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Abstract

Influence diagrams provide a compact graphical representation of decision problems. Several algorithms
for the quick computation of their associated expected utilities have been developed. However, these often
rely on a full quantification of the uncertainties and values required for the calculation of these expected
utilities. Here we develop a symbolic way to evaluate influence diagrams, not requiring such a full numerical
specification, for the case when random variables and decisions are all discrete. Within this approach
expected utilities correspond to families of polynomials. This polynomial representation enables us to study
many important features of an influence diagram. First, we develop an efficient symbolic algorithm for the
propagation of expected utilities through the diagram and we provide an implementation of this algorithm
using a computer algebra system. Second, we characterize many of the standard manipulations of these
diagrams as transformations of polynomials. Third, we identify classes of influence diagrams which are
equivalent in the sense that they all share the same polynomial structure. Finally, we generalize the decision
analytic framework of the influence diagram by characterizing asymmetries as manipulations of the expected
utility polynomials.

Keywords: Asymmetric Decision Problems, Computer Algebra, Influence Diagrams, Lattices, Symbolic
Inference.

1. Introduction

Decision makers (DMs) are often required in critical situations to choose between a wide range of different
alternatives. They need to consider the mutual influence of quantifications of different types of uncertainties,
the relative values of competing objectives together with the consequences of the decisions they will make.
Empirical evidence has shown that, due to this complexity, DMs often struggle to act as rational expected
utility maximizers and instead tend to exhibit inconsistencies in their behaviour [1]. They can therefore
benefit from an intuitive framework which draws together these different uncertainties and values so as to
better understand and evaluate the full consequences of the assumptions they are making.

Influence diagrams (IDs) [2, 3] provide such a platform to frame and review the elements of a DM’s
decision problem. This has been successfully applied in a variety of domains (see for example [4, 5] for
a review). For example [6] catalogues over 250 documented practical application of IDs models. IDs are
directed acyclic graphs (DAGs) that can be thought of as Bayesian network (BN) augmented with decision
and value nodes. IDs not only provide a compact graphical representation of both the structure of a decision
problem and the relationships between its relevant uncertainties, but also offer a computational framework
for the fast evaluation of the expected utility scores of different policies. Several algorithms have now been
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defined to evaluate influence diagrams, i.e. identify an expected utility maximizing policy and its associated
score. These can work directly on the ID [7, 8], transform it into a decision tree [9], or convert the diagram
into some other graphical structure [10, 11]. There were severe computational issues related to the evaluation
of IDs, but there are now several promising methodologies designed to overcome these challenges as noted
in [4] and [12]. Many different pieces of software are also now available to build and automatically evaluate
large IDs [5].

Most of the above mentioned evaluation algorithms work numerically once a full probability and utility
elicitation is available to the DM. However, often in practice DMs are not confident about the precision
of these values. They also may simply not be ready to provide such quantifications because of time or
economic constraints. Here we address these challenges by developing a symbolic approach to the evaluation
of IDs which does not require a full elicitation of all the quantities needed to compute expected scores. The
symbolic definition of the ID’s probabilities and utilities provides an elegant and efficient embellishment of
the associated graphical representation of the problem, around which symbolic computations can then be
carried. This symbolic framework is especially useful for sensitivity analyses [13, 14, 15, 16], where, for
example, DMs can simply plug in different estimates of the parameters of their problem and observe how
these changes influence the outcome of the evaluation.

For simplicity, as in other discussions [17, 18, 19, 20] concerning BNs and decision circuits, we assume
in this paper that random variables and decisions are all discrete. Generalizing the work in [21], we make
heavy use of the fact that, within our symbolic approach, the expected utility of a specific policy is a
polynomial, whose unknown quantities are conditional probabilities, marginal utilities and criterion weights.
We develop a symbolic algorithm for the computation of this polynomial representation of an ID model, which
is specified through simple matrix operations. Because of the simplicity of its operations, our implementation
in the Maple™?2 computer algebra system (reported in Appendix B) is able to compute these polynomials
instantaneously in our examples once the symbolic definition of the ID is given as input. In contrast
to standard software, which assumes an additive factorization between utility nodes, our code is able to
explicitly model multiplicative utility factorizations [22].

In larger real-world applications computer algebra systems can have difficulties handling the number
of unknown variables that need to be stored in the computer memory. When this happens computations
often become infeasible. However, by imposing certain conditions on the model - formally discussed in
[23] - computations can then be distributed in such a way that the ID represents solely the input/output
relationship between large-dimensional models. This can dramatically reduce complexity. A random node
of the ID will then correspond to the relevant outputs of a large statistical model and arrows connecting
any two nodes would imply that the outputs of one model are used as input for the other. When such
a representation is possible, computer algebra can then be employed even when addressing much larger
applications.

The new symbolic representation of decision problems we introduce here allows us to concisely express
a large amount of information that might not be apparent from an ID, with a potential for making compu-
tations much more efficient. Different types of extra information, often consisting of asymmetries of various
kinds, have been explicitly modelled in graphical extensions of the ID model [24, 25, 26, 27, 28, 29, 30]. A
significant proportion of these, although providing a framework for the evaluation of more general decision
problems, lose the intuitiveness and the simplicity associated with IDs. Within our symbolic approach we
are able to elegantly and concisely characterize asymmetric decision problems through manipulations of the
polynomials representing the ID’s expected utility.

The structure of the paper is as follows. Section 2 introduces a new class of IDs entertaining multiplicative
utility factorizations and discusses the polynomial structure of the associated expected utilities. Section
3 presents our new symbolic algorithm and Section 4 symbolically defines manipulations of the graphical
representation of an ID. In Section 5 we discover a lattice structure between IDs describing the same decision
problem, which can then be of use in sensitivity analyses and model choice. Section 6 deals with asymmetries
and formalizes their symbolic interpretation. We conclude with a discussion.

2Maple is a trademark of Waterloo Maple Inc.
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2. Representation of influence diagrams

In this section we assume the DM deals with a uniform (or symmetric) decision problem, consisting of the
class of problems that can be represented by an ID [31, 32]. We consider asymmetric decision problems in
Section 6. From the definition of the ID we deduce the structure of its conditional expected utility functions
and show that these are explicit polynomial functions whose arguments are derived from either the random
nodes or the utility nodes of the ID.

Let [n] = {1,...,n} and {Y3,...,Y,} be a partially ordered set according to an order < such that if
Y; 2Y;, then ¢ < j, for any 4, j € [n]. We assume that [n] is partitioned into D and V, both non-empty sets.
Also {Y1,...,Y,} results to be partitioned in {Y; : ¢ € D} and {Y; : i € D}, called the sets of controlled (or
decision)?® and non-controlled (or random) variables, respectively. Furthermore we assume {Y; : i € D} to
be totally ordered: this is an intrinsic requirement of any symmetric decision problem. The partial order <
satisfying the total order on {Y; : i € D}, can be arbitrarily refined to a total order and the choice of the
total order does not affect the theory presented here.

For i € [n], we assume that Y; takes values in V; = {0,...,r;—1}, where r; € Z>;. For A C [n],
Ya = (Yi)jca takes values in Y4 = Xieadi and Y = (Y;)jca ;- We denote with y4 and y generic
instantiations of Y4 and Y respectively.

Example 1. A few important examples of the notation above are: the vector Y}, includes all the variables

in {Y7,...,Y,}, Yp and Yy are the vectors of controlled and random variables respectively, and Y[Z]*l =

(Y1,..., Y, o)T

2.1. Multiplicative influence diagram

We consider here a class of IDs entertaining a factorization over its utility nodes known as multiplica-
tive [22, 32]. We consider an m-dimensional vector of utilities U = (Uy,...,Uy,,)T and for each i € [m] we
consider P; C [n] non empty (the elements of Yp, are the parents of U;, as we see next). The i-th component
of U, U, is a utility function mapping a subspace Yp, of Y, into [0, 1].

Definition 1. A multiplicative influence diagram (MID) G consists of

e a DAG with vertex (or node) set V(G) = {¥1,...,Y,,Us,...,Uy,} and edge (or arc) set E(G) including
three types of edges:

1. for ¢ € [m], U; has no children, its parent set is given by the elements of Yp, and an element
of Y},,) is parent of at most one element of U. For i,j € [m], U; succeeds U; and i > j if there
exists a parent of U; which succeeds all parents of U; in the order < over {Y7,...,Y,}: formally,
if there is a k € P; such that for every [ € P;, k > [;

2. for ¢ € D, the parent set of Y;, {Y; : j € II; C [i—1]}, consists of the variables, controlled and
non-controlled, that are known when Y; is controlled;

3. for ¢ € V, the parent set of V;, {Y; : j € II; C [i—1]} is such that ¥; L Y‘;\HY | Yypv for all
instantiations of decisions preceding Y;. Here II} = II; NV and conditional independence is with
respect to the probability law defined next;*

e for i € V, a transition density function P(y; | ym,) = P(Y; = v; | Yo, = ym,);°

3With controlled variable we mean a variable set by the DM to take a particular value.
4More succinctly this requirement can be written as Y; I Y";L] | Y11, using the notion of generalized conditional independence

recently introduced in [33].
5Note that we allow transition densities to be conditional on controlled variables.
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Figure 1: An ID describing the available countermeasures after an accident at a nuclear power plant.

e a multiplicative factorization over U such that

Ulym) = > W ] kUilyr). (1)

IePy([m]) iel

where Py(-) denotes the power set without the empty set, ny is the number of elements in the set I,
k; € (0,1) is a criterion weight [32], U; is a function of Yp, only and h is the unique solution not
smaller than minus one to

L+h= ] (1+hk). (2)

i€[m]

We concentrate our study on the popular class of multiplicative factorizations because this provides some
computational advantages over, for example, the multilinear one [22], whilst allowing for enough flexibility to
model the DM’s preferences in many real cases [34]. Also the famous class of additive factorizations [22, 35]
can be seen as special cases of the multiplicative class for h = 0, assuming 0° = 1. Thereof an ID whose
associated decision problem implies an additive utility factorization is called additive ID.

Item 1 in Definition 1 extends the total order over {Y1,...,Y,} to V(G). For i € [m], let j; be the
highest index of P; and J = {j1,...,jm}. The Maple™ function Comp] in Appendix B receives as input
the number m and the parent set of U, for all ¢ € [m], and computes the set J for a given MID. The
totally ordered sequence of V(@) is called decision sequence (DS) of the MID G and is indicated as
S:=M,....Y;,,U1,Y},41,...,Y],,,Un). Differently from other authors [e.g. 31, 36], we do not introduce
utility nodes only at the end of the DS. This enables us to base the choice of optimal decisions, through the
algorithm given below, only on the values of the relevant attributes.

Example 2. Figure 1 presents an MID with vertex set {Y1,...,Ys,Un,...,Us} describing a gross simpli-
fication of the possible countermeasures after an accident at a nuclear power plant. For this MID, n = 6,
m=3,D = {1,4} and V = {2,3,5,6}. Therefore, there are two controlled variables Y7 and Yj: the first
consisting of the possibility of closing down the power plant, the second of evacuating the nearby population.
Before controlling Yy, the variables Y7, Y and Y3 are observed since II, = [3]. We adopt the convention by
which decision variables and random variables are respectively framed with squares and circles. There are
four random nodes: Y5 and Y3 measure the amount of dispersion of the contaminant in the atmosphere and
to the ground respectively, Y5 estimates the human intake of radiation and Yg ranks the level of stress in the
population. This DAG implies that Y5 L Y5 | Y3 for every y; € Y and y4 € V4. The variable Y; has parent
set {Y; : i € 5} where [I5 = {3,4} and IIY = {3}. All variables are binary and take values in the spaces
Y ={1,0}, i € [6]. When }; is associated to a decision node, 1 and 0 correspond to, respectively, proceed
and not proceed. If )); is associated to a random node, then 1 and 0 correspond respectively to high and
low. The MID in Figure 1 is completed by three utility nodes, Uy, Uy and Us. The set Ps is equal to {4, 6}
and therefore Y, and Y are the arguments of the utility function Us. Lastly, the DS associated to the MID
is (Yl,YQ,}/g’ Ul,Y47Y5, UQ,)/(S,UB) and j1 = 3, jg = 5, j3 = 6: thus J = {3,5,6}

2.2. The evaluation of multiplicative influence diagrams
To evaluate an MID is to identify a sequence of optimal decisions maximizing the expected utility function
(i.e. the expectation of equation (1)). However, only MIDs whose topology is such that, for any index j € D,

4
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the only variables that are known at the time the DM makes a decision Y; have an index lower than j can
be directly evaluated using ‘extensive form’standard calculations [37]. This is because the evaluation will
output optimal decisions as functions of observed quantities only [32].

Definition 2. An MID G is said to be in extensive form if Y; is a parent of Y}, j € D, for all ¢ < j.

We mainly study MIDs in extensive form and in Section 4 consider manipulations of non extensive MIDs.
Without loss of generality we assume that every vertex Y; of the MID has at least one child. Random and
controlled vertices with no children could be simply deleted from the graph without changing the outcome
of the evaluation [see e.g. 31].

Example 3. The MID in Figure 1 is in extensive form since IIy = {1,2,3}. If either the edge (Y2,Ys) or
(Y3,Y,) were deleted then the MID would not be in extensive form. The only vertices with no children are
utility nodes.

A simple way to evaluate an MID in extensive form is through a backward inductive algorithm over
the vertices of the DAG [31]. Here we introduce a computationally efficient new version of this algorithm,
including at each step only the strictly necessary utility nodes. The identification of the optimal policy is
based on the computation of the functions U;(yg,), i € [n], we formally introduce in Proposition 1, where

Bi=< JmJUP p\ {0,

k>i §>i
kev J€J

is the set including the indices of the variables that appear as arguments of U;. It should be noted that B;
includes only indices smaller than 7 that are either in the parent set of a random variable Yy, k > 4, or in a
set P; such that u; succeeds Y; in the DS of the MID.

Example 4. We compute here the sets B; and By associated with the MID in Figure 1. The set Bs = {3,4}
since B5 = {HGUH5UP3UP2}\{576}, where H6 = {47 5}, H5 = {3,4}, P3 = {4, 6} and P2 = {5} Furthermore
B, = {3} since it can be noted that By = Bs \ {4}.

Proposition 1. The optimal decision associated to an MID yields expected utility U, (yp,), where, for

i € [n], Ui(yp,) is defined as

i _ [ UP(yp,), ifieD,
Vilys.) { U/(ys,), ifieV
where, for i =n,
UE(an) = n%}ax kmUn(yp,, ), UX(?JB") = / kmUn(yp,,) frn(Yn | Y, )dYn, (3)

n

and, fori € [n—1], if i € J and supposing i € P,

UP(yp.) = max (Wi (wp) Ui (up,,.) + Ui (wr) + Ui (05,..) ). @)
U/ (ys,) = /y (hklUl(sz)UiH(me) + kiUi(yp,) + Ui+1(yBi+1))fi(yi | ym, )dyi, (5)
whilst, if i € J,
Ul (ys,) = max Uit1(YB... ), U/ (ys,) = /y Uis1(yB,,) filyi | yn,)dy;. (6)
5
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The proof of this theorem is in Appendix A.1. Equation (3) consists of a marginalization/maximization over
Y, since Y, is a parent of U, by construction.
We now arrange the conditional expected utilities in a vector as follows.

Definition 3. We define the expected utility vector U;, i € [n], as
U, = (ilye))L, ey, (™)

2.3. Polynomial structure of expected utility

Generalizing the work in [18] and [21], we introduce a symbolic representation of both the probabilities
and the utilities of an MID. For i € V, j € [m], y € Vs, 7 € Y11, and 0 € Yp,, we define the parameters

Piyr = P(Y; =y | Ynu = 7), VYo = Uj(0).

The first index of pjy, and 1;, refers to the random variable and utility vertex respectively. The second
index of pj,, relates to the state of the variable, whilst the third one to the parents’ instantiation. The
second index of v, corresponds to the instantiation of the arguments of the utility function U;. We take
the indices within = and ¢ to be ordered from left to right in decreasing order, so that e.g. pgio1 for the
diagram of Figure 1 corresponds to P(Ys = 1 | Y5 = 0,Y,; = 1). The probability and utility vectors are
given by p; = (piyﬂ);reyi,weyni and ; = (wjﬁ)geypj, respectively. Parameters are listed within p; and ;

according to a reverse lexicographic order over their indices [see e.g. 38].

Example 5. The symbolic parametrization of the MID in Figure 1 is summarized in Table 1. This is
completed by the definition of the criterion weights k; and h as in equations (1)-(2). In Appendix B we
report the symbolic definition of this MID using our Maple™ code.

Because probabilities sum to one, for each ¢ and 7 one of the parameters p;,~ can be written as one minus
the sum of the others. Another constraint is induced by equation (2) on the criterion weights. However
in the following, unless otherwise indicated, we suppose that all the parameters are unconstrained. Any
unmodelled constraint can be added subsequently when investigating the geometric features of the optimal
decision.

In the above parametrization, U; consists of a vector of polynomials with unknown quantities Dijms Vjo
k; and h, whose characteristics are specified in Theorem 1.

Theorem 1. For an MID G and i € [n], let ¢; = HjeBi rj, Uy be the first utility node following Y; in the
DS of G and, for 1 < j < m, w;; be the number of random nodes between Y; and U; (including Y;) in the

DS of G. Then Uj is a vector of dimension ¢; whose entries are polynomials including, fora=1,...,m and
b=1,...,a, ripo monomials m;p, of degree d;p,, where
a _ l ja
Tiba = (b B z) 117 diba = (b—1) +2(b — 1 + 1) 4 wia, Miba = P mly,, (8)
j=i
with m},,, a square-free monomial of degree 2(b — 1+ 1) + w;q.

The proof of Theorem 1 is given in Appendix A.2. We say that equation (8) defines the structure of the
polynomials of the conditional expected utility U;. Specifically, the structure of a polynomial consists of its
number of monomials and the number of monomials having a certain degree. In Section 5 we show that
the entries of the conditional expected utility vectors of several different MIDs share the same polynomial
structure. Since additive utility factorizations can be seen as special cases of multiplicative ones by setting
h = 0, it follows that the conditional expected utility polynomials of an additive ID are square-free.

Corollary 1. In the notation of Theorem 1, the conditional expected utility U;, i € [n], of an additive ID
G is a vector of dimension c; whose entries are square free polynomials of degree wiy, + 2 including, for
a=1,...,m, ri, monomials of degree w;, + 2, where riq = [[72, 7;.

=i
6
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D2 = (p211,p2017P2107p200)T

D3 = (P31117P3011,p3101,P3001a]931107p30107P3100>p3000)T
D5 = (p5111,p50117p51017p50017p5110,p5010,p51007p5000)T
P = (

_ T
DP6111, P6011, P61015 P60015 P61105 P60105 p61007p6000)

1 = (Y11, %10) T, P2 = (a1, 920) ", P3 = (Y311, V301, ¥310, ¥300) "

Table 1: Parameterization associated to the MID in Figure 1.

Proor. This follows directly from Theorem 1, since an additive factorization can be derived by setting
ny — 1, the exponent of h in Equation (1), equal to zero. This corresponds to fixing b = [ in Theorem 1.

Example 6. For the MID of Figure 1 the polynomial structure of the entries of Us can be constructed as
follows. From Bs = {3, 4} it follows that c5 = 4. Thus, Us is a column vector of dimension 4. From U, = U,
it follows that

Tso2 =2, 71523 =4, rsz3 =4, ds2 =3, dsaz =4, dsz3=171,

using the fact that wse = 1 and wsz = 2. All monomials are square-free because the index b of r;, in
Theorem 1 is either equal to I or [ + 1. Each entry of Us is a square free polynomial of degree seven
consisting of ten monomials: two of degree 3, four of degree 4 and four of degree 7. The entry Us(ys,y4)
with y3,y4 = 0,1, of this conditional expected utility can be written as Us(y3,y4) = UL (y3, ya) + U (y3, y4)
where

Ué (y3,94) = k2 (¢21p51y4y3 + ¢20p50y4y3) + Z k3(¢31y4p61y5y4 + 130y, P60ys s )p5y5y4y3a (9)
y5=0,1

U™ (y,ya) = hkaks((¥314,P610ys + 130y3P600ys )P20P505sys + (V314:P611ys + V3043 P601y. )21 P515ays ), (10)

An algorithm for computing the polynomials in Theorem 1 is presented in Section 3.

So far we have assumed that the DM has not provided any numerical specification of the uncertainties
and the values involved in the decision problem. This occurs for example if the system is defined through
sample distributions of data from different experiments, where probabilities are only known with uncertainty.
But in practice sometimes the DM is able to elicit the numerical values of some parameters. These can then
be simply substituted to the corresponding probability and utility parameters in the system of polynomials
constructed in Theorem 1 employing e.g. a computer algebra system. In such a case the degree of the
polynomials and possibly their number of monomials can decrease dramatically. We present in Section 3 a
plausible numerical specification of the probabilities associated with the MID in Figure 1.

3. The symbolic algorithm

Computing the polynomials in Theorem 1 is a well known NP-hard problem [39]. Here we develop an
algorithm based on three operations which exploit the polynomial structure of expected utilities and use
only linear algebra calculus. The Maple™ code for their implementation is in Appendix BS. Differently
from other probabilistic symbolic algorithms [e.g. 13, that computes every possible monomial associated to
a model’s parametrization and then drops the unnecessary ones|, our algorithm sequentially computes only
monomials that are part of the MID’s expected utilities.

6Note that some of the inputs in our Maple” functions are different from the ones reported here. Such inputs are chosen
to illustrate the procedure as concisely as possible.
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Algorithm 3.1: EUDUPLICATIONPSI(U; 41,%;, Bit1, P, 7, civ1,b;)

for k + i downto 1

if k€ {{Biy1 UP}\ {Bis1 N P;}}
sk = [T1—ps1 Le(Boup,3y (1)
if k e Bi+1
Skl Skl Skacj/Sk §k,cg'/5k
do then {1, = ¥ ¥; ¥, ¥,
then 7 times 71, times
else if k € P;
sl L. el o UShCm/Sk . l’jsk7ci/sk
then Ui+1 — i+1 i+1 i+1 i+1
7T times 7T times

return (U, 1,v;)

3.1. A new algebra for MIDs

We need to introduce two simple procedures, EUDuplicationPsi and EUDuplicationP, entailing a change
of dimension of probability, utility and conditional expected utility vectors. These are required in order to
multiply parameters associated to compatible instantiations only. For conciseness, we detail here only
EUDuplicationPsi and refer to Appendix B for the code of both procedures.

The steps of EUDuplicationPsi are shown in Algorithm 3.1. For a vector 1, let 9% be the subvector
of 1 including the entries from s- (¢t — 1) + 1 to s - ¢, for suitable s,t € Z>1. For i € [n — 1] and j € [m]
the procedure takes 7 elements as input: a conditional expected utility U, 1; the utility vector associated
to the utility node preceding Y;11, 9;; their dimensions, c;1 and b;; the sets B;y; and P;; the dimensions
of all the probability vectors of the MID r = (ry,...,7,)".

For all indices smaller than ¢ and not in B;11 N P;, Algorithm 3.1 computes a positive integer number
sk equal to the product of the dimension of the probability vectors with index bigger than k belonging
to Bijt1 U P;. The index k is either in B;y; or in P;. When k € B;11, each block of s; rows of 1; is
consecutively duplicated r; — 1 times.

The first of the three operations we introduce is EUMul tiSum, which computes a weighted multilinear sum
between a utility vector and a conditional expected utility. In the algorithm of Section 3.3, an EUMultiSum
operation is associated to every utility vertex of the MID. Let P = {Py,..., Py }.

Definition 4 (EUMultiSum). For i € [n], let U} be a conditional expected utility vector and ; the
utility vector of node Uj, j € [m], succeeding Y; in the DS. The EUMultiSum, +FU  between U, 4, and P
is defined as

1. UZ+1,’I,b/ <—EUDuphcat10nP81( H—la Y;, Biy1, Pj, v, ciq1, bj);

2. hkj- (Ul o)) + kj-4; + Ujy,y, where o and denote respectively the Schur (or element by
element) and the scalar products

The second operation, EUMarginalization is applied to any random vertex of the MID.

Definition 5 (EUMarginalization). For i € V, let U;,; be a conditional expected utility vector and p;
a probability vector. The EUMarginalization, EEU between U, and p; is defined as

1. U'+1,p1 +—EUDuplicationP(U, 41, p;, I1;, P, v, Biy1, J);
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k1 =02, h=26, t¢311=0, psio1 =09
ke =0.3, o0 =1, 300=1,  ps110 =02, peroo=0.3
k3 =0.5, 921 =0, 310=04, psi00=0.6

Table 2: Numerical specification of a subset of the unknown variables associated to the MID of Figure 1.

2. I x (U], o p}), where x is the standard matrix product and I/ is a matrix with c;y1s;/r; € Z>1"
rows and ¢;415; columns defined as

[Z(:((l 0o --- 0) (0 1 ... 0) (() 0o --- 1))T

where 1 and 0 denote row vectors of dimension r; with all entries equal to one and zero respectively
and s; = er{l‘[i\Bi_H} T.

The last operation is a maximization of U; | over the space V;, i € D, for any element of Y-

Definition 6 (EUMaximization). For i € D, let U;;; be a conditional expected utility vector. An
EUMaximization over ), maXJE,ZU, is defined by the following steps:

1. set y; () = argmaxy, Uiy 1, for m € Ynpy;
2. IF x Ui+1, where I} is a matrix with ¢;41/r; € Z>1 rows and ¢;41 columns defined as

% T
F=((eya 0 -+ 0) (0 ep@ =+ 0) -+ (0 0 - ey(pym ) )

where ey:(r), ™ € [ciy1/74], is a row vector of dimension r; whose entries are all zero but the one in
position (), which is equal to one.

The first item in Definition 6 is critical for EUMaximization. It is not the scope of this paper to present a
methodology to identify such expected utility maximizing decisions. We simply assume that these can be
found. However we note that, within our symbolic approach, polynomial optimization and semi-algebraic
methods can be used to determine such optimal decisions [40]. Once these are identified, EUMaximization
drops the polynomials associated with the non optimal course of action. Alternatively, we can think of the
evaluation of the MID as the computation of the expected utility polynomial of a specific policy. This is
for example all that can be done whenever decision rules have been committed to a priori. In this case,
EUMaximization deletes the decisions that are not adopted within the given policy. The Maple™ function
EUMaximization in Appendix B calls a subfunction Maximize, which randomly picks optimal decisions.

Example 7. To illustrate the working of EUMaximization assume for the MID in Figure 1 that a DM has
provided the specifications summarized in Table 2 together with the qualitative beliefs ps111 = peo11 and
Peo10 = Peoo1- These in general cannot be implemented in a non-symbolic approach to decision making
problems. By plugging in these numerical values and constraints into equations (9) and (10), the DM
would choose to evacuate for combination of parameters denoted by the coloured regions of Figure 2. The
geometric structure of these regions often gives insights about the maximization process. Assuming Y3 = 1,
if the DM believes that 1301, ps111, Peoo1 € [0, 1/2], then Figure 2a shows that evacuation will be the optimal
choice. Conversely, when Y3 = 0, such a range for the indeterminates would not uniquely identify an optimal
course of action. We can however envisage the algorithm to work over the two sub-regions of Figure 2b
separately. The algorithm would then output different optimal courses of action for different combinations
of the unknown parameters. We plan to develop a systematic methodology to address these issues in later
work.

7This is so since Cit+1 = Tiaiy1, for an a;11 € Z>1.
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(a) Optimal regions in the case Y3 = 1. (b) Optimal regions in the case Y3 = 0.

Figure 2: Regions determining the combinations of parameters leading to an optimal decision of evacuating
(coloured regions) and not evacuating (white regions) for the evaluation of the diagram in Figure 1 given
the partial numeric specification in Table 2.

3.2. Polynomial interpretation of the operations

Each of the above three operations changes the conditional expected utility vectors and their entries in
a specific way formalized in Proposition 2.

Proposition 2. For i € [n—1], let U;y1 be a conditional expected utility vector whose entries have the
polynomial structure of equation (8) and let U; be the vertex preceding Y; 11 in the DS. Then in the notation
of Theorem 1

o maXJE,iU U, .1 has dimension c;1/r; € Z>1 and its entries do not change polynomial structure;

3 EU : : U U _ ; ; ;
o U1 +%" 1, has dimension ciy15; , where sy = er{Pj\Bi+1} rk, and each of its entries consists of

T(i+1)ba Monomials of degree d( i 1ybas T(i4+1)ba Monomials of degree d(;i11ypq + 3 and one monomial of
degree 2;

o U, 1XEUp, has dimension ci115;/7;, where s; = \pn. 1Tk, and each of its entries consists o
+ + ) ke{I;\B; i1} ’
TiT(i4+1)ba MoOnOmials of degree d(;y1ypq + 1.

This result directly follows from the definition of the above three operations whose effect on the polynomials
associated to the diagram in Figure 1 is illustrated below.

3.83. A fast algorithm for MIDs’ evaluations

The algorithm for the evaluation of MIDs is given in Algorithm 3.2. This receives as input the DS
of the MID, S say, the sets J, V and D, and the vectors p = (p1,...,pn)%, ¥ = (Y1,...,%,,)T and
k = (k1,...,km,h)". This corresponds to a symbolic version of the backward induction procedure over
the elements of the DS explicated in Proposition 1. At each inductive step, a utility vertex is considered
together with the variable that precedes it in the DS.

In line (1) the conditional expected utility U, ;1 is initialized to (0). Lines (2) and (3) index a reverse
loop over the indices of both the variables and the utility vertices respectively (starting from n and m). If
the current index corresponds to a variable preceding a utility vertex in the DS (line 4), then the algorithm
jumps to lines (5)-(7). Otherwise it jumps to lines (8)-(10). In the former case, the algorithm computes,
depending on whether or not the variable is controlled (line 5), either an EUMaximization over ) (line
6) or an EUMarginalization (line 7) with pj, jointly to an EUMultiSum with 4);. In the other case,
EUMaximization and EUMarginalization operations are performed without EUMultiSum. The Maple™
function SymbolicExpectedUtility in Appendix B is an implementation of Algorithm 3.2.
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Algorithm 3.2: SYMBOLICEXPECTEDUTILITY(J, S, p, ¥, k,V,D)

U, i1 = (0) (1)
for k < n downto 1 (2)
for | + m downto 1 (3)

if k= j; (4)

if k€D (5)

then then {Uk = max{iV (Up41 +7Y o) (6)

do do else {0k = pi Y (Uk1 +7Y 1) (7)
else if k € D (8)

then {Uk = max}i’ Uy 9)

else {0k = Pk 255 Uk+1 (10)

return (U;) (11)

Example 8. For the MID in Figure 1 the SymbolicExpectedUtility function first considers the random
vertex Yg which precedes the utility vertex Us and therefore first calls the EUMultiSum function. For this
MID

P3 = {4,6}, Sg = 4, HG = {4,5}, S¢ = 2.

Thus, first Uy is replicated four times (since s§ = 4) through the function EUDuplicationPsi and

Ur +5Y o3 = (( kstr kstbor  ksbio kstoo )T' (11)

Then, the right hand side (rhs) of equation (11) is duplicated via EUDuplicationP (since sg = 2) and
Us = Ig x Ug o ps = (k31506145 + k3w30jp60ij)zj:0}1 . (12)

where U¢ is equal to the duplicated version of the right hand side of equation (11). The vector Us has
dimension four and its entries include two monomials of degree 3. Since the random vertex Ys is the unique
parent of Us the SymbolicExpectedUtility function follows the same steps as before. EUMultiSum is first
called which gives as output

Ul2Us+ Y po=h-ky - Uso (a1 oo Y21 20 )T+Ue+k2'(1/121 oo a1 2o )T (13)

The polynomial U{ is the sum of two monomials of degree 3 inherited from Us, of two monomials of degree 6
(from the first term on the rhs of equation (13)) and one monomial of degree 2 (from the last term on the rhs
of equation (13)). Its dimension is equal to four since cg = 4 and sV (5) = 0 (that is, no EUDuplicationPsi is
required). Thus, EUMultiSum manipulates the conditional expected utility vector according to Proposition 2.
Then the EUMarginalization function computes Us = If x (( Ut U! )T 0p5). Each entry of Us has

twice the number of monomials of the entries of Uf and each monomial of Us has degree d+ 1, where d is the
degree of each monomial of Uf (whose entries are homogeneous polynomials). These vectors also have the
same dimension since s5 = 2 and r5; = 2. Thus, this EUMarginalization changes the conditional expected
utility vector according to Proposition 2. The polynomial in a generic entry of Us was shown in equations
(9)-(10).

The algorithm then considers the controlled variable Yy. Since 4 ¢ J, Yy is not the argument of a utility
function with the highest index and therefore the algorithm calls the EUMaximization function. Suppose

11
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the optimal decisions are identified to be Y; = 1 when Y3 = 1 and Y; = 0 when Y3 = 0. The evaluation
would then suggest that the population is evacuated whenever a high level of deposition is observed and
that people are not evacuated if the deposition is low. Thus, the function returns Uy = I} x Us, where I} is
a 2 x 4 matrix with ones in positions (1,1) and (2,4) and zeros otherwise. Proposition 2 is respected since
the entries of U, have the same polynomial structure of those of Us and Uy has dimension 2.

The SymbolicExpectedUtility function then applies in sequence the operations defined in Section 3.1.
For the MID in Figure 1 this sequentially computes the following quantities:

Of=h-ky-Orotp+ Uit hwn,  Us=Lx((0f Uf Of U4) ops),
U, =1, x (Us0ops), U =(1 0)xU,,

assuming the optimal initial decision is Y7 = 1.

Interestingly, using the new algebra we introduced in Section 3.1, the evaluation of an MID can be
written as a simple algebraic expression. For example, the evaluation of the MID in Figure 1 can be written
as

Uy = maxg (Pz D (m EU (1 +5V max§ (ps S (42 +57 (p 2EU¢3>>)))>

and this polynomial can be evaluated with SymbolicExpectedUtility.

4. Modifying the topology of the MID

Algorithm 3.2 works under the assumption that the MID is in extensive form. In practice it has been
recognized that typically a DM will build an MID so that variables and decisions are ordered in the way
they actually happen and this might not correspond to the order in which variables are observed. Thus,
MIDs often are not in extensive form. But it is always possible to transform an MID into one in extensive
form, although this might entail the loss of conditional independence structure. In Section 4.1 we consider
two of the most common operations that can do this: edge reversal and barren node elimination.

In practice DMs often also include in the MID variables that subsequently turn out not to be strictly
necessary for identifying an optimal policy. DMs are able to provide probabilistic judgements for conditional
probability tables associated to an MID with variables describing the way they understand the unfolding of
events. However their understanding usually includes variables that are redundant for the evaluation of the
MID. In Section 4.2 we describe the polynomial interpretation of a criterion introduced in [37] and [41] to
identify a subgraph of the original MID whose associated optimal decision rule is the same as the one of the
original MID.

4.1. Rules to transform an MID in extensive form

The two operations of arc reversal and barren node removal are often used in combination by first
reversing the direction of some edges of the MID and then removing vertices that, consequently to the
reversals, becomes barren, i.e. have no children [7].

Example 9. The MID in Figure 3a is a non-extensive variant of the MID in Figure 1 not including the edge
(Y3,Y;). The MID in Figure 3b is obtained by the reversal of the edge (Y3, Y3) and the MID in Figure 3c is
the network in extensive form obtained by deleting the barren node Y5.

Let Y; be a father of Y; and Y; a son of Y; if the edge set of the MID includes (Y;,Y;) and there is no
other path starting at Y; and terminating at Y; that connects them.

Proposition 3. The evaluation of an MID G provides the same optimal policy as the MID G’ obtained by
implementing any of the following manipulations:

12
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Us
(a) A variant of the MID of Figure 1 (b) MID resulting from the reversal (c¢) MID resulting from the removal
without (Y2, Ys) of the arc (Y2,Y3) from the MID of of the barren node Y2 from the MID
Figure 3a. of Figure 3b and from the applica-

tion of the sufficiency theorem to the
MID of Figure 1

Figure 3: Example of a sequence of manipulations of a non extensive form MID.

e Arc Reversal: fori,j € V, if Y; is the father of Y; in G reverse the arc (Y;,Y;) into (Y;,Y;) and
change the edge set as

E(G") = E(G)\ (Y3, V) } U{(Y5,Y) ) U{(Ye, V), ¥ k€ {I \ i} U {(Ye, ¥5),V k € T

e Barren Node Remowal: fori € V, remove the vertex Y; if this has no children and transform the
diagram according to the following rules:

V(G) =V(G)\{Yi}, E(G") = E(@G)\ {(Ys,Ys) : forall keTL}.

Arc reversal and barren node removal change the symbolic parametrization of the MID according to
Proposition 4. After an arc reversal, the diagram G’ includes the edge (Y},Y;) where ¢ < j. Algorithm 3.2,
and similarly the SymbolicExpectedUtility Maple™ function, works through a backward induction over
the indices of the variables and, by construction, always either marginalize or maximize a vertex before its
parents. It cannot therefore be applied straightforwardly to the diagram G’. We define here the adjusted
Algorithm 3.2 which takes into account the reversal of an arc by, roughly speaking, switching the order
in which the variables associated to the reversed edge are marginalized during the procedure. Specifically,
in the adjusted Algorithm 3.2 a marginalization operation is performed over Y; at the n — j + 1 backward
inductive step, whilst for Y; this happens at the n — i 4+ 1 step. Therefore U]{ is the conditional expected
utility associated to G’ after the marginalization of Y; and U is the conditional expected utility after
the marginalization of Y;. Note that under this operation the sets J and B;, ¢ € [n], might change: we
respectively call J' and B; the ones associated to G'.

Proposition 4. Under the conditions of Proposition 3, let pgyﬂ and I, be a parameter and a parent set
associated to the diagram G’ resulting from arc reversal and barren node removal:

o fori,j €V, if II, and H;- are the parent sets of Y; and Y; after the reversal of the edge (Y;,Y;), then
the polynomial associated to G’ is
Pjy,n;Piy;m;

/ _ / — . .
piyﬁr; - Z ] ] ) pjyjﬂ;, - E : Djyjm; Piyimi»
Yi €V Djy;jm; Piyim; v €V

for mi € Yn,, mj € Y, m; € yn;,ﬂ';- € yng, yi €Y and y; € Y;;

o fori,j €V, assume that after the reversal of the edges (Y;,Y;), for every children Y; of Y;, Y; is now
a barren node and let T = T1; \ {i}. Then

13
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— in the new parametrization pj is deleted;
— in the original parametrization p; is deleted and Pjy;mio = " = Djymiri—1> fory; € Y, 7r§- € yn_@,
where the fourth index of pj, ri;, i € [ri—1], refers to the instantiation of Y;.
400

The proof of this proposition is reported in Appendix A.3.

Example 10. Reversing the edge (Y2,Y3) in the MID of Figure 3a, by Proposition 4 we obtain:

P3ysy2y1 P2ysy1
D3ys1y1 P21y; T P3y;0y: P20y,

/ _ /
p3y3y1 - p3y31y1p21y1 +p3y30y1p20y1a p2y2y3y1 -

for y1,y2,y3 € {0,1}. Proposition 4 also specifies that the deletion of the vertex Y3 in Figure 3b simply
corresponds to canceling the vectors pe and p), and setting psy,1,, equal to psy,o,, for any yi,ys € {0,1}.

A consequence of Proposition 4 is that manipulations of the diagram change the polynomial structure
of the conditional expected utilities under the new parametrization p’. We assume here for simplicity that
i & Pj, j € [m]. There is no loss of generality in this assumptions since arguments of utility functions cannot
be deleted from the diagram without changing the result of the evaluation of the MID.

Lemma 1. Under the assumptions of Proposition 4 and in the notation of Theorem 1 the following holds:

1. let x be the smallest index in II; UIL;, reverse of the arc (Y;,Y;) and evaluate the MID using the
adjusted Algorithm 3.2:
(a) if j ¢ 1, then
i. the entries of U]f have 1;1jpq /15 € Zzls monomials of degree djva; for i < k < j, the entries
of U}, can have different polynomial structure from the ones of Uy, according to Proposition 2;
ii. the vectors Uj, x < k < j, have dimension ¢}, = Hse{B;ﬂ\{k’wn}} rs where By, = By, U{l :
(Y1,Y3) or (Y1,Y;) € E(G")};
(b) if jeINl, then
i. the entries of Uj’- have 7ir(j11)pa monomials of degree d(ji1ype + 1 and, for i < k < j,
the entries of U,; have a different polynomial structure from the ones of Uy according to
Proposition 2;
ii. forx <k < j, U] has dimension ¢} = Hse{B;c’\{k,...,n}} rs, with By = B U P} ;
(c) if 7 €1, suppose j € Py and s is the second highest index in Py, then
i. for s < k < j, the entries of U,é have the polynomial structure specified in point 1.(b) and
dimension ¢, ;
ii. i« < k < s, the entries of U}, have the polynomial structure specified in point 1.(a) and
dimension c},.
iii. for x < k < i, U], has dimension c, and the polynomial structure of its entries does not
change;
2. let Y, be the child of Y; in G with the highest index and remove the barren node Y; in G'. Then
(a) fori <k <z, U] has c|,/r; entries whose polynomial structure does not change;

(b) for k < i, U}, has dimension ¢}, and its entries have Tipq/7; monomials of degree dypq — 1.
The proof of this lemma is provided in Appendix A.4.

Example 11. After the reversal of the edge (Y3, Y3) from the network in Figure 3a, the polynomial structure
of the conditional expected utilities associated to the original and to the manipulated diagrams is reported in
Table 3 by U; and U respectively. Since Y3 is the only argument of U; we are in Item (1b) of Lemma 1. The
conditional expected utility U} is obtained running the adjusted Algorithm 3.2 for the network of Figure 3b

8This is so since Tiba = r'r; for some 1’ € Z>1.
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7, = U, 0, U, U; U; =07 Ot = o

# | d | st | # | d | st | #|d |sf | #|d|sf | #|d |sf | #|d |sf
4 1 4 |yes| 2 | 3 |yes| 2|3 |yes| 4| 4 |yes| 4| 4 |yes| 2 3 | yes
8 5 |yes| 4 | 4 |yes| 4| 4 |yes| 8| 5 |yes| 8| 5 |yes| 4 | 4 | yes
16 | 6 | yes | 8 5 |yes| 4 | 7 |yes| 8| 8 | yes| 16| 6 | yes | 8 5 | yes
8 8 | yes | 4 7 | yes 8 8 | yes | 4 7 | yes
321 9 | yes | 16 | 8 | yes 32| 9 | yes | 16 | 8 | yes
16 | 12 | no | 8 | 11 | no 16 | 12 | no | 8 | 11 | no

Table 3: Polynomial structure of the conditional expected utilities for the original MID, Uj, for the one
after the reversal of the arc (Ya,Ys), U 7 and for the one after the removal of the barren node Y5, UJZ?. The

symbol # corresponds to the number of monomials, d. to the degree and s.f. whether or not they are square
free.

after the marginalization of Y5. This can be noted to change according to Lemma 1, by comparing its
structure to the one of Uy. Furthermore, l_fg' and l_]{ have the same polynomial structures as U, and Uj.
The last 3 columns of the Table 3 show the polynomial structure of the conditional expected utilities U?
associated to the MID in Figure 3¢ which does not include Y3. According to Lemma 1, U? has the same
polynomial structure of Us and for each row of the table, the number of monomials with degree d in U} is
half the number of monomials of U; having degree d + 1.

4.2. The sufficiency principle

After an MID has been transformed in extensive form according to the rules in Section 4.1, further
manipulations can be applied to simplify its evaluation, such as the sufficiency principle, which mirrors the
concept of sufficiency in statistics and is based on the concept of d-separation for DAG [42]. In order to
state the d-separation criterion, we need to introduce a few concepts of graph theory.

The moralized graph GM of the MID G is a graph with the same vertex set of G. Its directed edges
include the directed edges of G and an undirected edge between any two vertices which are not joined by
an edge in G but which are parents of the same child in Y;, i € V. The skeleton of G, S(GM) is a graph
with the same vertex set of GM and an undirected edge between any two vertices (Y;,Y;) € V(GM) if and
only if there is a directed or undirected edge between Y; and Y; in GM. For any three disjoint subvectors
Y\, YR, Yo € V(GM)7 Y, is d-separated from Yg by Yz in GM if and only if any path from any vertex
Y, € Y, to any vertex Y, € Y passes through a vertex V;, € Yp in S(GM).

Proposition 5. Let j € D and i € VNII;. Then if Y; is d-separated from {Uy, fork s.t. i < ji} by
Vi : ke {II; \i}} U{Y) : k € D} in the MID G, then the evaluation of the graph G’ provides the same
optimal policy as G, where G’ is such that V(G') = V(G) \ {Yi} and, letting Ch; be the index set of the
children of Y;,

E(G') = E(G)\{(Y5,Y)), Vj € Chi} \ {(Ys, Y3), Yk € I} U{(Y}, Y}), V j € Chy, k € IL;}.

The sufficiency principle can be stated for a vector of variables [e.g. 37, 41]. However, we can simply apply
the criterion in Proposition 5 for each variable of the vector and obtain the same result.

Example 12. The MID in Figure 1 is already moralized. Any path from Y5 into U;, i € [3], goes through
both Y3 and Y;. By Proposition 5, we can delete Y5 and the modified diagram is given in Figure 3c.
Exceptionally, this is equal to the diagram resulting from the reversal of the arc (Y3, Y3) and the deletion
of Ys.
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We now formalize how the sufficiency principle changes the symbolic parametrization of the MID.

Proposition 6. Let i,j,k € V and G be an MID. Let Y; be a vertex removed after the application of the
sufficiency principle to G and G’ the obtained MID. Assume Y; to be a father of Y and a parent (not a
father) of Y; in G. Let I}, be the parent set of a vertex Yy in G’ and forl € [n]

;0 = M0(k) \ [i—1], e = 10, N 10y, NI,
Then the reparametrization of the MID with graph G’ is

HleHJ?i Zynivleyn?’l Diyym Piyim;
K2 k2

/ — . / — .
plcymrfc - E Pryym Piyimi» pjyjfr; - E : Djy;

5 ) .
= = Zyiey,i HleH]?L Zyn{’leyng»’ Piyym Piy;m;

The proof of this proposition is provided in Appendix A.5. Again, this new parametrization p’ implies a
change in the conditional expected utility vectors.

Lemma 2. Assume the vertex Y; is removed using the sufficiency principle and that Y is the child of Y;
with the highest index. Under the notation of Theorem 1 the conditional expected utility vectors in G’ are
such that

1. for k < i, the entries of U,’C have Tpe/1; monomials of degree dp, — 1, whilst for k > i their structure
does not change.

2. for k < j, Uy has now dimension HseB,; rs, where B, = {By UIL; \ {k,...,n}}, whilst for k > j its
dimension does not change.

PROOF. Item 1 of Corollary 2 is a straightforward consequence of Proposition 2, since the deletion of the
vertex Y; entails one less EUMarginalization during Algorithm 3.2. Item 2 of Corollary 2 follows from the
fact that the sets B; and B; only affect the dimension of the conditional expected utility vectors.

Since the application of the sufficiency principle to the diagram of Figure 3a provides the same output
network as the one obtained from the reversal of the edge (Y2, Y3) and the removal of Ys, an illustration of
these results can be found in Table 3.

5. The lattice of equivalent MIDs

Theorem 1 specifies the polynomial structure of the expected utility associated to any MID at any stage
of its evaluation. However, as we show in this section, there are many MIDs whose conditional expected
utilities share the same polynomial structure. Such MIDs are called equivalent.

5.1. Equivalence between MIDs

Definition 7. Two MIDs in extensive form are equivalent if, under our parametrization, the following
conditions hold:

1. they have the same vertices with the same labelling;
2. they imply the same total order over {Y; : i € D};

3. they have the same sets P}, j € [m];

4. they imply the same partial order over {Y7,...,Y,}

Points 1-3 of Definition 7 specify that the decision problems associated to equivalent MIDs can be
modelled by MIDs with the same vertex sets, more specifically that there is a one-to-one mapping between
random variables and decision variables (point 1), that the order in which decisions are committed to
is equal (point 2) and that the utility functions have the same arguments (point 3). Point 4 implies a
simplification which does not limit generality. This is imposed because different partial orders would require a
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(a) Minimal MID equivalent to one in Figure 1. (b) Maximal MID equivalent to the on Figure 1.

Figure 4: Two MIDs in the same equivalence class of the diagram in Figure 1

completely different parameter set. Note however that different partial orders describing the same conditional
independence structure are associated to the same probability density factorization and therefore lead to
evaluations with the same output [see e.g. 37] In particular the edge sets of equivalent MIDs can differ only
for edges into a non controlled variable. Specifically, equivalent MIDs differ at most for the probabilistic
structure they imply. This is formalized by Proposition 7.

Proposition 7. An MID G is equivalent to an MID G’ if and only if
e V(G)=V(G");
o if (Y;,U;) € E(G), for j € [m] and i € [n], then (Y;,U;) € E(G');
o if (V,,Y,;) € E(GQ), fori €V and j € D, then (V;,Y;) € E(G).
Example 13. The MIDs in Figures 1 and 4 are equivalent according to Proposition 7.

The equivalence between MIDs of Definition 7 is a proper equivalence relation and conditional expected
utilities of MIDs in the same equivalence class C share the same polynomial structure. This is stated in
Proposition 8 whose proof is immediate.

Proposition 8. All MIDs in the equivalence class C have conditional expected utility vectors with the same
polynomial structure.

Corollary 2. The only difference between MIDs in the equivalence class C might consist of a different
dimension for some of their conditional expected utility vectors.

PROOF. This result follows directly from the characterization of equivalence in Proposition 7, since the
sets B;, ¢ € [n], for two equivalent MIDs are the only objects that can differ and these can only affect the
dimension of the conditional expected utility vectors.

The different dimensions of conditional expected utility vectors of equivalent MIDs are actually con-
strained by a rather strong order over the elements of C. Specifically, this is a lattice as shown in Section 5.3.

5.2. An introduction to lattices

Let (L, <) be a partially ordered set, where L denotes a set and < is a reflexive, antisymmetric and
transitive binary relation. For an S C L, an element u € L is said to be an upper bound of S if s < u for
every s € S. An upper bound u of S is said to be its least upper bound, or join, if u < z for each upper
bound z of S. Similarly, an [ € L is said to be a lower bound of S, if [ < s for every s € S. A lower bound [
of S is said to be a greatest lower bound, or meet, if x < [ for each lower bound z of S.

A lattice is a partially ordered set in which every two elements x,y € L have a join and a meet, denoted
by x V y and x A y respectively.
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Example 14. Let L be a set and P(L) its power set. The operation of set inclusion gives the structure of
a lattice to P(L) for which the meet of any two sets in P(L) is their intersection and the join their union.

A lattice is said to be bounded if it has an element 1 called maximum and an element 0 called minimum
such that 0 < z < 1 for all z € L. Note that x V1 =1and z A0 =0 for any z € L.

Example 15 (Example 14 continued). The minimum is the empty set and the maximum is the complete
set, L.

A lattice is said to be distributive if for any z,y, z € L one of the following two equivalences hold
xV(yAz)=(xVy) A(zVz), xA(yVz)=(xAy)V(xAz), (14)
i.e. if one operation distributes over the other.

Example 16 (Example 14 continued). The lattice over the elements of the power set is distributive
since both the union and intersection operations respect equation (14).

An element y of the lattice is said to cover another element z if x < y and there is no other element z of
the lattice such that x < z < y. A lattice is called ranked if there is a rank function r : L — N such that if
y covers x then r(y) = r(z) + 1. The value of the rank function of an element « € L is called the rank of z.

Example 17 (Example 14 continued). For z € P(L) and any a € L\ x, the set x U {a} covers z. The
power set of L is a ranked lattice and a rank function is given by the number of elements of z € L.

The elements z1,...,x, of L form a chain if x1 < --- < x,. The length of the chain is equal to the
number of its elements (in this case n). A chain is mazimal if x; covers z;_1, for i = 2,...,n. If for any
x,y € L, such that < y, any maximal chain from z to y has the same length, then the lattice is said to
respect the Jordan-Dedeking chain condition.

Example 18 (Example 14 continued). The power set respects the Jordan-Dedeking chain condition
since for any two subsets z,y € P(L), x < y, a maximal chain from x to y consists to a sequential union of
an element in y \ , where the order in which elements are added is irrelevant.

5.8. Lattice structure within an equivalence class
In this section the lattice structure of an equivalence class C of MIDs is studied.

Definition 8. We say that

1. An MID Gpin € C is minimal when, for any ¢ € [n] and j € V, (Y;,Y;) € E(Gmin) if and only if
Y; covers Y; in the partial order over {Y1,...,Y,}. The number of edges in E(Gin) IS Mmin-

2. An MID Ginas € C is mazimal if, for any i € [n], (Y;,Y;) € E(Gnag) for all j € [i — 1]. The number
of edges in F(Gpqz) terminating into random vertices is Nynaz-

The minimal MID can be thought of as the MID including the highest number of conditional independence
statements respecting the partial order over {¥7,...,Y,}. The maximal MID on the other hand can be seen
as a saturated model, implying no conditional independence statements. The minimal and maximal MIDs
are particularly important since all the other elements of C can be seen as extensions or simplifications of
the minimal and maximal MIDs respectively.

Example 19. Figures 4a and 4b show the minimal and the maximal MID respectively of the equivalence
class including the MID of Figure 1.

Proposition 9. The MIDs in C form a bounded distributive ranked lattice whose meet and join correspond
respectively to the intersection and the union of the edge sets. Its mazimum is the mazimal MID, whilst
its minimum is the minimal MID. The rank is determined by the difference between the number of edges
(Y;,Y:), 5 <i,i €V, and nyip.
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(a) Example of a minimal MID. (b) Maximal MID in the same equivalence class of 5a.

Figure 5: Minimal and maximal MID of a simple equivalence class.

i

(Y1,Y3), (Y1, Ys) (11,Y3), (Ya,Yy) (Y1,Ya), (Y2, Yy)

| > >

(Y1,Y3) (Y1,Ys) (Y2,Ys)

\/

Figure 6: Hasse diagram of the equivalence class comprising the MIDs in Figure 5. The vertices labelled
with edges correspond to the MID obtained by the union of those edges with the edge set of Gin-

G’rnaz

min

PRrROOF. This result follows directly by observing that equivalent MIDs can be thought of as a power set
over the edge set of the diagrams.

The rank of G,,;, and of G40 are Nyin and Nyee = EieV 1—1, respectively and C has ng = 2"maee~"min
elements. Although n¢ is usually very large, its elements can be ordered accordingly to a highly regular
lattice, as noted in Proposition 9, thus providing some computational advantages that we outline below.

Example 20. Consider for example the equivalence class C comprising the MID in Figure 1. It is easy to
deduce that for C, nyin = 4, Nmaee = 12. This equivalence class then consists of 256 MIDs. We can further
note that within this class there are (f) MIDs having n,:, + ¢ edges terminating into random vertices.

Analogously to lattices, we can now define the concept of a cover of one MID with respect to another.

Definition 9. Let G and G’ be two MIDs in C. We say that G’ covers G if for ¢ € V, j < i, the edge set
E(G) is equal to E(G") U {(Y;,Y;)} .

Example 21. Consider now the equivalence class comprising the minimal and maximal MIDs in Figure 5.
Since Npmae — Nmin = 3, this equivalence class has 8 different MIDs. The Hasse diagram of this lattice is
reported in Figure 6. This is a diagram whose vertices are the MIDs in the equivalence class and a line goes
upward from z to y whenever y covers x, for any vertices x and y.

Theorem 2 shows how the expected utility vectors of two MIDs in the same equivalence class differ if
one MID covers the other.

Theorem 2. Let G and G’ be two MIDs in C and let Uy, and U}, k € [n], be conditional utility vectors for
G and G’ respectively. Assume that G' covers G, that, for some i,j € [n], E(G') = E(G)U{(Y;,Y:)} and
that S(GM) # S(G'™), i.e. the moralized versions of the MIDs have different skeletons. The dimension of
the conditional expected utility vectors U}, is equal to cyr; for k =i and for any k = I, where [ is the index
of those vertices such that (Y;,Y)) ¢ E(G), j <l <.

PROOF. Again it follows directly by identifying the sets B; for which the two MIDs differ.

Theorem 2 implies that if two MIDs have the same skeleton, then not only the entries of their conditional
expected utility vectors have the same polynomial structure, but the vectors have also the exact same
dimension. Corollary 3 then shows how the expected utility vectors of G and G differ if G < G/, where <
denotes the order relationships associated to C.

19

Paper No. 15-07, www.warwick.ac.uk/go/crism



Corollary 3. Let G and G’ be two MIDs be in C and let G < G'. Then the difference between the expected
utility vectors associated to G and G computed by Algorithm 3.2 is equal to the union of the differences
between any pair G;, G; of elements of a mazimal chain between G and G .

PRrROOF. This easily follows by noting that C respects the Jordan-Dedeking chain condition.

Corollary 3 can also be used to deduce how the conditional expected utilities of any two MIDs, G and G’
in C differ at any stage of their evaluations. First, the differences between G and G A G’ are deduced from
Corollary 3. Then the same procedure is iterated for G A G’ and G’. Note that the maximal chains can be
automatically identified by looking at the Hasse diagram associated to the equivalence class C.

We do not fully explore here the computational advantages associated to the lattice structure of C, but
we present an example of how this lattice can help a DM when eliciting the edge set of an MID. From a
computational point of view, Theorem 2 guarantees that the evaluation of two equivalent MIDs with the
same skeleton requires the same number of operations. Therefore, if a DM is not sure whether a certain
conditional independence statement holds or not, the edge associated to such statement can be simply added
to the diagram, given that the resulting MID has the same skeleton.

6. Asymmetric decision problems

The MID framework represents uniform decision problems only. However, real decision problems often
exhibit asymmetries of various kinds. In [31] asymmetries are categorized in three classes. If the possible
outcomes or decision options of a variable vary depending on the past, the asymmetry is called functional.
If the very occurrence of a variable depends on the past, the asymmetry is said to be structural. Order
asymmetries are present if {Y; : ¢ € D} is not totally ordered. In this section we only deal with functional
asymmetries. There are four types of functional asymmetries that can occur:

e chance — chance: the outcome of random variables restricts the outcomes of other random variables;
e chance — decision: the outcome of random variables restricts the options of controlled variables;

e decision — chance: decisions taken restrict the possible outcomes of random variables;

e decision — decision: decisions taken restrict the options of other controlled variables.

Heuristically, for each of these asymmetries the observation of y4, A C [n], restricts the space Y p associated
to a vector Yp, such that AN B = ). This new space, Y5 say, is a subspace of Yp. In purely inferential
settings such asymmetries are often depicted by context-specific BNs [43].

In Theorem 3 we characterize an asymmetry between two chance nodes and, depending on the stage
of the evaluation, this may entail setting equal to zero monomials in either some or all the rows of the
conditional expected utility vector. This implies that the polynomial structure of the conditional expected
utility vectors and at times also their dimension change. We present the result for elementary asymmetries
of the following form: if ¥; = y; then Y; # y;. Composite asymmetries are unions of simple asymmetries
and the features of the conditional expected utility vectors in more general cases can be deduced through a
sequential application of Theorem 3.

Theorem 3. Let G be an MID, Y; and Y; be two random variables with j > i, U, be the utility node
following Y; in the DS. Assume the asymmetry Y; = y; = Y; # y; holds and that k and z are the highest
indices such that j € By and i € B, and assume k > j. Then

o for j<t<z U, has HseBt\{iuj} rs rows with no monomaials;

e fori <t <j, U has HseBt\{i} rs rows with polynomials all with a different structure. Specifically,

these consists, in the notation of Theorem 1, of r},, monomials of degree dy,, where, fora =x,...,m
andb=1,...,aq,
ja
a—x
= (75 ) i
s=t
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Figure 7: Representation of the asymmetric version of the MID of Figure 1 through a sequential influence
diagram.

e fort < i, each row of U; has in the notation of Theorem 1, T, Mmonomials of degree dyy,, where for
a=x,....mandb=1,...,a

= ((527) 1) f[trs/m ).

The proof of this theorem is provided in Appendix A.6. Corollary 4 gives a characterization of simple
asymmetries between any two variables, whether they are controlled or non-controlled. This follows from
Theorem 3 since controlled variables can be thought of as a special case of random ones.

Corollary 4. In the notation of Theorem 1 and under the assumptions of Theorem 3, with the difference
that Y; and Y; are two variables, controlled or non-controlled, we have that

o forj <t< z, each row of U; has HseBt\{iuj} rs rows with no monomials;

e for i <t < j, U; has at most HseBt\{i} rs rows with polynomials all with a different structure.

Specifically, these consists of between 1y, and ru, monomials of degree dipa, for a = x,...,m and
b=1,...,a;

e for t < i, some rows of U; have a number of monomials of degree du, between T aNd Tipa, for
a=x,....mandb=1,... a.
Example 22. [Example 2 continued] Assume that the DM now believes her decision problem is character-

ized by three composite asymmetries:

e whenever she decides to close the power source, then the population cannot be evacuated from the
area: Y1 =1=Y, =0;

e if either the deposition or the dispersion levels in the area are high, then the human intake is high:
Yo=1VYs5=1=Y; =1,

e if the evacuation option is followed then both the human intake and the stress levels in the population
are high: Yy=1=Y;=1AYs=1.

A graphical representation of these asymmetries is given in Figure 7, in the form of a sequential influence
diagram [27]. Asymmetries are represented as labels on new dashed arcs. If the asymmetry is composite,
then vertices can be grouped through a dashed ellipse and dashed arcs can either start or finish by the side
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of these ellipses. Although this generalization of the MID in Figure 1 graphically captures the asymmetries,
most of its transparency is now lost. Instead asymmetries have the opposite effect on any polynomial
representation of MIDs by greatly simplifying the structure of the conditional expected utilities.

Example 23 (Example 22 continued). In this asymmetric framework the first row of Us corresponds
to ks31311p6111, whilst its second row is empty. This is because according to Theorem 3 the monomial
k3t301p6011 In equation (12) is cancelled by the asymmetry Yy = 1 = Y5 = 1, k331106101 by Ya = 1 =
Ys = 1 and k3301p6001 by both asymmetries. The imposition of asymmetries further reduces from ten to
three the number of monomials in Us which becomes

ksYs11pe11105110 + ka21Ps115 + hkakstsi121pe111P5115, ¢ =0, 1.

Suppose the EUMaximization suggested that Yy = 0 is optimal if Y3 = 1 and that Y, = 1 is preferred if
Y3 = 0. The entry of Us for which Y5 =1 and Y; = 1 can be written as

Z((k2¢21 + k3z1ipern1 (1 + kkatoa1))psiiopsont + k1ripsinn + kkiksiipsiorpsinn (1 + kav21)¥s50p6510))-

i,j=0,1

This polynomial consists of only nine monomials. This compared with the number of monomials in the
symmetric case, 42 (see Table 3), means that even in this small problem we obtain a reduction of the
number of monomials by over three quarters.

So the example above illustrates that under asymmetries the polynomial representation is simpler than
standard methods but still able to inform decision centres about the necessary parameters to elicit. A
more extensive discussion of the advantages of symbolic approaches in asymmetric contexts, although fully
inferential ones, can be found in [44]. Finally it is possible to develop a variant of Algorithm 3.2 which
explicitly takes into account the asymmetries of the problem during its evaluation. Note that this approach
would be computationally even more efficient, since this would require the computation of a smaller number
of monomials/polynomials.

7. Discussion

The symbolic approach to inference in probabilistic graphical models has been extensively studied in
the literature and implemented in practice using different softwares. However very few authors have looked
at this approach for decision making. Here we have fully defined such a symbolic approach for MIDs and
developed a complete toolkit to deal with standard operations for MIDs from a symbolic point of view, such
as their evaluation, possible manipulations of the diagram and asymmetries. We have further provided an
implementation of our methodology into a computer algebra system which, under the conditions we discussed
above and more extensively in [23], can be simply extended to apply to much more complex problems.

The fairly recent recognition that probability models can be represented as polynomials has started a
whole new area of research called algebraic statistics [45, 46]. Here techniques from, among the others,
algebraic geometry and computational commutative algebra are used to gain insights into the structure and
the properties of certain statistical models. Recently there has been significant attention on the study of
probabilistic graphical models and in particular on the BN model [47, 48]. As far as we know, this paper
is the first to apply these exciting new developments to the study of IDs and then to more general decision
problems.

Although we mention the several potential benefits deriving from the symbolic approach we developed
here, a more systematic study of how, for example, qualitative beliefs and consequently various sensitivity
analyses can be performed has yet to be fully studied. Our symbolic definition could further allow DMs
to simply work with the computer algebra expressions of a decision problem without defining an explicit
graphical representation of the problem. If the underlying structure is very asymmetric, then our algebraic
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representation would still work exactly, whilst there may simply not be any associated graphical represen-
tation which is not contrived. We have some encouraging results in this direction that will be reported in
future papers.

Expected utility also exhibits a similar polynomial representation in the case the variables take values
in continuous spaces. In this case the unknown quantities of the polynomials are low order moments.
Examples of these polynomials are presented in [23] and [49]. Just as in the discrete case, the manipulations
of the diagrams for policies with continuous variables and their associated asymmetries can be described
as operations over the polynomials. A full study of the symbolic representation of expected utilities in a
continuous domain will be reported later.
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Appendix A. Proofs

Appendiz A.1. Proof of Proposition 1

We develop the proof via backward induction over the random and decision vertices of the MID, starting
from Y,,. Define, for i € [n],

U /y max M [[RUiye)f (y[nDLl | y[i—l]) dypyv

Y ”
m1Y_y TPt 1€ Py (fm]) iel

i—

where [n]Y | =[n]\[i— 1NV, 02, =[]\ [i —1ND and Mgy | = Yjepr_ 11
The DM’s preferences are a function of Y;, only through k,,Up,(yp,, ), since by construction n = j,, € J.
Therefore this quantity can be either maximized or marginalized as in equation (3) to compute U, (yg, ).

Note that B,, includes only the indices of the variables 4, formally depends on, since B, = P, \ {n}, if
n € D, whilst B, = P, UIL, \ {n}, if n € V. Then

0 = > w T Uiy RiUs(yp)] + Ly [Ui(yg,)]) -
I€Po([m)) i€l

Now consider Y,,_;. If n — 1 ¢ J, then U™ is a function of Y;,_; only through U,,. Therefore maximization

and marginalization steps can be computed as in equation (6) to compute U,_1(yp,_,). Again B,_;
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includes the indices of the variables @, _; formally depends on, since B,,—1; = P, \ {n,n—1}, if n,n—1 € D,
B,-1=P,Ull,Ull,_ 1\ {n,n—1},if n,n—-1€V, B, 1 =P, UIl,_1 \ {n,n—1},if n e Dand n—1 €V,
B,_1 =P, UIl,\ {n,n—1},if n € Vand n—1 € D. Then

Ut= > T [y kiUi(yp,) + Ly Uici (ys,, ).
1€Po([m]) icl

Conversely, if n — 1 € J, U™ is potentially a function of Y,,_; through both U,,_1(yp, _,) and U,(yp,) and

$) m—1
note that U™ can be written in this case as

U"n - Z hnlil H klUi(yR) + Urln—l + Z hniil H szzsz Urln—lv
T€Po([m—2]) i€l i€Po([m—2]) i€l

where - -
Ur/nfl = hkmflUmfl(mefl)Un(an) + kmflUmfl(me,l) + Un(an)~

Therefore optimization and marginalization steps can be performed over U}, _; as specified in equations (4)
and (5) respectively. Then note that @"~! can be written as

ont = Z pr H kiUiyp, + Un-1yp, , + Z et H kiUiyp, | tn—1Ys,_,
I€Po(Im—2]) i€l i€Po([m—2]) i€l
- Z hnlil H(l{z;ﬁn—l}szi(yP,) + ]]-{i=n—1}Ui(yBi))'
I€Py([m—1]) iel

Now for a j € [n—2] and assuming with no loss of generality that k is the index of a utility vertex such
that jx—1 < 7 < jk, we have that

0= Y T @ kili(ye) + L=y Ui(ys,).
IePo([k]) el

Therefore at the following step, when considering Y;_1, we can proceed as done with Y;,_1 by maximization
and marginalization in equations (4)-(6) to compute U’~!. Thus at the conclusion of the procedure, U;
yields the expected utility of the optimal decision.

Appendiz A.2. Proof of Theorem 1

For a subset I € Py([m]), let j; be the index of the variable appearing before the utility vertex with
index Upayx, in the decision sequence. Let C} = {z € V : i < z < j;}. The conditional expected utility
function of equations (3)-(6) can be (less intuitively) written as

Uz(yBl) = Z UZI(yBl) = Z kit H ksUs(yPs) Z P(yC} yBi)’ (A1)
IePo({L,....m}) I1€Py({l,...,m}) sel yC}GyC§
where
P(yc:ilys,) = [ Pwlys,)- (A2)
teCt

The conditional expected utility therefore depends on the power set of the indices of the utility vertices
subsequent to Y; in the decision sequence. We can note that for any I, J € P({l,..., m}) such that #I = #J
and Upax; = Umax,, UL (yp,) and U/ (yp,) have the same polynomial structure since C% = Cﬁ. Now for
a=1,...,mand b=1,...,a, the binomial coefficient (Z:Il) counts the number of elements I € Py({l,...,m})
having #I = b — [+ 1 and including a. Thus 73, in equation (8) counts the correct number of monomials
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having a certain degree since Y, ;) = Xteci Y. Further note that considering each combination of b and a
in the ranges specified above, we consider each element of Py({l,...,m}).

By having a closer look at d;, in equation (8) it is easy to deduce the corresponding degree of these
monomials. The first term of djp,, (b — 1), computes the degree associated to the criterion weight k, since
b—1=mn; —1 and the second term, 2(b — [ + 1), computes the degree associated to the product between
the criterion weights ks and the utilities Uq(yp,) for s € C}. The last term w;, corresponds to the degree
deriving from the probabilistic part of equation (A.1), which is equal to the number of non-controlled vertices
between Y; and Y; (both included) as shown by equation (A.2).

Jmaxy I
Since the set B; includes the arguments of U;(yp,) and Y = X;c[,) Vi, equation (7) guarantees that the
dimension of the conditional expected utility vector is [[,cp 7¢-

Appendiz A.3. Proof of Proposition 4.

After the reversal of the arc (Y;,Y;) into (Y},Y;), the new parent sets of these two variables are I =
{I1; \ 4 UTL;} and T} = {j UTL; UTL; \ 4}. Call I = {II; \ i}. It then follows that

P(y; [ ymy, Y v) Pyi |y, ym)
Py | ymi»ym,)
Ply; [ yn,) Py [yn) _ P(y; | yn,)P(yi | yn,) _ PiymPiyimi
Py | yni, ym,) Yyeey PWi lvioyn ) P(wi lym,) X, ey, Py, Pivim:

Piyir; = Pyi | ymy) = Py | Y,y y5) =

and

= P(yj |yH;) = P(yj |yH;ayH1) = Z P(y] | yH yz | yH Z Pjy;n;Piyim; -
Yi €Vi Yi €Vi

Pjy;m’

The proof of the barren node removal easily follows from the fact that the vertex is not included anymore
in the MID.

Appendixz A.4. Proof of Lemma 1.

We first consider the arc reversal and the change of dimension of the vectors. If j ¢ J the sets By, that
are affected by the arc reversal are only the ones such that & € II; UII; and the set Bj, simply takes into
account the presence of the additional edges in G’. If j € J' then the sets By affected by the arc reversal
are the ones such that k € II; UIL; U P;, and the set By additionally takes into account that the indices in
P;, are included only before the EUMargmahzatlon between U1 and p;. The final case is if j € J', which
can be seen as a combination of the previous two cases.

Now consider the polynomial structure of the entries after an arc reversal. If j € J, then the adjusted
Algorithm 3.2 simply computes an EUMarginalization between Uj;; and p; instead of p;. Therefore the
entries of U have T]ba = TiT(j+1)ba/T; monomials of degree d(;;1)p, and, until the adjusted algorithm
computes Uj, the change in the structure is propagated through the 'TEUOperations’. If j € J'NJ, then instead
of an EUMultiSum and a EUMarginalization, now the algorithm only computes an EU-Marginalization and,
as before, the change is propagated until U;. As in the previous paragraph, the last case can be seen as
combination of the previous two situations.

Consider now the deletion of the barren node Y;. The set B, is the one with the highest index which
includes 7 in G. Thus, for i < k < z, i € By, and Uy, is conditional on Y; = y;. The deletion of this vertex
therefore implies that the dimension of the vector becomes ¢}, /r;. For k < i, Algorithm 3.2 now performs one
EUMarginalization less and, from Proposition 2, we deduce that Ul{C has now rgpe/r; monomials of degree
dipa — 1.
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Appendiz A.5. Proof of Proposition 6.
If Y; is father of Y3 we have that

P, = Pr | ymy) = Pyw |y ym) = Y Plys |y, i) P(yi | g yi,) (A.3)
Yi€Yi
= Z P(yk | yﬂk)P(yi | yHi) = Z Pryy i PDiy;
Yi €Vi Yi €Vi

If Y; is a parent but not the father of Y;, then P(y; | Yy, yn,) as in Equation (A.3) can be written as

fwyn;i\%wyufyynﬂf%yilynﬁ
viey, Pz | vi yusiyn ) Py [ ym,)
Hzenj?i Zynivleynﬂ Py | yn, ) P(yi | ym,)

a Eyieyi Hlel‘[]?'i Zyn-ivleynzll Py | yn,)P(yi | yl—li)7

Pl [y ym) = Pl [y e ym) = 55

where II" = {II; \ {i,...,k — 1}}.

Appendixz A.6. Proof of Theorem 3

Fori,j,k,l € Vand s,t € [m], an asymmetry Y; = y; = Y; = y; implies that any monomials that include
terms of the form pry,ny, Ysr., PhypmePlyimes Vi Vsr, a0d Dy, n, Ysr, entailing both instantiations y; and y;
are associated to a non possible combination of events, with yi € Vi, 7 € Y., i € Vi, m1 € Ym,, Tt € Yp,
and w5 € Yp,. Thus these monomials have to be set equal to zero.

For j <t < z, U, has an associated set B, which includes both i and j and consequently [],, BA\{iuj} s
rows of the vector corresponds to the conditioning on Y; = y; and Y; = y;. Therefore all the monomials in
those rows have to be set equal to zero.

For i <t < j, the index 7 is in the set B;, whilst the variable Y} has been already EUMarginalized. Thus,
there are only [, B\ (i} s TOWS conditional on the event Y; = ;. In those rows only some of the monomials
are associated to the event Y; = y;. Specifically, the ones implying Y; = y; can only be multiplying a term
including a v, p, from a utility vertex U, subsequent to Y; in the MID DS. We can deduce that there are
[T, rs/r; monomials of degree dy, that include the case Y; = y; in such entries of U, fora=z,....m
and b=1,...,a (using the notation of Theorem 1).

Lastly, if t <, then the set B; does not include i and j, which have been both EUMarginalized. Thus
monomials including a combination of the events Y; = y; and Y; = y; appears in each row of U,. Similarly
as before, we can deduce that there are Hi“:t rs/(r; -r;) monomials of degree dype, a = 2,...,m, b=1,...,q,
implying the event Y; = y; AY; = y;.

Appendix B. Maple™ Code

### Computation of the highest index in each parent set of a utility node ###

# Inputs: PiU::table, parent sets of utility nodes; m::integer, number of utility nodes
# Output: J::list

CompJ := proc(PiU,m) local i,j:

for j tom do J[j] := max(PiU[J]) end do:

return convert(J,list):

end proc:

### Computation of the indices of the argument of the expected utility at step i ###
# Inputs: PiU::table; PiV::table, parent sets of random nodes; i::integer;
# n::integer, number of random nodes; J::list
# Output: Bi[i]::set
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CompBi := proc(PiU,PiV,i,n,J) local Bi, part, j:
Bi[i], part := {},{}:
for j from i to n do
part := part union {j}:
if member(j,V) then Bi[i] := Bi[i] union PiV[j] end if:
if member(j,J,’1’) then Bi[i] := Bi[i] union PiU[1l] end if:
end do:
Bi[i] := Bi[i] minus part:
return Bi[i]:
end proc:

### Initialization of an MID ###

# Inputs: p::table, probability vectors; psi::table, utility vectors; PiV::table;
# PiU::table; n::integer; m::integer

# Outputs: J::list; Bi::list; u::table, expected utility vectors

Initialize := proc(p, psi, PiV, PiU, n, m) local J, i, Bi, u:

J := Compl(PiU, m):

for i ton do Bi[i] := CompBi(PiU, PiV, i, n, J) end do:

Bi[n+1], u[n+1] := {}, [I:

return J, Bi, u:

end proc:

### EUDuplication of a utility vector and an expected utility vector ###
# Inputs: u::table; psi::table; j::integer; PiV::table; PiU::table;

# r::table, size of the decision and sample spaces; Bi::table; J::list

# Outputs: utemp::list, EUDuplicated version of u;

# psitemp::list, EUDuplicated version of psi

EUDuplicationPsi := proc(u, psi, j, PiV, PiU, r, Bi, J)
local i, uprime, psiprime, psitemp, utemp, x, sx, y, h, z:
i, uprime, psiprime, psitemp, utemp:= max(PiU[j]1), [1, [1, psil[j], ul[i+1]:
for x from max(Bi[i+1], PiU[j]) by -1 to 1 do
if member(x, (PiU[j] union Bi[i+1]) minus (PiU[j] intersect Bi[i+1])) then
sx := 1:
for y from x+1 to max(Bi[i+1], PiU[j]) do
if member(y, Bi[i+1] union PiU[j]) then sx := sx*r[y] end if
end do:
if member(x, Bi[i+1]) then for 1 to Size(psitemp)[2]/sx do for z to r[x] do
psiprime := [op(psiprime), op(convert(psitemp, list)[(1-1)*sx+1 .. 1%*sx])]
end do end do:

psitemp, psiprime := psiprime, []:
elif member(x, PiU[j]) then for 1 to Size(utemp)[2]/sx do for z to r[x] do
uprime := [op(uprime), op(convert(utemp, list)[(1-1)*sx+1 .. 1*sx])]
end do end do:
utemp, uprime := uprime, []:

end if end if end do:
return utemp, psitemp:
end proc:

### EuMultiSum between an expected utility vector and a utility vector ###
# Inputs: u::table; psi::table; j::integer; PiV::table; PiU::table;
# r::table; Bi::table; J::1list
# Outputs: ut::list, expected utility vector after an EUMultiSum
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EUMultiSum := proc(u, psi, j, PiV, PiU, r, Bi, J) local i, uprime, psiprime, ut;
i = max(PiU[j]1);
uprime, psiprime := EUDuplicationPsi(u, psi, j, PiV, PiU, r, Bi, J);

uprime := convert(uprime, list);

if Size(uprime)[1] = O then ut := k[j]* psiprime

else ut := h*"k[j]* "psiprime* uprime +~ uprime +~ k[j]* psiprime end if;
return ut:

end proc:

### EUDuplication of a probability vector and an expected utility vector ###
# Inputs: u::table; p::table; i::integer; PiV::table; PiU::table;
r::table; Bi::table; J::list
# Outputs: utemp::list, EUDuplicated version of u;
# ptemp::list, EUDuplicated version of p
EUDuplicationP := proc(u, p, i, PiV, PiU, r, Bi, J)
local uprime, pprime, ptemp, utemp, x, sx, y, 1, z:
uprime, pprime, ptemp, utemp = [1, [1, pCil, uli+1]:
Uni:= Bi[i+1] union PiV[i] union PiU[j];
if member(i, J) then member(i, J, 'j’);
for x from max(Uni) by -1 to 1 do
if member(x, Uni minus ((Bi[i+1] union PiU[j]) intersect (PiV[i] union {i}))) then
sx = 1;
for y from x+1 to max(Uni) do
if member(y, Uni) then sx := sx*r[y] end if
end do;
if member(x, Bi[i+1] union PiU[j]) then
for 1 to Size(ptemp)[2]/sx do for z to r[x] do
pprime := [op(pprime), op(convert(ptemp, list)[(1-1)*sx+1 .. 1*sx])]
end do end do;
ptemp, pprime := pprime, [];
elif member(x, PiV[i]) then
for 1 to Size(utemp)[2]/sx do for z to r[x] do

uprime := [op(uprime), op(convert(utemp, list)[(1-1)*sx+1 .. 1*sx])]
end do end do;
utemp, uprime := uprime, []:

end if end if end do;
else for x from max(Bi[i+1], PiV[i]) by -1 to 1 do
if member(x,(Bi[i+1] union PiV[i])minus(Bi[i+1]intersect(PiV[i] union {i}))) then

sx := 1;
for y from x+1 to max(Bi[i+1], PiV[i]) do

if member(y, Bi[i+1] union PiV[i]) then sx := sx*r[y] end if
end do;

if member(x, Bi[i+1]) then
for 1 to Size(ptemp)[2]/sx do for z to r[x] do
pprime := [op(pprime), op(convert(ptemp, list)[(1-1)*sx+1 .. 1*sx])]
end do end do;

ptemp, pprime := psiprime, [];
elif member(x, PiV[i]) then for 1 to Size(utemp)[2]/sx do for z to r[x] do
uprime := [op(uprime), op(convert(utemp, list)[(1-1)*sx+1 .. 1*sx])]
end do end do;
utemp, uprime := uprime, []:

end if end if end do end if:
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return utemp, ptemp:
end proc:

### EUMarginalization over a sample space ###

# Inputs: u::table; p::table; i::integer; PiV::table; PiU::table;
r::table; Bi::table; J::list

# Outputs: ut::list, expected utility vector after EUMarginalization

EUMarginalization := proc(u, p, i, PiV, PiU, r, Bi, J)

local uprime, pprime, rows, cols, 1, one, zero, row, Iprime, ut;

uprime, pprime := EUDuplicationP(u, p, i, PiV, PiU, r, Bi, J1);

pprime, rows, cols := convert(pprime, list), 1, Size(pprime)[2];

for 1 to i-1 do if member(l, PiV[i]) then rows := rows*r[l] end if end do;
one, zero := convert(Vector(r[i], 1), list), convert(Vector(cols, 0), list):
row, Iprime := [op(zero), op(one)], [op(one)]:

for 1 to rows-1 do Iprime := [op(Iprime), op(row)] end do;

Iprime := Matrix(rows, cols, [op(Iprime), op(one)]);

ut := convert(Multiply(Iprime, Vector[column] (uprime* “pprime)), list);
return ut:

end proc:

### Identification of an optimal policy (at random) ###

# Inputs: r::table; i::integer, index of the decision variable,
# t::integer, number of random draws

#0utputs: maxi::vector, optimal decisions

Maximize := proc(r, i, t) local maxi, 1:

maxi := Vector(t, 0):

for 1 to t do maxi[l] := RandomTools[Generate](integer(range = 1 .. r[i])) end do:
return maxi:

end proc:

### EUMaximization over a decision space ###
# Inputs: u::table; i::integer; r::table
# Outputs: ul[i]::list, expected utility vector after EUMaximization

EUMaximization := proc(u, i, r) local opt, Istar, j, 1, zero;

opt := Maximize(r, i, Size(u[i+1])[2]/r[i]);

zero := convert(Vector(Size(ul[i+1])[2], 0), list);

Istar := [];

for j to Size(u[i+1])[2]/r[i] do for 1 to r[i] do

if opt[j] = 1 then Istar := [op(Istar), 1] else Istar := [op(Istar), O] end if
end do;
if j < Size(u[i+1])[2]/r[i] then Istar := [op(Istar), op(zero)] end if end do;

Istar := Matrix(Size(u[i+1]1)[2]1/r[i], Size(u[i+1])[2], Istar);
uli] := convert(Multiply(Istar, Vector[column] (u[i+1])), list);

return ufi]:

end proc:

### Symbolic evaluation algorithm for an MID ###

# Inputs: p::table; psi::table; PiV::table; PiU::table; n::integer; m::integer; De::set,
# index set of the decision variables;

# V::set, index set of the random variables; r::table

# Output: eu::table, expected utility vectors;
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SymbolicExpectedUtility := proc(p, psi, PiV, PiU, n, m, De, V, r)
local J, Bi, utemp, i, j, ceu,best;

with(LinearAlgebra): with(ArrayTools):

J, Bi, eu := Initialize(p, psi, PiV, PiU, n, m);

joi=m
for i from n by -1 to 1 do if j = 0 then if member(i, De) then
eu[i] := EUMaximization(eu, i, r)
else eu[i] := EUMarginalization(eu, p, i, PiV, PiU, r, Bi, J) end if;

else if J[j] = i then if member(i, De) then
utemp[i+1] := EUMultiSum(eu, psi, j, PiV, PiU, r, Bi, J);
eu[i] := EUMaximization(utemp, i, r)
else
utemp[i+1] := EUMultiSum(eu, psi, j, PiV, PiU, r, Bi, 1);
eu[i] := EUMarginalization(utemp, p, i, PiV, PiU, r, Bi, 1J)
end if;
j o= j-1
else if member(i, De) then eu[i] := EUMaximization(eu, i, r)
else eu[i] := EUMarginalization(eu, p, i, PiV, PiU, r, Bi, J) end if
end if end if end do;
return eu:
end proc:

Consider the MID in Figure 1 with n = 6 variables (decision or random nodes) and m = 3 utility nodes.

### Definition of the MID ###

# number of variables and utility nodes
n:=6:m:= 3:

# V contains the indices of random nodes and De those of the decision nodes
V:=2, 3,5, 6: De :=1, 4:

# Conditional probabilities
p[6] := [p61l1ll, p6011, p6101, p6001, p6110, p601®, p6100, p600O]:

p[5] := [p5111, p5011, p5101, p5001, p5110, p5010, p5100, p5000]:
p[3] := [p3111, p3011, p3101, p3001, p3110, p3010, p3100, p3000]:
pl2] := [p211, p201, p210, p200]:

# Utility parameters
psi[l] := [psill, psilO®]:
psi[2] [psi2l, psi20]:
psi[3] [psi31ll, psi301, psi310, psi300]:
# Parents of random nodes
Piv[2] := 1: PiV[3] := 1, 2: PiV[5] := 3, 4: PiV[6] := 4, 5:
# Parents of utility nodes
PiU[1] := 3: PiU[2] := 5: PiU[3] := 4, 6:
# Number of levels of the variables
r[1] := 2: r[2] := 2: r[3] := 2: r[4] := 2: r[5] := 2: r[6] := 2:
### Computation of the expected utility vectors ###
eu := SymbolicExpectedUtility(p, psi, PiV, PiU, n, m, De, V, r):

Example of the output of eu[1]:

[((k[1]*psill+h*k[1]*psill*((k[2]*psi21+h*k[2]*psi2l*
(p6010*psi300*k[3]+p6110*psi310*k[3])+k[3]*psi300*p6010
+k[3]*psi310*p6110) *p5101+(k[2]*psi20+h*k[2] *psi20* (p6000*psi300*k[3]
+p6100*psi310*k[3])+k[3]*psi300*p6000+k[3]*psi310*p6100) *p5001)+
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(k[2]*psi21+h*k[2]*psi21* (p6010*psi300*k[3]+p6110*psi310*k[3])
+k[3]*psi300*p6010+k[3]*psi310*p6110)*p5101+
(k[2]*psi20+h*k[2]*psi20* (p6000*psi300*k[3]+p6100*psi310*k[3])
+k[3]*psi300*p6000+k[3]*psi310*p6100) *p5001) *p3110+
(k[1]*psil®@+h*k[1]*psil®*((k[2]*psi21+h*k[2]*psi21* (p6011*psi301*k[3]
+p6111*psi311*k[3])+k[3]*psi301*p6011+k[3]*psi311*p6111)*p5110+
(k[2]*psi20+h*k[2]*psi20* (p6001*psi301*k[3]+p6101*psi311*k[3])
+k[3]*psi301*p6001+k[3]*psi311*p6101)*p5010)+
(k[2]*psi21+h*k[2]*psi21* (p6011*psi301*k[3]+p6111*psi311*k[3])
+k[3]*psi301*p6011+k[3]*psi311*p6111)*p5110+
(k[2]*psi20+h*k[2]*psi20* (p6001*psi301*k[3]+p6101*psi311*k[3])
+k[3]*psi301*p6001+k[3]*psi311*p6101) *p5010) *p3010) *p210+
((k[1]*psill+h*k[1]*psill*((k[2]*psi21+h*k[2]*psi21* (p6010*psi300*k[3]
+p6110*psi310*k[3])+k[3]*psi300*p6010+k[3]*psi310*p6110) *p5101+
(k[2]*psi2®+h*k[2] *psi20* (p6000*psi300*k[3]+p6100*psi310*k[3])
+k[3]*psi300*p6000+k[3]*psi310*p6100) *p5001)+
(k[2]*psi21+h*k[2]*psi21* (p6010*psi300*k[3]+p6110*psi310*k[3])
+k[3]*psi300*p6010+k[3]*psi310*p6110) *p5101+
(k[2]*psi20+h*k[2]*psi20* (p6000*psi300*k[3]+p6100*psi310*k[3])
+k[3]*psi300*p6000+k[3]*psi310*p6100) *p5001) *p3100+
(k[1]*psil®@+h*k[1]*psil®*((k[2]*psi21+h*k[2]*psi21*
(p6011*psi30®1*k[3]+p6111*psi311*k[3])+k[3]*psi301*p6011+k[3]*psi311*p6111)*p5110+
(k[2]*psi20+h*k[2]*psi20* (p6001*psi301*k[3]+p6101*psi311*k[3])
+k[3]*psi301*p6001+k[3]*psi311*p6101)*p5010)+
(k[2]*psi21+h*k[2]*psi21* (p6011*psi301*k[3]+p6111*psi311*k[3])
+k[3]*psi301*p6011+k[3]*psi311*p6111)*p5110+
(k[2]*psi20+h*k[2]*psi20* (p6001*psi301*k[3]+p6101*psi311*k[3])
+k[3]*psi301*p6001+k[3]*psi311*p6101)*p5010) *p3000) *p200]
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