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An ancient optimization problem

A Roman
Emperor’s
dilemma:

PRO: Roads are needed to
move legions quickly
around the country;

CON: Roads are expensive
to build and maintain;
Pro optimo
quod faciendum est?
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network
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UK Motorways:
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A mathematical idealization

Consider N cities x(N) = {x1, . . . , xN} in square side
√

N.

Assess road network G = G(x(N)) connecting cities by:

network total road length len(G)

(minimized by Steiner minimum tree ST(x(N)));

versus

average network distance between two random cities,

average(G) = 1
N(N − 1)

∑∑
i≠j

distG(xi, xj) ,

(minimized by laying tarmac for complete graph).
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Aldous and Kendall (2008) provide answers for the

First Question

Consider a configuration x(N) of N cities in [0,
√

N]2 as above,
and a well-chosen connecting network G = G(x(N)). How does
large-N trade-off between len(G) and average(G) behave?

(And how clever do we have to be to get a good trade-off?)

len(ST(x(N))) is no more than O(N) (Steele 1997, §2.2);

Average Euclidean distance between two randomly
chosen cities is at most

√
2N;

Perhaps increasing total network length by const×Nα

might achieve average network distance no more than
order Nβ longer than average Euclidean distance?
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Further Questions

Question about fluctuations

Given a good compromise between average(G) and len(G),
how might the variance behave?

Question about true geodesics

The upper bound is obtained by controlling non-geodesic
paths. How might true geodesics behave?

Question about flows

Consider a network which exhibits good trade-offs. What can
be said about flows in this network?
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First question (I)

Idealize the road network as a low-intensity invariant
Poisson line process Π1.

Unit intensity is 1
2 d r dθ: we will use this and scale.

Pick two cities x and y at distance n =
√

N units apart.

Remove lines separating the two cities;

focus on cell Cx,y containing the two cities.
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First question (II)

Upper-bound “network distance” between two cities by

mean semi-perimeter of cell, 1
2 E

[
len ∂Cx,y

]
.

Aldous and Kendall (2008) answer First Question using
this, and use other methods from stochastic geometry to
show that the resolution is nearly optimal.
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Links to random metric spaces
The study of the metric space generated by the line process
forms a chapter in the theory of random metric spaces:

Vershik (2004) builds random metric spaces out of
random distance matrices (compare MDS in statistics);
almost all such metric spaces are isometric to Urysohn’s
celebrated universal metric space.

But these spaces are
definitely not finite-dimensional!

The Brownian map has been introduced as the limit of
random quadrangulations of the 2-sphere (for example,
Le Gall 2009).

But these spaces are definitely not flat!

A famous conjecture (late 1940’s) by D. G. Kendall is
that large cells in the line process tessellation are nearly
circular.

This is now known to be true (Miles, Kovalenko).

the project builds on a wide range of work: from
300-year-old French encyclopaedist to recent
calculations on self-similar random processes.
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Georges-Louis Leclerc, Comte de Buffon
(7 September, 1707 – 16 April, 1788)

Calculate π by dropping a needle
randomly on a ruled plane and
counting mean proportion of hits,

or (dually)

(H. Steinhaus) compute length of
regularizable curve by counting
mean number of hits by
unit-intensity invariant Poisson line
process.
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Tools from stereology and stochastic geometry

Buffon The length of a curve equals the mean number of hits by
a unit-intensity Poisson line process;

Slivnyak Condition a Poisson process on placing a “point” z at a
specified location.

The conditioned process is again a
Poisson process with added z;

Angles Generate a planar line process from a unit-
intensity Poisson point process on a refer-
ence line `, by constructing lines through
the points p whose angles θ ∈ (0, π) to `
are independent with density 1

2 sinθ.

The
result is a unit-intensity Poisson line pro-
cess. Intensity measure in these coordi-
nates: sinθ

2 d p dθ.
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The key construction

(Remember, line process renormalized to unit intensity.)

Compute mean length of ∂Cx,y

by use of independent
unit-intensity invariant Poisson line process Π2, and
determine the mean number of hits.

It is convenient to form Π∗2 by deleting from Π2 those
lines separating x from y. (Mean number of hits:
2|x − y| = 2n.)
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Mean perimeter length as a double integral

Theorem

E
[
len ∂Cx,y

]
− 2|x − y| =

1
2

∫∫
R2
(α− sinα)exp

(
−1

2 (η− n)
)

d z

Note that α = α(z) and η = η(z) both depend on z.

Fixed α: locus of z is
circle.

Fixed η: locus of z is
ellipse.
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Asymptotics

Theorem

Careful asymptotics for n→∞ show that

E
[

1
2 len ∂Cx,y

]
=

n+ 1
4

∫∫
R2
(α− sinα)exp

(
−1

2 (η− n)
)

d z ≈

n+ 4
3

(
log n+ γ + 5

3

)
where γ = 0.57721 . . . is the Euler-Mascheroni constant.

Thus a unit-intensity invariant Poisson line process is within
O(log n) of providing connections which are as efficient as
Euclidean connections.
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Illustration of the final construction

Use a hierarchy

of:
1 a (sparse) Poisson line process;

2 a rectangular grid at a moderately large length scale;

3 the Steiner minimum tree ST(x(N)));
4 a few boxes from a grid at a small length scale, to avoid

potential “hot-spots” where cities are close (boxes are
connected to the cities).
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Answering the first question

Theorem

For any configuration x(N) in square side
√

N and for any se-
quence wN →∞ there are connecting networks GN such that:

len(GN) = len(ST(x(N)))+ o(N)

average(GN) = 1
N(N − 1)

∑∑
i≠j

‖xi − xj‖ + o(wN log N)

The sequence {wN} can tend to infinity arbitrarily slowly.
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A complementary result

Theorem

Given a configuration of N cities in [0,
√

N]2 which is
LN = o(

√
log N)-equidistributed: random choice XN of city

can be coupled to uniformly random point YN so that

E
[
min

{
1,
|XN − YN|

LN

}]
-→ 0 ;

then

any connecting network GN with length bounded
above by a multiple of N connects the cities with
average connection length exceeding average Euclidean
connection length by at least Ω(

√
log N) .
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Sketch of proof

Use tension between two facts:

(a) efficient connection of a random pair of cities forces a
path which is almost parallel to the Euclidean path, and

(b) the coupling means such a random pair is almost an
independent uniform draw from [0,

√
N]2

(equidistribution),

so a random perpendicular to the Euclidean path is
almost a uniformly random line.
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Simulations (example)

1000 simulations
at n = 1000000:
average 21.22,
s.e. 0.23,
asymptotic 21.413.

Vertical exaggeration:√
n
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Conclusion
Aldous and Kendall (2008) show

the “N cities in [0,
√

N]2” connection problem can be
resolved using a Poisson line process to gain nearly
Euclidean efficiency at negligible cost;
conversely any configuration which is not too
concentrated cannot be treated much more efficiently.

Poisson line processes are not computationally hard!
Relates to Computer Science notion of “spanner graph”,
View as a chapter in the theory of random metric spaces.
Recent further work:

Random variation of network distance is relatively small.
Traffic flow in the network scales well.
“near geodesics” are pretty good;
Traffic flow.

User equilibrium for flows?
Same problem in 3-space or higher dimensions?
QUESTIONS?
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