t) =0 <1og(1 + 6T2)> : (31)

0<t<T
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Proof. We look at the system of SDEs as,
dXt = axtdt + \/ath (32)

where,

1 1
x= (%) az (et tms coptan) g0 (0 10 .
y =021 022 0 =@

We try to characterize the magnitude of the eigenvalues of a. To find the eigenval-

ues, we require
det(a— M) =0.

By solving this system and using existing results regarding the eigenvalues of a per-
turbed matrix of a (see [14][p. 137, Theorem 2]), we find that the eigenvalues will be
of order O(1) and O(1/€?). Therefore, we can decompose a as

. D 0
—1 1
a=PDP " with D = ( 0 512 D2>

where D is the diagonal matrix, for which D; € R and Dy € R are diagonal entries
of order O(1). Following exactly the same approach as in lemma 2.2, we get the
result. &

Theorem 3.5. Let Assumptions 3.1 hold for system (2). Suppose that x and X are
solutions of (2a) and (28) respectively. (x,y) corresponds to the realization (U, V') of
Brownian motion, while X corresponds to the realization

1

W.=q 2 (VaiU — a12a55 \/g2V) (33)

and x(0) = X (0). Then x converges to X in L?. More specifically,

T
E sup (z(t) — X(t)*<c (62 log(—) + €2T> el
0<t<T €

when T is fixed finite, the above bound can be simplified to

E sup (z(t) — X(t))? = O(e* log(e)).
0<t<T

Proof. We rewrite (2b) as
(a2_21a21:c(t) +y(t))dt = 62a2_21dy(t) - ea2_21 Vq2dVy . (34)
We also rewrite (2a) as

dz(t) = %au(az_zlamx(t) +y(t))dt + ara(agy asiz(t) + y(t))dt

+(a13 — a1aa5y az1)x(t)dt + \/q1dU;
1
- (6“12 + aM) (azy azi(t) + y(t))dt (35)

tax(t)dt + /qidU, .

17
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Replacing (a5y azix(t) + y(t))dt in (35) by the right-hand-side of (34), we get

dx(t) = e(an+ ea14)a§21dy(t) — algagglﬁdw — ea14a2721\/q72th
= ax(t)dt + e(ara + earq)ag, dy(t) (36)

Jr\/Eth — ea14a2_21\/q>2th .
Thus
t
z(t) = =z(0) +/ ax(s)ds + \/qW; 37
0
+e(arz + eara)agy (y(t) — y(0)) — caraazy VsV -

Recall that the homogenized equation (28) is

X(t) = X(0) + /O aX(s)ds +/qW; . (38)

Let e(t) = x(t) — X(t). Subtracting the previous equation from (37) and using the
assumption X (0) = z(0), we find that

e(t) = EL/O e(s)ds (39)
+e ((a12 + 61114)612_21 (y(t) —y(0)) — a14a2_21\/q>2Vt) .

Applying Lemma 3.4, we find an e-independent constant C, such that

E( sup yQ(t)) < Clog(L).

0<t<T €

By Cauchy-Schwarz,

T

T
E ( sup 62(t)> <c (/ Ee?(s)ds + €% log(=) + 62T> . (40)

0<t<T 0 €

By the integrated version of the Gronwall inequality [25], we deduce that
2 2 T 2 T
E( sup e (t)) <c (6 log(—) + € T) e . (41)
0<t<T €

When 7' is finite, we have

E( sup 62(75)) = 0 (2log(e)) .

0<t<T

This completes the proof. O

3.2 The Drift Estimator

As in the averaging case, a natural idea for estimating the drift of the homogenized
equation is to use the maximum likelihood estimator (4), replacing X by the solution x

18
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of (2a). However, in the case of homogenization we do not get asymptotically consis-
tent estimates. To achieve this, we must subsample the data: we choose A (time step for
observations) according to the value of the scale parameter € and solve the estimation
problem for discretely observed diffusions (see [23, 25, 26]). The maximum likelihood
estimator for the drift of a homogenized equation converges after proper subsampling.
We let the observation time interval A and the number of observations N both depend
on the scaling parameter ¢, by setting A = ¢* and N = ¢ 7. We find the error is
optimized in the L? sense when a = 1/2. We will show that a . converges to @ only
if 6% — 00, in a sense to be made precise later.

Theorem 3.6. Suppose that x is the projection to the x-coordinate of a solution of
system (2) satisfying Assumptions 3.1. Let 4y . be the estimate we get by replacing X

in(4)byz, ie.

=0

1 N—-1 1 N—1 -
A o 2
ON,e = (M;% (@41 — xn)) (NA nZ%%A)

Then,

E(an, —

1 €2

a)?=0(A+ —+

NA E>

(42)

where G as defined in (29). Consequently, if A =¢*, N =¢ 7, a € (0,1), v > q,

lim E(ay,. —a)*>=0.
e—0

Furthermore, o = 1/2 and v > 3 /2 optimize the error.

Before proving Theorem 3.6, we first find the magnitude of the increment of y over
a small time interval A. Solving equation (2b), we have

Ynt+1 —Yn =

+

+

By triangle inequality, we have

E(Yni1 — yn)z

Since a9 1s a negative constant,

E(yni1 —yn)? = O(e” =

A
(e — Dyy
HA
1 [t (nt1)a=s
- 2272 x(s)ds
€
nA

€ JnA

< (eF - 1)Ey?
+ c(ea”e% -1)
b2

2

1

~1).

1 (n+1)A - (nt1)A—s
- e 2 /qadVy .
n

(43)

By definiti = €@ 3 _ 1) = O(AYif A
y definition A = €, and the property that (¢« 1) = O(%) if 5 is small, the

above equation can be rewritten as

€

E(Yni1 — yn)2 = O(emax(aizo)) .

19
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Proof. Define I; and I as

1 2
1 NA”ZO Tp+1 — l’n y I2 = ﬁ;x”A

By ergodic theorem, and since N = ¢~7, we have
liml, =E (22) =C #0
e—0 2 ( n) #
which is a non-zero constant. Hence instead of proving

. - 1 €
]E(G,N’E — a) O(A2 + m + A2)

we prove,
€2

1
—a 2 = 2 —_— —_—

We use the rearranged equation (36) of (2a) to decompose the error,
L—alb=J1+Jo+Js+ Js. 45)

where

1 R (n+1)A
Ji = VA a/nA z(s)ds — xp | Tp

=

=

S
o

1 N-1 (n+1)A
ho= Ny Vi / L wds
n=0
€ N-1 (n+1)A
J3 = mnzo(a12 +ea14)a2_21 AA osndy(s)
€ N-1 (n+1)A
Jy = m (14099 \/>/ T dVs

\ |
<

By independence, 1t6 isometry and ergodicity, we immediately have

2
\/a N-1 .(n+1)A
E| YL T dW,
(NA >

(n+1)A 2
= N2A2 Z / T dWs

EJ3

(j (n+1)A 2
< I 2
< T2 NE (/M dWS> Ea?
< LNA]EzZ
- N2A? "
1
20
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and

N—1 2
O (n+1)A
EJ? = E(;{AZ/A 2ndV,
n=0""

2
€2C N-1 (n+1)A
= 7N2A2E <Z / l'nst
n=0 JnA

2
620 /(n+1)A
——NE dVy | E(z2
N2A2? (m ()

<
eC
< ]WNNA]E( 2)
2
€
= Oxr)

By Holder inequality, and (44), we have,

(n+1
EJ? = ]E(Z;iz xndy>

= < an yn+1—yn>

2 N— N—-1
2
< WE ( yn+1 —Yn ) E nz::oxn)
eC max(a—
S WN(G ( 2’0))NE$31
2
€
- 0(5y)

Finally, we find the squared error for .JJ;. We use the integrated form of equation (36)
on time interval [nA, s] to replace z(s)

22 N-1 ,(mnf1)A 2
EJ? = WE Z/ (z(s) — xp)xpds (46)
n=0 JnA
a2 N-1 2
- NzAzE<Z<K£”)+K§”)+K§")+Ki")>> 47)
n=0
(48)
21

Paper No. 15-05, www.warwick.ac.uk/go/crism



where,

(n+1)A  ps
K%n) = EL/ / Zpz(u)duds
nA nA
(n+1)A s
Ké") = 6(&12+6a14)a2_21/ / Tndy(u)ds
nA nA
(n+1)A s
K" = /G / / 2ndWyds |
nA nA
n+1)A s
K[En) = ea14a2_21\/cE/ / rpdV,ds .
nA nA

We immediately see that

a2 N
2
EJl N2A2 Z <

4
n=0 \i=1
4

2
f")> (49)

K
a’ ) [ ptm)
+ W]EZ|< Ki> S| (50)
i=1

m#n j=1

Remark 3.7. Under the vector valued problem, we use the exact decomposition of
E||J1]|? by using (49) and (50). This is essential in order to obtain more optimized
subsampling rate for the drift estimator. For general LP bound for the error, we can
apply Holder’s inequality to decompose J; as,

(n+1)A
] Z / )~ a)ds

nJrl)A

e ||Z / — )5 B

E[J][?

IN

which is used in [26]. Using this inequality will give an optimal subsampling rate of
o = 2/3, and achieves an over all L' error of order O(€'/?). However; this magnitude
of overall error is not optimal in L?. We will show later that the optimal L? error can
be achieved at the order of O(e/?), using the exact decomposition shown above.

By Cauchy-Schwarz inequality, we know for line (49),

" (Sr) <Epa(e)

Using first order iterated integrals, we have

(n+1)A s 2
E(K™)? = E(/ / xnx(u)duds>

(n+1)A

< CA/ / dudsx
(n+1)A

< C’A/ (s—nA)st
nA

= 0AY).
22
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Using (44), we have

E(KSMds)? =

(n+1)A 2
< ce( [ anluls) - wwyds
nA
(n+1)A
< CAAE [ (uls) ~ ylw)Pdsa
nA
(n+1)A A
< CEQAE/ (e77e —1)ds
nA
_ A

For K 3()"), we have,

E(K")?

(n+1)A
/ / VG dW,ds
(n+1)A s 2
CA/ (/ qu> ds
nA nA

(n+1)A
CA/ (s —nA)ds
A

= O(A;; .

IN

IN

Since K" is similar to K\, we have

E(K{")? = O(A?).

Thus, for line (49), the order of the dominating terms are,

Z (ZKW) O(NA* + Neét(e % — 1) + NA®).
=0
For line (50),
E %:KZ:K ZK("‘ )| < 27; EQ;K”MMZK“”M .
We know,

(n+1)A
E(K™) = E|C / / w)duds|

n+1)A
C’E(/A (s —nA) s>

= 0Y).

IN
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Similarly, we have

(n) (n+1)A
EK| = «CE / (5(5) — yn)ds

Since the integral of Brownian motions is Gaussian

(n+1)A
EK"| = / / AW, ds)

(n+1)A
— O / (W(s) — W(nA))ds)

A
(n+1)A
— K / W(s)ds — W(nA)A)
nA
= 0.
and
(n+1)A s
BK™| = CeR( / / dVids)
nA nA
(n+1)A
= CeE(/ V(s)ds — V(nA)A)
nA
= 0.
Thus,

4
EY "KM =0(A? +eA)

immediately we have for line (50),
EY K Z KM)( Z ™) = O(N?A" + N2e2A?) .
m#n  i=1

Putting all terms for J; together, we keep the dominating terms, and by assumption
A
NA — oo,and o < 2sincee” 2 — 0,

C

B} < axs(VA'+ Net(e™@ —1) + NA?Y)

C 2 A4 2 272
+ s (VAT NZEA?)

A? et N A 9 5
= O(N+NA2( E _1)+N+A + €%)

4

€
= O(NA2+A2+€2).
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HOMOGENIZATION: DRIFT ESTIMATOR 1 ERRORS
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Figure 3: Homogenization: L? norm of (ax . — a) for different € and o
Therefore, putting J;’s, i € {1,2,3, 4}, together, we have,

4
E(I, —al)® < Y EJ;
1=1

64
NAZ
1,
NA

€2

=)

€2

NA)

= O + A% 4+ €2)

+ O
+ O

+ Of
1 €2

_ 2 - -
= 0 +NA+A2)

We rewrite the above equation using A = ¢ and N = €7,
E(I; — aly)? = O(** + 7 4 2729

It is immediately seen that o = % and v > 3/2 optimize the error, and « € (0, 1), the
order of the error is
E(I, — alz)? = O(e) .

This completes the proof. O

In Figure 3, we show an example of the L? error of the drift estimator with various
scaling parameter € and subsampling rate . We see that the error is minimized around
a = 1/2 as in Theorem 3.6.

3.3 The Diffusion Estimator

Just as in the case of the drift estimator, we define the diffusion estimator by the maxi-
mum likelihood estimator (5), where X is replaced by the discretized solution of (2a).
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More specifically, we define

1 N-1
~€ _ 2
adn.A = NA n§:0 (Tnt1 — o) (5D

where x,, = x(nA) is the discrete observation of the process generated by (2a) and A
is the observation time interval.

Theorem 3.8. Suppose that x is the projection to the x-coordinate of a solution of
system (2) satisfying Assumptions 3.1. Let §. be the estimate we get by replacing X in
S) by, i.e.

. 1
de = T Z (anrl - xn)Q

n=0

Then

A2
where G as defined in (30). Consequently, if A = €%, fix T = NA, and o € (0, 2), then

E4
E(Ge —§)? =0 <A+62+)

lim E(¢. — §)*>=0.

e—0

Furthermore, o = 4/3 optimizes the error.

We first define
(n+1)A
VAR, = / AL
nA
Proof. We now prove Theorem 3.8. Using the integral form of equation (36),
(n+1)A
Topr — Fn = / Vadw, (52)
nA
+ Rl + RQ + Rg
where
R (n+1)A
R, = EL/ z(s)ds
nA
. (n+1)A
RQ = 6&14(12_21\/(]»2/ st
nA
R (n+1)A
Rs = e(an+ €ars)ag, / dy(s)
nA

‘We rewrite line (52) as

(n+1)A
nA

where 7, are A/(0, 1) random variables.
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For A and e sufficiently small, by Cauchy-Schwarz inequality

(n+1)A 2 (n+1)A (n+1)A
E c/ x(s)ds < CIE/ x2(5)ds/ ds
nA nA nA
(n+1)A
< cAE/ z2(s)ds
nA
< cA’E ( sup x2 (s)>
nA<s<(n+1)A
= 0O(A?)

Therefore,

E(R1)? = O(A?)
By It6 isometry

E(R2)* = O(£2A)
Then we look at ]:23,
E(R3)2 = 62CE(yn+1 - yn)2

By (44), we have R
E(R3)2 _ O(emax(a,2)) (53)
We substitute (z,+1 — 2,,) into the estimator g, in Theorem 3.8. We decompose
the estimator’s error as follows,

L - 1 2
Ge—q = q(ﬁgnn—l)
1N71 3
D2
+ore (R
n=0 i=1
2N—1 3
+ > D Rivid,
n=0 i=1
(N1 o
n=0 \ i#j
= R

E(G-3° < CPE(wY 72 —1) (54)
1?\/—1A 2

(TZR?> (55)

+ CZS:E<1N R; chnn>2 (56)

, T

2
% (RZ— ® J%)) (57)
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By law of large numbers, line (54) is of order O(A).
In line (55), for i € {1,2}, we have

(N2 2 | Nl
— 2 _ = H2\2
Since E(R;)? = O(A2), we have

( sz) 0 (NaY?) = 0 (a%);

since B(R3)2 = O(e2A), we have

( ZR2> =0 (N*(Ae?)?) = O(").

n=0

2
It is different for E <711 Z R§> , by (44), we have

(N1 2 cct (N2 2
El =Y Ry = —5E( > (i1 —un)’
Tn:O T n=0
N-1

CEND E (Yni1 —yn)*

n=0

edt2 max(0,a—2)
oy

6max(4,2a)
o)

Adding up all terms for line (55), we have,

IN

max(4,2a)
) (58)

3 . [Nl - 2 - L .

> (TZ:R> 0 <A TN
In line (56), for i € {1,2}, we have

(N1 2 A ) A

E (TZ%Ri qAnn> < CN2AE (Rmn) — CNE(R;)?
Since E(R;)? = O(A?), we have
(N1 2
E (T T;Rl dAnn> = O(NA?) = O(A);

since E(Ry)2 = O(e2A), we have

< ZRQ\/(TA n) O(NEA) = O(e?) .
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N-1 2

Again, it is different for E % Z R qAn, | due to correlation between Rg") and

n=0
M. Using the expression from (43) by only considering the dominating terms, we have

n=0
N-—1
1 . 2
= E| = Rg @Aﬁn >
(2 (vin)
1 < (m) A(n) (m+1)A (n+1)A
+ E ﬁZR;’LR;/A VadWs . Vadws
m#n m n

By computing the order of the dominating terms and the martingale terms, when
m=n,

1 N-1 )
T > AE (Rgdni)

n=0

1N—l 2
L
E<T§R3( qA%))

= ZE(R)

O (o)

and when m < n,

1 A(m) H(n)
E|— > R{M RS

m#n mA
S CNzEzE ((yn—i—l*v yn)(ym—H - ym)

(m (n+1

+1)A A
\/EdWs \/5dW5

A

(n+1)A (m+1)A
X / AW! / AW,
nA mA
(n+1)A
< CN*¢E (yn+1—yn)/ aw;
nA
X

(m+1)A
E { (gt — ym) / AW, Fona
mA

Using the expansion in (43), and using the dominating terms only,

(n+1)A
E (ym+1 - ym)/ dWsl]:mA

A

= E (((e_e% = Dym

1 (m+1)A

_(m4+1)A—s
+ 2/ e < x(s)ds
1 (m+1)A  (me1)a—s (m+1)A
+ 1 / e gy, / AW, Fou
€ JmA mA
= O(e(e™® 1))
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Therefore, when m < n, we have,

1 () 5() (m+1)Aa (nth)a
E ﬁZR?, R / \/gdws/nA Vadw s

m#n mA
64 _A
= O(Ge 1)
_ O<64—2a+2max(a—2,0))

O(emax(0,4f2a) )

In the case m > n, the result is identical due to symmetry. Adding up all terms for line
(56),

5 (N1 2
> E (TZRi (IAnn>
=1 n=0
-0 (A + 62 + emax(a,Q) + 62 max(0,27Q)> (59)
In line (57), we have
N-1 2
Y E (Z RiRj> < NE(R;)*E(R;)?
iF#£] n=0
Substituting in the L2 norms of each R;, i € {1, 2, 3}, we have for line (57),
N-1 2
= (Y nn)
i#£] n=0
- O (A262 + Aemax(a,Z) + 62-‘,—1113,)(((1,2)) (60)

Aggregating bounds (58), (59) and (60) for equation lines from (54) to (57) respec-
tively, we have

E(Ge — q)°
= 0(4)
max(4,2a)
+ O <A2 + 64 + GAQ)

+ 0 (A + 62 + 6max(a,2) + E2max(0,2—a))

+

(A2€2 + Aemax(a,Q) + 62erax(o¢,2)>

It is clear that when a < 2,
E(Ge — §)* = O(A 4 1722 1 €2).

The error is minimized when o = 4/3, which is of order
E(d —9)* = O (¢}) .

It is easy to see when o > 2, the error explodes. This completes the proof. O
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HOMOGENIZATION: DIFFUSION ESTIMATOR 12 ERRORS

|

—logy(€)

5 1 g
Subsampling rate a

Figure 4: Homogenization: L? norm of (g, — §) for different € and o

In Figure 4, we show an example of the L? error of the diffusion parameter with
various scaling parameter ¢ and subsampling rate ov. We see that the error is minimized
around o = 4/3 as in Theorem 3.8.
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