
ST 117  
5. Regression
Lecture 23 Properties of the estimators (see notes) 

Illustrations  (Week 8)



	

	

Regression model and residuals

Bivariate data:   
Model: 
Assumptions: 
Unknown parameters:  
Parameter estimates:  
Fitted values: 
Residuals: 

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

<latexit sha1_base64="sqKMU9Vnk6f+Vn1dYdgaFUHTIGI=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRWiglkaJehKIXjxVsKzQhbDabdulmE3Y3YgnFi3/FiwdFvPorvPlv3LY5aOuDgcd7M8zM8xNGpbKsb6OwtLyyulZcL21sbm3vmLt7HRmnApM2jlks7nwkCaOctBVVjNwlgqDIZ6TrD68mfveeCEljfqtGCXEj1Oc0pBgpLXnmQeXBo7WRR6sOrNALu+awIFayxqueWbbq1hRwkdg5KYMcLc/8coIYpxHhCjMkZc+2EuVmSCiKGRmXnFSSBOEh6pOephxFRLrZ9IUxPNZKAMNY6OIKTtXfExmKpBxFvu6MkBrIeW8i/uf1UhWeuxnlSaoIx7NFYcqgiuEkDxhQQbBiI00QFlTfCvEACYSVTq2kQ7DnX14knZO6fVpv3DTKzcs8jiI4BEegAmxwBprgGrRAG2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fkDgbaVmA==</latexit>

(xi, yi) (i = 1, . . . , n)
<latexit sha1_base64="cnxWtnYWxxIalR7PXpHTSdBrOSA=">AAACDXicbVC7SgNBFJ2NrxhfUUubwSgIgbArQW2EoI1lBPOQbFjuTm6SIbMPZmaDIeQHbPwVGwtFbO3t/Bsnj0ITDwwczjmXO/f4seBK2/a3lVpaXlldS69nNja3tneyu3tVFSWSYYVFIpJ1HxQKHmJFcy2wHkuEwBdY83vXY7/WR6l4FN7pQYzNADohb3MG2khe9uje45cuiLgLNE9dHzXQB4/n3T5IjBUXJsS9bM4u2BPQReLMSI7MUPayX24rYkmAoWYClGo4dqybQ5CaM4GjjJsojIH1oIMNQ0MIUDWHk2tG9NgoLdqOpHmhphP198QQAqUGgW+SAeiumvfG4n9eI9Hti+aQh3GiMWTTRe1EUB3RcTW0xSUyLQaGAJPc/JWyLkhg2hSYMSU48ycvkuppwTkrFG+LudLVrI40OSCH5IQ45JyUyA0pkwph5JE8k1fyZj1ZL9a79TGNpqzZzD75A+vzB208mzE=</latexit>

Yi = ↵+ �xi + "i
<latexit sha1_base64="IKrbhHp0c812nsPwrQ1MTBRZikA=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoOgKMuuBPUY9OJJIpgYyMYwO+kkg7MPZnqDYclHePFXvHhQxKsHb/6Nk8dBEwsaaqq6me7yYyk0Os63lZmbX1hcyi7nVlbX1jfym1tVHSWKQ4VHMlI1n2mQIoQKCpRQixWwwJdw699fDP3bHigtovAG+zE0AtYJRVtwhkZq5g+9HlMQayHNS3jUQ3jAVNjCbtkDj17tO0eeFp2A3R0fNPMFx3ZGoLPEnZACmaDczH95rYgnAYTIJdO67joxNlKmUHAJg5yXaIgZv2cdqBsasgB0Ix0dNaB7RmnRdqRMhUhH6u+JlAVa9wPfdAYMu3raG4r/efUE22eNVIRxghDy8UftRFKM6DAh2hIKOMq+IYwrYXalvMsU42hyzJkQ3OmTZ0n12HZP7OJ1sVA6n8SRJTtkl+wTl5ySErkkZVIhnDySZ/JK3qwn68V6tz7GrRlrMrNN/sD6/AEez52S</latexit>

"i i.i.d. N(0,�2)
<latexit sha1_base64="SLSF79FNZHbHlsp+Wgyzt80knSw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY9OIxgnlAdgm9k9lkyOzDmdlAWPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dfiK40rb9bRXW1jc2t4rbpZ3dvf2D8uFRS8WppKxJYxHLjo+KCR6xpuZasE4iGYa+YG1/dDfz22MmFY+jRz1JmBfiIOIBp6iN5LkokiFeENdnGnvlil215yCrxMlJBXI0euUvtx/TNGSRpgKV6jp2or0MpeZUsGnJTRVLkI5wwLqGRhgy5WXzo6fkzCh9EsTSVKTJXP09kWGo1CT0TWeIeqiWvZn4n9dNdXDjZTxKUs0iulgUpILomMwSIH0uGdViYghSyc2thA5RItUmp5IJwVl+eZW0LqvOVbX2UKvUb/M4inACp3AODlxDHe6hAU2g8ATP8Apv1th6sd6tj0VrwcpnjuEPrM8fFqCRqw==</latexit>

↵,�
<latexit sha1_base64="bQdwZZd3EUywQyxPISm3b7EbCH4=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBAsJOxKUMugjWUE84AkhLuT2WTI7IOZu0JYtrDxV2wsFLH1I+z8GyfJFpp44MKZc+5l7j1eLIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0Qx3mCRjFTbA82lCHkDBUrejhWHwJO85Y1vpn7rgSstovAeJzHvBTAMhS8YoJH6dintjgBpF2Q8guyM5k+PI2R9u+xUnBnoMnFzUiY56n37qzuIWBLwEJkErTuuE2MvBYWCSZ4Vu4nmMbAxDHnH0BACrnvp7IiMnhhlQP1ImQqRztTfEykEWk8Cz3QGgCO96E3F/7xOgv5VLxVhnCAP2fwjP5EUIzpNhA6E4gzlxBBgSphdKRuBAoYmt6IJwV08eZk0zyvuRaV6Vy3XrvM4CqREjskpccklqZFbUicNwsgjeSav5M16sl6sd+tj3rpi5TNH5A+szx8lbJfK</latexit>

↵̂, �̂
<latexit sha1_base64="X/FNuao8kgQSquj5Ocg/4etcabA=">AAACEnicbZDLSgMxFIYzXmu9VV26CRZBEcqMFHUjFN24rGAv0JbhTJq2oZkLyRmxDPMMbnwVNy4UcevKnW9j2s5CW38IfPnPOSTn9yIpNNr2t7WwuLS8sppby69vbG5tF3Z26zqMFeM1FspQNT3QXIqA11Cg5M1IcfA9yRve8Hpcb9xzpUUY3OEo4h0f+oHoCQZoLLdwnLQHgHTkivRyim2Q0QDSk+zmcYSUPrjCLRTtkj0RnQcngyLJVHULX+1uyGKfB8gkaN1y7Ag7CSgUTPI03441j4ANoc9bBgPwue4kk5VSemicLu2FypwA6cT9PZGAr/XI90ynDzjQs7Wx+V+tFWPvopOIIIqRB2z6UC+WFEM6zod2heIM5cgAMCXMXykbgAKGJsW8CcGZXXke6qcl56xUvi0XK1dZHDmyTw7IEXHIOamQG1IlNcLII3kmr+TNerJerHfrY9q6YGUze+SPrM8fIBydxA==</latexit>

ŷi = ↵̂+ �̂xi
<latexit sha1_base64="dYPuwzCiBQsgCjTKAPBFetNXijY=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEN5ZEiroRim5cVrAXaEOYTE/aoZNJmJmIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d1juPIBWLxYOeJOBFZChYyCjRxvLtCvjseuKzs6w/Ihobyn276tScmfAyuAVUUaGmb3/1BzFNIxCacqJUz3US7WVEakY55OV+qiAhdEyG0DMoSATKy2a35/jEOAMcxtI8ofHM/T2RkUipSRSYzojokVqsTc3/ar1Uh1dexkSSahB0vihMOdYxngaBB0wC1XxigFDJzK2YjogkVJu4yiYEd/HLy9A+r7kXtfp9vdq4KeIooSN0jE6Riy5RA92hJmohip7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfP6MflDI=</latexit>

ei = yi � ŷi

Residuals are the difference between observed values (data) 
and the model-based estimates.
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"i i.i.d. N(0,�2)
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↵,�
<latexit sha1_base64="bQdwZZd3EUywQyxPISm3b7EbCH4=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBAsJOxKUMugjWUE84AkhLuT2WTI7IOZu0JYtrDxV2wsFLH1I+z8GyfJFpp44MKZc+5l7j1eLIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0Qx3mCRjFTbA82lCHkDBUrejhWHwJO85Y1vpn7rgSstovAeJzHvBTAMhS8YoJH6dintjgBpF2Q8guyM5k+PI2R9u+xUnBnoMnFzUiY56n37qzuIWBLwEJkErTuuE2MvBYWCSZ4Vu4nmMbAxDHnH0BACrnvp7IiMnhhlQP1ImQqRztTfEykEWk8Cz3QGgCO96E3F/7xOgv5VLxVhnCAP2fwjP5EUIzpNhA6E4gzlxBBgSphdKRuBAoYmt6IJwV08eZk0zyvuRaV6Vy3XrvM4CqREjskpccklqZFbUicNwsgjeSav5M16sl6sd+tj3rpi5TNH5A+szx8lbJfK</latexit>

↵̂, �̂
<latexit sha1_base64="X/FNuao8kgQSquj5Ocg/4etcabA=">AAACEnicbZDLSgMxFIYzXmu9VV26CRZBEcqMFHUjFN24rGAv0JbhTJq2oZkLyRmxDPMMbnwVNy4UcevKnW9j2s5CW38IfPnPOSTn9yIpNNr2t7WwuLS8sppby69vbG5tF3Z26zqMFeM1FspQNT3QXIqA11Cg5M1IcfA9yRve8Hpcb9xzpUUY3OEo4h0f+oHoCQZoLLdwnLQHgHTkivRyim2Q0QDSk+zmcYSUPrjCLRTtkj0RnQcngyLJVHULX+1uyGKfB8gkaN1y7Ag7CSgUTPI03441j4ANoc9bBgPwue4kk5VSemicLu2FypwA6cT9PZGAr/XI90ynDzjQs7Wx+V+tFWPvopOIIIqRB2z6UC+WFEM6zod2heIM5cgAMCXMXykbgAKGJsW8CcGZXXke6qcl56xUvi0XK1dZHDmyTw7IEXHIOamQG1IlNcLII3kmr+TNerJerHfrY9q6YGUze+SPrM8fIBydxA==</latexit>

ŷi = ↵̂+ �̂xi
<latexit sha1_base64="dYPuwzCiBQsgCjTKAPBFetNXijY=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEN5ZEiroRim5cVrAXaEOYTE/aoZNJmJmIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d1juPIBWLxYOeJOBFZChYyCjRxvLtCvjseuKzs6w/Ihobyn276tScmfAyuAVUUaGmb3/1BzFNIxCacqJUz3US7WVEakY55OV+qiAhdEyG0DMoSATKy2a35/jEOAMcxtI8ofHM/T2RkUipSRSYzojokVqsTc3/ar1Uh1dexkSSahB0vihMOdYxngaBB0wC1XxigFDJzK2YjogkVJu4yiYEd/HLy9A+r7kXtfp9vdq4KeIooSN0jE6Riy5RA92hJmohip7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfP6MflDI=</latexit>

ei = yi � ŷi

Residuals are the difference between observed values (data) 
and the model-based estimates.

Least squares estimator (same as MLE under given assumptions) 
minimises the residual sum of squares (RSS): 

<latexit sha1_base64="/4GebJsbvFILhLM2rOxr9SYRhVw=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KUol6EohePFWwrtGnYbDft0t1N2N0IIdS/4sWDIl79Id78N27aHLT1wcDjvRlm5gUxo0o7zrdVWlvf2Nwqb1d2dvf2D+zDo66KEolJB0cskg8BUoRRQTqaakYeYkkQDxjpBdOb3O89EqloJO51GhOPo7GgIcVIG8m3qwOVcD+jV+5sKCDx6bBR8e2aU3fmgKvELUgNFGj79tdgFOGEE6ExQ0r1XSfWXoakppiRWWWQKBIjPEVj0jdUIE6Ul82Pn8FTo4xgGElTQsO5+nsiQ1yplAemkyM9UcteLv7n9RMdXnoZFXGiicCLRWHCoI5gngQcUUmwZqkhCEtqboV4giTC2uSVh+Auv7xKuo26e15v3jVrresijjI4BifgDLjgArTALWiDDsAgBc/gFbxZT9aL9W59LFpLVjFTBX9gff4AfCaUBA==</latexit> nX

i=1

e2i
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↵,�
<latexit sha1_base64="bQdwZZd3EUywQyxPISm3b7EbCH4=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBAsJOxKUMugjWUE84AkhLuT2WTI7IOZu0JYtrDxV2wsFLH1I+z8GyfJFpp44MKZc+5l7j1eLIVGx/m2VlbX1jc2C1vF7Z3dvX374LCpo0Qx3mCRjFTbA82lCHkDBUrejhWHwJO85Y1vpn7rgSstovAeJzHvBTAMhS8YoJH6dintjgBpF2Q8guyM5k+PI2R9u+xUnBnoMnFzUiY56n37qzuIWBLwEJkErTuuE2MvBYWCSZ4Vu4nmMbAxDHnH0BACrnvp7IiMnhhlQP1ImQqRztTfEykEWk8Cz3QGgCO96E3F/7xOgv5VLxVhnCAP2fwjP5EUIzpNhA6E4gzlxBBgSphdKRuBAoYmt6IJwV08eZk0zyvuRaV6Vy3XrvM4CqREjskpccklqZFbUicNwsgjeSav5M16sl6sd+tj3rpi5TNH5A+szx8lbJfK</latexit>

↵̂, �̂
<latexit sha1_base64="X/FNuao8kgQSquj5Ocg/4etcabA=">AAACEnicbZDLSgMxFIYzXmu9VV26CRZBEcqMFHUjFN24rGAv0JbhTJq2oZkLyRmxDPMMbnwVNy4UcevKnW9j2s5CW38IfPnPOSTn9yIpNNr2t7WwuLS8sppby69vbG5tF3Z26zqMFeM1FspQNT3QXIqA11Cg5M1IcfA9yRve8Hpcb9xzpUUY3OEo4h0f+oHoCQZoLLdwnLQHgHTkivRyim2Q0QDSk+zmcYSUPrjCLRTtkj0RnQcngyLJVHULX+1uyGKfB8gkaN1y7Ag7CSgUTPI03441j4ANoc9bBgPwue4kk5VSemicLu2FypwA6cT9PZGAr/XI90ynDzjQs7Wx+V+tFWPvopOIIIqRB2z6UC+WFEM6zod2heIM5cgAMCXMXykbgAKGJsW8CcGZXXke6qcl56xUvi0XK1dZHDmyTw7IEXHIOamQG1IlNcLII3kmr+TNerJerHfrY9q6YGUze+SPrM8fIBydxA==</latexit>

ŷi = ↵̂+ �̂xi
<latexit sha1_base64="dYPuwzCiBQsgCjTKAPBFetNXijY=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEN5ZEiroRim5cVrAXaEOYTE/aoZNJmJmIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d1juPIBWLxYOeJOBFZChYyCjRxvLtCvjseuKzs6w/Ihobyn276tScmfAyuAVUUaGmb3/1BzFNIxCacqJUz3US7WVEakY55OV+qiAhdEyG0DMoSATKy2a35/jEOAMcxtI8ofHM/T2RkUipSRSYzojokVqsTc3/ar1Uh1dexkSSahB0vihMOdYxngaBB0wC1XxigFDJzK2YjogkVJu4yiYEd/HLy9A+r7kXtfp9vdq4KeIooSN0jE6Riy5RA92hJmohip7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfP6MflDI=</latexit>

ei = yi � ŷi

Residuals are the difference between observed values (data) 
and the model-based estimates.

Least squares estimator (same as MLE under given assumptions) 
minimises the residual sum of squares (RSS): 

<latexit sha1_base64="/4GebJsbvFILhLM2rOxr9SYRhVw=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KUol6EohePFWwrtGnYbDft0t1N2N0IIdS/4sWDIl79Id78N27aHLT1wcDjvRlm5gUxo0o7zrdVWlvf2Nwqb1d2dvf2D+zDo66KEolJB0cskg8BUoRRQTqaakYeYkkQDxjpBdOb3O89EqloJO51GhOPo7GgIcVIG8m3qwOVcD+jV+5sKCDx6bBR8e2aU3fmgKvELUgNFGj79tdgFOGEE6ExQ0r1XSfWXoakppiRWWWQKBIjPEVj0jdUIE6Ul82Pn8FTo4xgGElTQsO5+nsiQ1yplAemkyM9UcteLv7n9RMdXnoZFXGiicCLRWHCoI5gngQcUUmwZqkhCEtqboV4giTC2uSVh+Auv7xKuo26e15v3jVrresijjI4BifgDLjgArTALWiDDsAgBc/gFbxZT9aL9W59LFpLVjFTBX9gff4AfCaUBA==</latexit> nX

i=1

e2i



	

	

Residuals

Has been launched! 

• Please keep visiting as we add material 

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

<latexit sha1_base64="dYPuwzCiBQsgCjTKAPBFetNXijY=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEN5ZEiroRim5cVrAXaEOYTE/aoZNJmJmIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d1juPIBWLxYOeJOBFZChYyCjRxvLtCvjseuKzs6w/Ihobyn276tScmfAyuAVUUaGmb3/1BzFNIxCacqJUz3US7WVEakY55OV+qiAhdEyG0DMoSATKy2a35/jEOAMcxtI8ofHM/T2RkUipSRSYzojokVqsTc3/ar1Uh1dexkSSahB0vihMOdYxngaBB0wC1XxigFDJzK2YjogkVJu4yiYEd/HLy9A+r7kXtfp9vdq4KeIooSN0jE6Riy5RA92hJmohip7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfP6MflDI=</latexit>

ei = yi � ŷi

<latexit sha1_base64="X/FNuao8kgQSquj5Ocg/4etcabA=">AAACEnicbZDLSgMxFIYzXmu9VV26CRZBEcqMFHUjFN24rGAv0JbhTJq2oZkLyRmxDPMMbnwVNy4UcevKnW9j2s5CW38IfPnPOSTn9yIpNNr2t7WwuLS8sppby69vbG5tF3Z26zqMFeM1FspQNT3QXIqA11Cg5M1IcfA9yRve8Hpcb9xzpUUY3OEo4h0f+oHoCQZoLLdwnLQHgHTkivRyim2Q0QDSk+zmcYSUPrjCLRTtkj0RnQcngyLJVHULX+1uyGKfB8gkaN1y7Ag7CSgUTPI03441j4ANoc9bBgPwue4kk5VSemicLu2FypwA6cT9PZGAr/XI90ynDzjQs7Wx+V+tFWPvopOIIIqRB2z6UC+WFEM6zod2heIM5cgAMCXMXykbgAKGJsW8CcGZXXke6qcl56xUvi0XK1dZHDmyTw7IEXHIOamQG1IlNcLII3kmr+TNerJerHfrY9q6YGUze+SPrM8fIBydxA==</latexit>

ŷi = ↵̂+ �̂xi

<latexit sha1_base64="bcyqMZPcFqtlFoshGKCD7n+GuME=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2N0II/QlePCji1V/kzX/jJs1BWx8MPN6bYWaeH3OmtON8W5W19Y3Nreq2vbO7t39QOzzqqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+f3eZ+74lKxSLxqNOYeiGeCBYwgrWRHlLbHtXqTsMpgFaJW5I6lGiPal/DcUSSkApNOFZq4Dqx9jIsNSOczu1homiMyQxP6MBQgUOqvKw4dY7OjDJGQSRNCY0K9fdEhkOl0tA3nSHWU7Xs5eJ/3iDRwbWXMREnmgqyWBQkHOkI5X+jMZOUaJ4agolk5lZEplhiok06eQju8surpHvRcC8bzftmvXVTxlGFEziFc3DhClpwB23oAIEJPMMrvFncerHerY9Fa8UqZ47hD6zPH1PQjS4=</latexit>y

<latexit sha1_base64="xTrXJR0Y7EgFwDP5YKQIgZtBRjc=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5KIqMeiF48V7Qe0oWy2m3bpZhN2N2IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+o9LK6tr6RnnT2dre2d2r7B+0dJwqypo0FrHqBEQzwSVrGm4E6ySKkSgQrB2Mb3K//ciU5rF8MJOE+REZSh5ySoyV7p8cp1+pujV3BrxMvIJUoUCjX/nqDWKaRkwaKojWXc9NjJ8RZTgVbOr0Us0SQsdkyLqWShIx7WezU6f4xCoDHMbKljR4pv6eyEik9SQKbGdEzEgvern4n9dNTXjlZ1wmqWGSzheFqcAmxvnfeMAVo0ZMLCFUcXsrpiOiCDU2nTwEb/HlZdI6q3kXtfO782r9uoijDEdwDKfgwSXU4RYa0AQKQ3iGV3hDAr2gd/Qxby2hYuYQ/gB9/gBSSo0t</latexit>x



	

	

Residuals

Has been launched! 

• Please keep visiting as we add material 

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

<latexit sha1_base64="dYPuwzCiBQsgCjTKAPBFetNXijY=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEN5ZEiroRim5cVrAXaEOYTE/aoZNJmJmIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d1juPIBWLxYOeJOBFZChYyCjRxvLtCvjseuKzs6w/Ihobyn276tScmfAyuAVUUaGmb3/1BzFNIxCacqJUz3US7WVEakY55OV+qiAhdEyG0DMoSATKy2a35/jEOAMcxtI8ofHM/T2RkUipSRSYzojokVqsTc3/ar1Uh1dexkSSahB0vihMOdYxngaBB0wC1XxigFDJzK2YjogkVJu4yiYEd/HLy9A+r7kXtfp9vdq4KeIooSN0jE6Riy5RA92hJmohip7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfP6MflDI=</latexit>

ei = yi � ŷi

<latexit sha1_base64="X/FNuao8kgQSquj5Ocg/4etcabA=">AAACEnicbZDLSgMxFIYzXmu9VV26CRZBEcqMFHUjFN24rGAv0JbhTJq2oZkLyRmxDPMMbnwVNy4UcevKnW9j2s5CW38IfPnPOSTn9yIpNNr2t7WwuLS8sppby69vbG5tF3Z26zqMFeM1FspQNT3QXIqA11Cg5M1IcfA9yRve8Hpcb9xzpUUY3OEo4h0f+oHoCQZoLLdwnLQHgHTkivRyim2Q0QDSk+zmcYSUPrjCLRTtkj0RnQcngyLJVHULX+1uyGKfB8gkaN1y7Ag7CSgUTPI03441j4ANoc9bBgPwue4kk5VSemicLu2FypwA6cT9PZGAr/XI90ynDzjQs7Wx+V+tFWPvopOIIIqRB2z6UC+WFEM6zod2heIM5cgAMCXMXykbgAKGJsW8CcGZXXke6qcl56xUvi0XK1dZHDmyTw7IEXHIOamQG1IlNcLII3kmr+TNerJerHfrY9q6YGUze+SPrM8fIBydxA==</latexit>

ŷi = ↵̂+ �̂xi

<latexit sha1_base64="bcyqMZPcFqtlFoshGKCD7n+GuME=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2N0II/QlePCji1V/kzX/jJs1BWx8MPN6bYWaeH3OmtON8W5W19Y3Nreq2vbO7t39QOzzqqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+f3eZ+74lKxSLxqNOYeiGeCBYwgrWRHlLbHtXqTsMpgFaJW5I6lGiPal/DcUSSkApNOFZq4Dqx9jIsNSOczu1homiMyQxP6MBQgUOqvKw4dY7OjDJGQSRNCY0K9fdEhkOl0tA3nSHWU7Xs5eJ/3iDRwbWXMREnmgqyWBQkHOkI5X+jMZOUaJ4agolk5lZEplhiok06eQju8surpHvRcC8bzftmvXVTxlGFEziFc3DhClpwB23oAIEJPMMrvFncerHerY9Fa8UqZ47hD6zPH1PQjS4=</latexit>y

<latexit sha1_base64="xTrXJR0Y7EgFwDP5YKQIgZtBRjc=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5KIqMeiF48V7Qe0oWy2m3bpZhN2N2IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+o9LK6tr6RnnT2dre2d2r7B+0dJwqypo0FrHqBEQzwSVrGm4E6ySKkSgQrB2Mb3K//ciU5rF8MJOE+REZSh5ySoyV7p8cp1+pujV3BrxMvIJUoUCjX/nqDWKaRkwaKojWXc9NjJ8RZTgVbOr0Us0SQsdkyLqWShIx7WezU6f4xCoDHMbKljR4pv6eyEik9SQKbGdEzEgvern4n9dNTXjlZ1wmqWGSzheFqcAmxvnfeMAVo0ZMLCFUcXsrpiOiCDU2nTwEb/HlZdI6q3kXtfO782r9uoijDEdwDKfgwSXU4RYa0AQKQ3iGV3hDAr2gd/Qxby2hYuYQ/gB9/gBSSo0t</latexit>x

Least squares estimator (same as MLE under given assumptions) 
minimises the residual sum of squares (RSS): 

<latexit sha1_base64="/4GebJsbvFILhLM2rOxr9SYRhVw=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KUol6EohePFWwrtGnYbDft0t1N2N0IIdS/4sWDIl79Id78N27aHLT1wcDjvRlm5gUxo0o7zrdVWlvf2Nwqb1d2dvf2D+zDo66KEolJB0cskg8BUoRRQTqaakYeYkkQDxjpBdOb3O89EqloJO51GhOPo7GgIcVIG8m3qwOVcD+jV+5sKCDx6bBR8e2aU3fmgKvELUgNFGj79tdgFOGEE6ExQ0r1XSfWXoakppiRWWWQKBIjPEVj0jdUIE6Ul82Pn8FTo4xgGElTQsO5+nsiQ1yplAemkyM9UcteLv7n9RMdXnoZFXGiicCLRWHCoI5gngQcUUmwZqkhCEtqboV4giTC2uSVh+Auv7xKuo26e15v3jVrresijjI4BifgDLjgArTALWiDDsAgBc/gFbxZT9aL9W59LFpLVjFTBX9gff4AfCaUBA==</latexit> nX

i=1

e2i



	

	

Residuals

Has been launched! 

• Please keep visiting as we add material 

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

<latexit sha1_base64="dYPuwzCiBQsgCjTKAPBFetNXijY=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEN5ZEiroRim5cVrAXaEOYTE/aoZNJmJmIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmT9IOFPacb6tldW19Y3N0lZ5e2d3b98+qLRVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d1juPIBWLxYOeJOBFZChYyCjRxvLtCvjseuKzs6w/Ihobyn276tScmfAyuAVUUaGmb3/1BzFNIxCacqJUz3US7WVEakY55OV+qiAhdEyG0DMoSATKy2a35/jEOAMcxtI8ofHM/T2RkUipSRSYzojokVqsTc3/ar1Uh1dexkSSahB0vihMOdYxngaBB0wC1XxigFDJzK2YjogkVJu4yiYEd/HLy9A+r7kXtfp9vdq4KeIooSN0jE6Riy5RA92hJmohip7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfP6MflDI=</latexit>

ei = yi � ŷi

<latexit sha1_base64="X/FNuao8kgQSquj5Ocg/4etcabA=">AAACEnicbZDLSgMxFIYzXmu9VV26CRZBEcqMFHUjFN24rGAv0JbhTJq2oZkLyRmxDPMMbnwVNy4UcevKnW9j2s5CW38IfPnPOSTn9yIpNNr2t7WwuLS8sppby69vbG5tF3Z26zqMFeM1FspQNT3QXIqA11Cg5M1IcfA9yRve8Hpcb9xzpUUY3OEo4h0f+oHoCQZoLLdwnLQHgHTkivRyim2Q0QDSk+zmcYSUPrjCLRTtkj0RnQcngyLJVHULX+1uyGKfB8gkaN1y7Ag7CSgUTPI03441j4ANoc9bBgPwue4kk5VSemicLu2FypwA6cT9PZGAr/XI90ynDzjQs7Wx+V+tFWPvopOIIIqRB2z6UC+WFEM6zod2heIM5cgAMCXMXykbgAKGJsW8CcGZXXke6qcl56xUvi0XK1dZHDmyTw7IEXHIOamQG1IlNcLII3kmr+TNerJerHfrY9q6YGUze+SPrM8fIBydxA==</latexit>

ŷi = ↵̂+ �̂xi

<latexit sha1_base64="bcyqMZPcFqtlFoshGKCD7n+GuME=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2N0II/QlePCji1V/kzX/jJs1BWx8MPN6bYWaeH3OmtON8W5W19Y3Nreq2vbO7t39QOzzqqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+f3eZ+74lKxSLxqNOYeiGeCBYwgrWRHlLbHtXqTsMpgFaJW5I6lGiPal/DcUSSkApNOFZq4Dqx9jIsNSOczu1homiMyQxP6MBQgUOqvKw4dY7OjDJGQSRNCY0K9fdEhkOl0tA3nSHWU7Xs5eJ/3iDRwbWXMREnmgqyWBQkHOkI5X+jMZOUaJ4agolk5lZEplhiok06eQju8surpHvRcC8bzftmvXVTxlGFEziFc3DhClpwB23oAIEJPMMrvFncerHerY9Fa8UqZ47hD6zPH1PQjS4=</latexit>y

<latexit sha1_base64="xTrXJR0Y7EgFwDP5YKQIgZtBRjc=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5KIqMeiF48V7Qe0oWy2m3bpZhN2N2IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+o9LK6tr6RnnT2dre2d2r7B+0dJwqypo0FrHqBEQzwSVrGm4E6ySKkSgQrB2Mb3K//ciU5rF8MJOE+REZSh5ySoyV7p8cp1+pujV3BrxMvIJUoUCjX/nqDWKaRkwaKojWXc9NjJ8RZTgVbOr0Us0SQsdkyLqWShIx7WezU6f4xCoDHMbKljR4pv6eyEik9SQKbGdEzEgvern4n9dNTXjlZ1wmqWGSzheFqcAmxvnfeMAVo0ZMLCFUcXsrpiOiCDU2nTwEb/HlZdI6q3kXtfO782r9uoijDEdwDKfgwSXU4RYa0AQKQ3iGV3hDAr2gd/Qxby2hYuYQ/gB9/gBSSo0t</latexit>x

Least squares estimator (same as MLE under given assumptions) 
minimises the residual sum of squares (RSS): 

<latexit sha1_base64="/4GebJsbvFILhLM2rOxr9SYRhVw=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KUol6EohePFWwrtGnYbDft0t1N2N0IIdS/4sWDIl79Id78N27aHLT1wcDjvRlm5gUxo0o7zrdVWlvf2Nwqb1d2dvf2D+zDo66KEolJB0cskg8BUoRRQTqaakYeYkkQDxjpBdOb3O89EqloJO51GhOPo7GgIcVIG8m3qwOVcD+jV+5sKCDx6bBR8e2aU3fmgKvELUgNFGj79tdgFOGEE6ExQ0r1XSfWXoakppiRWWWQKBIjPEVj0jdUIE6Ul82Pn8FTo4xgGElTQsO5+nsiQ1yplAemkyM9UcteLv7n9RMdXnoZFXGiicCLRWHCoI5gngQcUUmwZqkhCEtqboV4giTC2uSVh+Auv7xKuo26e15v3jVrresijjI4BifgDLjgArTALWiDDsAgBc/gFbxZT9aL9W59LFpLVjFTBX9gff4AfCaUBA==</latexit> nX

i=1

e2i



	

	

Visualisation of the Residual Sum of Squares

Has been launched! 

• Please keep visiting as we add material 

Contour plot RSS vs parameters 



	

	

Regression Line and True Relationship

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

Red: true relationship (unknown!) 
Blue: estimated relationship



	

	

Regression Line and True Relationship

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

Red: true relationship (unknown) 
Blue: estimated relationship

Question: 
What happens if we resample the points? 
What will the estimates for the model 
parameters be?  
(What will blue line look like?)



	

	

Resampled Regression Lines

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf



	

	

Variance of the Regression Parameters

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

We have quantified this variation by 
the variance of the model parameters: 

<latexit sha1_base64="am011AdHA4EXg8DvO4rc2LtHubQ="></latexit>

Var(�̂) =
�2

Pn
i=1(xi � x̄)2

<latexit sha1_base64="HYsa/2P4/vru5Erm6MWq6gttLlI="></latexit>

Var(↵̂) = �2

✓
1

n
+

x̄2

Pn
i=1(xi � x̄)2

◆



	

	

Variance of the Regression Parameters

Source: https://hastie.su.domains/ISLR2/ISLRv2_website.pdf

We have quantified this variation by 
the variance of the model parameters: 

<latexit sha1_base64="am011AdHA4EXg8DvO4rc2LtHubQ="></latexit>

Var(�̂) =
�2

Pn
i=1(xi � x̄)2

<latexit sha1_base64="HYsa/2P4/vru5Erm6MWq6gttLlI="></latexit>

Var(↵̂) = �2

✓
1

n
+

x̄2

Pn
i=1(xi � x̄)2

◆


