Ensemble Kalman \/\/

iInversion ABC WARW!VCWK

Richard Everitt

e
@ X e
e
e

: Statistics

"N Natural Engineering and
Environment Physical Sciences
Research Council Research Council




Animal populations

500 -

400 -

300 - population
&’ —— predator
7))

— prey
200 -
100 -
0- 1
0 10 20 30
time

Natural
Environment 32805 \Warwick
Research Council 8::"° Statistics



Electroencephalogram (EEG) time-series
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Individual-based models (IBMs
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ABC-MCMC

* Approximate Bayesian computation

e For the case where f cannot be evaluated pointwise at 8, use the ABC likelihood
IaBC (v16) = J £ (310) K. (S (vobs) IS (v) )
y

o [AB(C is estimated, [ ABC (y | 9), through using simulations y ~ f ( | 9).

e ABC-MCMC. At iteration i:
o O* ~q( - | Hi),andforjz 1 :M,yl?il,ij( - | 9*)

e With probability
p (0%) ﬁ Z?il K, (S (») IS (y;’il,j>>

p (6, %Zj]\ilKe <S ) 1S <Yi,j>>

B

eletd, =0*andforj=1: My, ;= iﬁ—lj'

o otherwise letlet 6, , = 6;and forj=1:M, y,\, =y, .



ABCG-MCMC properties

e Efficiency of ABC-MCMC depends on controlling the variance of the likelihood
estimator.

o Theory suggests to ensure V llog [ ABC (y | 9)] ~ 3.

e To achieve this, with d¢ = dim § (y) and small €, we need the number of
simulations M to be exponential in d.

Prangle, Everitt and Kypraios, A rare event approach to high dimensional Approximate Bayesian computation,
2018.

Sherlock, Thiery, Roberts and Rosenthal, On the efficiency of pseudo-marginal random walk Metropolis algorithms,
2015.



Rare event ABC

* Rare event ABC (Prangle, Everitt and Kypraios, 2018)
* reparameterise the simulator
e instead of using y ~ f ( | (9)
o call u ~ ¢ then take y = G (0, u), where we can evaluate ¢ pointwise and G is a

deterministic function.

o Estimate [AgC (y | 9) with an SMC sampler with a decreasing sequence of
tolerances co = €3> ... > er = €.

e Cost of stabilising the variance
of the likelihood estimator
changes to O (dsz)

* Requires MCMC moves for

exploring u-space. \ . ' | )
* Not possible for IBMs. \ — /

1ABC (410) = | 7(510) K (5 (vobs) 15 0) ) @
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SMC samplers recap

e SMC sampler with annealing:
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e iterate from ¢ = 0 : T with
target distribution at iteration ¢
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lterative ensemble Kalman mversion

e Assume that
1
[(x) = 2m) % det (Z)*exp (-5 G —He) S 5 H(x))>

e Use the sequence of targets

7, () = p () 1% (x).
e We have

il =
1% (x) = 2x)" %" det ()% exp <—5 Dot — 1 (x))T (Z/a,) 1 (Yobs — H (X))>



lterative ensemble Kalman mversion

e Like an SMC sampler, iterative EnKI performs iterative updates to move from
tatoet 7o/ L |- Wense

o) o o)l iz ()

e At each iteration an update is performed using the likelihood

1
L) e exp <_5 ()’obs = H(x))T (Z/(atﬂ z at)) (yobs = H(x)))

e The “ensemble Kalman” idea is to:
e suppose that 7, (x) is Gaussian;
e suppose that [ (x) (and hence that [%+17% (x)) is linear-Gaussian;

e use conjugate Bayesian analysis to work out what the mean and covariance of
7, 1 (x) would be when the Gaussian 7z, (x) is updated with the linear-Gaussian

[*+17 % (x),-

e represent 7, (x) and 7z, ; (x) with Monte Carlo points, and construct updates such
that their sample means and covariances match the analytic versions.



lterative ensemble Kalman mversion

e Begin by simulating points from the prior. Forj =1 : M
0
e Perform an ensemble Kalman update of these points at each iteration.
o Atiterationt+ 1,forj=1: M
(s s p =7
X =% + Ky (yobs = yzi1>
with

e : =1

o (ht(J)’ (@41 — ) 2)
where ht(j) — (xt(j )> and

A
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Normalising constants from |EnKl

, To obtain an estimate of Z = [ p (x) [ (x) dx we could use

X

- il %
Z — 25 where g [ p (x) G (x)dx
t=0 € Z X

e Observation: the sequence of distributions used in IEnKI is not
p (x) (/V (yobs | X, 2) )at
it 1S
p (x) (/V (yobs 2 atZ)) :
e Approach:

e use an ensemble-Kalman approximation of the ratio of normalising constants for
the latter sequence of targets;

e apply a correction to obtain an estimate of Z,, ;/Z.



Use in ABC

1BC (110) = | £(310) K. (SOope)150))

Y.

o [ et
K. (SOobs) 150)) = (Sgps) | S0, €l )

* Recall we set up IEnKI to estimate
5 Z=[p(x)l(x)a’x

o To estimate [AgC (y | (9), we can use [EnKI:

e simulate M points f (y | 9), then find S (y) for each;

e perform IEnKI steps on each S (y) until we reach the desired target.
* Note:

e we only need to simulate from f the same number of times as in standard ABC;

e the I[EnKI moves on the summary statistics.



IEnKI-ABC

e Foreach 6...

e Simulate points from the model and take the summary for each. Forj=1: M
yD~f(-18) 5D =5(V).

e Perform an ensemble Kalman update of these points fort =0 : 7 — 1.

e Atiterationt+ 1, forj=1: M

ol St(J) +K,, < Sobs — ) )

+1 +1
where
g 2 _1
sgi)l el ( St(J), (O‘t L at) elds)
and
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IEnKI-ABC simulation
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ABC-MCMC results
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I[EnKI-ABC-MCMC results
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Conclusions

* An improved pseudo-marginal-style ABC-MCMC
e scales to higher dimensions than ABC;

e uses an [EnKI “correction” on simulations from the model - [EnKI runs on the
observation/summary statistic space (contrast to particle filter);

e [EnKI can choose the sequence of targets adaptively - only one additional
parameter to ABC.

* Software: ilike, ggsmc.



