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Abstract

We study a class of distributed optimization algorithms that aim to alleviate high
communication costs by allowing the clients to perform multiple local gradient-
type training steps prior to communication. While methods of this type have been
studied for about a decade, the empirically observed acceleration properties of local
training eluded all attempts at theoretical understanding. In a recent breakthrough,
Mishchenko et al. (ICML 2022) proved that local training, when properly executed,
leads to provable communication acceleration, and this holds in the strongly convex
regime without relying on any data similarity assumptions. However, their method
ProxSkip requires all clients to take the same number of local training steps in
each communication round. Inspired by a common sense intuition, we start our
investigation by conjecturing that clients with “less important” data should be
able to get away with fewer local training steps without this impacting the overall
communication complexity of the method. It turns out that this intuition is correct:
we managed to redesign the original ProxSkip method to achieve this. In particular,
we prove that our modified method, for which coin the name GradSkip, converges
linearly under the same assumptions, has the same accelerated communication
complexity, while the number of local gradient steps can be reduced relative
to a local condition number. We further generalize our method by extending
the randomness of probabilistic alternations to arbitrary unbiased compression
operators and considering a generic proximable regularizer. This generalization,
which we call GradSkip+, recovers several related methods in the literature as
special cases. Finally, we present an empirical study on carefully designed toy
problems that confirm our theoretical claims.

1 Introduction

Federated Learning (FL) is an emerging distributed machine learning paradigm where diverse data
holders or clients (e.g., smart watches, mobile devices, laptops, hospitals) collectively aim to train a
single machine learning model without revealing local data to each other or the orchestrating central
server [McMahan et al., 2017, Kairouz et al, 2019, Wang, 2021]. Training such models amounts to
solving federated optimization problems of the form

min
x2Rd

(
f(x) :=

1

n

nX

i=1

fi(x)

)
, (1)

⇤The work of Artavazd Maranjyan was performed during a Summer research internship in the Optimization
and Machine Learning Lab at KAUST led by Peter Richtárik. Artavazd Maranjyan is a Machine Learning
researcher at YerevaNN and a Master’s student at Yerevan State University, Armenia.

†KAUST = King Abdullah University of Science and Technology.
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Part 1
What is Federated Learning?
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The First Federated Learning App: Next-Word Prediction

Federated Learning is collaborative machine learning 
from private data stored across a (large) number of 

clients/devices (e.g., hospitals, phones)
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min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization Formulation of Federated Learning

# devices / 
machines

# model parameters / features
<latexit sha1_base64="1Q91f9ktkPp9+T/PMxisMEjyiSc="></latexit>

fi(x) = E⇠⇠Difi,⇠(x)

<latexit sha1_base64="zfuQFqHda1VCvW50UbLffUKIBLM="></latexit>

Loss on local data Di stored on device i

<latexit sha1_base64="oGYU9LU2f4Ld44lhI8AamN5l8KA="></latexit>

The datasets D1, . . . ,Dn can be arbitrarily heterogeneous
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Gradient Descent
<latexit sha1_base64="VXdUqm7grlbVF5L4cYUhIqh/j8c=">AAACE3icbVDLSgMxFM3Ud32NunQTtEJ1UWZE1J2vjUsVq4VOLZk0o8EkMyR3xDL0H9z4KyK4UMStG3f+jZm2C209EDg5517uvSdMBDfged9OYWR0bHxicqo4PTM7N+8uLF6YONWUVWksYl0LiWGCK1YFDoLVEs2IDAW7DG+Pcv/yjmnDY3UO7YQ1JLlWPOKUgJWa7kaphAPJFQ4ElxxMM7sP8p8kcBOG2VnnqtXBUfl+vVRquqtexesCDxO/T1b39+jsgb/yfNJ0v4JWTFPJFFBBjKn7XgKNjGjgVLBOMUgNSwi9JdesbqkikplG1r2pg9es0sJRrO1TgLvq746MSGPaMrSV+a5m0MvF/7x6CtFuI+MqSYEp2hsUpQJDjPOAcItrRkG0LSFUc7srpjdEEwo2xqINwR88eZhcbFb87crWqU3jEPUwiZbRCiojH+2gfXSMTlAVUfSAntArenMenRfn3fnolRacfs8S+gPn8wf9/Z80</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="pEA1afz1pqaaKXMrhGPQU9sTUzE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUS9C0YvHCqYttKFsNpt26WYTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2Fmnp9wprRtf1ultfWNza3ydmVnd2//oHp41FFxKgl1Scxj2fOxopwJ6mqmOe0lkuLI57TrT+5yv/tEpWKxeNTThHoRHgkWMoK1kdx6cNOsD6s1u2HPgVaJU5AaFGgPq1+DICZpRIUmHCvVd+xEexmWmhFOZ5VBqmiCyQSPaN9QgSOqvGx+7AydGSVAYSxNCY3m6u+JDEdKTSPfdEZYj9Wyl4v/ef1Uh9dexkSSairIYlGYcqRjlH+OAiYp0XxqCCaSmVsRGWOJiTb5VEwIzvLLq6TTbDiXjYuHZq11W8RRhhM4hXNw4ApacA9tcIEAg2d4hTdLWC/Wu/WxaC1Zxcwx/IH1+QN1tY3O</latexit>

d = 2Stepsize / Learning rate

<latexit sha1_base64="PJrTRUTz5iLezG9D4NmmTsdnqnk=">AAACEnicbVDLSgMxFM34tr6qLt0EW6EilhkRdSOIblxWsLbQlnInzdRgkhmSO2IZ+g1u/BU3LhRx68qdf2P6WPg6EDiccy4394SJFBZ9/9ObmJyanpmdm88tLC4tr+RX165snBrGqyyWsamHYLkUmldRoOT1xHBQoeS18OZs4NduubEi1pfYS3hLQVeLSDBAJ7Xz28UivWtnuBP06bFjSHdpswtKAW1qCCXQqORUF2vnC37ZH4L+JcGYFMgYlXb+o9mJWaq4RibB2kbgJ9jKwKBgkvdzzdTyBNgNdHnDUQ2K21Y2PKlPt5zSoVFs3NNIh+r3iQyUtT0VuqQCvLa/vYH4n9dIMTpqZUInKXLNRouiVFKM6aAf2hGGM5Q9R4AZ4f5K2TUYYOhazLkSgt8n/yVXe+XgoLx/sVc4OR3XMUc2yCYpkYAckhNyTiqkShi5J4/kmbx4D96T9+q9jaIT3nhmnfyA9/4FX2yayw==</latexit>

xt+1 = xt � �rf(xt)

<latexit sha1_base64="X/xy53IcNu8sbqUxDz5nhEnCnK4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BBvBU0mKqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiu0XW/rcLa+sbmVnG7tLO7t39QPjxq6ThVlDVpLGLVCYhmgkvWRI6CdRLFSBQI1g7GtzO//ciU5rF8wEnC/IgMJQ85JWiktuM89dFx+uWKW3XnsFeJl5MK5Gj0y1+9QUzTiEmkgmjd9dwE/Ywo5FSwaamXapYQOiZD1jVUkohpP5ufO7XPjDKww1iZkmjP1d8TGYm0nkSB6YwIjvSyNxP/87ophtd+xmWSIpN0sShMhY2xPfvdHnDFKIqJIYQqbm616YgoQtEkVDIheMsvr5JWrepdVi/ua5X6TR5HEU7gFM7Bgyuowx00oAkUxvAMr/BmJdaL9W59LFoLVj5zDH9gff4A5cuOog==</latexit>xt

<latexit sha1_base64="Y21okcYBYhLiiF6rz+k2czYQgx8=">AAAB8nicbVBNSwMxEM36WetX1aOXYFcQhLJbRD0WvXisYD9gu5Rsmrah2WRJZsWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5USK4Ac/7dlZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdjohhgkvWAA6CtRPNSBwJ1opGt1O/9ci04Uo+wDhhYUwGkvc5JWClwHWfuhmc+xPX7ZbKXsWbAS8TPydllKPeLX11eoqmMZNABTEm8L0Ewoxo4FSwSbGTGpYQOiIDFlgqScxMmM1OnuBTq/RwX2lbEvBM/T2RkdiYcRzZzpjA0Cx6U/E/L0ihfx1mXCYpMEnni/qpwKDw9H/c45pREGNLCNXc3orpkGhCwaZUtCH4iy8vk2a14l9WLu6r5dpNHkcBHaMTdIZ8dIVq6A7VUQNRpNAzekVvDjgvzrvzMW9dcfKZI/QHzucPiAeQHg==</latexit>xt+1

<latexit sha1_base64="qba9WvV2XD9fARm2y7CYC9GOovk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKglCSIuqy6MZlBfuANpTJdNIOnTyYuVFLCG78FTcuFHHrV7jzb5ymWWj1wIXDOffOnXvcSHAFlvVlFBYWl5ZXiqultfWNzS1ze6elwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju+nPrtWyYVD4MbmETM8ckw4B6nBLTUN/cqlV72SnI34sBSfN9P4NhOK5W+WbaqVgb8l9g5KaMcjb752RuENPZZAFQQpbq2FYGTEAmcCpaWerFiEaFjMmRdTQPiM+Uk2fIUH2plgL1Q6goAZ+rPiYT4Sk18V3f6BEZq3puK/3ndGLxzJ+FBFAML6GyRFwsMIZ7mgQdcMgpiogmhkuu/YjoiklDQqZV0CPb8yX9Jq1a1T6sn17Vy/SKPo4j20QE6QjY6Q3V0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37B+PgGCjqWjw==</latexit>xt+1
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d-dimensional gradient 
computed by machine i

Distributed Gradient Descent

d-dimensional vector 
computed by machine i

<latexit sha1_base64="cqswQ9Hyc2Vukc+lL26GKzJeYsI=">AABLPnictVxbc9w4epU3t41ym00e88KJxrv2pK2SZHt2ZiqTWl1aN+t+t9WyimSj2bR4E4Fuqc3lvCY/K38jfyBvqVTlKY/5AJD9fQDZ8uYhLpfUOOcDiMsBcMAm5WVRyMXS0r8/+8Uf/fGf/Omf/fLP5//iL//qr//mq1/97QVPR7nPzv00SvMrz+UsChN2LkIRsassZ27sRezSu1uX/OWY5TxMkzMxydhN7AZJOAh9VwB0+9  </latexit>

xt+1 = xt � �rf(xt)

= xt � �
1

n

nX

i=1

rfi(xt)

=
1

n

nX

i=1

[xt � �rfi(xt)]

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization problem:
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Distributed Gradient Descent

Server

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

<latexit sha1_base64="P2fAP8IDXbvOBQxnPX33koz+LH8=">AAAB+HicbVBNS8NAEN34WetHox69LLaCBylJKepFKHjxWMF+QBvCZrttl242YXciraG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtiwTU4zre1tr6xubWd28nv7u0fFOzDo6aOEkVZg0YiUu2AaCa4ZA3gIFg7VoyEgWCtYHQ781uPTGkeyQeYxMwLyUDyPqcEjOTbhdLYT90LmOIbPPah5NtFp+zMgVeJm5EiylD37a9uL6JJyCRQQbTuuE4MXkoUcCrYNN9NNIsJHZEB6xgqSci0l84Pn+Izo/RwP1KmJOC5+nsiJaHWkzAwnSGBoV72ZuJ/XieB/rWXchknwCRdLOonAkOEZyngHleMgpgYQqji5lZMh0QRCiarvAnBXX55lTQrZfeyXL2vFGvVLI4cOkGn6By56ArV0B2qowaiKEHP6BW9WU/Wi/VufSxa16xs5hj9gfX5A+f0keo=</latexit>x1,t = xt
<latexit sha1_base64="BAHgDtm7Pa9IGKSOAcCoDPcwSd4=">AAAB+HicbVBNS8NAEN34WetHox69LLaCBylJKepFKHjxWMF+QBvCZrttl242YXciraG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtiwTU4zre1tr6xubWd28nv7u0fFOzDo6aOEkVZg0YiUu2AaCa4ZA3gIFg7VoyEgWCtYHQ781uPTGkeyQeYxMwLyUDyPqcEjOTbhdLYTysXMMU3eOxDybeLTtmZA68SNyNFlKHu21/dXkSTkEmggmjdcZ0YvJQo4FSwab6baBYTOiID1jFUkpBpL50fPsVnRunhfqRMScBz9fdESkKtJ2FgOkMCQ73szcT/vE4C/Wsv5TJOgEm6WNRPBIYIz1LAPa4YBTExhFDFza2YDokiFExWeROCu/zyKmlWyu5luXpfKdaqWRw5dIJO0Tly0RWqoTtURw1EUYKe0St6s56sF+vd+li0rlnZzDH6A+vzB+mCkes=</latexit>x2,t = xt

<latexit sha1_base64="L6XQPUN0aZdlmKbRkc9QWwRFuuo=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPEjYjUG9CAEvHiOYByTLMjuZTYbMPpjplcQlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3eXFgiuwrG8jt7a+sbmV3y7s7O7tF82Dw5aKEklZk0Yikh2PKCZ4yJrAQbBOLBkJPMHa3uh25rcfmVQ8Ch9gEjMnIIOQ+5wS0JJrFstjN704hym+wWMXyq5ZsirWHHiV2BkpoQwN1/zq9SOaBCwEKohSXduKwUmJBE4FmxZ6iWIxoSMyYF1NQxIw5aTzw6f4VCt97EdSVwh4rv6eSEmg1CTwdGdAYKiWvZn4n9dNwL92Uh7GCbCQLhb5icAQ4VkKuM8loyAmmhAqub4V0yGRhILOqqBDsJdfXiWtasW+rNTuq6V6LYsjj47RCTpDNrpCdXSHGqiJKErQM3pFb8aT8WK8Gx+L1pyRzRyhPzA+fwDrEJHs</latexit>x3,t = xt

<latexit sha1_base64="+dhNI/vrVN271RCZiZDWUF4jXBM=">AAACBnicbVC7SgNBFJ31GeMrainCYCJYhd0Q1DJgYxnFPCBZltnJ3WTI7IOZu8EQUtn4KzYWitj6DXb+jZNHoYkHBg7n3MOde/xECo22/W2trK6tb2xmtrLbO7t7+7mDw7qOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4/euJ3xiA0iKO7nGYgBuybiQCwRkaycud3AEHMQBaePCwQAMVhxR7QDUoE/NyebtoT0GXiTMneTJH1ct9tTsxT0OIkEumdcuxE3RHTKHgEsbZdqohYbzPutAyNGIhaHc0PWNMz4zSoUGszIuQTtXfiRELtR6GvpkMGfb0ojcR//NaKQZX7khESYoQ8dmiIJUUYzrphHaEAo5yaAjjSpi/Ut5jinE0zWVNCc7iycukXio6F8XybSlfKc/ryJBjckrOiUMuSYXckCqpEU4eyTN5JW/Wk/VivVsfs9EVa545In9gff4A/saYKA==</latexit>

Receive xt from the server
<latexit sha1_base64="+dhNI/vrVN271RCZiZDWUF4jXBM=">AAACBnicbVC7SgNBFJ31GeMrainCYCJYhd0Q1DJgYxnFPCBZltnJ3WTI7IOZu8EQUtn4KzYWitj6DXb+jZNHoYkHBg7n3MOde/xECo22/W2trK6tb2xmtrLbO7t7+7mDw7qOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4/euJ3xiA0iKO7nGYgBuybiQCwRkaycud3AEHMQBaePCwQAMVhxR7QDUoE/NyebtoT0GXiTMneTJH1ct9tTsxT0OIkEumdcuxE3RHTKHgEsbZdqohYbzPutAyNGIhaHc0PWNMz4zSoUGszIuQTtXfiRELtR6GvpkMGfb0ojcR//NaKQZX7khESYoQ8dmiIJUUYzrphHaEAo5yaAjjSpi/Ut5jinE0zWVNCc7iycukXio6F8XybSlfKc/ryJBjckrOiUMuSYXckCqpEU4eyTN5JW/Wk/VivVsfs9EVa545In9gff4A/saYKA==</latexit>

Receive xt from the server
<latexit sha1_base64="+dhNI/vrVN271RCZiZDWUF4jXBM=">AAACBnicbVC7SgNBFJ31GeMrainCYCJYhd0Q1DJgYxnFPCBZltnJ3WTI7IOZu8EQUtn4KzYWitj6DXb+jZNHoYkHBg7n3MOde/xECo22/W2trK6tb2xmtrLbO7t7+7mDw7qOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4/euJ3xiA0iKO7nGYgBuybiQCwRkaycud3AEHMQBaePCwQAMVhxR7QDUoE/NyebtoT0GXiTMneTJH1ct9tTsxT0OIkEumdcuxE3RHTKHgEsbZdqohYbzPutAyNGIhaHc0PWNMz4zSoUGszIuQTtXfiRELtR6GvpkMGfb0ojcR//NaKQZX7khESYoQ8dmiIJUUYzrphHaEAo5yaAjjSpi/Ut5jinE0zWVNCc7iycukXio6F8XybSlfKc/ryJBjckrOiUMuSYXckCqpEU4eyTN5JW/Wk/VivVsfs9EVa545In9gff4A/saYKA==</latexit>

Receive xt from the server

Worker 1 Worker 2 Worker 3

<latexit sha1_base64="+l8zTufD4nJOjLw1aLtYb1rAN6I=">AAACC3icbVDLSgMxFM3UV62vUZduQltBEMpMKeqy6MZlBfuAtpRMmrahmcmQ3FHL0L0bf8WNC0Xc+gPu/BvT6Sy09UDgcM493NzjhYJrcJxvK7Oyura+kd3MbW3v7O7Z+wcNLSNFWZ1KIVXLI5oJHrA6cBCsFSpGfE+wpje+mvnNO6Y0l8EtTELW9ckw4ANOCRipZ+cvlSR9SjTg4kMvhlN3WsQgMYwYvpdqbKI9u+CUnAR4mbgpKaAUtZ791elLGvksACqI1m3XCaEbEwWcCjbNdSLNQkLHZMjahgbEZ7obJ7dM8bFR+ngglXkB4ET9nYiJr/XE98ykT2CkF72Z+J/XjmBw0Y15EEbAAjpfNIhEcqwpBve5YhTExBBCFTd/xXREFKFgOsiZEtzFk5dJo1xyz0qVm3KhWknryKIjlEcnyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P+WjGSjOH6A+szx+l7Zoj</latexit>

Broadcast xt+1 to the workers

<latexit sha1_base64="oZMBzqrv+cZvuRSEfYdshO5Pupc=">AAACG3icbZDNSgMxFIUz9a/Wv6pLN8EqKGqZKaJuhIIblxVsK7RluJNm2mCSGZKMWIa+hxtfxY0LRVwJLnwb03YWar0Q+DjnXm7uCWLOtHHdLyc3Mzs3v5BfLCwtr6yuFdc3GjpKFKF1EvFI3QSgKWeS1g0znN7EioIIOG0Gtxcjv3lHlWaRvDaDmHYE9CQLGQFjJb9Y2bn3U+/QHHhDfI4nPMRHuN0DIQC3JQQccOh7e5m3v+MXS27ZHReeBi+DEsqq5hc/2t2IJIJKQzho3fLc2HRSUIYRToeFdqJpDOQWerRlUYKgupOObxviXat0cRgp+6TBY/XnRApC64EIbKcA09d/vZH4n9dKTHjWSZmME0MlmSwKE45NhEdB4S5TlBg+sABEMftXTPqggBgbZ8GG4P09eRoalbJ3Uj6+qpSqx1kcebSFttEe8tApqqJLVEN1RNADekIv6NV5dJ6dN+d90ppzsplN9Kucz28FI55G</latexit>

x1,t+1 = x1,t � �rf1(x1,t)
<latexit sha1_base64="V+CNlgDlILGesR4xQ1FYlXiAu9I=">AAACG3icbZDNSgMxFIUz/tb6V3XpJlgFRS0zg6gboeDGZQXbCm0Z7qSZGkwyQ5IRy9D3cOOruHGhiCvBhW9j2s5CrRcCH+fcy809YcKZNq775UxNz8zOzRcWiotLyyurpbX1ho5TRWidxDxW1yFoypmkdcMMp9eJoiBCTpvh7fnQb95RpVksr0w/oR0BPckiRsBYKSj52/dB5h+YfW+Az/CYB/gQt3sgBOC2hJADjgJ/N/f2toNS2a24o8KT4OVQRnnVgtJHuxuTVFBpCAetW56bmE4GyjDC6aDYTjVNgNxCj7YsShBUd7LRbQO8Y5UujmJlnzR4pP6cyEBo3Reh7RRgbvRfbyj+57VSE512MiaT1FBJxouilGMT42FQuMsUJYb3LQBRzP4VkxtQQIyNs2hD8P6ePAkNv+IdV44u/XL1KI+jgDbRFtpFHjpBVXSBaqiOCHpAT+gFvTqPzrPz5ryPW6ecfGYD/Srn8xsLkJ5K</latexit>

x2,t+1 = x2,t � �rf2(x2,t)
<latexit sha1_base64="6yZmCa35M+tuJupN06Q4cr45Z1w=">AAACG3icbZDNSgMxFIUz/tb6V3XpJliFilpmqqgboeDGpYKtQluGO2mmDU0yQ5IRy9D3cOOruHGhiCvBhW9j2s5CrRcCH+fcy809QcyZNq775UxNz8zOzecW8otLyyurhbX1uo4SRWiNRDxStwFoypmkNcMMp7exoiACTm+C3vnQv7mjSrNIXpt+TFsCOpKFjICxkl+obN/76eG+2fMG+AyPeYAPcLMDQgBuSgg44NA/LGXe7rZfKLpld1R4ErwMiiirS7/w0WxHJBFUGsJB64bnxqaVgjKMcDrINxNNYyA96NCGRQmC6lY6um2Ad6zSxmGk7JMGj9SfEykIrfsisJ0CTFf/9Ybif14jMeFpK2UyTgyVZLwoTDg2ER4GhdtMUWJ43wIQxexfMemCAmJsnHkbgvf35EmoV8recfnoqlKsHmVx5NAm2kIl5KETVEUX6BLVEEEP6Am9oFfn0Xl23pz3ceuUk81soF/lfH4DEf2eTg==</latexit>

x3,t+1 = x3,t � �rf3(x3,t)

(Each worker performs 1 GD step using its local function, and the results are averaged)
min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization problem:

<latexit sha1_base64="9+wqZomUBSwaKL5djBx6/boRDXE="></latexit>

xt+1 =
1

3

3P
i=1

xi,t+1 = xt � �
1

3

3P
i=1

rfi(xt) = xt � �rf(xt)

d-dimensional vector 
computed by machine 1
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The idea behind Local Training

Communication

Local Computation Local Computation Local Computation

Communication Communication

Local Computation Local Computation

Communication Communication
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Distributed Local Gradient Descent

Server

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

Worker 1 Worker 2 Worker 3

(Each worker performs K GD steps using its local function, and the results are averaged)

<latexit sha1_base64="DtsPrgbaqchnPb7oK/yDavirPw4=">AAACI3icbZDLSgMxFIYzXmu9VV26CbZCRS0zRVQEQXAjuKlgtdCW4UyaaUOTzJBkxDL0Xdz4Km5cKOLGhe9iehG0eiDw8f/ncHL+IOZMG9f9cKamZ2bn5jML2cWl5ZXV3Nr6jY4SRWiVRDxStQA05UzSqmGG01qsKIiA09ugez7wb++o0iyS16YX06aAtmQhI2Cs5OdOCvd+Wt4zu5d9fIq/ed/r433caIMQgBsSAg449MvFH/5Owc/l3ZI7LPwXvDHk0bgqfu6t0YpIIqg0hIPWdc+NTTMFZRjhtJ9tJJrGQLrQpnWLEgTVzXR4Yx9vW6WFw0jZJw0eqj8nUhBa90RgOwWYjp70BuJ/Xj0x4XEzZTJODJVktChMODYRHgSGW0xRYnjPAhDF7F8x6YACYmysWRuCN3nyX7gpl7zD0sFVOX9WGseRQZtoCxWRh47QGbpAFVRFBD2gJ/SCXp1H59l5c95HrVPOeGYD/Srn8wtZCKBW</latexit>

x2,t+K = x2,t+K�1 � �rf2(x2,t+K�1)
<latexit sha1_base64="miOm3mqgKDWCx4xrcL099eW3Tns=">AAACI3icbZDLSgMxFIYz9V5vVZduglWoaMuMioogCG4ENwr2Am0ZzqSZNphkhiQjlqHv4sZXceNCETcufBfTWkFbDwQ+/v8cTs4fxJxp47ofTmZicmp6ZnYuO7+wuLScW1mt6ChRhJZJxCNVC0BTziQtG2Y4rcWKggg4rQa3532/ekeVZpG8Md2YNgW0JQsZAWMlP3eyee+n+7tm57KHT/EPF70eLuJGG4QA3JAQcMChv1/45W9v+rm8W3IHhcfBG0IeDevKz701WhFJBJWGcNC67rmxaaagDCOc9rKNRNMYyC20ad2iBEF1Mx3c2MNbVmnhMFL2SYMH6u+JFITWXRHYTgGmo0e9vvifV09MeNxMmYwTQyX5XhQmHJsI9wPDLaYoMbxrAYhi9q+YdEABMTbWrA3BGz15HCp7Je+wdHC9lz8rDeOYRetoAxWQh47QGbpAV6iMCHpAT+gFvTqPzrPz5rx/t2ac4cwa+lPO5xdfjaBa</latexit>

x3,t+K = x3,t+K�1 � �rf3(x3,t+K�1)

<latexit sha1_base64="nNq2Rarq3OtBg/85UXipVNVzUPc=">AAACH3icbZDNSgMxFIUz9a/Wv6pLN8EqKGqZqVLdCAU3LhVsFdoy3EkzbTDJDElGLEPfxI2v4saFIuKub2NaB1HrhcDHOfdyc08Qc6aN6w6d3NT0zOxcfr6wsLi0vFJcXWvoKFGE1knEI3UTgKacSVo3zHB6EysKIuD0Org9G/nXd1RpFskr049pW0BXspARMFbyi9Wtez893Dd7lQE+xRl7A3yAW10QAnBLQsABh/7hzre7u+UXS27ZHReeBC+DEsrqwi9+tDoRSQSVhnDQuum5sWmnoAwjnA4KrUTTGMgtdGnTogRBdTsd3zfA21bp4DBS9kmDx+rPiRSE1n0R2E4Bpqf/eiPxP6+ZmPCknTIZJ4ZK8rUoTDg2ER6FhTtMUWJ43wIQxexfMemBAmJspAUbgvf35EloVMpetXx0WSnVylkcebSBNtEO8tAxqqFzdIHqiKAH9IRe0Kvz6Dw7b877V2vOyWbW0a9yhp/1FZ8p</latexit>

x3,t+2 = x3,t+1 � �rf3(x3,t+1)

<latexit sha1_base64="ATO5JCelZf2+cE4Jdht2wylYWL4=">AAACG3icbZDNSgMxFIUz/lv/qi7dBKtQUctMFXUjFNy4rGBroS3DnTRTQ5PMkGTEMvQ93Pgqblwo4kpw4duYtrNQ64XAxzn3cnNPEHOmjet+OVPTM7Nz8wuLuaXlldW1/PpGXUeJIrRGIh6pRgCaciZpzTDDaSNWFETA6U3Quxj6N3dUaRbJa9OPaVtAV7KQETBW8vPlnXs/PTow+94An+MxD/AhbnVBCMAtCQEHHPpHxczb2/HzBbfkjgpPgpdBAWVV9fMfrU5EEkGlIRy0bnpubNopKMMIp4NcK9E0BtKDLm1alCCobqej2wZ41yodHEbKPmnwSP05kYLQui8C2ynA3Oq/3lD8z2smJjxrp0zGiaGSjBeFCccmwsOgcIcpSgzvWwCimP0rJreggBgbZ86G4P09eRLq5ZJ3Ujq+KhcqpSyOBbSFtlEReegUVdAlqqIaIugBPaEX9Oo8Os/Om/M+bp1ysplN9Kucz28QL55I</latexit>

x3,t+1 = x3,t � �rf3(x3,t)
…

<latexit sha1_base64="CbKLQqkTWeOM5Ub/IVqH9HqAafY=">AAACH3icbZDNSgMxFIUz/lv/qi7dBFtBUcvMIOpGKLhxqWCt0JbhTpppQ5PMkGTEMvRN3PgqblwoIu76NqZ1ELVeCHyccy8394QJZ9q47tCZmp6ZnZtfWCwsLa+srhXXN250nCpCayTmsboNQVPOJK0ZZji9TRQFEXJaD3vnI79+R5Vmsbw2/YS2BHQkixgBY6WgeFy+DzL/wOz7A3yGc/YG+BA3OyAE4KaEkAOOAn/3290rB8WSW3HHhSfBy6GE8roMih/NdkxSQaUhHLRueG5iWhkowwing0Iz1TQB0oMObViUIKhuZeP7BnjHKm0cxco+afBY/TmRgdC6L0LbKcB09V9vJP7nNVITnbYyJpPUUEm+FkUpxybGo7BwmylKDO9bAKKY/SsmXVBAjI20YEPw/p48CTd+xTuuHF35pWolj2MBbaFttIs8dIKq6AJdohoi6AE9oRf06jw6z86b8/7VOuXkM5voVznDT+6cnyU=</latexit>

x2,t+2 = x2,t+1 � �rf2(x2,t+1)

<latexit sha1_base64="B+wNlBlvhXgbZ0CABrNLPcPgTCw=">AAACG3icbZDNSgMxFIUz/lv/qi7dBFtBUcvMIOpGKLhxWcFaoS3DnTTTBpPMkGTEMvQ93Pgqblwo4kpw4duYtrNQ64XAxzn3cnNPmHCmjet+OVPTM7Nz8wuLhaXlldW14vrGtY5TRWidxDxWNyFoypmkdcMMpzeJoiBCThvh7fnQb9xRpVksr0w/oW0BXckiRsBYKSj65fsg8w/MvjfAZ3jMA3yIW10QAnBLQsgBR4G/m3t75aBYcivuqPAkeDmUUF61oPjR6sQkFVQawkHrpucmpp2BMoxwOii0Uk0TILfQpU2LEgTV7Wx02wDvWKWDo1jZJw0eqT8nMhBa90VoOwWYnv7rDcX/vGZqotN2xmSSGirJeFGUcmxiPAwKd5iixPC+BSCK2b9i0gMFxNg4CzYE7+/Jk3DtV7zjytGlX6pW8jgW0BbaRrvIQyeoii5QDdURQQ/oCb2gV+fReXbenPdx65STz2yiX+V8fgMJwp5E</latexit>

x2,t+1 = x2,t � �rf2(x2,t)

…

<latexit sha1_base64="2wNrmvmZtdOHD/YqJrBzA/NUYFk=">AAACH3icbZDNSgMxFIUz9b/+VV26CVahog4zRdSNILhxqWBroS3DnTTThiaZIcmIZeibuPFV3LhQRNz5NqZ1ELVeCHyccy8394QJZ9p43odTmJqemZ2bXyguLi2vrJbW1us6ThWhNRLzWDVC0JQzSWuGGU4biaIgQk5vwv75yL+5pUqzWF6bQULbArqSRYyAsVJQOtq+CzJ/3+xVh/gU5+wP8QFudUEIwC0JIQccBX7l293dDkplz/XGhSfBz6GM8roMSu+tTkxSQaUhHLRu+l5i2hkowwinw2Ir1TQB0ocubVqUIKhuZ+P7hnjHKh0cxco+afBY/TmRgdB6IELbKcD09F9vJP7nNVMTnbQzJpPUUEm+FkUpxybGo7BwhylKDB9YAKKY/SsmPVBAjI20aEPw/548CfWq6x+5h1fV8pmbxzGPNtEWqiAfHaMzdIEuUQ0RdI8e0TN6cR6cJ+fVeftqLTj5zAb6Vc7HJ+gjnyE=</latexit>

x1,t+2 = x1,t+1 � �rf1(x1,t+1)

<latexit sha1_base64="8v/iSefTxUHYdgXpAmORZkW3dKw=">AAACG3icbZDNSgMxFIUz9a/Wv6pLN8EqVNQyU0TdCIIblwq2Ftoy3EkzbWiSGZKMWIa+hxtfxY0LRVwJLnwb03YWar0Q+DjnXm7uCWLOtHHdLyc3Mzs3v5BfLCwtr6yuFdc36jpKFKE1EvFINQLQlDNJa4YZThuxoiACTm+D/sXIv72jSrNI3phBTNsCupKFjICxkl+s7tz7qXdg9r0hPsMTHuJD3OqCEIBbEgIOOPS9cubt7fjFkltxx4WnwcughLK68osfrU5EEkGlIRy0bnpubNopKMMIp8NCK9E0BtKHLm1alCCobqfj24Z41yodHEbKPmnwWP05kYLQeiAC2ynA9PRfbyT+5zUTE562UybjxFBJJovChGMT4VFQuMMUJYYPLABRzP4Vkx4oIMbGWbAheH9PnoZ6teIdV46uq6XzShZHHm2hbVRGHjpB5+gSXaEaIugBPaEX9Oo8Os/Om/M+ac052cwm+lXO5zcDVZ5A</latexit>

x1,t+1 = x1,t � �rf1(x1,t)

<latexit sha1_base64="5utMcouerjhfyJDYdOQIJUcXoGY=">AAACI3icbZDLSgMxFIYzXmu9VV26CVahopaZIiqCUHAjuKlgq9CW4UyaqcEkMyQZsQx9Fze+ihsXSnHjwncxvQi1eiDw8f/ncHL+IOZMG9f9dKamZ2bn5jML2cWl5ZXV3Np6TUeJIrRKIh6p2wA05UzSqmGG09tYURABpzfB/Xnfv3mgSrNIXptOTJsC2pKFjICxkp873X70U2/f7F128Rn+4QOviw9wow1CAG5ICDjg0PcKY/7utp/Lu0V3UPgveCPIo1FV/Fyv0YpIIqg0hIPWdc+NTTMFZRjhtJttJJrGQO6hTesWJQiqm+ngxi7esUoLh5GyTxo8UMcnUhBad0RgOwWYOz3p9cX/vHpiwpNmymScGCrJcFGYcGwi3A8Mt5iixPCOBSCK2b9icgcKiLGxZm0I3uTJf6FWKnpHxcOrUr5cHMWRQZtoCxWQh45RGV2gCqoigp7QC3pD786z8+r0nI9h65QzmtlAv8r5+gZSg6BS</latexit>

x1,t+K = x1,t+K�1 � �rf1(x1,t+K�1)

…

<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server
<latexit sha1_base64="BqrMA9niAXyGVQpZGbfoGTCIwOI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9WxlznnMMU3eOxB1TMrtmXPgVeJk5MKytHwzK9eP6ZpyCKggijVdewE3IxI4FSwaamXKpYQOiID1tU0IiFTbjY/fIpPtdLHQSx1RYDn6u+JjIRKTUJfd4YEhmrZm4n/ed0Ugms341GSAovoYlGQCgwxnqWA+1wyCmKiCaGS61sxHRJJKOisSjoEZ/nlVdKqWc6ldXFfq9StPI4iOkYn6Aw56ArV0R1qoCaiKEXP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8AeYmkeQ=</latexit>x1,t = xt

<latexit sha1_base64="C78Ea7llgYHngutH3mrR1VyUSpg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9Wxl9XOYYpv8NiDqmdWbMueA68SJycVlKPhmV+9fkzTkEVABVGq69gJuBmRwKlg01IvVSwhdEQGrKtpREKm3Gx++BSfaqWPg1jqigDP1d8TGQmVmoS+7gwJDNWyNxP/87opBNduxqMkBRbRxaIgFRhiPEsB97lkFMREE0Il17diOiSSUNBZlXQIzvLLq6RVs5xL6+K+VqlbeRxFdIxO0Bly0BWqozvUQE1EUYqe0St6M56MF+Pd+Fi0Fox85gj9gfH5A+e0keU=</latexit>x2,t = xt
<latexit sha1_base64="SvNJV8qL7Rfvbd9X1+BEE66VZDs=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g63gQkJSRd0IBTcuK9gHtCFMppN26OTBzI20hn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPX4iuALb/jZWVtfWNzYLW8Xtnd29krl/0FRxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH95O/dYjk4rH0QOME+aGpB/xgFMCWvLMUmXkZednMME3eORBxTPLtmXPgJeJk5MyylH3zK9uL6ZpyCKggijVcewE3IxI4FSwSbGbKpYQOiR91tE0IiFTbjY7fIJPtNLDQSx1RYBn6u+JjIRKjUNfd4YEBmrRm4r/eZ0Ugms341GSAovofFGQCgwxnqaAe1wyCmKsCaGS61sxHRBJKOisijoEZ/HlZdKsWs6ldXFfLdesPI4COkLH6BQ56ArV0B2qowaiKEXP6BW9GU/Gi/FufMxbV4x85hD9gfH5A+lCkeY=</latexit>x3,t = xt

<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server
<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server

<latexit sha1_base64="StML8UUbH9eZXns9xjvjk0ocVHM=">AAACGXicbVDLSsNAFJ3UV62vqEs3g40gKCFpRd0UCm4ENxXsA9oYJtNJO3TyYGYilpDfcOOvuHGhiEtd+TdO0y60emDgcM653LnHixkV0rK+tMLC4tLySnG1tLa+sbmlb++0RJRwTJo4YhHveEgQRkPSlFQy0ok5QYHHSNsbXUz89h3hgkbhjRzHxAnQIKQ+xUgqydUtw7h3U3l0lcEa7Pkc4dTO0mrWE0ngpnbNzm6rUCXocZ4xDFcvW6aVA/4l9oyUwQwNV//o9SOcBCSUmCEhurYVSydFXFLMSFbqJYLECI/QgHQVDVFAhJPml2XwQCl96EdcvVDCXP05kaJAiHHgqWSA5FDMexPxP6+bSP/cSWkYJ5KEeLrITxiUEZzUBPuUEyzZWBGEOVV/hXiIVD1SlVlSJdjzJ/8lrYppn5on15Vy3ZzVUQR7YB8cAhucgTq4BA3QBBg8gCfwAl61R+1Ze9Pep9GCNpvZBb+gfX4D+JyeVg==</latexit>

xt+K =
1

3

3X

1=1

xi,t+K

<latexit sha1_base64="1k62z6w5rNKdvihTIiMjD/RYnKU=">AAACC3icbVDLSgMxFM3UV62vUZduQltBEMpMEXVZdCO4qWAf0A4lk6ZtaGYyJHfUMnTvxl9x40IRt/6AO//GtJ2Fth4IHM65h5t7/EhwDY7zbWWWlldW17LruY3Nre0de3evrmWsKKtRKaRq+kQzwUNWAw6CNSPFSOAL1vCHlxO/cceU5jK8hVHEvID0Q97jlICROnb+QknSpUQDLj50Eji+HhcxSAwDhu+lGppoxy44JWcKvEjclBRQimrH/mp3JY0DFgIVROuW60TgJUQBp4KNc+1Ys4jQIemzlqEhCZj2kuktY3xolC7uSWVeCHiq/k4kJNB6FPhmMiAw0PPeRPzPa8XQO/cSHkYxsJDOFvViMT3WFIO7XDEKYmQIoYqbv2I6IIpQMB3kTAnu/MmLpF4uuaelk5tyoVJK68iiA5RHR8hFZ6iCrlAV1RBFj+gZvaI368l6sd6tj9loxkoz++gPrM8fzUGaNw==</latexit>

Broadcast xt+K to the workers

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization problem:
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What does Local Training do?

Ahmed Khaled, Konstantin Mishchenko, Peter Richtárik
First Analysis of Local GD on Heterogeneous Data 
NeurIPS 2019 Workshop on Federated Learning for Data Privacy and Confidentiality, 2019

Plot taken from:

L2-regularized logistic regression
LibSVM mushrooms dataset
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Brief History of Local Training Methods

Grigory Malinovsky, Kai Yi, Peter Richtárik
Variance Reduced ProxSkip: Algorithm, Theory and Application to Federated Learning
NeurIPS 2022
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Generation Rate Number of communications
3 (DLGD, LGD, LSGD) Sublinear 1,000,000

4 (FedLin, Scaffold) Linear = GD 10,000

5 (ProxSkip/Scaffnew, ProxSkip-VR) Accelerated 100

What is the accelerated rate? min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization problem:

# iterations Error tolerance
<latexit sha1_base64="EkDyU4m//dW4/oi6fWt2qXDd+bw="></latexit>

x? := arg min
x2Rd

f(x)

<latexit sha1_base64="GjNUp5sbe9SiHvU+/cJLDVTHJdE="></latexit>

) kxt � x?k2  " kx0 � x?k2
<latexit sha1_base64="sIVdIEO0mji0eQn6CoFItcATmAY="></latexit>

t � T (L, ")

<latexit sha1_base64="HDugwQtzpWqcz+Kivmpx02b82TA="></latexit>

T (L, ") =

<latexit sha1_base64="HDugwQtzpWqcz+Kivmpx02b82TA="></latexit>

T (L, ") =

<latexit sha1_base64="HDugwQtzpWqcz+Kivmpx02b82TA="></latexit>

T (L, ") =

<latexit sha1_base64="8MqjlRijW4AlLXUH1FA9BR7Zb9M="></latexit>

krf(x)�rf(y)k  L kx� yk
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<latexit sha1_base64="KoinUkDu6+yV+CmVBy0bg6YEqSo="></latexit>

L1

Why treat all devices equally?

Server

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

Worker 1 Worker 2 Worker 3

(Each worker performs K GD steps using its local function, and the results are averaged)

<latexit sha1_base64="DtsPrgbaqchnPb7oK/yDavirPw4=">AAACI3icbZDLSgMxFIYzXmu9VV26CbZCRS0zRVQEQXAjuKlgtdCW4UyaaUOTzJBkxDL0Xdz4Km5cKOLGhe9iehG0eiDw8f/ncHL+IOZMG9f9cKamZ2bn5jML2cWl5ZXV3Nr6jY4SRWiVRDxStQA05UzSqmGG01qsKIiA09ugez7wb++o0iyS16YX06aAtmQhI2Cs5OdOCvd+Wt4zu5d9fIq/ed/r433caIMQgBsSAg449MvFH/5Owc/l3ZI7LPwXvDHk0bgqfu6t0YpIIqg0hIPWdc+NTTMFZRjhtJ9tJJrGQLrQpnWLEgTVzXR4Yx9vW6WFw0jZJw0eqj8nUhBa90RgOwWYjp70BuJ/Xj0x4XEzZTJODJVktChMODYRHgSGW0xRYnjPAhDF7F8x6YACYmysWRuCN3nyX7gpl7zD0sFVOX9WGseRQZtoCxWRh47QGbpAFVRFBD2gJ/SCXp1H59l5c95HrVPOeGYD/Srn8wtZCKBW</latexit>

x2,t+K = x2,t+K�1 � �rf2(x2,t+K�1)
<latexit sha1_base64="miOm3mqgKDWCx4xrcL099eW3Tns=">AAACI3icbZDLSgMxFIYz9V5vVZduglWoaMuMioogCG4ENwr2Am0ZzqSZNphkhiQjlqHv4sZXceNCETcufBfTWkFbDwQ+/v8cTs4fxJxp47ofTmZicmp6ZnYuO7+wuLScW1mt6ChRhJZJxCNVC0BTziQtG2Y4rcWKggg4rQa3532/ekeVZpG8Md2YNgW0JQsZAWMlP3eyee+n+7tm57KHT/EPF70eLuJGG4QA3JAQcMChv1/45W9v+rm8W3IHhcfBG0IeDevKz701WhFJBJWGcNC67rmxaaagDCOc9rKNRNMYyC20ad2iBEF1Mx3c2MNbVmnhMFL2SYMH6u+JFITWXRHYTgGmo0e9vvifV09MeNxMmYwTQyX5XhQmHJsI9wPDLaYoMbxrAYhi9q+YdEABMTbWrA3BGz15HCp7Je+wdHC9lz8rDeOYRetoAxWQh47QGbpAV6iMCHpAT+gFvTqPzrPz5rx/t2ac4cwa+lPO5xdfjaBa</latexit>

x3,t+K = x3,t+K�1 � �rf3(x3,t+K�1)

<latexit sha1_base64="nNq2Rarq3OtBg/85UXipVNVzUPc=">AAACH3icbZDNSgMxFIUz9a/Wv6pLN8EqKGqZqVLdCAU3LhVsFdoy3EkzbTDJDElGLEPfxI2v4saFIuKub2NaB1HrhcDHOfdyc08Qc6aN6w6d3NT0zOxcfr6wsLi0vFJcXWvoKFGE1knEI3UTgKacSVo3zHB6EysKIuD0Org9G/nXd1RpFskr049pW0BXspARMFbyi9Wtez893Dd7lQE+xRl7A3yAW10QAnBLQsABh/7hzre7u+UXS27ZHReeBC+DEsrqwi9+tDoRSQSVhnDQuum5sWmnoAwjnA4KrUTTGMgtdGnTogRBdTsd3zfA21bp4DBS9kmDx+rPiRSE1n0R2E4Bpqf/eiPxP6+ZmPCknTIZJ4ZK8rUoTDg2ER6FhTtMUWJ43wIQxexfMemBAmJspAUbgvf35EloVMpetXx0WSnVylkcebSBNtEO8tAxqqFzdIHqiKAH9IRe0Kvz6Dw7b877V2vOyWbW0a9yhp/1FZ8p</latexit>

x3,t+2 = x3,t+1 � �rf3(x3,t+1)

<latexit sha1_base64="ATO5JCelZf2+cE4Jdht2wylYWL4=">AAACG3icbZDNSgMxFIUz/lv/qi7dBKtQUctMFXUjFNy4rGBroS3DnTRTQ5PMkGTEMvQ93Pgqblwo4kpw4duYtrNQ64XAxzn3cnNPEHOmjet+OVPTM7Nz8wuLuaXlldW1/PpGXUeJIrRGIh6pRgCaciZpzTDDaSNWFETA6U3Quxj6N3dUaRbJa9OPaVtAV7KQETBW8vPlnXs/PTow+94An+MxD/AhbnVBCMAtCQEHHPpHxczb2/HzBbfkjgpPgpdBAWVV9fMfrU5EEkGlIRy0bnpubNopKMMIp4NcK9E0BtKDLm1alCCobqej2wZ41yodHEbKPmnwSP05kYLQui8C2ynA3Oq/3lD8z2smJjxrp0zGiaGSjBeFCccmwsOgcIcpSgzvWwCimP0rJreggBgbZ86G4P09eRLq5ZJ3Ujq+KhcqpSyOBbSFtlEReegUVdAlqqIaIugBPaEX9Oo8Os/Om/M+bp1ysplN9Kucz28QL55I</latexit>

x3,t+1 = x3,t � �rf3(x3,t)
…

<latexit sha1_base64="CbKLQqkTWeOM5Ub/IVqH9HqAafY=">AAACH3icbZDNSgMxFIUz/lv/qi7dBFtBUcvMIOpGKLhxqWCt0JbhTpppQ5PMkGTEMvRN3PgqblwoIu76NqZ1ELVeCHyccy8394QJZ9q47tCZmp6ZnZtfWCwsLa+srhXXN250nCpCayTmsboNQVPOJK0ZZji9TRQFEXJaD3vnI79+R5Vmsbw2/YS2BHQkixgBY6WgeFy+DzL/wOz7A3yGc/YG+BA3OyAE4KaEkAOOAn/3290rB8WSW3HHhSfBy6GE8roMih/NdkxSQaUhHLRueG5iWhkowwing0Iz1TQB0oMObViUIKhuZeP7BnjHKm0cxco+afBY/TmRgdC6L0LbKcB09V9vJP7nNVITnbYyJpPUUEm+FkUpxybGo7BwmylKDO9bAKKY/SsmXVBAjI20YEPw/p48CTd+xTuuHF35pWolj2MBbaFttIs8dIKq6AJdohoi6AE9oRf06jw6z86b8/7VOuXkM5voVznDT+6cnyU=</latexit>

x2,t+2 = x2,t+1 � �rf2(x2,t+1)

<latexit sha1_base64="B+wNlBlvhXgbZ0CABrNLPcPgTCw=">AAACG3icbZDNSgMxFIUz/lv/qi7dBFtBUcvMIOpGKLhxWcFaoS3DnTTTBpPMkGTEMvQ93Pgqblwo4kpw4duYtrNQ64XAxzn3cnNPmHCmjet+OVPTM7Nz8wuLhaXlldW14vrGtY5TRWidxDxWNyFoypmkdcMMpzeJoiBCThvh7fnQb9xRpVksr0w/oW0BXckiRsBYKSj65fsg8w/MvjfAZ3jMA3yIW10QAnBLQsgBR4G/m3t75aBYcivuqPAkeDmUUF61oPjR6sQkFVQawkHrpucmpp2BMoxwOii0Uk0TILfQpU2LEgTV7Wx02wDvWKWDo1jZJw0eqT8nMhBa90VoOwWYnv7rDcX/vGZqotN2xmSSGirJeFGUcmxiPAwKd5iixPC+BSCK2b9i0gMFxNg4CzYE7+/Jk3DtV7zjytGlX6pW8jgW0BbaRrvIQyeoii5QDdURQQ/oCb2gV+fReXbenPdx65STz2yiX+V8fgMJwp5E</latexit>

x2,t+1 = x2,t � �rf2(x2,t)

…

<latexit sha1_base64="2wNrmvmZtdOHD/YqJrBzA/NUYFk=">AAACH3icbZDNSgMxFIUz9b/+VV26CVahog4zRdSNILhxqWBroS3DnTTThiaZIcmIZeibuPFV3LhQRNz5NqZ1ELVeCHyccy8394QJZ9p43odTmJqemZ2bXyguLi2vrJbW1us6ThWhNRLzWDVC0JQzSWuGGU4biaIgQk5vwv75yL+5pUqzWF6bQULbArqSRYyAsVJQOtq+CzJ/3+xVh/gU5+wP8QFudUEIwC0JIQccBX7l293dDkplz/XGhSfBz6GM8roMSu+tTkxSQaUhHLRu+l5i2hkowwinw2Ir1TQB0ocubVqUIKhuZ+P7hnjHKh0cxco+afBY/TmRgdB6IELbKcD09F9vJP7nNVMTnbQzJpPUUEm+FkUpxybGo7BwhylKDB9YAKKY/SsmPVBAjI20aEPw/548CfWq6x+5h1fV8pmbxzGPNtEWqiAfHaMzdIEuUQ0RdI8e0TN6cR6cJ+fVeftqLTj5zAb6Vc7HJ+gjnyE=</latexit>

x1,t+2 = x1,t+1 � �rf1(x1,t+1)

<latexit sha1_base64="8v/iSefTxUHYdgXpAmORZkW3dKw=">AAACG3icbZDNSgMxFIUz9a/Wv6pLN8EqVNQyU0TdCIIblwq2Ftoy3EkzbWiSGZKMWIa+hxtfxY0LRVwJLnwb03YWar0Q+DjnXm7uCWLOtHHdLyc3Mzs3v5BfLCwtr6yuFdc36jpKFKE1EvFINQLQlDNJa4YZThuxoiACTm+D/sXIv72jSrNI3phBTNsCupKFjICxkl+s7tz7qXdg9r0hPsMTHuJD3OqCEIBbEgIOOPS9cubt7fjFkltxx4WnwcughLK68osfrU5EEkGlIRy0bnpubNopKMMIp8NCK9E0BtKHLm1alCCobqfj24Z41yodHEbKPmnwWP05kYLQeiAC2ynA9PRfbyT+5zUTE562UybjxFBJJovChGMT4VFQuMMUJYYPLABRzP4Vkx4oIMbGWbAheH9PnoZ6teIdV46uq6XzShZHHm2hbVRGHjpB5+gSXaEaIugBPaEX9Oo8Os/Om/M+ac052cwm+lXO5zcDVZ5A</latexit>

x1,t+1 = x1,t � �rf1(x1,t)

<latexit sha1_base64="5utMcouerjhfyJDYdOQIJUcXoGY=">AAACI3icbZDLSgMxFIYzXmu9VV26CVahopaZIiqCUHAjuKlgq9CW4UyaqcEkMyQZsQx9Fze+ihsXSnHjwncxvQi1eiDw8f/ncHL+IOZMG9f9dKamZ2bn5jML2cWl5ZXV3Np6TUeJIrRKIh6p2wA05UzSqmGG09tYURABpzfB/Xnfv3mgSrNIXptOTJsC2pKFjICxkp873X70U2/f7F128Rn+4QOviw9wow1CAG5ICDjg0PcKY/7utp/Lu0V3UPgveCPIo1FV/Fyv0YpIIqg0hIPWdc+NTTMFZRjhtJttJJrGQO6hTesWJQiqm+ngxi7esUoLh5GyTxo8UMcnUhBad0RgOwWYOz3p9cX/vHpiwpNmymScGCrJcFGYcGwi3A8Mt5iixPCOBSCK2b9icgcKiLGxZm0I3uTJf6FWKnpHxcOrUr5cHMWRQZtoCxWQh45RGV2gCqoigp7QC3pD786z8+r0nI9h65QzmtlAv8r5+gZSg6BS</latexit>

x1,t+K = x1,t+K�1 � �rf1(x1,t+K�1)

…

<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server
<latexit sha1_base64="BqrMA9niAXyGVQpZGbfoGTCIwOI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9WxlznnMMU3eOxB1TMrtmXPgVeJk5MKytHwzK9eP6ZpyCKggijVdewE3IxI4FSwaamXKpYQOiID1tU0IiFTbjY/fIpPtdLHQSx1RYDn6u+JjIRKTUJfd4YEhmrZm4n/ed0Ugms341GSAovoYlGQCgwxnqWA+1wyCmKiCaGS61sxHRJJKOisSjoEZ/nlVdKqWc6ldXFfq9StPI4iOkYn6Aw56ArV0R1qoCaiKEXP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8AeYmkeQ=</latexit>x1,t = xt

<latexit sha1_base64="C78Ea7llgYHngutH3mrR1VyUSpg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9Wxl9XOYYpv8NiDqmdWbMueA68SJycVlKPhmV+9fkzTkEVABVGq69gJuBmRwKlg01IvVSwhdEQGrKtpREKm3Gx++BSfaqWPg1jqigDP1d8TGQmVmoS+7gwJDNWyNxP/87opBNduxqMkBRbRxaIgFRhiPEsB97lkFMREE0Il17diOiSSUNBZlXQIzvLLq6RVs5xL6+K+VqlbeRxFdIxO0Bly0BWqozvUQE1EUYqe0St6M56MF+Pd+Fi0Fox85gj9gfH5A+e0keU=</latexit>x2,t = xt
<latexit sha1_base64="SvNJV8qL7Rfvbd9X1+BEE66VZDs=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g63gQkJSRd0IBTcuK9gHtCFMppN26OTBzI20hn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPX4iuALb/jZWVtfWNzYLW8Xtnd29krl/0FRxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH95O/dYjk4rH0QOME+aGpB/xgFMCWvLMUmXkZednMME3eORBxTPLtmXPgJeJk5MyylH3zK9uL6ZpyCKggijVcewE3IxI4FSwSbGbKpYQOiR91tE0IiFTbjY7fIJPtNLDQSx1RYBn6u+JjIRKjUNfd4YEBmrRm4r/eZ0Ugms341GSAovofFGQCgwxnqaAe1wyCmKsCaGS61sxHRBJKOisijoEZ/HlZdKsWs6ldXFfLdesPI4COkLH6BQ56ArV0B2qowaiKEXP6BW9GU/Gi/FufMxbV4x85hD9gfH5A+lCkeY=</latexit>x3,t = xt

<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server
<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server

<latexit sha1_base64="StML8UUbH9eZXns9xjvjk0ocVHM=">AAACGXicbVDLSsNAFJ3UV62vqEs3g40gKCFpRd0UCm4ENxXsA9oYJtNJO3TyYGYilpDfcOOvuHGhiEtd+TdO0y60emDgcM653LnHixkV0rK+tMLC4tLySnG1tLa+sbmlb++0RJRwTJo4YhHveEgQRkPSlFQy0ok5QYHHSNsbXUz89h3hgkbhjRzHxAnQIKQ+xUgqydUtw7h3U3l0lcEa7Pkc4dTO0mrWE0ngpnbNzm6rUCXocZ4xDFcvW6aVA/4l9oyUwQwNV//o9SOcBCSUmCEhurYVSydFXFLMSFbqJYLECI/QgHQVDVFAhJPml2XwQCl96EdcvVDCXP05kaJAiHHgqWSA5FDMexPxP6+bSP/cSWkYJ5KEeLrITxiUEZzUBPuUEyzZWBGEOVV/hXiIVD1SlVlSJdjzJ/8lrYppn5on15Vy3ZzVUQR7YB8cAhucgTq4BA3QBBg8gCfwAl61R+1Ze9Pep9GCNpvZBb+gfX4D+JyeVg==</latexit>

xt+K =
1

3

3X

1=1

xi,t+K

<latexit sha1_base64="1k62z6w5rNKdvihTIiMjD/RYnKU=">AAACC3icbVDLSgMxFM3UV62vUZduQltBEMpMEXVZdCO4qWAf0A4lk6ZtaGYyJHfUMnTvxl9x40IRt/6AO//GtJ2Fth4IHM65h5t7/EhwDY7zbWWWlldW17LruY3Nre0de3evrmWsKKtRKaRq+kQzwUNWAw6CNSPFSOAL1vCHlxO/cceU5jK8hVHEvID0Q97jlICROnb+QknSpUQDLj50Eji+HhcxSAwDhu+lGppoxy44JWcKvEjclBRQimrH/mp3JY0DFgIVROuW60TgJUQBp4KNc+1Ys4jQIemzlqEhCZj2kuktY3xolC7uSWVeCHiq/k4kJNB6FPhmMiAw0PPeRPzPa8XQO/cSHkYxsJDOFvViMT3WFIO7XDEKYmQIoYqbv2I6IIpQMB3kTAnu/MmLpF4uuaelk5tyoVJK68iiA5RHR8hFZ6iCrlAV1RBFj+gZvaI368l6sd6tj9loxkoz++gPrM8fzUGaNw==</latexit>

Broadcast xt+K to the workers

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization problem:

<latexit sha1_base64="Tf4xPsuODht3Med5tUyllDLE5vg="></latexit>

L2
<latexit sha1_base64="ntB81t409VOg337jB7B2UOdxeUY="></latexit>

L3
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Key insight

Algorithm Communication Complexity Computational Complexity

ProxSkip Accelerated (100 communications) 1000 GD steps per client

GradSkip Accelerated (100 communications) 1000 GD steps per client 

GradSkip = ProxSkip + Heterogeneity Awareness

<latexit sha1_base64="KmgtlBymHtPIUbRvJkHgxGiCeYs="></latexit>

Figure 2: The columns have the same meaning as in Figure 1.

has better computational complexity. The difference (in terms of computational complexity) between
VR-GradSkip+ over ProxSkip-VR and GradSkip over ProxSkip will be the same.

The expected number of local gradient computations per communication round for GradSkip is
nX

i=1

i(1 +
p
max)

i +
p
max



nX

i=1

min(i,
p
max),

(see (8)). In contrast, for ProxSkip, we have n
p
max. Therefore, the gradient computation ratio of

ProxSkip over GradSkip depends on the number of devices having i �
p
max condition number.

If there are k  n such devices, then the gradient computation ratio of ProxSkip over GradSkip
converges to n/k � 1 when max ! 1.

In our experiments, we only have one device with an ill-conditioned local problem (k = 1). To
demonstrate this convergence, we artificially generate data to have control over the smoothness
constants. Additionally, we set the regularization parameter � = 10�1 = µ. In Figure 1, we have n =
20 devices. We set large Li = Lmax for one device and for the rest we have Li ⇠ Uniform(0.1, 1).
We can see that the convergence is the same for GradSkip and ProxSkip. Next, we increase Lmax in
each row to show that the ratio indeed converges to n = 20. In Figure 2, we show that this ratio can
be made arbitrarily large by increasing the number of clients (n). We set large Li = Lmax = 107 for
one device, and for the rest, we again have Li ⇠ Uniform(0.1, 1), and we increase n in each row.

5.1 Experiment on the “australian" dataset

We also do the same experiment using the “australian" dataset from LibSVM library [Chang and
Lin, 2011]. We set the regularization parameter � = 10�4

Lmax. We split the dataset equally into
n = 20 devices. In this case we get k = 8 devices with ill-conditioned local problems, so the gradient
computation ratio of ProxSkip over GradSkip should be close to n/k = 2.5. It can be seen in Figure 3.
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Figure 3: The plots have the same meaning as in Figure 1.
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Part 3
The ProxSkip Algorithm
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Konstantin Mishchenko, Grigory Malinovsky, Sebastian Stich, Peter Richtárik
ProxSkip: Yes! Local Gradient Steps Provably Lead to Communication 
Acceleration! Finally! International Conference on Machine Learning 
(ICML), 2022
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<latexit sha1_base64="1Cf7RyrQnG7FZsmMIf9JG4W6HME="></latexit>

h1,t = h1,t�1+ ? ! rf1(x?)

ProxSkip / Scaffnew 
Control variates, and random local steps

Server

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

Worker 1 Worker 2 Worker 3

………

<latexit sha1_base64="BqrMA9niAXyGVQpZGbfoGTCIwOI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9WxlznnMMU3eOxB1TMrtmXPgVeJk5MKytHwzK9eP6ZpyC KggijVdewE3IxI4FSwaamXKpYQOiID1tU0IiFTbjY/fIpPtdLHQSx1RYDn6u+JjIRKTUJfd4YEhmrZm4n/ed0Ugms341GSAovoYlGQCgwxnqWA+1wyCmKiCaGS61sxHRJJKOisSjoEZ/nlVdKqWc6ldXFfq9StPI4iOkYn6Aw56ArV0R1qoCaiKEXP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8AeYmkeQ=</latexit>x1,t = xt
<latexit sha1_base64="C78Ea7llgYHngutH3mrR1VyUSpg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9Wxl9XOYYpv8NiDqmdWbMueA68SJycVlKPhmV+9fkzTkEVABVGq69gJuBmRwKlg01IvVSwhdEQGrKtpREKm3Gx++BSfaqWPg1jqigDP1d8TGQmVmoS+7gwJDNWyNxP/87opBNduxqMkBRbRxaIgFRhiPEsB97lkFMREE0Il17diOiSSUNBZlXQIzvLLq6RVs5xL6+K+VqlbeRxFdIxO0Bly0BWqozvUQE1EUYqe0St6M56MF+Pd+Fi0Fox85gj9gfH5A+e0keU=</latexit>x2,t = xt

<latexit sha1_base64="SvNJV8qL7Rfvbd9X1+BEE66VZDs=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g63gQkJSRd0IBTcuK9gHtCFMppN26OTBzI20hn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPX4iuALb/jZWVtfWNzYLW8Xtnd29krl/0FRxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH95O/dYjk4rH0QOME+aGpB/xgFMCWvLMUmXkZednMME3eORBxTPLtmXPgJeJk5MyylH3zK9uL6ZpyCKggijVcewE3IxI4FSwSbGbKpYQOiR91tE0IiFTbjY7fIJPtNLDQSx1RYBn6u+JjIRKjUNfd4YEBmrRm4r/eZ0Ugms341GSAovofFGQCgwxnqaAe1wyCmKsCaGS61sxHRBJKOisijoEZ/HlZdKsWs6ldXFfLdesPI4COkLH6BQ56ArV0B2qowaiKEXP6BW9GU/Gi/FufMxbV4x85hD9gfH5A+lCkeY=</latexit>x3,t = xt

<latexit sha1_base64="OvNSD0HcFilXW2maL+4jL7ide4A="> </latexit>

Receive xt and Kt from the server
<latexit sha1_base64="OvNSD0HcFilXW2maL+4jL7ide4A="></latexit>

Receive xt and Kt from the server

<latexit sha1_base64="HrkLZljjCAhi1EoGqnajM3QrEz8="></latexit>

Kt ⇠ Geo(p)
<latexit sha1_base64="q27E3RtKuhyAOUw7zAY1+o1AxzE="></latexit>

xt+Kt =
1
3

3P
i=1

xi,t+Kt

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization problem:

<latexit sha1_base64="PFsJwOGQykUufZlYlJSGBxv632s="></latexit>

Broadcast Kt and xt+Kt to the workers

<latexit sha1_base64="rJJzryGHastyXWEwCZnugcM75+s="></latexit>

h2,t = h2,t�1+ ? ! rf2(x?)
<latexit sha1_base64="REmngwg9WC4iyzMelKYSJcu4pqw="></latexit>

h3,t = h3,t�1+ ? ! rf3(x?)

<latexit sha1_base64="OvNSD0HcFilXW2maL+4jL7ide4A="></latexit>

Receive xt and Kt from the server

<latexit sha1_base64="sKvrBX/SDPVUXXCgkB7I4osuVnQ=">AABKmHictVxZd9tIetVMtomy9SRvyQs6ss/YPbSOKNs93X3SOaOF2ldqtUVZBwSLICxsQhUp0RjMj8qvSR6TX5KvqgB+XxVAefIQHx8Kde+HQi23qm6BAPtpGHCxsvJfv/jln/35X/zlX/3qrxf/5m//7u//4Ztf/+MlT8aZxy68JEyy677LWRjE7EIEImTXacbcqB+yq/79huSvJizjQRKfi2nKbiPXj4Nh4LkCoLtvDl483e  </latexit>

x1,t+2 = x1,t+1 � � (rf1(x1,t+1)� h1,t)

<latexit sha1_base64="/G7M+QdNCyF54+Z5V3LEJPgkjco="></latexit>

x1,t+1 = x1,t � � (rf1(x1,t)� h1,t)
<latexit sha1_base64="Qy8WAh9Qm4EtzIoX/UFAPCmdZP8="></latexit>

x2,t+2 = x2,t+1 � � (rf1(x2,t+1)� h2,t)

<latexit sha1_base64="DxAFXD9309+Nw3Jej8dGldi8D1E="></latexit>

x2,t+1 = x2,t � � (rf1(x2,t)� h2,t)

<latexit sha1_base64="/7GlnnaPx6Vrzw7mGpEyDmt6kOk="></latexit>

x2,t+Kt = x2,t+Kt�1 � � (rf1(x2,t+Kt�1)� h2,t)
<latexit sha1_base64="oo/6g6siSZKkT91Zzs16hytL2Hk="></latexit>

x3,t+Kt = x3,t+Kt�1 � � (rf1(x3,t+Kt�1)� h3,t)
<latexit sha1_base64="BBa6y8XedNdDO+OlKxUrcIPWamM="></latexit>

x1,t+Kt = x1,t+Kt�1 � � (rf1(x1,t+Kt�1)� h1,t)

<latexit sha1_base64="/JAYI/FBRp9Gx7ktm53+cmh1ask="></latexit>

x3,t+1 = x3,t � � (rf1(x3,t)� h3,t)
<latexit sha1_base64="z4WduB9wS7Hzg3rBmjJU47vbfNQ="></latexit>

x3,t+2 = x3,t+1 � � (rf1(x3,t+1)� h3,t)

? = Client Drift
<latexit sha1_base64="XfFklUV+gCysT1xMhyq7lZnoOnM="></latexit>p

�
(xi,t+Kt � x̂i,t)



Part 4
The GradSkip Algorithm
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<latexit sha1_base64="z4WduB9wS7Hzg3rBmjJU47vbfNQ="></latexit>

x3,t+2 = x3,t+1 � � (rf1(x3,t+1)� h3,t)
<latexit sha1_base64="Qy8WAh9Qm4EtzIoX/UFAPCmdZP8="></latexit>

x2,t+2 = x2,t+1 � � (rf1(x2,t+1)� h2,t)

<latexit sha1_base64="/JAYI/FBRp9Gx7ktm53+cmh1ask="></latexit>

x3,t+1 = x3,t � � (rf1(x3,t)� h3,t)
<latexit sha1_base64="DxAFXD9309+Nw3Jej8dGldi8D1E="></latexit>

x2,t+1 = x2,t � � (rf1(x2,t)� h2,t)

<latexit sha1_base64="rJJzryGHastyXWEwCZnugcM75+s="></latexit>

h2,t = h2,t�1+ ? ! rf2(x?)

<latexit sha1_base64="sKvrBX/SDPVUXXCgkB7I4osuVnQ=">AABKmHictVxZd9tIetVMtomy9SRvyQs6ss/YPbSOKNs93X3SOaOF2ldqtUVZBwSLICxsQhUp0RjMj8qvSR6TX5KvqgB+XxVAefIQHx8Kde+HQi23qm6BAPtpGHCxsvJfv/jln/35X/zlX/3qrxf/5m//7u//4Ztf/+MlT8aZxy68JEyy677LWRjE7EIEImTXacbcqB+yq/79huSvJizjQRKfi2nKbiPXj4Nh4LkCoLtvDl483e  </latexit>

x1,t+2 = x1,t+1 � � (rf1(x1,t+1)� h1,t)

<latexit sha1_base64="/G7M+QdNCyF54+Z5V3LEJPgkjco="></latexit>

x1,t+1 = x1,t � � (rf1(x1,t)� h1,t)

<latexit sha1_base64="1Cf7RyrQnG7FZsmMIf9JG4W6HME="></latexit>

h1,t = h1,t�1+ ? ! rf1(x?)

GradSkip 
Let workers decide how much to work

Server

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

Worker 1 Worker 2 Worker 3

………

<latexit sha1_base64="BqrMA9niAXyGVQpZGbfoGTCIwOI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9WxlznnMMU3eOxB1TMrtmXPgVeJk5MKytHwzK9eP6ZpyC KggijVdewE3IxI4FSwaamXKpYQOiID1tU0IiFTbjY/fIpPtdLHQSx1RYDn6u+JjIRKTUJfd4YEhmrZm4n/ed0Ugms341GSAovoYlGQCgwxnqWA+1wyCmKiCaGS61sxHRJJKOisSjoEZ/nlVdKqWc6ldXFfq9StPI4iOkYn6Aw56ArV0R1qoCaiKEXP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8AeYmkeQ=</latexit>x1,t = xt
<latexit sha1_base64="C78Ea7llgYHngutH3mrR1VyUSpg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9Wxl9XOYYpv8NiDqmdWbMueA68SJycVlKPhmV+9fkzTkEVABVGq69gJuBmRwKlg01IvVSwhdEQGrKtpREKm3Gx++BSfaqWPg1jqigDP1d8TGQmVmoS+7gwJDNWyNxP/87opBNduxqMkBRbRxaIgFRhiPEsB97lkFMREE0Il17diOiSSUNBZlXQIzvLLq6RVs5xL6+K+VqlbeRxFdIxO0Bly0BWqozvUQE1EUYqe0St6M56MF+Pd+Fi0Fox85gj9gfH5A+e0keU=</latexit>x2,t = xt

<latexit sha1_base64="SvNJV8qL7Rfvbd9X1+BEE66VZDs=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g63gQkJSRd0IBTcuK9gHtCFMppN26OTBzI20hn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPX4iuALb/jZWVtfWNzYLW8Xtnd29krl/0FRxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH95O/dYjk4rH0QOME+aGpB/xgFMCWvLMUmXkZednMME3eORBxTPLtmXPgJeJk5MyylH3zK9uL6ZpyCKggijVcewE3IxI4FSwSbGbKpYQOiR91tE0IiFTbjY7fIJPtNLDQSx1RYBn6u+JjIRKjUNfd4YEBmrRm4r/eZ0Ugms341GSAovofFGQCgwxnqaAe1wyCmKsCaGS61sxHRBJKOisijoEZ/HlZdKsWs6ldXFfLdesPI4COkLH6BQ56ArV0B2qowaiKEXP6BW9GU/Gi/FufMxbV4x85hD9gfH5A+lCkeY=</latexit>x3,t = xt

<latexit sha1_base64="OvNSD0HcFilXW2maL+4jL7ide4A="> </latexit>

Receive xt and Kt from the server
<latexit sha1_base64="OvNSD0HcFilXW2maL+4jL7ide4A="></latexit>

Receive xt and Kt from the server

<latexit sha1_base64="HrkLZljjCAhi1EoGqnajM3QrEz8="></latexit>

Kt ⇠ Geo(p)
<latexit sha1_base64="q27E3RtKuhyAOUw7zAY1+o1AxzE="></latexit>

xt+Kt =
1
3

3P
i=1

xi,t+Kt

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization problem:

<latexit sha1_base64="PFsJwOGQykUufZlYlJSGBxv632s="></latexit>

Broadcast Kt and xt+Kt to the workers

<latexit sha1_base64="REmngwg9WC4iyzMelKYSJcu4pqw="></latexit>

h3,t = h3,t�1+ ? ! rf3(x?)

<latexit sha1_base64="OvNSD0HcFilXW2maL+4jL7ide4A="></latexit>

Receive xt and Kt from the server

… …
…

<latexit sha1_base64="X5Q5FZLVgkeIM8sft7lL/hzI5yo="> </latexit>

M1,t ⇠ Geo(q1)
<latexit sha1_base64="bb2fJZ6SQHMsLvmK5FkW383+2XM="></latexit>

M2,t ⇠ Geo(q2)
<latexit sha1_base64="6uPXZyZFKdamGIfxygFuTxLqSI0="></latexit>

M3,t ⇠ Geo(q3)
<latexit sha1_base64="tnj8kXY5H8D0JKPfEskJ+IUnwPQ="></latexit>

K1,t = min {M1,t,Kt}
<latexit sha1_base64="mMeYweObkIP94x6aYS5o4d7ANgI="></latexit>

K2,t = min {M2,t,Kt}
<latexit sha1_base64="cVubpjhZb/GwEBtie7wg0TfElMM="></latexit>

K3,t = min {M3,t,Kt}

<latexit sha1_base64="+K6xJinribZrtln+LS+USdcFEi0="></latexit>

x1,t+K1,t = x1,t+K1,t�1 � �
�
rf1(x1,t+K1,t�1)� h1,t

�

<latexit sha1_base64="JI8icpWidQdik2cpstNzdX9jQ0s="></latexit>

x2,t+K2,t = x2,t+K2,t�1 � �
�
rf2(x2,t+K2,t�1)� h2,t

�

<latexit sha1_base64="eU6PW1FAq7XC0VnPdZgYlgHUf2k="></latexit>

x3,t+K3,t = x3,t+K3,t�1 � �
�
rf3(x3,t+K3,t�1)� h3,t

�

<latexit sha1_base64="KoinUkDu6+yV+CmVBy0bg6YEqSo="></latexit>

L1

<latexit sha1_base64="Tf4xPsuODht3Med5tUyllDLE5vg="></latexit>

L2
<latexit sha1_base64="ntB81t409VOg337jB7B2UOdxeUY="></latexit>

L3

? = Client Drift
<latexit sha1_base64="XfFklUV+gCysT1xMhyq7lZnoOnM="></latexit>p

�
(xi,t+Kt � x̂i,t)
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Key theoretical technique 
Use random control variate

<latexit sha1_base64="M/ATZoKhD07dTuyzpSMx9dFiK4Y="></latexit>

with probability qi do

<latexit sha1_base64="ys4Gv9v2aFiK3eSTFpRgw8XadUk="></latexit>

with probability 1� qi do

<latexit sha1_base64="WaWcAF0NFQhzxkLc6oO85F0tIXc="></latexit>

ĥi,t+1 = rfi(xi,t)

<latexit sha1_base64="h3RoppE5+MnxMWZiwKAkh568yi8="></latexit>

xi,t+1 = xi,t � �
⇣
rfi(xi,t)� ĥi,t+1

⌘

<latexit sha1_base64="Dp13uTmzHorUBwquOFtL/28radA="></latexit>

ĥi,t+1 = hi,t

<latexit sha1_base64="3YjkUcuZSs1 iBGFP5Uj5vcdysZ4=">AABKpnictVxrd9vKdVXSV+q+kvZjvyCVvWIntJYkX9/k3tX bFT0oS7LeT9uirwqCQxAWQMCYISUaQX5b/0b/QL+2P6HnzAA8ZwagnH6olxeF2ftgM  Y2Bkjm53gDGqYXHwfVuYA5WeKvukRjfGfVGH8lHla8rVEqsanw5yVUMPK2YY88Fr+SHv6gz4rOuP0tCHxBDAsBf3sdPHo8tHqnDELxrbIFL4WBjiFMfy6IuACJXeCThLFQPb8PIzFO7/Vv4ujfWfoO/72e/6pS8+BqfWXt25VvTteXf79Z/eLSz5b+eelflp4vrS39dun3S7tLJ0uXS8HSfyz919J/L/3P/vP9o/3L/WsT+tOfVOf805L1b//f/xcrWH63</latexit>

ProxSkip: xi,t+1 = xi,t � � (rfi(xi,t)� hi,t)



Part 5
GradSkip Theory
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GradSkip: Assumptions same as in ProxSkip

Assumptions:
<latexit sha1_base64="zqzNfbNwzbTIt2HduD+bzVUtywM="></latexit>

krfi(x)�rfi(y)k  Li kx� yk

<latexit sha1_base64="9e1En01db7N0zKoEXcnDk4slKWY="></latexit>

hrfi(x)�rfi(y), x� yi � µ kx� yk2
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GradSkip: Bounding the # of Iterations

Lyapunov function:# iterations

Theorem:
<latexit sha1_base64="mmIT5GthzSW66O1/RUQ7ZH0laMA="></latexit>

�  min
i

n
1
Li

p2

p2+qi(1�p2)

o

<latexit sha1_base64="mKup7JTjVvLuIipD0WCpvFty+60="> </latexit>

t � max
n

1
�µ ,

1
p2�qmin(1�p2)

o
log 1

" ) E [ t]  " 0

<latexit sha1_base64="jvPwv1gNEysEwXxsR3GTG1JT7NE="></latexit>

 t :=
nX

i=1

kxi,t � x?k2 +
�2

p2

nX

i=1

khi,t �rfi(x?)k2
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<latexit sha1_base64="DhvxlIFdQKsh+1f2ewpLF3zjoyM="></latexit>

max = Lmax
µ

GradSkip: Optimal Probabilities
<latexit sha1_base64="5v+DOfWqFKMfeoS2w7UKtLatPKE="></latexit>

i =
Li
µ

<latexit sha1_base64="A1/AJLNHMqnIePrIMy1Fxl77mzM="></latexit>

qmin = 0

<latexit sha1_base64="TqqoVqCC0WnYjGtLSTp842IYERc="></latexit>

p2 = 1
max

<latexit sha1_base64="H4AyjGksc702u0dU6u6IO4i1aKs="></latexit>

qi =
1
i

� 1
max

1� 1
max

<latexit sha1_base64="d5gP5JEm2tHfib8ygpOD4U+eAvk="></latexit>

�  min
i

n
1
Li

p2

p2+qi(1�p2)

o
= 1

Lmax

<latexit sha1_base64="I6ojFbWBJzEPjSgFuZKLMKMoRcU="></latexit>

t � max
n

1
�µ ,

1
p2�qmin(1�p2)

o
log 1

" = max log
1
" ) E [ t]  " 0
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<latexit sha1_base64="gXxwBKPnTUEuaczRTfoCCC1NmBg="></latexit>

max = 1, 000, 000
<latexit sha1_base64="l0eUIH1qWiv1b6ofQbYjNDRj3zM="></latexit>

1 = 10

GradSkip: Computational Complexity

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

Worker 1 Worker 2 Worker 3

Expected # of local steps between 2 communication  =  

<latexit sha1_base64="QGDBz30nKzfvilbFrFo/L8jXigg="></latexit>

2 = 100

<latexit sha1_base64="oKL3ignxBLRVkldunIrGkD45Nhs="></latexit>

i(1+
p
max)

i+
p
max

 min
�
i,

p
max

 

1000 local steps100 local steps10 local steps

<latexit sha1_base64="H7jQolDn9ZRY42s680vlJpVqOBI="></latexit>

ProxSkip: n
p
max = 3000

<latexit sha1_base64="vVYr3f4i0yheR1aRQcx1wPebOzY="></latexit>

GradSkip:
nP

i=1

i(1+
p
max)

i+
p
max

= 1110

<latexit sha1_base64="t2zCbWCrm+PL9kpUsAQHV8LgUAM="></latexit>
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max

GradSkip ProxSkip

GradSkip vs ProxSkip
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⇡ p
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Expected number of local steps
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Experimental setup
<latexit sha1_base64="+dM6VOMTy2qFXg28DyaB2ZKTCMM="></latexit>

f(x) =
1

n

nX

i=1

log
�
1 + exp

�
�bia

>
i x

��
+

�

2
kxk2

L2-regularized logistic regression: <latexit sha1_base64="u/Rna5Z+FzOmf1SaorRCb14DYTI="></latexit>

bi 2 {�1,+1},� = 0.1,
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Ai = UiLiVi 2 R200,300,�max(Ai) = Li
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Figure 1: The first column displays the condition numbers for devices. The second column presents
convergence per communication round. The third column contrasts theoretical and practical gradient
computation counts. The final column reveals the average gradient computations for devices with
condition number i. Notably, in GradSkip, the device with i = max performs gradient computa-
tions at a rate comparable to all devices in ProxSkip.

shift ht (line 8). See Algorithm 2 for the formal steps. In the Appendix D.3, we show that GradSkip+
recovers ProxGD, ProxSkip and RandProx-FB (Condat and Richtárik, 2022) as a special case.

4.2. Convergence theory. We now present the convergence theory for GradSkip+, for which we
replace the scalar smoothness Assumption 3.4 by matrix smoothness.

Assumption 4.4 (Convexity and smoothness). We assume that the loss function f is µ-strongly
convex with positive µ > 0 and L-smooth with positive definite matrix L � 0.

Similar to (6), we analyze GradSkip+ using the Lyapunov function  t := kxt � x?k
2 + �

2(1 +
!)2kht � h?k

2, where h⇤ = rf(x⇤). The next theorem shows the general linear convergence result.

Theorem 4.5. Let Assumption 4.4 hold, C! 2 Bd(!) and C⌦ 2 Bd(⌦) be the compression operators,

and e⌦ := I+ !(! + 2)⌦(I+⌦)�1
. Then, if the stepsize �  �

�1
max(Le⌦), the iterates of GradSkip+

(Algorithm 2) satisfy

E [ t]  (1�min {�µ, �})t 0, (12)

where � = 1� 1
1+�min(⌦)

⇣
1� 1

(1+!)2

⌘
2 [0, 1].

First, if we choose C⌦ to be the identity compression (i.e., ⌦ = 0), then GradSkip+ reduces to
RandProx-FB and we recover asymptotically the same rate with linear factor (1�min{�µ, 1/(1+!)2})
(see Theorem 3 of Condat and Richtárik (2022)). If we further choose C! to be the Bernoulli
compression with parameter p 2 (0, 1], then ! = 1/p � 1 and we get the rate of ProxSkip.

In order to recover the rate (7) of GradSkip, consider the lifted space Rnd with reformulation (4)
and objective function f(x) = 1

n

Pn
i=1 fi(xi), where xi 2 Rd and x = (x1, . . . , xn) 2 Rnd. From

µ-strong convexity of each loss function fi, we conclude that f is also µ-strongly convex. Regarding
the smoothness condition, we have LiI 2 Rd⇥d smoothness matrices (e.g., scalar Li-smoothness)
for each fi, which implies that the overall loss function f has L = Diag(L1I, . . . , LnI) 2 Rnd⇥nd

as a smoothness matrix. Furthermore, choosing Bernoulli compression operators C! = C
nd
p and

C⌦ = C
d
q1⇥· · ·⇥C

d
qn in the lifted space Rnd, we get ! = 1/p�1 and ⌦ = Diag(1/qi�1). It remains to

plug all these expressions into Theorem 4.5 and recover Theorem 3.6. Indeed, �min(⌦) = 1/qmax � 1
and, hence, � = 1 � qmax

�
1� p

2
�
. Lastly, Theorem 4.5 recovers the same stepsize bound as

�
�1
max(Le⌦) = mini (Li (1 + (1� qi) (1/p2 � 1)))�1 = mini

n
1
Li

p2

1�qi(1�p2)

o
.

8

Large maximum smoothness constant



34 / 38

Under review as a conference paper at ICLR 2024

��� ��� ���
��

�
��
�


�	�����	� �	��

	��

� ���� ���� ���� 	��� 
��� ���� ���� 
���
���� ����������� ���

����

���


����

����

��
��
�
�
�

���!����
��������
���

� ��� ���� ���� 	��� 	��� 
���
� ��%����$� ��" %��#

�

�� ��	

�� ��	

�� ��	

�� ��	

� 
$�
���

"�
���

�$
�� 

�
!%

$�
$� 

�#

��$� �������

�" &���!��!"��$�����
�" &���!��$�� "�$�����
�"�����!��!"��$�����
�"�����!��$�� "�$�����

��� ��� ��� ��� ��� ��	 ��

��

�

���

���


��

���

����

��
��
��

���
��
���

��
���

�
��

��
���

��

��� ����

�������

��� ��� ���
��

�
����


�
�����	� �	��

	��

� ���� ���� ���� 	��� 
��� ���� ���� 
���
����!���� ������!���

����

����

���


����

��
��
�
�
�

���"����
��������
���

� ��� ���� ���� 	��� 	��� 
���
����$����#����!�$��"

�

�� 	�


�� 	�


�� 	�


�� 	�


��
#�
���
!�
���

�#
���

�
 $
#�
#��

�"

��#���
�	����
�!�%��� �� !��#�����
�!�%��� ��#���!�#�����
�!����� �� !��#�����
�!����� ��#���!�#�����

��� ��� ��� ��� ��� ��	 ��

��

�

���

���


��

���

����

��
��
��

���
��
���

��
���

�
��

��
���

��

��� ����

�������

��� ��� ���
��

�
����


�������	� �
�	

	��

� ���� ���� ���� 	��� 
��� ���� ���� 
���
���� ����������� ���

���


����

���	

����

��
��
�
�
�

���!����
��������
���

� ��� ���� ���� 	��� 	��� 
���
����$����#����!�$��"

�

���� ��	

�� ��	

	��� ��	

�� ���

���� ���

��
#�
���
!�
���

�#
���

�
 $
#�
#��

�"

��#���
�
����
�!�%��� �� !��#�����
�!�%��� ��#���!�#�����
�!����� �� !��#�����
�!����� ��#���!�#�����

��� ��� ��� ��� ��� ��	 ��

��

�

���

���


��

���

����

��
��
��

���
��
���

��
���

�
��

��
���

��

��� ����

�������

Figure 2: The columns in this figure represent the same as those in Figure 1.

5 EXPERIMENTS

To test the performance of GradSkip and illustrate theoretical results, we use the classical logistic
regression problem. The loss function for this model has the following form:

f(x) = 1
n

nP
i=1

1
mi

miP
j=1

log
�
1 + exp

�
�bija

>
ijx

��
+ �

2 kxk
2
,

where n is the number of clients, mi is the number of data points per worker, aij 2 Rd and
bij 2 �1,+1 are the data samples, and � is the regularization parameter.

We conducted experiments on artificially generated data and on the “australian” dataset from
LibSVM library (Chang and Lin, 2011) (see Appendix E). All algorithms are implemented in Python
using RAY (Moritz et al., 2018) for parallelization. We run all algorithms using their theoretically
optimal hyper-parameters (stepsize, probabilities). We compare GradSkip with ProxSkip and AGD,
as both have SOTA accelerated communication complexity. However, since AGD doesn’t outperform
GradSkip in communication complexity, and given the importance of communication complexity in
the FL setup, we don’t delve into their computational complexities. While ProxSkip-VR has a better
computational complexity, the difference in computational complexity between VR-GradSkip+ and
ProxSkip-VR is similar to that between GradSkip and ProxSkip, so we also skip comparing them.

The expected number of local gradient computations per communication round for GradSkip is at
most

Pn
i=1 min(i,

p
max) (see (8)). In contrast, for ProxSkip, we have n

p
max. Therefore, the

gradient computation ratio of ProxSkip over GradSkip depends on the number of devices having
i �

p
max condition number. If there are k  n such devices, then the gradient computation ratio

of ProxSkip over GradSkip converges to n/k � 1 when max ! 1.

In our experiments, only one device has an ill-conditioned local problem (k = 1). To showcase
this convergence, we generate data to control the smoothness constants and set the regularization
parameter � = 10�1 = µ. We run GradSkip and ProxSkip algorithms for 3000 communication
rounds. Figure 1 features n = 20 devices. One device is given a large Li = Lmax, while the others
have Li ⇠ Uniform(0.1, 1). The second column illustrates comparable convergence for GradSkip and
ProxSkip. As we increment Lmax row by row, the ratio appears to converge to n = 20. Conversely,
AGD’s convergence declines with increasing data heterogeneity, and it only beats GradSkip in the first
case by a negligible amount of communication rounds. Figure 2 demonstrates that by increasing the
client count (n), this ratio can grow significantly. One device is assigned a large Li = Lmax = 105,
with the remaining devices set to Li ⇠ Uniform(0.1, 1). As we progress row by row, n increases.

9

Large number of clients
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Case 4 (GradSkip). Finally, we can specialize GradSkip+ to recover GradSkip. Consider the lifted
space Rnd where x 2 Rnd represents the concatenations of models x1, . . . , xn 2 Rd from all clients.
The central example of an unbiased compression operator for that would be the probabilistic switching
mechanism used in GradSkip, which is sometimes referred to as Bernoulli compressor: for any given
p 2 [0, 1], the compressor Cnd

p (x) outputs x/p (with probability p) or 0 (with probability 1�p) for any
input vector x 2 Rnd. GradSkip employs one Bernoulli compressor Cnd

p with parameter p 2 (0, 1]

controlling communication rounds, and one Bernoulli compressor Cd
qi with parameter qi 2 (0, 1] for

each client to control local gradient steps. Therefore, choosing C! = C
nd
p and C⌦ = C

d
q1 ⇥ · · ·⇥ C

d
qn

in the lifted space Rnd, GradSkip+ reduces to GradSkip.

E EXPERIMENT ON THE “australian” DATASET

We also do the same experiment using the “australian” dataset from LibSVM library (Chang and Lin,
2011). We set the regularization parameter � = 10�4

Lmax. We split the dataset equally into n = 20
devices. In this case, we get k = 8 devices with ill-conditioned local problems, so the gradient
computation ratio of ProxSkip over GradSkip should be close to n/k = 2.5. It can be seen in Figure 3.
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Figure 3: The plots have the same meaning as in Figure 1.
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Takeaways

• GradSkip is a generalization of ProxSkip.
• GradSkip has the same communication rate as ProxSkip.
• GradSkip is a Local Training algorithm that allows devices to take a different

number of local steps.
• GradSkip is the first algorithm that benefits from allowing clients to take a 

different number of local steps.
• GradSkip is the first Local Training algorithm with SOTA accelerated 

communication complexity and has reduced computational complexity.
• GradSkip can have huge benefits compared to ProxSkip in terms of 

computational complexity.

GradSkip = ProxSkip + Heterogeneity Awareness

• Local Training is a communication acceleration technique in Federated Learning.
• ProxSkip is the first algorithm that proved the accelerated communication 

property.
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Future Research Directions

•GradSkip + communication compression.
•GradSkip + partial participation.
•GradSkip + differential privacy.
•GradSkip + personalization.
•GradSkip + decentralized case.
•GradSkip + asynchronous updates.
•Convex and non-convex setups.



Thank you
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The DLGD Algorithm

<latexit sha1_base64="a0uGQzduwcJjllOWgHdSXNofgbw="></latexit>

Receieve xi,t from the server

<latexit sha1_base64="yAyDEz2IFS0k9x1T5f1gBWptvco="></latexit>

Do K local GD steps

<latexit sha1_base64="Zd9F/i29BM6yhxlFHKOfhOAXI84="></latexit>

Synchronize

<latexit sha1_base64="QmPxa4UDPmcHrzT+GCu70zsQk5o="></latexit>

Algorithm DLGD (Distibuted Local Gradient Descent)

1: Input: stepsize � > 0, initial iterate x1,0 = · · · = xn,0 2 Rd,
number of local steps K � 1, number of iterations T � 1

2: for t = 0, 1, . . . , T � 1 do
3: in parallel on all workers i 2 [n] do
4: x̂i,0 = xi,t

5: for s = 1,2,. . . ,K do
6: x̂i,s = x̂i,s�1 � �rfi(x̂i,s�1)
7: end for

8: xi,t+1 = 1
n

nP
j=1

x̂j,K

9: end local updates
10: end for
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Theoretical problems connected with DLGD

Inner loop
Client Drift

<latexit sha1_base64="IoLC/r1Z6guILy1Jb5tmM9Fs6k8=">AAACDXicbVDLSgNBEJz1bXxFPXoZjEK8hI34vIlePCqYB2TD0jvpTYbMzi4zvWII/oAXf8WLB0W8evfm37iJQdRY0FBUddPdFSRKWnLdD2dicmp6ZnZuPrewuLS8kl9dq9o4NQIrIlaxqQdgUUmNFZKksJ4YhChQWAu6ZwO/do3GylhfUS/BZgRtLUMpgDLJz295GgIFPPSlpzCk4o3vWQLjGdnu0A73NHLXzxfckjsEHyflESmwES78/LvXikUaoSahwNpG2U2o2QdDUii8zXmpxQREF9rYyKiGCG2zP/zmlm9nSouHsclKEx+qPyf6EFnbi4KsMwLq2L/eQPzPa6QUHjX7UicpoRZfi8JUcYr5IBrekgYFqV5GQBiZ3cpFBwwIygLMDUM4HmD/++VxUt0tlQ9Ke5d7hZPTURxzbINtsiIrs0N2ws7ZBaswwe7YA3tiz8698+i8OK9frRPOaGad/YLz9gl/d5tT</latexit>

rfi (x?) 6= 0

<latexit sha1_base64="QmPxa4UDPmcHrzT+GCu70zsQk5o="></latexit>

Algorithm DLGD (Distibuted Local Gradient Descent)

1: Input: stepsize � > 0, initial iterate x1,0 = · · · = xn,0 2 Rd,
number of local steps K � 1, number of iterations T � 1

2: for t = 0, 1, . . . , T � 1 do
3: in parallel on all workers i 2 [n] do
4: x̂i,0 = xi,t

5: for s = 1,2,. . . ,K do
6: x̂i,s = x̂i,s�1 � �rfi(x̂i,s�1)
7: end for

8: xi,t+1 = 1
n

nP
j=1

x̂j,K

9: end local updates
10: end for
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Rediscovering Scaffnew (ProxSkip)
Fixing Client Drift by adding control variates

Desire

accumulated client drift

remove shift
update control 

variate

<latexit sha1_base64="LR6pAr9kq+CbddNrQ5iXdi/xkxA="></latexit>

hi,t ! rfi(x?)

<latexit sha1_base64="a1E+ZqwVVd1JXZrdyj2bPVRhOiY="></latexit>

Algorithm DLGD with control variets

1: Input: stepsize � > 0, initial iterate x1,0 = · · · = xn,0 2 Rd,
number of local steps K � 1, number of iterations T � 1
initial control variates h1,0, . . . , hn,0 2 Rd,

2: for t = 0, 1, . . . , T � 1 do
3: in parallel on all workers i 2 [n] do
4: x̂i,0 = xi,t

5: for s = 1,2,. . . , K do
6: x̂i,s = x̂i,s�1 � � (rfi(x̂i,s�1)� hi,t)
7: end for

8: xi,t+1 = 1
n

nP
j=1

(x̂j,K � �Khj,t)

9: hi,t+1 = hi,t +
1

�K (xi,t+1 � x̂i,K)
10: end local updates
11: end for
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Rediscovering Scaffnew (ProxSkip)
Making loopless

synchronize

continue doing local steps

Local GD step

<latexit sha1_base64="+XmX8RrBTS1ANiMjoxI88GWkEM8="></latexit>

Algorithm Sca↵new: Application of ProxSkip to Federated Learning

1: Input: stepsize � > 0, initial iterate x1,0 = · · · = xn,0 2 Rd,
number of local steps K � 1, number of iterations T � 1
initial control variates h1,0, . . . , hn,0 2 Rd,
synchonization probability p

2: for t = 0, 1, . . . , T � 1 do
3: server: flip a coin, ✓t 2 {0, 1}, where Prob(✓t = 1) = p
4: in parallel on all workers i 2 [n] do
5: x̂i,t+1 = xi,t � � (rfi(xi,t)� hi,t)
6: if ✓t = 1 then

7: xi,t+1 = 1
n

nP
j=1

(x̂j,t+1 � hj,t)

8: else
9: xi,t+1 = x̂t+1

10: end if
11: hi,t+1 = hi,t +

p
� (xi,t+1 � x̂i,t+1)

12: end local updates
13: end for
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Reformulated Scaffnew (ProxSkip)
<latexit sha1_base64="zBf9n4QzEmDZy91sjbHXEQZVr1M="></latexit>

Algorithm Reformulated Sca↵new

1: Input: stepsize � > 0, initial iterate x1,0 = · · · = xn,0 2 Rd,
number of local steps K � 1, number of iterations T � 1
initial control variates h1,0, . . . , hn,0 2 Rd,
synchonization probability p

2: for t = 0, 1, . . . , T � 1 do
3: Sample Kt ⇠ Geometric(p)
4: in parallel on all workers i 2 [n] do
5: x̂i,0 = xi,t

6: for s = 1,2,. . . ,Kt do
7: x̂i,s = x̂i,s�1 � � (rfi(x̂i,s�1)� hi,t)
8: end for

9: xi,t+1 = 1
n

nP
j=1

(x̂j,Kt � hj,t)

10: hi,t+1 = hi,t +
p
� (xi,t+1 � x̂i,t+1)

11: end local updates
12: end for
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The GradSkip Algorithm
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Idea: Let workers decide how much to work
<latexit sha1_base64="E36kVrpLG4xRBjPc4IVDW/zKmG8="></latexit>

Algorithm GradSkip?

1: Input: stepsize � > 0, initial iterate x1,0 = · · · = xn,0 2 Rd,
number of local steps K � 1, number of iterations T � 1
initial control variates h1,0, . . . , hn,0 2 Rd,
synchonization probability p,
probabilities qi > 0 controlling local steps

2: for t = 0, 1, . . . , T � 1 do
3: Sample Kt ⇠ Geometric(p)
4: in parallel on all workers i 2 [n] do
5: Sample Mi,t ⇠ Geometric(1� qi)
6: Mi,t = min {Mi,t,Kt}
7: x̂i,0 = xi,t

8: for s = 1,2,. . . ,Mi,t do
9: x̂i,s = x̂i,s�1 � � (rfi(x̂i,s�1)� hi,t)

10: end for

11: xi,t+1 = 1
n

nP
j=1

�
x̂j,Mj,t � hj,t

�

12: hi,t+1 = hi,t +
p
� (xi,t+1 � x̂i,t+1)

13: end local updates
14: end for
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Discovering GradSkip
Making loopless

<latexit sha1_base64="Rgb4WmOLh2VX6Uxm2c5YqKC+Bxo="></latexit>

Algorithm 1 GradSkip?

1: for t = 0, 1, . . . , T � 1 do
2: server: flip a coin, ✓t 2 {0, 1}, where Prob(✓t = 1) = p
3: in parallel on all workers i 2 [n] do
4: Sample Mi,t ⇠ Geometric(1� qi)
5: Mi,t = min {Mi,t,Kt}
6: x̂i,0 = xi,t

7: for s = 1,2,. . . ,Mi,t do
8: x̂i,s = x̂i,s�1 � � (rfi(x̂i,s�1)� hi,t)
9: end for

10: if ✓t = 1 then

11: xi,t+1 = 1
n

nP
j=1

�
x̂j,Mj,t � hj,t

�

12: else
13: xi,t+1 = x̂t+1

14: end if
15: hi,t+1 = hi,t +

p
� (xi,t+1 � x̂i,t+1)

16: end local updates
17: end for
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Use random control variate

<latexit sha1_base64="M/ATZoKhD07dTuyzpSMx9dFiK4Y="></latexit>

with probability qi do

<latexit sha1_base64="ys4Gv9v2aFiK3eSTFpRgw8XadUk="></latexit>

with probability 1� qi do

<latexit sha1_base64="C8lsJBpW6Lw0s1zYVKEdm0YaP6M="></latexit>

ProxSkip: x̂i,t+1 = xi,t � � (rfi(xi,t)� hi,t)

<latexit sha1_base64="RbUTQh6ctqtdCtdCo4bkMB9VMk4="></latexit>

ĥi,t+1 = hi,t

<latexit sha1_base64="wwSJDb4F0PkkKVUJcuEMsaesLmQ="></latexit>

ĥi,t+1 = rfi(xi,t)

<latexit sha1_base64="CbmxGSvHYUL9x0HkbneR7lRZBTI="></latexit>

x̂i,t+1 = xi,t � �
⇣
rfi(xi,t)� ĥi,t+1

⌘
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GradSkip: local GD steps

<latexit sha1_base64="juCZPRUFZ65FjK82VWQPy+O5Qm4="></latexit>

hi,t+1 = rf(xi,t) = rf(xi,t+1)

<latexit sha1_base64="h5/dYiZFnLJc7s2hIq+2VOyXsgk="></latexit>xi,t+1 = xi,t

<latexit sha1_base64="cc/yY6Zzeepn9CZKwKNeK7DEeVY="></latexit>

Algorithm 1 GradSkip

1: for t = 0, 1, . . . , T � 1 do
2: server: flip a coin, ✓t 2 {0, 1}, where Prob(✓t = 1) = p
3: in parallel on all workers i 2 [n] do
4: flip a coin, ⌘i,t 2 {0, 1}, where Prob(⌘i,t = 1) = 1� qi
5: if ⌘i,t = 1 then

6: ĥi,t+1 = rfi(xi,t)
7: else
8: ĥi,t+1 = hi,t

9: end if
10: x̂i,t+1 = xi,t � �(rfi(xi,t)� ĥi,t+1)
11: if ✓t = 1 then

12: xi,t+1 = 1
n

nP
j=1

x̂j,t+1 � �
p ĥj,t+1

13: else
14: xi,t+1 = x̂i,t+1

15: end if
16: hi,t+1 = ĥi,t+1 +

p
� (xi,t+1 � x̂i,t+1)

17: end local updates
18: end for

<latexit sha1_base64="WMJxaui3t3vuFxlVTaaDOEJXNk0="></latexit>

Algorithm 1 GradSkip

1: for t = 0, 1, . . . , T � 1 do
2: server: flip a coin, ✓t 2 {0, 1}, where Prob(✓t = 1) = p
3: in parallel on all workers i 2 [n] do
4: flip a coin, ⌘i,t 2 {0, 1}, where Prob(⌘i,t = 1) = 1� qi
5: if ⌘i,t = 1 then
6: hi,t+1 = rfi(xi,t)
7: else
8: hi,t+1 = hi,t

9: end if
10: xi,t+1 = xi,t � �(rfi(xi,t)� hi,t+1)
11: if ✓t = 1 then

12: xi,t+1 = 1
n

nP
j=1

x̂j,t+1 � �
p ĥj,t+1

13: else
14: xi,t+1 = x̂i,t+1

15: end if
16: hi,t+1 = ĥi,t+1 +

p
� (xi,t+1 � x̂i,t+1)

17: end local updates
18: end for
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GradSkip
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<latexit sha1_base64="CbmxGSvHYUL9x0HkbneR7lRZBTI="></latexit>

x̂i,t+1 = xi,t � �
⇣
rfi(xi,t)� ĥi,t+1

⌘

Discovering GradSkip
Making loopless

<latexit sha1_base64="RbUTQh6ctqtdCtdCo4bkMB9VMk4="></latexit>

ĥi,t+1 = hi,t
<latexit sha1_base64="M/ATZoKhD07dTuyzpSMx9dFiK4Y="></latexit>

with probability qi do

<latexit sha1_base64="ys4Gv9v2aFiK3eSTFpRgw8XadUk="></latexit>

with probability 1� qi do
<latexit sha1_base64="wwSJDb4F0PkkKVUJcuEMsaesLmQ="></latexit>

ĥi,t+1 = rfi(xi,t)

Stop working

<latexit sha1_base64="C8lsJBpW6Lw0s1zYVKEdm0YaP6M="></latexit>

ProxSkip: x̂i,t+1 = xi,t � � (rfi(xi,t)� hi,t)

<latexit sha1_base64="TiQpkS1PAITs4LfwnmReWHAN9mg="></latexit>

hi,t+1 = ĥi,t+1 +
p
� (xi,t+1 � x̂i,t+1) = ĥi,t+1 = rfi(xi,t)

<latexit sha1_base64="HFXsAkGCReIxIHMCDa0WoxMrFqI="></latexit>

xi,t+1 = x̂i,t+1 = xi,t

<latexit sha1_base64="zIvI3HjGWligNJmgz/Fhxn7pG3g="></latexit>

Algorithm GradSkip?

1: Input: stepsize � > 0, initial iterate x1,0 = · · · = xn,0 2 Rd,
number of local steps K � 1, number of iterations T � 1
initial control variates h1,0, . . . , hn,0 2 Rd,
synchonization probability p,
probabilities qi > 0 controlling local steps

2: for t = 0, 1, . . . , T � 1 do
3: server: flip a coin, ✓t 2 {0, 1}, where Prob(✓t = 1) = p
4: in parallel on all workers i 2 [n] do
5: Sample Mi,t ⇠ Geometric(1� qi)
6: Mi,t = min {Mi,t,Kt}
7: x̂i,0 = xi,t

8: for s = 1,2,. . . ,Mi,t do
9: x̂i,s = x̂i,s�1 � � (rfi(x̂i,s�1)� hi,t)

10: end for
11: if ✓t = 1 then

12: xi,t+1 = 1
n

nP
j=1

�
x̂j,Mj,t � hj,t

�

13: else
14: xi,t+1 = x̂t+1

15: end if
16: hi,t+1 = hi,t +

p
� (xi,t+1 � x̂i,t+1)

17: end local updates
18: end for


