
– 392 –
Inferring vascular tree structure from 2D and 3D imagery

by

A. Bhalerao, E. Thönnes, W.S. Kendall and R.G. Wilson

January 2002

DEPARTMENT OF STATISTICS

UNIVERSITY OF WARWICK



���������	��
������������������������������� ���	�!�"�	#%$
&(' �)��*,+ ' ��$-��.�/� 0

1�2436587�9�36:";8<�7=:">@?�A6BC;8DE<GFH3�I>"J4J4<LKNM"APOQ58;8RS7=5UT�VG<�J6T4:�;U;WM(:"J6TYXZ>";W:�J6T[OQ5U;UKN>"J\?

]H^`_@acbedgf�^`hidgj k�l	mgn�kLf�_po"dg^=brq"s=tu^=hps`^�a�h@vxwyqidza�dgt{j|dgt{s`j
}rhpt{~�^=bgjet�d��%k�l���acbe��t{sN�P�E}��

�������E�c���S�i�c�����W�E�y� �����L�E�c���c�������������L���������"���L�p���y�������\�¡ L�

¢)£¥¤`¦`§c¨@©�¦Lª �Y^	vE^`jesNbgtu«P^�arf�^=dg¬pk�v�lWk�b�t{hElU^=bebgt{hpH~�a�jes`oE®ua�br¯Wdebg^`^=°¡®{tu�L^c±\j|debgops=°
dgo"bg^`j lUbgk�f³²�]Qa�h@vµ´�]¶t{f)a��^=be�i·E¸º¹ a`�i^`jetua�hµlWk�bgf(op®uacdgtuk�hµt{j�opje^yv�dgkGf)a���^
^=»4^=s=dgt{~�^ opje^�k�lp_Ebgt{k�b���hpky��®{^yv"L^ k�lP®{tu�L^`®��Zdebg^`^ j|debgopsNdgoEbg^`j\��t�dg¬/dg¬p^�k�«pje^=bg~L^yv
«P^`t{hE(f�k�vE^=®u®{^yv�®{kisya�®u®��.��t�dg¬%t{hidg^`hpjet�d���_Ebgk�¼@®{^`j�a�j�«P^`t{hp�½Ha�opjejetua�h6·E¾ ¬p^�®{k�°
sya�®	lW^yacdgoEbg^µf�k�v"^`®{j�a�bg^%^`j|dgt{f)a�dg^yv�«i��s`k�f(«Etuhpa�dgt{kLh¿k�lHaÀf(oE®{dgt�bg^`jek�®{oEdgt{kLh6�
��t{h@v"ky� ^yvÂÁEkLoEbgt{^=b.a�_p_"bgk�a�sz¬ÃlUkL®{®{kc��^yvÂ«i�Äa�hÅt{dg^Nbza�dgt{~�^L��f�t{hpt{f(oEfÆf�^ya�hE°
jgÇio@acbg^r^=j|dgtuf)acdgt{kLh��L��¬pt{sN¬�t{j�«Pk�dg¬�s`k�f�_poEdzacdgt{kLh@a�®{®{�G^=È�s`t{^`hid�a�h@v(bgk�«poEj|dy·�¸
Éxacbg��kc~µn�¬pa�t{h�Éµk�hidg^�n a�bg®{kx¯¡É�n	É�n	±	a�®{�k�bgt�dg¬pfÊt{j�^`f�_p®{ky�i^yvGdgkË_Ebgk�vEoEs`^
a�_p_EbgkyÌ"t{f)a�dg^)jga�f�_E®{^`jËl8bgkLfÆdg¬E^%_Pk�j|dg^=bgt{k�b)v"t{j|debgtu«EoEdgt{kLh¿�tu~L^`h�dg¬p^)lW^yacdgoEbg^
f�k�v"^`®p^`j|dgt{f)acdg^`j`·���^�_"bg^`je^`hid�bg^=jeop®�dgj�k�l6dg¬E^	f(oE®{dgt�bg^`jek�®{oEdgt{kLh)_@acbza�f�^=dg^Nb�^`j|°
dgt{f)a�dgt{k�hËk�hËbg^`_"bg^`je^`hidza�dgt{~�^ ²�]Âa�h@v/´�]ÍvEa�dza���a�h@v�je¬pky�¿_"bg^`®{tuf�t{hpa�be�Zbg^`jeoE®{dgj
k�l�kLoEb�t{f�_E®u^=f�^`hidza�dgt{kLh%k�l�dg¬E^�É�n	É�nÎa�®u�k�bgt�dg¬pf m ·

Ï ÐpÑCÒPÓ4ÔZÕËÖ/×\Ò4ØgÔCÑ
FH34<ÄÙ47=>"26;8<�ÚÛ>"R)58J4RS<�7=7N5UJ4ÜÞÝi:"K=ßcà6;U:"7[KzáN7=à6ßyá=à47N<ÄRS7N>EÚâágã�>Î:"J6T¶á=347N<�<ÅTP5UÚx<�J6KN5U>"J6:";
58Ú�:�ÜE<ÅT4:�á=:ä5UK�:�Jå58ÚxÙ\>"7Ná=:�JpáY>"J4<EAr<LKzÙ\<�ß�5U:";8;UæQ58JçáN34<Â:�7=<�:ä>�R.KNà47NÜE5Uß�:�;ËÙ4;U:"J4J45UJ4Ü6A
ãZ345Uß`3Î7N<Lèpà4587=<�K%:Äß�>"Ú.2658J6:�áN5U>"JÞ>"R�<céÀßc5U<�Jpá�ßc>EÚµÙ6àPá=:�áN5U>"Jä:"J6Tä:ÄÚµ<�áN34>PTä>�R�à6KN58J6Ü
Ù47N5U>"7	D@J4>iãZ;U<�T4Ü"<"ê�ëC7N<�Ý@58>Eà6K ãr>E7ND.58JµáN36</:�7=<�:(36:EK áN<�J6TP<�Tµá=>GRS>Pßcà6K	>EJµáN34<�Úx>PTP<�;8;U58J6Ü
>�R�KNÙ�<Lßc58ì�ß�Ýi:"K=ßcà6;U:"7	RS<�:�áNà47=<�K�AEà�Kz5UJ4Ü.TP<�RS>"7=Ú�:�24;U<ZáN<�ÚxÙ4;U:�áN<LKËí�î@Azï�ð\>E7�á=>.à6KN<�34<�à47N5WKzáN5Wß
:�Ù4Ù47=>E:Eß`34<�K�KNà6ß`3�:"KZ:"T6:�ÙPá=58ÝE</á=347N<LKz36>";WTP58J6Üµ>E7Z;8<�Ý"<�;�Kz<�á=K�í ñ6ANò�ð�ê

FH34<�:�5UÚ!>�R/á=34<�ã�>"7=DÂT4<�K=ßc7=582\<�TÎ34<�7=<Y5UKµá=>ÅRS>E7NÚ%à4;W:iáN<�:ÃÜ"<�J4<�7`:�;�Úx<cáN36>@TÎRS>E7
áN34<À5UJPRS<�7N<�J6ßc<EA�ãZ345Wß`3Þß�:"JÃ2\<ó:"Ù4Ù4;U58<LTÂ58JÂágã�>�>"7�á=347=<�<ÀTP5UÚx<�J6KN58>EJ6K.:"J6TÃÚ�:�D"<LK�<cR�ô
RS<�ßyá=58ÝE<�à6Kz<�>"RËÙ47=5U>"7xD@J4>iãZ;8<LTPÜ"<EA æ"<cá�ãZ345Wß`3¶5UK�KNàPéÀßc5U<�Jpá=;8æÞÜE<�J4<�7=:";�áN>Â2�<¿:"Ù4Ù4;U58<LT
áN>À:xãZ5WTP<)7`:�J4ÜE<(>"R�Ù67N>E24;8<�Ú�K�ê6FH36<.ßc>EÚµÚx>EJ�Kzá=:�áN5WKgá=5Uß�:�;¥Úx<cá=34>PT4KZRS>E7/KNà6ß`3�Úµ<LTP5Wß�:�;
58Ú�:�ÜE<�:�J6:";8æPKN5UK(36:�ÝE<%ágæ@Ù45Wß�:";8;Uæ¿à6KN<�TÃ;U58DE<�;U5836>p>PTÄáN<Lß`34J45WèEà6<�K�A�Kzà�ß`3Ã:EK�B	õPÙ�<Lßyá`:iáN5U>"J4ô
ö :iõP5UÚµ5WK=:iáN5U>"J¶í8÷"÷"ANøið|ê�1�;8áN34>Eà4Ü"3Â58áN<�7=:�áN5UÝ"<"A�B ö Úµ<�áN34>PT4K%ß�:"JÃ2\<�<céÀß�58<�JEá.ß�>"ÚxÙ4àPô
á=:iá=58>EJ6:�;U;Uæ"A�24àPá�Ù47=>iÝp5WTP<¿>EJ4;Uæç:Þ;U58Úx58áN<�TùãH:�æÎ>"R.58J�ßc>"7=Ù\>"7`:iáN5UJ4ÜÞÙ67N5U>"7[DpJ6>iãZ;8<LTPÜ"<Eê
1úÜ"<�J4<�7`:�;C:"J6TÂÙ\>iãr<�7zRSà4;Cã�:�æ¿>"RZ58J6ß�;8à�TP58J6Ü�RSà47NáN34<�7.Ù47=58>E7)5UJPRS>"7=Ú�:iáN5U>"JÂ5WK�á=>¿à6KN<À:
9�:�æE<�KN5U:"J¿Úx<cá=34>PT¥A�Kzà�ß`3Å:"Kµû�ü�ýEþ�ûµÿPû ü �������	��
 þ ��
 þ� ö 1/ë��Ë<LKgá=58Ú�:iá=58>EJ�ê¥FH34<�TP58éµô
ßcà4;8ágæ.ãZ58áN3À9H:�æ"<LKz5W:�J%áN<Lß`34J45Wèpà4<�K	5WK	<LKNKN<�JpáN5W:�;U;Uæ%:�ßc>EÚxÙ4àPá=:�áN5U>"J6:";4>"J6<��iá=34<�æ%ágæ@Ù45Uß�:�;U;8æ
7N<LèEà6587=<�áN36<.à6KN<.>"R ö :�7=D">iÝYß`36:�5UJ ö >EJEá=<���:�7=;U>� ö � ö ���/:";8ÜE>"7=5uá=34Ú�K�A�ãZ345Uß`3ÄÚx:�æ
7Nà4J¶RS>E7À3@à4J6TP7=<�T6KÀ>�R(áN36>"à6K=:�J6T6KÀ>�RG58áN<�7`:iá=58>EJ6Kxá=>Þæ@58<�;UT¶7=<�;U5U:"24;U<�7N<LKzà4;8á=KÄí �ið�ê�FH345UK
36:"K�7=<�KzáN7=5UßcáN<�TÀáN34<�587Hà6KN<G58J�:�Ù6Ù4;85Wß�:�áN5U>"J6Kr5UJpÝE>";UÝ@58J4Üµ;W:�7=Ü"<ËT6:iá=:µKN<cá=KHKNà6ß`3[:EK�Úµ<LTP5Wß�:�;
58Ú�:�ÜE<�K�ê
m ¾ ¬pt{j�_Ebgk��|^`sNd�t{j	lWoEh@vE^`v%«i�.}�������q��Cn



FH34<ËÚx<�áN34>PTÀã�<(36:�Ý"<(:"TP>EÙPáN<LTÀ5WKrÜE7N>Eà4J6TP<LT�5UJYKzá=:�áN5WKgá=5Uß�:�;�58J4RS<�7=<�J6ß�<"APßc>EÚ.245UJ45UJ4Ü
;8>Pß�:";";U58DE<�;U5836>p>PTGÚ�:iõP5UÚx5UK=:iá=58>EJ�à6Kz5UJ4Ü/: � :�à6K=Kz5W:�JGÚx>PTP<�;p>�R@á=34<rKNÙ6:iá=5U:";"5UJpáN<�J�Kz58ágæËÙ67N>"ô
ì6;8<EAE:"J6TµÜ";U>"26:";6Kgá=7Nà�ßyáNà67N<�TP<�áN<�7NÚx5UJ6:iá=58>EJ�à6Kz5UJ4Ü):�9H:�æ"<LKz5W:�J%áN<Lß`34J45Wèpà4<�TP<�7=5UÝ"<�T%RS7=>"Ú
:óÜE<�J4<�7=:";�Úx>PTP<�;	>"RrÝi:"K=ßcà6;U:�áNà47=<%:EK(:Yßc>E;8;U<�ßcáN5U>"JÅ>�RCá=7N<�<µKzáN7=à6ßcáNà47=<�K�ê¥9ræ¿:"Ù4Ù47=>E:Eß`3Pô
58J4Üµá=34<�Ù47=>"24;U<�Úú5UJYáN345WKZãH:�æ"A@ãr<�ß�:�JYD"<�<�ÙÀá=34<�<céÀßc5U<�J�ßcæÀ>"R�;U58DE<�;U5834>@>PTóáN<�ß`36J45Uèpà4<LK�A
ãZ3458;U<x<cõPÙ4;U>"58áN5UJ4ÜYáN34<xÙ\>iãr<�7�:�J6TÄÜ"<�J6<�7`:�;U5uágæ�>"Rr:�9�:�æE<�KN5U:"JÄ:�Ù6Ù47N>p:"ß`3�ê�F�>[5UÚxÙ47N>iÝE<
áN34<�<�é�ß�58<�J6ßcæY:�J6TY7=>"24à�Kgá=J4<�K=KH>�R�áN34<)ß�>"ÚxÙ4àPá`:iá=58>EJ�A4ã�<(3�:�Ý"<�:"TP>EÙPáN<LT�:%Ú%à4;8áN5U7N<LKz>"ô
;8àPá=58>EJ�Úµ<�áN34>PT¥A\Kz5UÚx58;W:�7Há=>xáN36:�á/TP<�K=ßc7=5U2�<LT[5UJÞí8÷���ð|ê41ZR�á=<�7/:x267N5U<cR	TP<�K=ßc7=5UÙPáN5U>"J�>�R�áN36<
<�KzáN5UÚx:�áN5U>"J�:�;UÜ">E7N58áN36ÚxK�Aiã�<�Ù67N<LKz<�JEá�7=<�KNà4;8á=K	>"R�ágã�>�:�J6T%á=347N<�<�TP5UÚµ<�J6KN58>EJ6:�;6KzáN7=à6ßcáNà47=<
58JPRS<�7N<�J6ßc<�>EJÂ7N<L:�;�T4:�á=:4ê�FH34<ÀÙ6:"Ù�<�7�5UK%ßc>"J�ßc;Uà6TP<�TÃãZ58áN3ÍKN>"Úx<�>"26KN<�7=Ýi:iá=58>EJ6KG>"JÃáN36<
áN<�ß`36J45Uèpà4<Eê

� �.ÔH×����
	EÒPÓ6Ö/×\Ò4Ö�Ó����	EÒ4Ø�����Ò4ØgÔCÑ
OÅ<):"Ù4Ù47=>�õ@5UÚ�:iá=</á=34<G;8>Pß�:";�Kz3�:�Ù\<�>�R�:µÝE<�K=Kz<�;�:EKH2�<�58J6Ü�;85UJ4<�:"7 S;U58J4<LK�:�J�T[ß�æp;U5UJ6TP<�7`K �
:�J6T[<�ÚxÙ4;U>iæó:�JY58áN<�7`:iá=58ÝE</ì6ázáN5UJ4Üxá=<�ß`34J45Wèpà4<(áN>�Úx5UJ458Úx5WKz<(á=34<)Kzà6Ú >�R KNèpà6:"7N<LTÀ7=<�KN5UTPô
à6:�;WKµ2�<�ágãr<�<�JÞá=34<�T4:iá`:��Q:"J6TÞ>Eà47xÚx>@T4<�;��\ê	FH34<YÜ";U>"2�:�;ZKz3�:�Ù\<[>"RË:�JÎ>"2��g<Lßyá�A 5UJ
Ü"<�J6<�7`:�;�A"ß�:"J4J4>�á�2\</Úx>PTP<�;8;U<�Tx2@æx:)Kz5UJ4ÜE;8<�KNà6ß`3�Ù47=58Úx58áN5UÝ"</KzáN7=à6ßcáNà47=<"A�36<�J6ß�<ZáN34<ËJ4<�<LT
áN>�;U>@ß�:�;U5UKN<ËáN34<�Úx>PTP<�;�áN>�:�KzÚ�:";8;¥J4<�58ÜE3@2�>Eà47N36>p>PT¥ê

� JÞáN36<�ß�>"JpáN5UJ@à4>"à�K%KNÙ6:iá=5U:";ZTP>"Ú�:�5UJ�A 58R(:ÄRS<�:iá=à47=<YKNà6ß`3Î:EKx:Ä;U58J6< ¡>"7�ßcæ@;U58J6T4<�7��
5UK%ãZ58J�TP>iãr<LTÍ2@æÍ:ÄKNÚµ>@>"áN3ÞRSà6J6ßyá=58>EJ��  �yA�áN34<�Jä58áxß�:�JÞ2\<�:�Ù4Ù47=>�õP58Ú�:�áN<�TÂ2@æÍ:���ô
TP58Úx<�J6Kz5U>"J�:�; � :�à�KNKN5U:"JóRSà6J6ßyá=58>EJ �

� �� � ! �#"%$�<cõPÙ��& '��&)( ��*,+.- ? '�)&/( �102� � g÷��
Ù6:�7`:�Úx<cá=<�7=5UKN<�TÅ2@æ)!3"345$761(869+.:óãZ5uá=3Þ:�ÚxÙ4;U5uá=à6TP<;$.A�ßc<�JpáN7=<�TÃ>"J<( :�J6TÅáN36<óßc>"ô
Ý�:"7N5W:�J�ßc<ÄÚ�:�áN7=5uõ=+>"@? * +BA'?µAHãZ34<�7N</+BA.5WKÀá=34<ÂTP5U:"Ü">EJ6:�;(Ú�:iáN7=58õ¶>"R)Ýi:�7=5U:"J6ßc<LK
7N<�Ù47N<LKz<�JpáN5UJ4Ü�áN36<Ë<�õpá=<�JpáH>�R�á=34</RSà6J6ßyá=58>EJó5UJÀáN36<(Ú�:2�g>"7r:�õP<�K�:�J6TC?ù5WKráN34<(Ú�:iá=7N58õ�>�R
7N>"á=:iá=58>EJóRS7=>"Ú áN34<GRS<L:iáNà67N<G>"7=5U<�Jpá=:�áN5U>"JóÝE<�ßcáN>"7LA@áN>µá=34<Gõ@ô|:�õ@5WK�ê

F�>[>"2Pá`:�5UJÄÚ�:iõP5UÚ.à4Ú ;U58DE<�;U5836>p>PT  ö�D �/<LKgá=58Ú�:�áN<�K(>"R�áN34<µÙ6:"7=:"Úµ<�áN<�7=K�A6á=34<µãZ58JPô
TP>iãr<LTÂ58Ú�:"Ü"<[T6:iá=:6A,�FE��� �G"H� �� ��� �� �yA	:�7=<ÀÚx>PTP<�;U;8<LTÞ:"Kµßc>EJ6TP58áN5U>"J6:";8;UæÃJ4>"7=Ú�:�;�A
Ü"5UÝ"<�JÅáN36<�;8>Pß�:";	Úx>@T4<�;I� E '� �BJLK M� ��N� ! �O6QP¥M��yê�F�>�Ú�:iõP58Úx5WKz<µá=34<�;85UD"<�;85U34>@>PT¥A¥ã�<
Úµ5UJ45UÚx5UKN<�áN36<)Kzà4Ú >�R	K=èEà�:�7=<�T[7N<LKz5WTPà6:";UKH2\<cágã�<�<�J[á=34<)ãZ5UJ6TP>iã�<�T�T4:�á=:µ58J¿:"J�58Ú�:�ÜE<
24;8>Pß`DÀ>"R KN5SR�<UTWVY:�J6TóáN36<�Úµ>PTP<�; �

X M " ÷
T V

Y,Z[
\
]� '�N� ! �^&/�2E �� � � M �� �

_ 7=>"Ú³:"Jµ5UJ458áN5W:�;�<�KzáN5UÚx:�áN<Z>"R`!8ab"c4�$Nad6Q(�ae69+#a2:/:iá�58áN<�7=:�áN5U>"J
fg"%h6A�ãr<�ß�:�;Wßcà4;W:iá=<
áN34<GKN:"ÚxÙ4;8<Ë<�KzáN5UÚ�:iáN<LK�RS>E7 !Êãr<�58ÜE3Eá=<�T�2@æµáN36<Ë5UJ4J4<�7rÙ47=>PTPà6ßcár>�Ri�2EÃ:"J6Tj�xà6KN58J6Ü)áN36<
5uá=<�7`:iáN5UÝ"<�K=ß`34<�Úx< ¡T47N>EÙ4Ù45UJ4ÜµáN34<�Ù\>EKN5uá=58>EJYKNà426K=ßc7=5UÙPá8�ÍRS>E7�ßc;W:�7=5uágæ ���

$NkMl ? " [
\
� E � �!8k �Q0 [

\
� �!8k �m� �!8k � ¡ï �

(#kMl ? " [
\
�g� E � �!8k �Q0 [

\
� E � n!Nk � Sñ �

+#kMl ? "=� [
\
'��&/(#k ��'�)&)(�k �o*^� E � n!Nk �10 [

\
� E � �!8k �  � �



FH34<Â58J458áN5W:�;.<�KzáN5UÚx:�áN<�! a 5UK¿>"2Pá`:�5UJ4<�Tù2@æåà6KN58J6ÜÎá=34<ÍÚ.à6;uá=587=<�KN>";UàPáN5U>"J _ >Eà47=58<�7
F�7`:�J6KzRS>"7=Ú  ö�_ F �Åíu÷5��ð|êrFH34<ÅãZ58J6T4>iãr<LT _ >Eà47N5U<�7óáN7`:�J6KzRS>"7=ÚÛ>�R.�FE '� � � ��FE�����
5UK(:�;WKz>À: � :�à6K=Kz5W:�J�ãZ58áN3¿áN34<xKzÙ\<�ßcáN7`:�;�<�J4<�7NÜEæ[TP5WKgá=7N5U24àPá=58>EJÄTP<�Ù�<�J6TP<�Jpá(>"J�á=34<)ágæ@Ù\<
>�R RS<�:�áNà47=< ¡KN<�<[íu÷�hið �yê6FH34<%Ù47=58J6ß�58Ù�:�;�ß�>"ÚxÙ�>EJ4<�Jpá`K�>�R á=34<)Úx>"Úx<�Jpá/>"R	58J4<�7zá=5U:�áN<�J�Kz>E7
� >�R�áN34<)KNÙ�<Lßyá=7=:";¥<�J4<�7NÜEæ �

� " ÷
T V [ �

��� * � ��2E��� � � M ¡ò �

ãZ34<�7=<7Tú5WKZáN36<)24;U>@ß`D�KN5 R�<"A4ÜE58ÝE<�K �Ã<�5UÜ"<�JpÝi:";8à4<LK	� ?�
����
 � V A6ãZ365Uß`3¿:"7N<�5UJ@Ý"<�7`KN<�;Uæ7N<�;U:�áN<�TÃá=>¿á=34<Yß�>iÝi:�7=5U:"J6ßc<EA�+µA :"J6TÂá=34<[KNÙ6:iá=5U:";C>E7N5U<�Jpá=:�áN5U>"JÍ>"R/:�;85UJ4<L:�7)RS<L:iá=à47N<[5UK
áN36:�á�>�R�á=34<�<�5UÜ"<�J@Ý"<�ßcáN>E7H:EKNKN>Pßc5W:iá=<�TÀãZ58áN3Yá=34<�;U:"7NÜE<�KzáZ<�5UÜ"<�J@Ýi:�;Uà4<�� ? êFH34<(ì67=Kzá�TP<�7=5UÝ�:�áN5UÝ"<(>�R�áN34<�Ù43�:"KN<(KNÙ�<Lßyá=7Nà4Ú�A�� �� �yAPãZ5U;U;�2�<G7=<�;W:iá=<�TóáN>µáN34<�Ù\>EKN58ô
áN5U>"JÄ>E7(ß�<�JpáN7=>"5WT ( >�RCáN34<xKzÙ�:iáN5W:�;�RSà4J6ßcáN5U>"JÅ5uR�á=34<µãZ58J6T4>iã RSà4J6ßyá=58>EJÄRS>E7/á=34<µ58Ú�:�ÜE<
24;8>Pß`DÀ5WKZ7=<�:";�:"J6TY<�ÝE<�J�APÝ@5W:.á=34< _ >Eà47=58<�7HKN3458R�á�áN36<�>"7=<�Ú í ��ð �

� A �� �g"������  �� AE �� � �g" &N( � � �î��
FH34<�RS<�:�áNà47=<Àßc<�JpáN7=>"5WT)( ß�:"JÃáN34<�7N<�RS>"7=<�2�<À<LKgá=58Ú�:�áN<�TÂ2@æÄá=:�D@5UJ4Ü¿:�Ý"<�7=:"Ü"<µÙ6:�5U7=ãZ5UKN<
ßc>"7=7=<�;W:iáN5U>"J�KC2\<cágã�<�<�JYJ6<�5UÜ"3@2�>Eà47=58J4Üxßc>@<�é�ß�58<�Jpá=KZ:�;U>"J6Üµ<L:"ß`3Y>�R�áN34<U�Â:iõP<�K

� a�� " ÷
���`T V [ �

��FE �� � &º÷ � ��FE��� � ��� �� �

� Rb�FE�'� ��5WK);U>Pß�:";8;Uæ � :"à6K=Kz5W:�JÞ:"J6TÂJ4>"5WKN<�RS7N<�<"A�áN34<�J ! a ãZ5U;8;�2�<Yßc;U>EKN<�áN>)!��! 	ê � J
Ü"<�J6<�7`:�;�A�áN34<�58áN<�7=:�áN5UÝ"<x<�KzáN5UÚ�:iáN5U>"JÂÜE7N<L:iáN;Uæ¿5UÚxÙ47N>iÝE<�KËáN36< ö�_ F�<LKgá=58Ú�:�áN<"A�ßc>"J@ÝE<�7=Ü�ô
58J4Üó7=:"Ù45UT4;8æ  �iô=÷�hx5uá=<�7`:iáN5U>"J�K �rá=>ó:ÀKzá=:�26;8<.KN>";UàPá=58>EJ�ê _ à47zá=34<�7=Úx>"7=<"APá=34<.7=<�KNà4;8áN5UJ4Ü X M
Ù47N>iÝ@5WTP<�KH:µà6KN<cRSà4;�Úµ<L:"KNà47=<(>"R�ÜE>p>PTPJ6<�K=KH>�R�ì4á�>�R�áN34<�Úx>PTP<�;�áN>µáN34<)T6:iá=:6ê

" ÐpÑ$#9��Ó4Ó6ØNÑ$%�Ò'&N�(%I�gÔ�)b���G	EÒPÓ6ÖË×\ÒPÖ/Ó �
F�>.T47=:�ãº58J4RS<�7=<�J6ß�<�KC:"2�>EàPá�á=34</ÜE;8>E26:�;6KzáN7=à6ßcáNà47=<"A�ã�<�<�ÚµÙ6;8>iæx:)9H:�æ"<LKz5W:�J%RS>"7=Ú�:�;U5UKNÚ �
áN34<HT4:iá`:/:"7N<rÚµ>PTP<�;8;U<�T%:"K�:/7`:�J�TP>"Ú áN7=<�<�ô�;U5UD"<CKzáN7=à6ßyá=à47=<r:�J�T)ã�<�áN36<�Jµà6Kz<�:�J ö � ö �
:�;UÜ">"7=58áN34Ú í �ið6áN>%KN:"ÚµÙ6;8<ZRS7=>"Ú�áN36</Ù\>EKzáN<�7=5U>"7CTP5WKzáN7=5824à4áN5U>"J�AEãZ345Uß`3ó5UKrßc>"J�TP5uá=58>EJ4<�Tx>EJ
áN34<�T4:�á=:4ê4FH36<GK=:�ÚxÙ4;U5UJ4ÜµT45UKzáN7=5826àPáN5U>"JY5UKZ:"J[:"Ù4Ù47=>�õ@5UÚ�:iá=<Ë<LèEà658;U58267N5Uà4Ú >"R�:µ7=:"J6TP>"Ú
Ù47N>Pß�<�K=KrãZ36>EKN<(ß�>"JPì6ÜEà47`:iáN5U>"JYKzÙ�:"ßc<(5WK�áN34<�KNÙ6:"ß�<(>"R�á=7N<�<cô|;85UD"<GKgá=7Nà�ßyáNà67N<LK�:"J6T[ãZ34>EKN<
<�èpà45U;85U247=58à4Ú 5WK�TP<�KN5UÜ"J4<LTQáN>º2\<Äá=34<Ãá=:�7=Ü"<�áYß�>"J6TP58áN5U>"J�:�;GTP5UKzáN7=5U24àPáN5U>"J�ê�1/KYãr<�;8;�:EK
ÜE:�5UJ45UJ4ÜZ5UJPRS>"7=Ú�:iáN5U>"J):"2�>EàPá�á=34<CÜE;8>E26:�;"KzáN7=à6ßcáNà47=<"A�Ý�:"7N5W:iá=58>EJG58J�á=34<CÙ\>EKzáN<�7N5U>"7�KN:"ÚµÙ6;8<LK
<�J6:"24;8<LKHà6KHá=>xèpà6:"JpáN58RSæóà4J6ß�<�7Ná=:"58JpáN5U<�KH:"2�>EàPáZáN34<�5UÚ�:�ÜE<(5UJpáN<�7NÙ47=<cá`:iá=58>EJ�ê

FH34<óÙ47=5U>"7xTP5UKzáN7=5U24àPáN5U>"Jä5UK%áN3�:iáµáN34<YÜ";U>"26:";rKzáN7=à6ßyá=à47=<ó5WKµ:+* ��
 ����� >�RË:Ä7=:"J6TP>"Ú
Jpà6Ú.2\<�7/>"R	áN7=<�<LK�ê\BC:"ß`3¿KNà6ß`3�á=7N<�<.5WK/:�245UJ6:"7Næ[áN7=<�< ��247`:�J�ß`34<�K�T458Ý@5WTP<.>EJ4;8æY5UJEá=>Àágã�>
Kzà424ô�247`:�J�ß`34<�K�:�á�:�áN5UÚx<"ê�1ÞÙ43@æPKN5Uß�:�;�7=<�:";85WKN:�áN5U>"J(>�R6KNà6ß`3�:HáN7=<�<CJ4<�<LT4K�<L:"ß`3GJ4>PTP<�á=>�2\<
;8>Pß�:�áN<LTÀ5UJ[KNÙ6:"ß�<"ê-,�JPRS>E7zá=à4J6:�áN<�;Uæ"Apá=34<(KN5UÚµÙ6;85WKgá=5UßG:"Ù4Ù47=>E:"ß`3�>"R�TP5WKzÙ6;U:Eßc5UJ4Ü%<L:"ß`3ÀJ6>@T4<
RS7N>EÚÊ5uá`K Ù6:�7=<�Jpá�2@æ.: � :�à�KNKN5U:"J.TP5WKzÙ6;U:Eßc<�Úx<�JEá >�R R�<�7N>ËÚµ<L:�J ¡:/.z7`:�J6T4>"Úµô�ãH:�;UD-0�áN7=<�<��
;8<L:"T4KHá=>ó:µá=:"J4Ü";U<�TY;U>Pß�:�;�Kgá=7Nà6ßcáNà47=< S;U<cR�á(36:�J�Tóì�Ü"à47=<�÷ �cê6OÃ<�áN34<�7N<�RS>"7=<G58JpáN7=>PTPà6ß�<):
ßc>"7=7=<�;W:iáN5U>"J�2@æ¿:";8;U>iãZ58J6Ü�áN34<xÚx<�:"JÅTP5WKNÙ4;U:Eßc<�Úµ<�Jpá/áN>Y2\<x:[KzÚ�:";8; ;U58J4<L:�7(Ú.à4;8áN5UÙ4;U<x>�R
áN34<YTP5UKNÙ4;W:"ß�<�Úx<�Jpá.>"R�á=34<óÙ�:�7=<�Jpá.J4>PTP<�RS7=>"Ú áN36<óÜ"7`:�J�TPÙ6:�7=<�Jpá)J4>PTP< ¡:�J.=1/X z÷ �10
áN7=<�< � S7=5UÜ"3pá�3�:�J6Tó>�R�ì6ÜEà47=<.÷ �cê4F�>%<�:Eß`3óJ4>PTP<(ãr<ËáN36<�J[:EKNKN>Pßc5W:iá=<Ë: � :�à6K=Kz5W:�JóD"<�7=J4<�;
áN36:�á�7N<�Ù47N<LKz<�Jpá=KráN34<)ß�>"7=7N<LKzÙ\>"J�TP58J6Ü%ÝE<�K=Kz<�;�KN<�ÜEÚx<�Jpá�ê



FH34<rÙ\>EKzáN<�7N5U>"7 TP5WKgá=7N5U24àPá=58>EJ.RS>E7	:/7`:�J6T4>"ÚÊJ@à4Ú.2\<�7�K >�R6á=7N<�<�K � ? 6 � � � 6 ��� 5UK ÜE58ÝE<�J2pæ

�  � ? 6 � � � 6 � V � ! �������K3"%��� V�
�	� ?
�

����������� 
��

� �� 
 � ��� 6���� � "! � �$# �% 
 � % Ù6:�7=<�Jpá � 
&�
�

')(  � ? 6 � � � 6 � V � ! �O6 ¡ø �
ãZ34<�7=<

�
ae6
� ?
6
� M

:�7=<�áN34<YR¡:"Úµ5U;UæÂKN5SR�<YÙ47N>E26:�2658;U5uá=58<LK.>"RZáN34<Y247`:�J6ß`3658J4ÜÅÙ47=>@ß�<�K=K.:"J6T
* +! �Ë5UK/áN34<µÝi:�;U<�J6ß�<%>"R	áN34<µJ4>PTP<,!�ê ö >"7=<�>iÝE<�7LA�� �� 
 � ����6-�.�)� "!�� �Ë5UKËá=34<%;U>Pß�:�áN5U>"JTP5UKzáN7=5U24àPáN5U>"J�>"R/� 
 ãZ345Wß`3�TP<�Ù\<�J6T6K�>"J�á=34<);U>Pß�:iá=58>EJ[>"R	5uá`K�Ù6:"7N<�JEá/:"J6TYÜ"7`:�J6T4Ù6:�7=<�JpáS58R�:�J@æ �	ÜE58ÝE<�J�2@æµáN34<G:�J6ß�<�KzáN>E7rKN<cá0� "! �cê4FH34<ËTP5WKzáN7=5824à4áN5U>"J1# �% 
 � % Ù6:�7=<�Jpá � 
��

�	>"R�áN36<
� :�à6K=Kz5W:�J�DE<�7=J4<�;EÙ6:�7`:�Úx<�áN<�7`K2% 
 :EKNKN>Pßc5W:iá=<�T(áN>Ë<�:Eß`3�J4>PTP<0!.TP<�Ù\<�J6T6K�>EJ�áN34<�Ù6:"7=:"Úµ<�ôáN<�7`K�>�R�áN34< � :�à�KNKN5U:"J.DE<�7=J4<�;P:"K=KN>@ß�5U:�áN<LTGáN>G58á=K Ù6:"7N<�JEá J4>PTP<Eê _ 5UJ6:";8;Uæ"A (  � ? 6 � � � 6 � V � ! �TP<�J4>"áN<LK�á=34<Ë;U5UD"<�;U5U34>@>@TÀ>�R¥áN36</RS>E7N<LKgá�Ü"5UÝ"<�Jxá=34<(;8>Pß�:";\KzáN7=à6ßcáNà47=</<LKgá=58Ú�:iá=<�K !Ê:"K=KNà4Úµô
58J4ÜYÙ458õP<�;UãZ5UKN<%5U5WTÄãZ3458áN< � :�à�KNKN5U:"JÄJ4>E5UKN<"ê¥FH34<xKN58Ú%à4;U:�áN5U>"J�A�ãZ34>pKz<µßc>EJPì6Ü"à67=:�áN5U>"JÄ:�á

354	6 ª�7@ª98 ®u®{oEj|debza�dgt{kLh�k�l�aËbza�hpvEk�fG°¡� a�®{��debg^`^�a�hpvµa�h�¸��/¯;:c±�debg^`^

:�J@æ¿>"J6<%á=58Úx<�5WK�:�ßc>E;8;U<�ßcáN5U>"JÄ>"R�7`:�J�TP>"Ú á=7N<�<�K�A¥5UK�T4<�KN58ÜEJ4<�TÄáN>�36:�ÝE<Yû ��<���� ãZ345Wß`3
á=:�DE<Z5uárRS7N>EÚ³>EJ4</ßc>EJPì6ÜEà47=:�áN5U>"J%áN>�á=34<�J4<�õ@á�êEFH36<�KN<�Úx>iÝ"<�K�A�KN>"Úx<�>�R�ãZ345Wß`3À:�7=<Z58;U;Uà6Kgô
áN7`:iáN<LT.5UJ _ 58ÜEà47N<N�4A�:�7=<���:"T6TP58J6Ü(>E7	TP<�;U<cá=58J4Ü):Ëá=7N<�<"A�:"T6TP58J6Ü(>E7�TP<�;U<cá=58J6ÜG:ËágãZ5UÜ�:iá	áN36<
<�J6T�>"R�:�247`:�J6ß`32=pTP5WKzÙ4;W:"ß�58J6Ü):)J4>PTP<>=EKNÙ4;858ázá=58J6Ü%:Gá=7N<�<�58Jpá=>�ágãr>.>"7�ÜE7=:�R�áN5UJ4Ü�ágã�>�áN7=<�<LK
áN>"ÜE<cá=34<�7µ58Jpá=>Å>EJ4<�= ß`36:�J6Ü"5UJ4Ü¿á=34<[Ù�:�7`:�Úx<cá=<�7`K)>�R/áN34< � :�à6K=KN5U:"JÞD"<�7NJ4<�;�:EKNKN>Pßc5W:iá=<�T
ãZ5uá=3À:GJ4>PTP<"êp1/K	;U>"J4Ü):EK	<�:Eß`3%Úx>iÝE<Z36:"K�:"J�? >EÙ4Ù�>pKz58áN<>@�S<Eê Ü�ê":"T6TxÝ"<�7`KNà6K	TP<�;U<cá=<"ApKzÙ4;U58á

Adding versus deleting a twig Grafting two trees versus splitting a treeDisplacement of a node 

354	6 ª&A6ªB8 ®{®{opj|debza�dgt{k�hxk�l�jek�f�^Hf�kc~�^`j

Ý"<�7`KNà6K�ÜE7=:�R�á ��:�J�T�áN36<Hß`3�:�J6ß�<�K�>�R6<L:"ß`3%Úµ>iÝE<�:"7N<r26:�;W:�J�ßc<�T%:�Üp:�5UJ6Kgá 58á=K >"Ù6Ù�>pKz58áN<EAL58á	5UK
Kgá=7=:"58ÜE3EáNRS>"7=ã�:"7=TÀáN>Àß�>"ÚxÙ4àPá=<GáN34<)7=<�èpà45U7=<�TY<�èpà45U;85U247=58à6ÚÆTP5WKgá=7N5U24àPá=58>EJ¿:�J6T[á=>ÀTP<�KN58ÜEJ



áN34<ÀÚx>iÝE<%Ù47=>"2�:�245U;858áN5U<�K�áN>�Ü"5UÝ"<µá=34<�7N<Lèpà4587=<�TÃÙ\>EKzáN<�7N5U>"7�:"K)<�èpà45U;85U247=58à4Ú�A�à�Kz5UJ4Ü�áN36<
ö <cá=7N>EÙ�>E;85WKgô � :EKgá=58J6ÜEKCáN<�ß`36J45Uèpà4<  ö�� �(í ��ð|ê4FH34< ö�� Úµ<�áN34>PT[5uá=<�7`:iá=<�K�58J[ágã�>µKzáN<�Ù6K��
áN34</ì67=KzáCÙ47=>"Ù\>EKN<�KC:�Úx>iÝ"<ZRS7=>"Ú�áN34<(ßc>E;8;U<�ßcáN5U>"Jx>�R�Úx>iÝ"<LK�:�J�TµáN34<(Kz<Lßc>"J�T�:"ß�ß�<�ÙPá`K�>E7
7N<��g<�ßyá`K�áN34<�Úx>iÝE<(KN>�:"K�áN>x<�J6Kzà67N<(áN3�:iáZáN36<(<Lèpà458;U5U247N5Uà4Ú ßc>"5UJ6ß�5UTP<LKHãZ5uá=3YáN34<)TP<LKz5U7=<�T
Ù�>pKgá=<�7=58>E7�ê � <�J4<�7`:�;U;Uæ"Aiá=34<ËTP<Lßc5WKz5U>"J�ãZ36<cáN36<�7�á=>.:"ß�ßc<�ÙPá�>"7r7N<��g<�ßyá�:�Úx>iÝ"<�TP<�Ù�<�J6T4K�>EJ
ãZ34<cá=34<�7�áN36<(7=<�KNà4;8áN5UJ4ÜµJ4<�ãåáN7=<�<(ãZ58;U;¥2�<�:%Úx>"7=<(:ETP<�èpà6:�áN<(7N<�Ù47N<LKz<�Jpá=:iá=58>EJxRS7N>EÚúáN36<
Ù�>pKgá=<�7=58>E7rá=36:�JYá=34<)ßcà47=7=<�JpáHáN7=<�<"ê

FH34</<�é�ß�58<�J6ßcæ�>"R�áN36<(:";8ÜE>"7=5uá=34ÚúTP<�Ù\<�J6T6K�ß�7Nà�ßc5W:�;U;8æx>"JÀáN34<GÙ47=>"Ù\>EKN<�TxÚx>iÝ"<LK�ê@1/K
:�;U;�Úx>iÝ"<LK/5UJ��6à6<�J6ß�<.á=34<%;U5UD"<�;U5U34>@>@T¿>"J4;Uæ�;8>Pß�:";8;Uæ"A�áN36<%;U58DE<�;U5836>p>PT�<�Ýi:�;Uà6:iá=58>EJÄß�:"JÄ2\<
58ÚxÙ4;U<�Úx<�Jpá=<�Tº<céÀßc5U<�Jpá=;8æEê ö >"7=<�>iÝE<�7LA�á=>Í:�Ý">"5WTÞ5UJ4<�é�ß�58<�J6ßc5U<�KóTPà4<YáN>Þ:Ã;W:�7=Ü"<YJpà6Ú%ô
2�<�7�>�R Úx>iÝ"<�KH2\<�5UJ4Ü�7=<o�g<LßyáN<LT¥A4>Eà47ZÚx>iÝ"<�KZ:"7N<GÜEà45UT4<�TY2@æó;U58DE<�;U5834>@>PT�ßc>EJ6Kz5WTP<�7=:�áN5U>"J6K �
áN34<�;U>Pß�:�;U58ágæ�>�R�:YÚx>iÝ"<µ5WK�TP<�Ù\<�J6T4<�Jpá)>"JÄáN34<À:"Úµ>Eà4Jpá(>"R�à6J4<cõPÙ4;W:�5UJ4<�TÃT4:�á=:[58JÃáN36<
Kzà47=7=>"à4J6T458J4ÜÃKzÙ�:iáN5W:�;H7=<�ÜE58>EJÎ:�J�TÍáN36<YÚx<L:�J¶TP587=<�ßcáN5U>"JÎ>�R(:ÅÙ47=>"Ù\>EKN<�TÍ267=:"J6ß`3ÎKN<�Ü"ô
Úµ<�Jpáµ7=<�KN<�Ú%24;8<LK�á=34<YT4587=<�ßcáN5U>"JÞ>"R�áN34<�T4:�á=:¿5UJÍá=34<[Ý@5Wßc5UJ458ágæÍ>�RZáN36<YKN<�ÜEÚµ<�Jpá�ê FH345UK
:�Ù4Ù47=>E:Eß`3Þ5WK%7=<�Úx5UJ45WKNß�<�Jpá�>�R�á=34< D :�J6Ü"<�Ý@5UJ � :"KzáN5UJ4ÜEKx:�;UÜ">E7N58áN36ÚYA ãZ34<�7N<YÙ47=>"Ù\>EK=:�;WK
:�7=<[5UJ��6à4<�J6ßc<LTä2@æÂá=34<�Ü"7`:"TP5U<�Jpáx>�R�á=34<�Ù�>pKgá=<�7=58>E7�A	KN<�<Âíu÷�ð�ê � ;U>"26:";�Kgá=7Nà6ßcáNà47=<[áN36:�á
ß�:�JÃ2\<µ5UJPRS<�7N7=<�TÅãZ5uá=3Â3458ÜE3Ãß�<�7Ná=:"58Jpágæ�;U>@ß�:�;U;8æ�ãZ5U;U;�;8<L:"T¿áN>�:[áN7=<�<�Kgá=7Nà�ßyáNà67N<µáN3�:iá�5UK
Kgá`:�24;U<Z>iÝ"<�7�á=58Úx<EA"ãZ345U;8<Z;U>iãä;U>Pß�:";6ßc<�7zá`:�5UJEágæ.7N<LKzà4;8á=K 5UJ�:GÝ">E;U:�áN5U;8<�áN7=<�<�ô|KzáN7=à6ßcáNà47=<�áN36:�á
:�;8áN<�7=J6:�áN<�KH2\<cágã�<�<�JYT45���<�7=<�Jpá�<cõPÙ4;W:�J�:iáN5U>"J�KCRS>E7HáN34<�ÜE;8>E26:�;�KzáN7=à6ßcáNà47=<"ê

� �	��
U��Ó6ØQ� ��ÑCÒ 	
_ 5UÜ"à67N<�ïY58;U;Uà6Kgá=7=:�áN<LKG7N<LKzà4;8á=K(>"Rrá=34< ö�D Úx>@T4<�;�<LKgá=58Ú�:iá=58>EJ�ê¥OÃ<�36:�Ý"<µà6KN<�TÅÙ6:�7Ná�>�R
:/�� 7=<cáN5UJ6:";/:�J4ÜE58>EÜ"7`:�Ù4365Ußó58Ú�:�ÜE<�Kz5SR�<�ñdh"ñ ' ñdh"ñÂÙ45uõP<�;UK Sì6Ü6êCï ¡: � �%RS>"7�>Eà47 ���
<cõPÙ�<�7N5UÚx<�Jpá=K�ê�FH34<�26:Eß`D@Ü"7=>"à4J6TÄ5UK�ì67=Kzá�Úx>@T4<�;U;8<LTÃ:EKG;8>Pß�:�;U;8æ¿Ù658<Lßc<cô|ãZ5WKz<x;U58J4<L:�7):"J6T
Kzà424áN7`:"ßyá=<�T¿RS7N>EÚÆá=34<x>"7=58ÜE58J�:�;�T6:iá=:óÙ47=58>E7/á=>óá=34<%<LKgá=58Ú�:�áN5UJ4Üóá=34< � :�à6K=Kz5W:�J¿RS<�:iá=à47=<
Ù6:�7`:�Úx<cá=<�7 <�KzáN5UÚ�:iá=<�K�ê"FH34<Z>"7=5U<�Jpá=:�áN5U>"Jx:�J6TµÙ\>EKN5uá=58>EJ%>"R�á=34< ö�_ FÎRS<�:iá=à47=<�<LKgá=58Ú�:�áN<�K
ãZ345Uß`3ÂRS>E7NÚ�á=34<ó5UJ458áN5W:�;C26;8>Pß`DÃÙ6:�7`:�Úx<cá=<�7)<LKgá=58Ú�:�áN<�K�A�! a :�7=<ÀKz34>iãZJÍ5UJÍá=34<[ß�<�JpáN7=<
�ì6Ü�ê�ï�¡2 �H:�J�T �ß � �yA\ãZ34<�7=<GáN34<GRS<L:iá=à47N<.58JpáN<�J6KN5uágæ[5UKZÚx>PTPà4;W:iá=<�T�2@æÀá=34<)ÜE>p>PTPJ6<�K=KH>�R
ì4á/>�R á=34<)Úx>PTP<�;�áN>�á=34<.T4:�á=:4ê��/<LKzÙ458áN<)áN34<%J4>"5WKz<EAPáN36<�7=<�5UK/Ü">@>PTYß�>"7=7N<LKzÙ\>"J�TP<�J6ß�<G>�R
áN34<[;U:"7NÜE<ÀKNß�:�;U<ó:�7NáN<�7N5W:�;CKzáN7=à6ßcáNà47=<[:�á.24;U>@ß`DÂKN5 R�<CT "Æò"ñ6ê�FH36<ó26:Eß`DpÜE7N>Eà4J6TÃJ4>E5UKN<
2�<Lßc>"Úx<LK�58J�Kz5UÜ"J458ì�ß�:�Jpá.:iá)24;U>Pß`DÅKN5 R�<;T " ÷Lò Sì6Ü6ê�ï��ß � �cê�FH34<�7=5UÜ"3pá)36:�J�TÃß�>";Uà4ÚxJ
�ì6Ü�ê�ï ¡T��eô ¡< � �µKN34>iã�K.:ÅT4:iá`:¿7=<�ß�>"J6KzáN7=à6ßyá=58>EJÍ>�RZá=34< �� � :"à6K=Kz5W:�J6K.58JÎ<�:Eß`3Þ24;U>@ß`D
¡:iáGßc>E7N7=<�KNÙ�>EJ6TP5UJ4Ü�24;U>Pß`DYKN5 R�<�K ��:�R�áN<�7ËáN36<.58áN<�7`:iá=58ÝE< ö�D <�KzáN5UÚx:�áN5U>"J�ê���>"áN<�á=36:iá(áN36<
áN345Wß`D@J4<�K=K�>"R	áN34<%Ý"<�K=KN<�;WK �á=34<%Kzá=:"J6T4:�7`T�TP<�Ýp5W:iá=58>EJ�>�R áN36<.Úx>PTP<�;�>"7NáN34>EÜ">EJ6:�;�á=>ÀáN36<
RS<�:iá=à47=< ��:�7=<Ë:Eß�ßcà67=:�áN<�;Uæ�Úx>PTP<�;U;8<LT[:�á�2\>�á=3�;U:"7NÜE<Ë:�J�TóKNÚx:";8;¥26;8>Pß`DÀKN5 R�<�K�ê �r;U<�:"7N;Uæ"AP:�á
;8>iã�<�7�KNÙ6:iá=5U:";�7=<�KN>";UàPáN5U>"J6K�APá=34<)Úx>PTP<�;�ß�:�J4J6>�á/<L:"KN58;UæóTP<LKNß�7N5U2�<)áN34<)Ù67N<LKz<�J6ßc<�>"R�Ú%à4;uô
áN5UÙ4;8<GÝE<�K=Kz<�;UKrãZ5uá=345UJÀáN36<(ãZ5UJ6TP>iã�APKNà6ß`3[:EKr:�á�ÝE<�K=Kz<�;�265uRSà47`ß�:�áN5U>"J6K�AP:�J6TÀáN34<G7=<�KNà4;8áN5UJ4Ü
;8>iãHôe:�ÚxÙ4;U5uá=à6TP<EAp5WKN>�áN7=>"Ù65Uß � :�à6K=KN5U:"J6Kr:"7N<(;U>@ß�:�;U;8æxá=34< ? 2�<LKgá�@4TP<�K=ßc7=58Ù4áN5U>"Jó>"R�á=34<�KN<G7N<�ô
Ü"5U>"J6K�ê � >iã�<�Ý"<�7�AEáN36<�KN<(26;8>Pß`DPKHß�:�J[2�<�5WTP<�JEá=5uì�<�TóRS7N>EÚ 345UÜ"34<�7�7=<�KN5WTPà6:�;�<�7N7=>"7`K�A X M(5UJ
<�èpà6:iá=58>EJ n���cê

FH34<%ï���5UÚxÙ4;U<�Úx<�Jpá=:�áN5U>"JÅ>�R�á=34< ö D Úx>PTP<�; <�KzáN5UÚ�:iá=>"7(5UKGTP<�Úµ>EJ6KzáN7`:iáN<LT�5UJ¿ì6Ü"ô
à47N<µñ �: �eô ¡< �yê�FH36<%;U>Pß�:�;	KzáN7=à6ßyá=à47=<%<LKgá=58Ú�:iá=>"7GãH:"KË7Nà4JÃ>"JÄáN34< � ��� ��� 5UÚx:"Ü"<µ>�RCÙ�:�7Ná
>�Rr:óÙ436:"KN<xßc>"Jpá=7=:EKgá ö X�1 ãZ5uá=3Åßc<�7N<�247`:�;�24;8>@>PT�ÝE<�K=Kz<�;UK(Kz5SR�< � � ' � � ' ñ"ñ[Ý">�õP<�;WK
�ì6Ü�ê6ñ �: � �yê � ;U;Uà6Kgá=7=:�áN5U>"J6K/>�R áN36< ö�_ F RS<�:�áNà47=<�<�KzáN5UÚ�:iáN<LK/:"J6T�T4:iá`:�7=<�ßc>EJ6KzáN7=à6ßyá=58>EJ6K
à6Kz5UJ4Üóï�� � :"à6KNKN5W:�J6K�:"7N<)KN34>iãZJ�:iá/ágãr>��ßcà4265Uß �HãZ58J�TP>iãÊKz5SR�<LK�� T�" ïd�À:�J6T TL"(�
�ì6Ü�ê�ñ���á=>"Ù�:�J6Tµ2\>�áNáN>"Ú�7N>iã�K�7=<�KNÙ�<Lßyá=58ÝE<�;Uæ �cê"FH34<ZÚ�:F�g>E7 Ý"<�K=KN<�;WK	:�7=<Hß�:�ÙPá=à47=<�Tµ:iá	áN36<



¯SaL± ¯�«P± ¯Svp±

¯�sc± ¯�^y±

354	6 ª � ª��������
	 ¯Sa�±)²�] bg^Ndgtuhpa�®ra�hELt{kL�bza�f jet��=^�����������_Et{Ì"^`®{j`·�� �����
����	 ÉxÁ¥¾ lW^yacdgoEbg^
^=j|dgtuf)acdg^`j����%lWk�b�«p®{kisz��jet��=^`jx¯�«P±���Ya�h@v4�	¯�sc± : �"·"!$#�%'& �
	 �r^`s=kLhpj|debgoEs=dgt{kLhÄk�l�vpacdzaÀl8bgkLf
f�k�v"^`®4_@acbza�f�^=dg^=bgj�^`j|dgt{f)acdg^`j(�*),+xlWk�b�«E®{kisN�.jet-�`^`j�¯Sv@±"�.)a�h@v4�6¯�^c±0:/�"·

;8>iã�<�7H7=<�KN>";UàPáN5U>"J �ì6Ü�ê4ñ ¡2 �|ô�¡ß � ��ãZ345U;U<GáN34<�ì�J4<�7ZÝE<�K=Kz<�;UKZß�:�JY2�<)KN<�<�JY5UJYì6Ü"à67N<Gñ �T��|ô
S< �cê ��>�á=<�á=36:iá :iá�2\>�á=3.K=ß�:�;U<�K�A�:EK�ãZ58áN3.áN34< ���Î7N<�áN5UJ6:�;p<cõ4:�ÚxÙ4;U<"A�áN34<�Ý"<LKNKN<�;pTP5W:�Úx<cá=<�7`K
:�7=<Gß�>"7=7N<Lßyá=;8æ�<LKgá=58Ú�:iá=<�T¥ê

F�>�TP<�Úµ>EJ6KzáN7`:iáN<(á=34<�àPáN5U;U5uágæY>�R�áN34<�à�Kz<�Ú%à4;uá=58Ù6;8<�ãZ5UJ6TP>iã Kz5SR�<LK�APã�<�Ü"<�J4<�7`:iá=<�T[:
:óÚ%à4;uá=5uô|;U<�Ý"<�;	T4:iá`:[7=<�ß�>"J6KzáN7=à6ßcáN5U>"JÄ:�R�áN<�7�:YKz5UÚxÙ4;U<%á=>"ÙPôeTP>iãZJÃKNß�:�;U<%KN<�;U<�ßyá=58>EJÅ2�:"KN<�T
>"J�á=34<ËJ6>"7=Úx:";85WKN<�Tx24;U>Pß`Dµ7=<�KN5WTPà6:�;\<�7=7=>"7`K�Aiì�Ü"à47=< �4ê � J�á=345WKr7=<�ß�>"J6KzáN7=à6ßcáN5U>"J�AEãr<Ëà6Kz<LT
ñ6ê ñ10 >"Rrá=34<ÀÙ6:"7=:"Úx<cáN<�7=KGKN<cá`K�Ai! �! A¥RS7=>"Ú�:YáN>�á`:�;�>"R�÷�ï �"ø"ò[:"ßc7=>EK=KGñ�24;U>Pß`DÅKN5 R�<�K�ê
FH345UKG7=<�ß�>"J6KzáN7=à6ßcáN5U>"JÄ5WK�:�26;8<µáN>�ß�:�ÙPá=à47N<x2\>�á=3Å;W:�7=Ü"<x:�J6TÃKNÚx:";8;	;U>Pß�:"; KzáN7=à6ßcáNà47=<�KG5UJ
áN34<)T4:�á=:6ê

F�>(58J4RS<�7 Ü";U>"26:";pKzáN7=à6ßcáNà47=<rã�<�36:�Ý"<�à6KN<�T.:"J ö � ö �Í:�;UÜ">E7N58áN36Ú >EJ)á=34<N���º7N<�áN5UJ6:�;
T4:iá`:�áN>ÃKN:"ÚxÙ4;8<óáN34<[Ù�>pKgá=<�7=58>E7%TP5WKzáN7=5824à4áN5U>"Jä5UJ �ø ��à�Kz5UJ4Ü¿á=34< � :�à6K=Kz5W:�JÍ<LKgá=58Ú�:�áN<�K
�ì6ÜEà47N<Àò �yê�FH36<�KN<ÀKz34>iã³áN36:�á)áN36<�Úµ<�áN34>PTÍTP>@<LK�58J�TP<�<LTÃß�:�ÙPá=à47=<ÀKz5UÜ"J458ì�ß�:�Jpá�Ü";U>"26:";
Kgá=7Nà6ßcáNà47=<"ê

2 3ÅÔrÑ/× �zÖb	@ØgÔCÑb	
4 >"Úx<Y<�J6ß�>"à47`:�ÜE58J4ÜÄÙ47N<�;85UÚx58J�:�7=æÃ7=<�KNà4;8á=Kµ36:�ÝE<ó2\<�<�J¶:"ß`3658<�Ý"<�TÞà6Kz5UJ4ÜÄáN34<�:�Ù6Ù47N>p:"ß`3
TP<�K=ßc7=582\<�Tx5UJóKN<�ßcáN5U>"J ï4A@TP<�Úµ>EJ6KzáN7`:iáN5UJ4Ü�58á=KrÙ�>"áN<�JEá=5U:";6RS>E7CÚx>PTP<�;U;U58J4Ü.Ý�:EKNß�à4;W:�7rKzáN7=à6ßcô
áNà47=<.ÜE;8>E26:�;U;8æ[58JÅ:Àßc>EÚµÙ6àPá=:�áN5U>"J6:";8;Uæ[<�éÀßc5U<�JpáËãH:�æ"ê _ 5UJ4<cô�áNà6J458J6ÜÀáN36<%:�;UÜ">E7N58áN36ÚÆãZ5U;8;
;8<L:"T�á=>%KN58ÜEJ458ì�ß�:"JEá�58ÚxÙ47=>iÝ"<�Úx<�Jpá=K�êpFH36<�KN</ãZ5U;8;�5UJ6ßc;Uà6TP<EAERS>E7H<cõ4:�ÚxÙ4;U<"AEáN34<(à6KN<Ë>"R�áN36<
;8>Pß�:";6<LKgá=58Ú�:iá=<�K�áN>)Ù47=>PTPà6ß�<�58J65uá=5U:";�ßc>EJPì6ÜEà47=:�áN5U>"J6K�RS>E7�á=34< ö � ö �ä:";8ÜE>"7=5uá=34Ú�A�à6KN58J6Ü



¯SaL± ¯�«P± ¯Svp±

¯�sc± ¯�^y±

354	6 ª � ª ¯Sa�±\Éxa�Ì"t{f(opfÎt{h�dg^=hpjet�d���_"bgk���^`s=dgt{kLhËk�lP_pa�bed¥k�lPaHÉ��Äa�hpLt{k��bza�fçv"^`_pt{s=dgt{hE�s`^=bg^=«Ebza�®
«E®{kik�vÀ~L^`jeje^`®{j�jet-�`^���� ����� � �.~LkcÌ"^`®{j`·��
	�� 	 ÉxÁ¥¾ÞlW^yacdgoEbg^/_@a�bza�f�^=dg^=b�^`j|dgt{f)a�dg^`j�� �Ëa�d
��t{hpvEky�äjet��=^`j�¯�«P±�´L²(a�hpv[¯Sv@±�(je¬pky��t{hp(lU^ya�dgo"bg^Hk�bgt{^`hidzacdgtuk�h�a�hpv%_Pk�jet{dgt{k�h�·���	 �
� 	�� 	 ]Zacdza
f�k�v"^`®�«pa�je^yv�kLhÀ«E®ukisz�i°¡«���°¡«p®{kisz�%jeoEf�f)a�dgt{kLhµk�l�®ukis`a�®�½Ha�oEjejet8a�h[f�k�v"^`®{j*� ),+ a�dr��t{h@vEky�
jet-�`^=jµ¯�sc±/´�²�a�hpv6� ¯�^y±���·�¾ ¬p^%½Ha�oEjejetua�hÅa�f�_p®{t�dgo@v"^�¬@a�j(«P^`^`h�f)a�vE^�_"bgkL_Pk�bedgt{k�h@a�® dgkxdg¬E^
�kik�vEhE^`jejrk�l¥¼pd�«P^=d�� ^`^=h%dg¬p^�vEa�dzaGa�h@v)dg¬p^Hf�k�v"^`®�·

:%Ù\>EKzáN<�7N5U>"7�26:EKz<LTÀ>"J[áN36<(Ú%à4;8áN5U7N<LKz>E;8àPá=58>EJó7=<�Ù47=<�KN<�Jpá`:iáN5U>"J�A@KNà6ß`3Y:"KHKz36>iãZJ[5UJóì�Ü"à47=<
�Pê 4 à6ß`3�5UÚxÙ47N>iÝE<�Úx<�Jpá`K�:"7N<�ß�à47N7=<�Jpá=;8æ�2\<�5UJ4Ü�5UÚµÙ6;8<�Úµ<�JpáN<�T�ê

� � #1��Ó ��Ñ/×��i	
:L·��"· �	·E¹�^`jga�E·�n�k�h�debgt{«EoEdgt{kLh)dgk/dg¬E^Hv"tujes=opjejet{kLh%_@a�_P^Nb�� �C^`_"bg^`je^`hidza�dgt{kLh%k�l���hpky��®{^yvE�^Ht{h
s=kLf�_p®{^=ÌHj|�Ej|dg^=f�j��C«i�Z}/·�½rbg^`hpa�h@v"^=b�a�h@v/É[· 8 ·LÉµt{®u®{^=by·���	�� � ���� 	 � � & � !�	�! �� #" �$��� #&% � #(' �� 
" 	)' # ��� ! " ��� # � %*���
��� 	 ��+�:-,.��+�²i� :)+�+�"·

²�·/qP· �¥·�¹�bgkik���j`·.¾ ¬p^)Éxacbg��kc~Yn�¬pa�t{h¿Éµk�h�dg^�n a�bg®{kóÉµ^=dg¬pk�v[a�hpv[t�dgj/¸r_p_E®{tus`a�dgt{kLh6·/� & �
" �$��� #&% � #(' # �.� �110 	 ��+2, :/����� :)+�+���·

´"·�¸�·CÁ�·rÁEbza�hELt����¶·��E·43�t{^`jeje^`h6����·�É[·45�kikL�^`~�^`^=h��r¾ ¬�·C~�a�hÞ��a�®{jeoEfx�Ca�h@vÎÉ[·r¸/·
6rt{^=bgL^`~L^=by·ºÉµk�vE^`®�°¡«@a�je^yv87�o@a�h�dgt�dzacdgtuk�hÂk�l/´�] Éxa��hp^=dgt{s �r^`jek�h@a�hps`^À¸ChpLt{k��bza�_E¬pt{s8 f)a��^L·:9<;;=;>� �<��� %@?BA ��C #(' �� 9D� � %�# � %��B:)�E¯;: ��± 	 +���E,F+1�����2:)+�+�+"·

E·/½Ë·L½�^=bgt{"��¾�·��ZkL®{®{^=by��½Ë·�q ��G^`��^=®{�i��n�¬6·�¹�bg^`sN¬�«IHop¬E®u^Nby�La�h@v�JË·��KHop«p®{^=by·pqi�EfË«PkL®{t{s v"^`jes=bgt{_E°
dgt{k�h/k�l@´c°¡]Äj|debgoEs=dgoEbg^=j�a�_E_p®{t{^yvHdgkrs=^=bg^`«Ebza�®i~�^`jeje^`®�debg^`^�k�«Edza�tuhE^yvHlUbgk�fQÉ��¿a�hELt{kL�bza�_E¬��
~LkL®{opf�^�vEa�dza�· 8 hL5Ë·M5Ë·\¹ a�bebg^=ded(a�hpv�¸/·\Á�·�½�f�t�debgk"�\^yv"t�dgk�bgj`�9 � � 	 � � ��� #(	 �LN � 	)' � %O%DP
# � % # � A ��C #(' �� 9D� � %�# � %�9 N AQ9SR T�U�V ��� ' � � � ��W 	 � � %�# � �=	��*�
� � ���X" ' # ��� ' � �"~�kL®{oEf�^����10i�
_pa��^`j4+��, :�: :L� :Y+�+L´�·

��·H�º· ��·4½�t{®{�"j`��qP· �Ct{sN¬pa�bzvEjek�h��4a�h@vx](·
�E·6q�_pt{^`L^=®u¬pa�®�dg^=by·-A ����Z 	�[�� & � # � AL	 ��� � � ���� 	
# �.N �<� ' � #(' � ·	n�¬pa�_Ef)a�hQ\]5�a�®{®���:Y+�+��"·



¯SaL± ¯�«P±

354	6 ª � ª ¯SaL±GÉµop®�dgt�bg^`jekL®{o"dgtuk�hÃjesya�®{^xje^`®{^`s=dgt{kLhÅ«@a�je^yvÄk�hÄdg¬"bg^`je¬pk�®uvEt{hpóLkik�v"hp^`jej�k�lr¼EdG«P^=°
d�� ^`^=h�f�k�vE^`®¥a�h@v�vEa�dza�a�sNbgkLjejH®{^`~�^=®ujC��t�dg¬ókc~�^Nbg®8a�_p_EtuhE)«p®{kisN�%jet-�`^`j �.E�6´�²i� :/�)a�h@v �"·�¯�«@±
ÉµoE®�dgt{bg^=jekL®{oEdgt{kLhÀvEa�dzaËbg^=s`kLhEj|debgops=dgt{kLh�oEjet{hp(_pa�bza�f�^=dg^=bCje^=drvE^`_Et{s=dg^yv%t{h�¯SaL±N·

¯SaL± ¯�«P± ¯�sy±

354	6 ª��6ª ¯Sa�± 8 dg^Nbza�dgt{kLhÄ².�����xk�l	dg¬p^.É�n	É�nQjet{f(op®uacdgtuk�h�«@a�je^yvYk�h�_PkLj|dg^=bgt{k�b�vE^Nbgtu~L^yvól8bgkLf
«E®{kisN�.jet-�`^`j������(kLh.dg¬p^/²c]ºbg^=dgt{h@a�®\t{f)a��^L·\¯�«@± 8 dg^=bzacdgt{kLh�: �������"·¥¯�sy± 8 dg^=bzacdgtuk�h ���������"·

�"·���·"É[·	��k�bgt{LkE� JË·�Ápa�op�^=bza�j`���¶·���·	��·"½rbgt{f�jekLh�����·i�Z^=bgt{~�^=h�����·i�Zt{��tuhEt{j`��¸/·F3�a�«pac~�tua"�
a�h@v%n�°�Á�·"�Y^`j|dgt{h�·�n�k�v"t{f�^`hpjet{kLh"°�¾�� k)½�^`k�v"^`jet{s/¸rs=dgt{~�^Hn�kLhidgkLo"bgj lWk�b�É��r¸ºq�^`Lf�^=hE°
dzacdgt{kLh�· 8 h N � 	)'E?B	 � 9 � �( ?��=	 �/� ?�	 � 9 �/� 	 � � ��� #(	 ��N"� 	)' � %O% # � % # � A ��C # ' �� 9D� � %�# � %���:)+�+�+�·

0�·�¾�·SJ�
 ]Hk�hphE^`®{®S�E¸�·E½�op_Edza��"a�hpv%¾�·E¹�k�op®�dy·¥¸Þhp^=�Âf�k�vE^`®plUk�b	dg¬E^rbg^`s`kc~�^Nb	k�l\s=�"®ut{hpv"bgt{sya�®
j|debgoEs=dgoEbg^=j�lUbgk�fúf�^yvEt{sya�®¥tuf)a�L^�vEa�dza�· 8 h �E·�¾�bgkis=sya��L� �	·�½rbgt{f�jek�h���a�hpv ��·\É HkLjeL^=j`�
^`vEt�dgk�bgj`� N � 	)'E? �� ! A ��C P&A ! ��� " R T��y� :)+�+10i·

�"·�¸�· �¥a�_PkLoE®{tuj`· " #-% ���� � ���� !�% #&%g·�Éµsc½rbza`�	° 5rt{®u®���3r^=����k�bg�P�B:Y+10�0�·
+"·H�º·�É[·��Y^`®{®uj`���/·L�Ztu��t{hpt{j`���º·��	·���·i½rbgtuf�jek�h���a�h@v ��·F��kL®{^`j��L·\¸�vEa�_Edgt{~�^	je^=Lf�^`hidza�dgt{k�h
k�l�É�� 8 vpacdza"· 9<;=;;>� ����� %Y?BA ��C #(' �� 9D� � %�# � %��9:E� 	 �²�+), ��²��2:)+�+���·: �"·/n�°�Á�·6��^`j|dgt{h6��¸�·�¹�¬pa�®{^=bza�kE�I5/·\�Zh�oEdgjejek�h��\a�hpv ��·\�Zt{��t{hpt{j`·.}�jet{hp��6kisya�®�´�]³q�debgoEs=°
dgo"bg^(lWk�b(q"^`�f�^`hidza�dgt{kLh[k�l�¹�k�hp^Gl8bgkLf n�kLf�_EoEdg^=bZ¾\kLf�k��bza�_E¬i� 8 f)a��^`j`· 8 h N � 	)'E?�	 �
�=	��*�
� � ��� � #&% #(	 �L����C2N ���
� ����� ! � 'O	 % � # � #(	 � R T��c� ��op^=bedgk �Ct{s`kE�B:)+�+10i·: :L·Z]Ë·���·6�Ít{®ujek�h�a�h@v �"·\¸�· 3�kL«E®{^L·�¸ChYa�vpa�_"dgt{~�^Gje^`�f�^`hidza�dgt{kLh[a�®{Lk�bgt�dg¬pfúlWk�b�^=Ì�debza�s=de°
t{hExa�bedg^Nbgtu^=jËa�h@vóa�hE^`oEbe�"jef�jrl8bgkLf dgt{f�^=°¡k�l8°��@t{L¬id/É��r¸ùvEa�dza�· 9<;=;; � ���.� %@?=A ��C #(' �� 
9D� � %�# � %��B:Y�E¯;: ��± 	 +L´��E,�+.F�i� :Y+�+�+�·:y²�· ��·L�Âtu®{jek�h��"¸/·�](·"n a�®�� ay�i�"a�h@v �	·��/·iq4·���^`a�bgjekLh6·�¸Þ½�^=hp^=bza�®ut-�`^`v)��ac~L^`®{^=d	¾�bza�hpj|lUk�bgf
lUk�b)ÁEkLoEbgt{^=b�¸rh@a�®��Ejet{j 	 dg¬p^µÉµop®�dgt�bg^`jek�®uo"dgt{kLhÂÁEkLoEbgt{^=b�¾�bza�hEj|lWk�bgf a�h@v�t�dgj)¸r_E_p®{t{sya�dgt{k�h
dgk 8 f)a�L^Ga�h@v[¸ro@v"t{kxq�tu�h@a�®�¸Ch@a�®��"jet{j`·K9<;=;; � ���.� %@?=9�� V " � � ' # �� 9D%O%O� � 	 ��� � [ �@ ����
! � � ��� % ��� �$��� #(	 � %g�6´��E¯¡²�± 	 �10.E, ��+��"�2:Y+�+�²i·



Other University of Warwick Department of Statistics
Research Reports authored or co–authored by W.S. Kendall.

161: The Euclidean diffusion of shape.
162: Probability, convexity, and harmonic maps with small image I: Unique-

ness and fine existence.
172: A spatial Markov property for nearest–neighbour Markov point pro-

cesses.
181: Convexity and the hemisphere.
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