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Let {Xi; i ∈ Z} be a stationary sequence of r.v.’s. in a separable metric space X, and let P
be the Borel distribution of X1. We study normalized m-variate U-statistics

Un(f) := n−m/2
∑

1≤i1 6=... 6=im≤n

f(Xi1 , ..., Xim), m ≥ 2,

where f ∈ L2(Xm, Pm) is canonical, i.e., Ef(t1, . . . , tk−1, Xk, tk+1, . . . , tm) = 0 for every k ≤ m
and all tj ∈ X.

Let {ei(t); i ≥ 0} be an orthonormal basis of the separable Hilbert space L2(X) such that
e0(t) ≡ 1. Every canonical kernel from L2(Xm, Pm) admits the representation

f(t1, ..., tm) =
∞∑

i1,...,im=1

fi1...imei1(t1)...eim(tm), (1)

where the multiple series L2(Xm, Pm)-converges. Notice that the multiple sum in (1) does
not contain the element e0(t). We also introduce the following restriction on all m-dimensional
distributions of {Xi}:
(AC) For all natural j1 < ... < jm, the distribution of the vector (Xj1 , ..., Xjm) is absolutely
continuous relative to the distribution Pm.

Theorem. Let {Xi} be a ϕ-mixing stationary sequence with
∑

k ϕ1/2(k) < ∞. Let a canoni-
cal kernel f(t1, ..., tm) satisfy the conditions:

∑∞
i1,...,im=1 |fi1...im | < ∞ and supi E|ei(X1)|m < ∞.

If, in addition, (AC) is fulfilled then

Un(f) d→
∞∑

i1,...,im=1

fi1...im

∞∏
j=1

Hνj(i1,...,im)(τj), (2)

where the multiple series in (2) converges almost surely, {τi} is a Gaussian sequence of centered
random variables with covariance matrix

Eτkτl = Eek(X1)el(X1) +
∞∑

j=1

[
Eek(X1)el(Xj+1) + Eel(X1)ek(Xj+1)

]
,

νj(i1, ..., im) :=
∑m

k=1 δik,j (here δi,j is the Kronecker symbol), and Hk(x) := (−1)kex2/2 dk

dxk e−x2/2

are the Hermite polynomials.
In the case of i.i.d. {Xi}, an analog of this theorem was proved by H. Rubin and R. A. Vitale

(Ann. Statist., 1980, 8(1), 165-170). Notice that, in general, the restriction of the Theorem on
the coefficients {fi1...im} as well as condition (AC) cannot be omitted.

We also discuss the Hoeffding-type exponential inequalities for the distribution tails of the
canonical U -statistics under consideration.
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