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Manifolds

De�nition

A d-dimensional manifold M is a second countable Hausdor� space such that for all x ∈ M

there exists a homeomorphism

φ : M ⊇ U → U′ ⊆ Rd and x ∈ U open.

The pair (U, φ) is called a coordinate neighbourhood of M.
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Examples: (open subsets of) Rd , Euclidean unit sphere Sd−1, Stiefel manifold Stiefel(d , k)
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Manifolds

De�nition

A d-dimensional manifold M is a second countable Hausdor� space such that for all x ∈ M

there exists a homeomorphism

φ : M ⊇ U → U′ ⊆ Rd and x ∈ U open.

The pair (U, φ) is called a coordinate neighbourhood of M.

Aim: Generate samples from a distribution on a manifold.
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Distributions on manifolds

We can incorporate constraints or dependencies directly into a model via manifold state spaces.

Example (Mantoux et al. 2021)

Model adjacency matrix A ∈ Rd×d of an undirected graph through its eigendecomposition:

A = Xdiag(a)X⊤ + noise, a ∈ Rk ,X ∈ Stiefel(d , k).

▶ Applying e.g. Bayesian inference or MCMC-SAEM requires sampling from distributions on

manifolds.
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Some di�erential geometry

▶ To every point x ∈ M of a smooth manifold we can

attach the tangent space TxM, which is an R-vector
space.

▶ The Riemannian metric g of a Riemannian manifold

M induces an inner product gx on TxM for all

x ∈ M.

▶ A Riemannian manifold M can be equipped with a

generalisation of the Lebesgue measure, called the

Riemannian measure νg.
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Problem description

Let M be a Riemannian manifold with Borel-σ-algebra B(M) and Riemannian measure νg.

Consider a lower semi-continuous function

p : M → (0,∞) with Z :=

∫
M

p(x)νg(dx) ∈ (0,∞).

Goal: Sample from

π(dx) :=
1

Z
p(x) νg(dx).

Approach: Simulate a Markov chain that has invariant distribution π.
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Ideal Slice Sampling

De�ne the superlevel sets

L(t) := {x ∈ M | p(x) > t}, t ≥ 0.

The following algorithm is reversible w.r.t. π:

Input: x ∈ M

1: Draw a level t from Unif(0, p(x)).

2: Draw y from νg
(
L(t)

)−1
νg|L(t).

Output: y ∈ M

p(x)
t

x

y

▶ �Spectral gap of the slice sampler only depends on level set function t 7→ νg
(
L(t)

)
.�1

1Natarovskii, Rudolf, and Sprungk 2021; Schär 2023; Rudolf and Schär 2024.
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Hybrid slice sampling

Problem: How to sample from νg
(
L(t)

)−1
νg|L(t)?

Input: x ∈ M

1: Draw a level t from Unif(0, p(x)).

2: Draw y from νg
(
L(t)

)−1
νg|L(t).

Output: y ∈ M

Approach: Replace step 2 by Markov kernel with inv. distribution νg(L(t))
−1νg|L(t).
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Special case: The sphere

De�ne (d − 2)-dimensional great subsphere with pole

x ∈ Sd−1 as

Sd−2
x := {y ∈ Sd−1 | yT x = 0}.

For each x ∈ Sd−1 and v ∈ Sd−2
x there exists a unique great

circle with γ(x ,v)(0) = x and velocity vector v :

γ(x ,v) : [0, 2π) → Sd−1, γ(x ,v)(θ) = cos(θ)x + sin(θ)v .

Sd−2
x

γ(x ,v) x

v

▶ Apply techniques2 from 1-dim. slice sampling to intersection of level set and great circle.

2Neal 2003.
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Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)

t
level set to level t

θmin, θmaxθmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmax

θmin

yθmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmax

θmin

y

θmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmax

θmin

y

θmax

yθminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmax

θmin

y

θmax

y

θminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

y

θmax

y

θmin

y

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

y

θmax

y

θminy

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Geodesic slice sampler on the sphere

(Habeck, H., Kodgirwar, and Rudolf 2023)

Input: x ∈ Sd−1

1: Draw t from Unif(0, p(x)).
2: Draw v from Unif(Sd−2

x ).
3: Draw θ from Unif(0, 2π).
4: Set θmin = θ − 2π and θmax = θ.
5: repeat:

6: Draw θ from Unif(θmin, θmax).
7: Set y = cos(θ)x + sin(θ)v .
8: ifθ < 0

9: θmin = θ
10: else

11: θmax = θ
12: until p(y) > t

Output: y ∈ Sd−1

Sd−2
x

γ(x,v)

p(x)
t

level set to level t

θmin, θmaxθmin

yθmax

yθmin

y

x

v

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 8 / 19



Validity of the geodesic slice sampler on the sphere

Call the resulting kernel H.

Theorem (Habeck, H., Kodgirwar, and Rudolf 2023)

The kernel H is reversible w.r.t. π. Moreover, assume

α := sup
x∈Sd−1

p(x) <∞.

Then for ρ = 1− β
2π α

vol(C)
vol(Sd−2)

∈ (0, 1) holds

sup
x∈Sd−1

∥Hn(x , ·)− π∥tv ≤ ρn, ∀n ∈ N,

for some C ∈ B
(
Sd−1

)
with vol(C ) > 0 and β := infx∈C p(x) > 0.
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Geodesics

De�nition

A curve γ : R ⊇ I → M is called geodesic if the covariant derivative of the velocity vector �eld

is zero everywhere.

▶ The great circles are the geodesics of the sphere.

We call a Riemannian manifold geodesically complete if for all x ∈ M, v ∈ TxM there exists a

unique geodesic

γ(x ,v) : R → M such that γ(x ,v)(0) = x ,
dγ(x ,v)

dt
|0 = v .
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Choosing a random geodesic

We can turn the unit tangent spheres of a Riemannian manifold (M, g)

UxM := {v ∈ TxM | gx(v , v) = 1}

into Riemannian manifolds isometric to Sd−1.

Let νg,x the corresponding Riemannian measure and de�ne the probability measure on UxM

µx := vol(Sd−1)−1νg,x .

▶ We can sample µx using any isometry between the inner product spaces (TxM, gx) and
(Rd , ⟨·, ·⟩).
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An additional complication

Problem: The geodesics of a Riemannian manifold are in general not closed.

▶ Determine �approximation� of the intersection of the level set and the geodesic with
techniques3 from 1-dim. slice sampling.

3Neal 2003.
Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 12 / 19



Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

x
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

p(x)

x

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 13 / 19



Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

p(x)
t
x
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

x
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

x

v
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

x
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

level set to level t

x
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

{1, 2, 3, 4}

level set to level t

x
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

{1, 2, 3, 4}

level set to level t

x
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

m = 4, ι = 1

level set to level t

x

Mareike Hasenp�ug (Uni. Passau) Geodesic slice sampling on Riemannian manifolds April 2024 13 / 19



Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

m = 4, ι = 1

level set to level t

x
ℓ
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

m = 4, ι = 1

level set to level t

x
ℓ

r
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

m = 4, ι = 1

level set to level t

x
ℓ r
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

level set to level t

x
ℓ r
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

level set to level t

x
ℓ ry
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

level set to level t

x
ℓ ry

θ1
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

level set to level t

x
ℓ r

θ1
θ2
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

level set to level t

x
ℓ r

y

θ1
θ2
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Geodesic slice sampler (Durmus, Gru�az, H., and Rudolf 2023)

Parameters: m ∈ N, w > 0

Input: x ∈ M

1: Draw t from Unif(0, p(x)).
2: Draw v from µx .

3: Draw ι from Unif({1, . . . ,m}).
4: Draw u from Unif

(
[0,w ]

)
.

5: Set ℓ := −u and r := ℓ+ w .

6: Set i = 2 and j = 2.

7: while i ≤ ι and p
(
γ(x ,v)(ℓ)

)
> t do

8: Set ℓ = ℓ− w .

9: Update i = i + 1.

10: while j ≤ m + 1− ι and p
(
γ(x ,v)(r)

)
> t

do

11: Set r = r + w .

12: Update j = j + 1.

13: Draw θh from Unif
(
(0, r − l)

)
.

14: Set θ := θh − 1{θh>r}(r − l).
15: Set θmin := θh and θmax := θh.
16: while

(
γ(x ,v)(θ)

)
≤ t do

17: if θh ∈ [θmin, r − l) then
18: Set θmin = θh.
19: else

20: Set θmax = θh.
21: Draw θh from

Unif
(
(0, θmax) ∪ [θmin, r − l)

)
.

22: Set θ = θh − 1{θh>r}(r − l).

Output: γ(x ,v)(θ) ∈ M

y
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Stepping-out and shrinkage procedure

▶ Denote by L(x , v , t) := {θ ∈ R | p(γ(x ,v)(θ)) > t} intersection of L(t) and γ(x ,v).

▶ De�ne random variables

Υ ∼ Unif(0,w) Li := −Υ− w(i − 1) Rj := −Υ+ jw , i , j ∈ N,

stopping times, where J ∼ Unif({1, . . . ,m}),

τL(x ,v ,t) := min{i ∈ N | Li /∈ L(x , v , t)} ∧ J,

TL(x ,v ,t) := min{j ∈ N | Rj /∈ L(x , v , t)} ∧ (m + 1− J),

distribution on R2 of the stepping-out procedure approximating L(x , v , t)

ξL(x ,v ,t) := Law
(
LτL(x,v,t) ,RTL(x,v,t)

)
.

▶ Let Qℓ,r
L(x ,v ,t) the distribution4 of the shrinkage procedure drawing from L(x , v , t) ∩ (ℓ, r).

4H., Natarovskii, and Rudolf 2023.
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Validity of the geodesic slice sampler

Kernel of the geodesic slice sampler for x ∈ M, A ∈ B(M):

K (x ,A) =
1

p(x)

∫ p(x)

0

∫
UxM

∫
R2

∫
L(x ,v ,t)∩(ℓ,r)

1A

(
γ(x ,v)(θ)

)
Qℓ,r

L(x ,v ,t)(dθ) ξL(x ,v ,t)(d(ℓ, r))µx(dv) dt

Theorem (Durmus, Gru�az, H., and Rudolf 2023)

The kernel K is reversible with respect to π.
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Numerical experiments: von Mises-Fisher distribution

Stiefel manifold:

Stiefel(d , k) := {Γ ∈ Rd×k | Γ⊤Γ = Idk}

Unnormalised density of the von Mises-Fisher distribution with parameter F ∈ Rd×k

pvMF(Γ) = exp
(
Tr(F⊤Γ)

)
, Γ ∈ Stiefel(d , k)

Choose

d = 30, k = 2, and F =


1 0

0 λ
0 0
...

...

, λ ∈ {1, 10, 100}.
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Numerical experiments: von Mises-Fisher distribution

E�ective sample size of ln(pvMF) averaged over 10 repetitions:

λ 1 10 100

GSS w = 5,m = 1 [28375, 34262, 37405] [4901, 5283, 5477] [1153, 1328, 1453]
RMH [50772, 54243, 59906] [1492, 2314, 3214] [669, 878, 998]
GeoRMH [49007, 57195, 68948] [1978, 2336, 3217] [682, 870, 1075]
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Numerical experiments: Functional connectivity network of the brain

(Mantoux et al. 2021)

Model functional connectivity network of the brain:

Aj = Xjdiag(aj)X
⊤
j + εj , j ∈ {1, . . . ,N}

where

Xj
iid∼ vMF(F ), aj

iid∼ N (µ, σ2aIdk), εj
iid∼ N (0, σ2ε Id(d+1)/2).

▶ Use data from 812 subjects from Human Connectome Project5.

▶ Estimate the parameters F , µ, σa, σε with 1000 MCMC-SAEM.

▶ Use either 20 geodesic slice sampling or 80 RMH iterations within MCMC-SAEM.

5https://www.humanconnectome.org/study/hcp-young-adult/document/extensively-processed-fmri-data-
documentation
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Numerical experiments: von Mises-Fisher distribution
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Distributions on manifolds

We can incorporate constraints or dependencies directly into a model via manifold state spaces.

Example (Mantoux et al. 2021)

Model adjacency matrix A ∈ Rd×d of an undirected graph through its eigendecomposition:

A = Xdiag(a)X⊤ + noise, a ∈ Rk ,X ∈ Stiefel(d , k).

▶ Applying e.g. Bayesian inference or MCMC-SAEM requires sampling from distributions on

manifolds.



Some di�erential geometry

De�nition

We call coordinate neighbourhoods (U, φ), (V, ψ) C∞-compatible if ψ ◦ φ−1 and φ ◦ ψ−1 are

in�nitely often di�erentiable.

A manifold M with a maximal collection of C∞-compatible coordinate neighbourhoods that

cover M is called smooth.
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Some di�erential geometry

De�nition

A function f : A → R on an open set A ⊆ M is called C∞-function if f ◦ φ−1 is in�nitely often

di�erentiable for all coordinate neighbourhoods (U, φ).
Set C∞

M (x) := {f : A → RC∞-function | x ∈ A}.
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Some di�erential geometry

De�nition

An operator X : C∞
M (x) → R is called tangent vector to M

at x ∈ M if

X (αf + βg) = αX (f ) + βX (g),

X (fg) = X (f )g(x) + f (x)X (g)

for all α, β ∈ R, f , g ∈ C∞
M (x).

The R-vector space TxM := {X tangent vector to M at x}
is called tangent space.

M

TxM x



Some di�erential geometry

De�nition

A mapping g : M ∋ x 7→ gx is called Riemannian metric if gx is an inner product on TxM for all

x ∈ M and some smoothness condition is satis�ed.

A smooth manifold M with a Riemannian metric is called Riemannian.

M
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gx(V ,W )
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Some di�erential geometry

Let M be a Riemannian manifold with Borel-σ-algebra B(M), and

(U, φ) coordinate neighbourhood,√
det(g, φ

i

)(x) square root of determinant of Gram matrix of coordinate frames

associated to (U

i

, φ

i

) with respect to gx .

{ρi}i∈N partition of unity subordinate to {Ui}i∈N, (i.a. suppρi ⊆ Ui ,
∑

i∈N ρi ≡ 1).

De�ne the Riemannian measure as

νg(A) :=

∑
i∈N

∫
φ

i

(U

i

)

(

ρi ·

1A ·
√
det(g, φ

i

)
)
◦ φ

i

−1(z) dz , A ⊆ U,A ∈ B(M).



Some di�erential geometry

Let M be a Riemannian manifold with Borel-σ-algebra B(M), and

{(Ui , φi )}i∈N countable atlas of M,√
det(g, φi )(x) square root of determinant of Gram matrix of coordinate frames

associated to (Ui , φi ) with respect to gx ,

{ρi}i∈N partition of unity subordinate to {Ui}i∈N, (i.a. suppρi ⊆ Ui ,
∑

i∈N ρi ≡ 1).

De�ne the Riemannian measure as

νg(A) :=
∑
i∈N

∫
φi (Ui )

(
ρi · 1A ·

√
det(g, φi )

)
◦ φi

−1(z) dz ,

A ⊆ U,

A ∈ B(M).
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