– 213 – The Propeller: a counterexample to a conjectured criterion for the existence of certain convex functions. by W.S. Kendall

June 1991

Appeared in: Proc L.M.S. 46 (1992), 364-374

The Propeller: a counterexample to a conjectured criterion for the existence of certain convex functions.

Wilfrid S. Kendall.

Department of Statistics, University of Warwick.

Abstract: A counterexample is given to a conjecture by Emery; it is shown how to construct a domain B (the “propeller”) of a twodimensional Riemannian manifold such that any pair of points in B is connected by one and only one geodesic in B and yet there is no convex function Q : B × B → [0, 1] vanishing only on the diagonal of B × B.

1980 AMS Mathematics Subject Classification (1985 revision): 58C05, 26B25, 52A20

1: Introduction.

Emery has made various bold conjectures concerning criteria for the existence of bounded convex functions defined on domains in Riemannian manifolds and required to vanish only on specified totally geodesic submanifolds [2{4]. Of these perhaps the most important is the following.

CONJECTURE: (Emery’s Conjecture). A sufficient condition for the existence of a convex function Q : B × B → [0, 1] vanishing only on the diagonal of B × B is that between any two points of B there should exist one and only one connecting geodesic in B.

In this note there is constructed a counterexample to the conjecture in the form of a two-dimensional C^2 compact Riemannian manifold with piecewise- C^2 boundary, referred to below as the propeller.

Emery’s conjecture is important in stochastic differential geometry because the convex function Q above is closely related to questions concerning Γ-martingales and the probabilistic approach to harmonic maps [5,7,8]. These relationships suggest the following terminology: if such a Q exists then we say B has convex geometry, while the phenomenon of existence of unique connecting geodesics is referred to as existence and uniqueness for the geodesic Dirichlet problem for B. In [7] convex geometry and the geodesic Dirichlet problem are related to two other nonlinear Dirichlet problems involving respectively Γ-martingales and harmonic maps.

Note that the notion of “strongly convex” described in [1] is related to existence and uniqueness for the geodesic Dirichlet problem. Note also that Emery discusses these questions in the more general setting of manifolds with nonmetric connections, which is also of importance in stochastic differential geometry (see also [7,8]).

Emery [2] showed that convex geometry is possessed by sufficiently small geodesic balls. In [5,6] this was quantified by exhibiting direct constructions of convex geometry for compact subsets of open hemispheres and, more generally, for regular geodesic balls. However the task of dealing directly with questions of existence and non-existence of such convex functions Q appears in general to be hard. This prompted the formulation (in [7,8]) of a number of related but weaker conjectures, of independent interest and in combination equivalent to Emery’s conjecture, and the proof of one of them (that convex geometry for a compact domain is equivalent to existence, uniqueness. and well-posedness for a Γ-martingale Dirichlet problem).

There is a further relationship, not touched on in [7,8] but referred to in [5], which relates convex geometry to uniqueness questions for Riemannian centres–of–mass (described as “Karcher means” in [5]). If a domain B possesses convex geometry then a simple argument due to Emery shows that finite mass measures in B must have unique Riemannian centres–of–mass. Therefore one possible way to obtain a counterexample for Emery’s conjecture is to construct a domain whose geodesic Dirichlet problem has solutions which exist and are unique, but which supports finite mass measures with non-unique Riemannian centres–of–mass in the domain. The following note provides just such a construction. Hence Emery’s conjecture does not hold.

The paper is divided into sections as follows. After this introductory section, section 2 describes the construction of the propeller manifold P_{ϵ,η} parametrized by two positive numbers ϵ and η such that η < ϵ. In section 3 it is shown that existence holds for the geodesic Dirichlet problem for P_{ϵ,η} when η is smaller than a specific bound. Section 4 shows that uniqueness holds when η is sufficiently small. Section 5 shows that Riemannian centres–of– mass in P_{ϵ,η} are nonunique when ϵ is sufficiently small. Section 6 summarizes the counterexample, as indicated above, and discusses some further issues.

Acknowledgement: It is a pleasure to acknowledge the helpful remarks of Michel Emery, who commented on an early draft of this paper.

2: Construction of the Propeller.

The propeller P_{ϵ,η} is a two-dimensional C^2 compact Riemannian manifold with piecewise-C^2 boundary, defined as follows when ϵ > η > 0 and ϵ < 3π/8 and η < π/3. Let (r, θ) form a system of geodesic polar coordinates for the hyperbolic plane H^2 based at o ∈ H^2. Consider the open ball D centred at o, of radius π, and equipped with a new metric depending on ϵ and η and defined below. The propeller P_{ϵ,η} is a compact subset of D specified below.

Before giving a precise specification of P_{ϵ,η} we define the new metric. This is such that (r, θ) remains a system of geodesic polar coordinates based on o. The metric is therefore fully defined by specifying the curvature function κ = κ_{ϵ,η} on D. To define the curvature we first define three propeller blades B^0_{ϵ,η}, B^{2π/3}_{ϵ,η} , B^{−2π/3}_{ϵ,η} , open subsets of D. The first propeller blade B^0_{ϵ,η} is defined by B^0_{ϵ,η} = {(r, θ) ∈ D : |θ| < η, r ∈ (γ_ϵ(θ), π)} where the function θ → (γ_ϵ(θ), θ) defines the locus of a geodesic through (ϵ, 0) perpendicular to the θ = 0 axis under the original hyperbolic metric. The blades B^{2π/3}_{ϵ,η} , B^{−2π/3}_{ϵ,η} are obtained from B^0_{ϵ,η} by rotation about o through angles of 2π/3, −2π/3 respectively. The restriction η < π/3 ensures the propeller blades do not overlap. It is also useful to define the spines S^0_ϵ , S^{2π/3}_ϵ , S^{−2π/3}_ϵ of the propeller blades by S^θ_ϵ = {(r, θ) : 2ϵ ≤ r < π} . The curvature function κ = κ_{ϵ,η} is now defined for x ∈ D (using the distance distH obtained by viewing D as a subset of H^2) by

κ_{ϵ,η}(x) = distH (x, D \ B^θ_{ϵ,η}) − distH (x, S^θ_ϵ ) distH (x, D \ B^θ_{ϵ,η}) + distH (x, S^θ_ϵ ) if x ∈ B^θ_{ϵ,η} for θ = 0, 2π/3, or −2π/3 , κ_{ϵ,η}(x) = −1 otherwise.

Consequently the curvature of the new metric lies everywhere between ±1. Hence the system (r, θ) of geodesic polar coordinates is nonsingular within D under the new metric (though it may degenerate at the boundary ∂D). This follows by a geometric comparison argument, comparing to the open ball of the same radius π under the unit sphere metric of constant positive curvature 1. Under the new metric D admits a Z_2 × Z_3 group of isometries generated by (r, θ) → (r, −θ) and (r, θ) → (r, θ + 2π/3).

Remark: Of course it would be possible to make the curvature a smooth function by suitable modification of this formula. The essential points are: the curvature is bounded everywhere by ±1, the curvature is equal to −1 over most of P_{ϵ,η} for small η, and the curvature is equal to +1 along the spines. We choose the C^2 case simply for ease of exposition.

The propeller P_{ϵ,η} is the closed and compact subset of D given by P_{ϵ,η} = {(r, θ) ∈ D : r ≤ R_η(θ)} where the continuous function R_η is invariant under the Z_2 × Z_3 symmetry described above and

R_η(0) = 3π/4 , tan R_η (θ) = − sec θ for − η ≤ θ ≤ η , R_η (θ) = R_η(η) cos(π/3 − η) sec(π/3 − θ) for η ≤ θ ≤ 2π/3 − η . The restriction ϵ < 3π/8 ensures that the propeller overlaps the spines of the propeller blades. The construction of P_{ϵ,η} is illustrated in the figure.

A final definition proves convenient at a later stage of the paper: D_{(η,+)} = {(r, θ) ∈ D : θ ∈ [η, π] or θ ∈ [−π, −π + η]} D_{(η,−)} = {(r, θ) ∈ D : θ ∈ [−π + η, η]}

Figure: The rounded triangle is the propeller manifold P_{ϵ,η} in geodesic polar coordinates.

3: Existence for the Propeller Geodesic Dirichlet problem.

In this section it is shown that when η is sufficiently small then solutions to the geodesic Dirichlet problem for P_{ϵ,η} always exist.

The property of existence for the geodesic Dirichlet problem is implied by a local geodesic convexity property for compact domains. This kind of argument is well-known; we give it here because we are dealing with a noncomplete Riemannian manifold D, because it is convenient to work with general open domains, and for the sake of a self-contained exposition.

DEFINITION 3.1: Local strict convexity. Let U be an open set with a topological boundary ∂U in a (not necessarily complete) smooth Riemannian manifold. We say U is locally strictly convex if for any point x ∈ U = U ∪ ∂U there is a neighbourhood W of x such that if y, ỹ are in W ∩ U then any geodesic connecting y to ỹ and lying in W must lie entirely in U with the possible exception of its endpoints. We say such a neighbourhood W is a neighbourhood of strict convexity for U.

Remark: Local strict convexity in two-dimensional cases (as in the examples below) follows when the boundary is piecewise-smooth, with corners forming interior angles and with the smooth portions having nonzero inward-pointing curvature vectors.

PROPOSITION 3.2: Let U be an open set with topological boundary ∂U in a Riemannian manifold M . Suppose U is connected and U = U ∪ ∂U is compact. If U is locally strictly convex then existence holds for the geodesic Dirichlet problem for U .

Proof: Let x, y be two points in U. We have to construct a geodesic connecting x and y and lying entirely within U . In fact the constructed geodesic will lie entirely within U with the possible exception of its endpoints.

Because U is compact there is δ > 0 such that any ball centre z and radius less than δ is a normal convex neighbourhood for every z in U. (Recall that in a normal convex neighbourhood any pair of points are connected together by a unique minimal geodesic.) Furthermore by compactness of U and local strict convexity of U we may choose δ so that there is a finite covering of U by balls of radius δ/2 and centres w_1, ..., w_k, such that the balls of radius δ and centres w_1, ..., w_k are neighbourhoods of strict convexity for U as well as being normal convex neighbourhoods.

By connectedness of U there is a smooth path connecting x to y in U. Hence for some integer N there are z_0, ..., z_N in U with z_0 = x, z_N = y, and dist(z_{i−1}, z_i) ≤ δ/2. By our choice of δ the minimal geodesic between z_{i−1} and z_i must lie in U for each i = 1, ..., N, with the possible exception of its endpoints. For such N choose the sequence of z_i so as to minimize L = N∑ i=1 dist(z_{i−1}, z_i)

under the constraints that dist(z_{i−1}, z_i) ≤ δ/2 and the minimal geodesic between z_{i−1} and z_i must lie in U for each i = 1, ..., N.

Let γ : [0, L] → U be the continuous path which is a broken unit-speed geodesic passing through each of the z_i in turn and broken only at the z_i.

Consider that portion of γ which runs through z_{i−1}, z_i, z_{i+1}. The point z_i lies in a ball of radius δ/2 and centre w_j for some j. So by the triangle inequality all of z_{i−1}, z_i, z_{i+1} lie in the ball of radius δ and centre w_j, which is a neighbourhood of strict convexity for U and a normal convex neighbourhood. As a consequence the minimal geodesic from z_{i−1} to z_{i+1} must lie within U save possibly at the endpoints. Hence by minimality of the choice of the sequence of z_i it follows that z_i ∈ U and the broken unit-speed geodesic γ is smooth at z_i.

It follows that γ is smooth everywhere and hence is a genuine geodesic as required.

For small enough η the propeller P_{ϵ,η} is locally strictly convex. For the boundary ∂P_{ϵ,η} is piecewise-smooth. Calculation shows that the six corners form interior angles when η satisfies

sin η 1 + cos^2 η

< arctan (− sec η) tan (π/3 − η)

where the branch of arctangent is chosen to take values in [0, π]. This holds for sufficiently small and positive η. On the other hand the curvature vectors of the smooth sections are inward-pointing by comparison arguments. For the section corresponding to θ ∈ (−η, η) is formed as part of the locus of a great circle based at (π/4, 0) if the geodesic polar coordinates are regarded as those of a sphere of curvature +1, the section corresponding to θ ∈ (η, 2π/3 − η) is formed as part of the locus of a line segment if the geodesic polar coordinates are regarded as those of the Euclidean plane of curvature zero, and the remaining sections correspond to one or the other of these two under the Z_2 ×Z_3 isometries. In each case the constant curvatures used to construct the loci strictly dominate the actual curvature function of P_{ϵ,η} in the corresponding angular wedge based on o. It follows from the formula for second variation of arc-length (see for example [1 chapter 1 section 6]) that the curvature vectors are nonzero and inward-pointing on each smooth segment of ∂P_{ϵ,η}.

Since P_{ϵ,η} is compact it follows from the proposition that existence holds for the geodesic Dirichlet problem for P_{ϵ,η}.

4: Uniqueness for the Propeller Geodesic Dirichlet problem.

In this section it is shown that for any fixed ϵ ∈ (0, 3π/8) the geodesic Dirichlet problem for P_{ϵ,η} has unique solutions when η is sufficiently small. This is established by means of a number of steps.

Step 1: It suffices for P_{ϵ,η} to be free of conjugate geodesic segments.

PROPOSITION 4.1: Suppose P_{ϵ,η} is free of conjugate geodesic segments. Then no two points in P_{ϵ,η} are joined by more than one geodesic in P_{ϵ,η}.

Proof: This is a well-known argument; see for example [5 Theorem (1.7)] where it is applied to regular geodesic balls. The argument for P_{ϵ,η} is identical to the regular geodesic ball case: if P_{ϵ,η} is free of conjugate geodesic segments then the Riemannian exponential map Exp_p must have fibres of constant finite cardinality for each p ∈ P_{ϵ,η}, and the fibre cardinality must be locally constant in p. The result follows from the non-degeneracy of the system of geodesic polar coordinates based on o.

Step 2: There is a dichotomy between those geodesics which make small angles with polar geodesics and those which make large angles. Let ρ_θ : (−π, π) → D be the polar geodesic with ρ_θ(0) = o and with tangent vector (1, θ) at that point. The dichotomy is expressed as follows.

PROPOSITION 4.2: Consider P_{ϵ,η} and D with the corresponding metric, for fixed ϵ, η. For each ξ > 0 there is a ϕ > 0 such that the following holds. Let γ be a unit–speed geodesic in D intersecting a polar geodesic ρ_θ at γ(0) = ρ_θ(u) in P_{ϵ,η} and such that |⟨γ^′(0), grad r⟩| > cos ϕ . Then sup {dist(γ(t − u), ρ_θ(t)) : t ∈ (−π, π) and γ(t − u), ρ_θ(t) ∈ D} < ξ .

Proof: This is a consequence of continuous dependence on initial conditions for the system of differential equations for geodesics in D, the compactness of P_{ϵ,η}, and the bound 2π on the lengths of all geodesics in D passing through the origin o.

Remark: Consequently a geodesic segment in P_{ϵ,η} making a small angle with a polar geodesic can be uniformly approximated by the polar geodesic. All other geodesic segments in P_{ϵ,η} must always cut polar geodesics at angles bounded away from zero by ϕ.

Step 3: One need consider only those conjugate geodesic segments which hit at most two of the propeller blades B^0_{ϵ,η}, B^{2π/3}_{ϵ,η} , B^{−2π/3}_{ϵ,η} . For suppose a geodesic segment hits all three propeller blades. This geodesic must make multiple hits on at least one of these geodesics forming boundaries for ∂D_{(η,+)} and its transforms under the Z_2 × Z_3 isometries. Thus the existence of such a geodesic forces one of D_{(η,+)} ∩ P_{ϵ,η}, D_{(η,−)} ∩ P_{ϵ,η} to have a non-unique geodesic Dirichlet problem. Arguing as in proposition 4.2, it follows that one of D_{(η,+)} ∩ P_{ϵ,η}, D_{(η,−)} ∩ P_{ϵ,η} contains a conjugate geodesic segment, and this segment can hit at most two of the propeller blades B^0_{ϵ,η}, B^{2π/3}_{ϵ,η} , B^{−2π/3}_{ϵ,η} .

Step 4: Clearly geodesic segments of the second kind in Step 2 above exhibit a relationship between changes in angle and length.

PROPOSITION 4.3: Let γ : [0, L] → P_{ϵ,η} be a unit-speed geodesic such that |⟨γ^′, grad r⟩| < cos ϕ everywhere. Then

|θ ∘ γ(L) − θ ∘ γ(0)| > L| sin ϕ| sinh(3π/4) .

Proof: The metric of P_{ϵ,η} is given by ds^2 = dr^2+G_{ϵ,η} (r, θ)^2dθ^2 where standard geometric comparison arguments show that G_{ϵ,η}(r, θ) ≤ sinh r ≤ sinh(3π/4). By the condition on γ^′

G_{ϵ,η}(r, θ) dθ ds > | sin ϕ| . The result follows by integration.

Step 5: A Jacobi vectorfield argument shows that geodesic segments in P_{ϵ,η} running through only two sufficiently small intervals of curvature greater than −1 cannot be conjugate.

PROPOSITION 4.4: Consider a unit–speed geodesic segment γ : [0, L] → P_{ϵ,η} running within the region of curvature −1 save for two disjoint time-intervals [a, b], [c, d] such that (d − c) + (b − a) < π/2 . Then γ is a nonconjugate geodesic segment.

Proof: A standard Jacobi vectorfield argument shows that it suffices to consider the solution J to the second-order differential equation over [0, L] given by J^{′′} + κ̃J = 0 J(0) = 0, J^′(0) = 1 where κ̃(t) = { +1 if t ∈ [a, b] ∪ [c, d] −1 otherwise.

If all such J never vanish over [0, L] then comparison arguments show that γ is nonconjugate. However J can be solved for explicitly using trigonometric or hyperbolic functions according to the different regimes of curvature. We summarize the argument based on these computations. Clearly J will not vanish over [0, a], and

(J^′/J)(a) = coth(a) > 1 = cot(π/4) .

By monotonicity of cot over (0, π) it follows J does not vanish over [a, b] and indeed (J^′/J)(b) > cot(b − a + π/4) > −1 (because b − a < π/2). Thus (J^′/J)(t) over the range [b, c] will equal either coth(t−b+u) for some positive u (hence bounded below by 1) or tanh(t−b+u) for some u (hence monotonically increasing). In either case J will not vanish there, and since cot(b − a + π/4) ≤ 1 it follows (J^′/J)(c) ≥ cot(b − a + π/4) . Consequently (using again the monotonicity of cot over (0, π)) it follows J does not vanish over [c, d] and (J^′/J)(d) ≥ cot(d − c + b − a + π/4) > −1 (because d − c + b − a < π/2). Solving over the range t ∈ [d, L] we see (J^′/J)|_{[d,L]} > −1 . So J does not vanish over [0, L].

Step 6: In this final step we put together the information from the previous steps to show that for fixed ϵ > 0 the geodesic Dirichlet problem for P_{ϵ,η} has unique solutions when η is sufficiently small.

PROPOSITION 4.5: Fix ϵ > 0. When η is sufficiently small then for any two points in P_{ϵ,η} there is at most one connecting geodesic in P_{ϵ,η}.

Proof: By the proposition of step 1 and the argument of step 3 it suffices to show that there are no conjugate geodesic segments hitting at most two of the propeller blades. Suppose γ : [0, L] → P_{ϵ,η} were such a geodesic segment. We shall establish a contradiction and hence prove the result.

Determine ξ to be the largest number in (0, π/4] ∩ (0, ϵ/2] such that no radial geodesic hits more than one of the (2ξ)-dilations of the propeller blades, where for example the β-dilation of B^0_{ϵ,η} for β > 0 is given by { x ∈ P_{ϵ,η} : dist(x, B^0_{ϵ,η}) ≤ β }

Note that the overlap of any one radial geodesic with a ξ-dilation of a propeller blade will be contained in one of [−π, −ξ] or [ξ, π]. (Here we use ξ ≤ ϵ/2.)

By step 2 there is a ϕ > 0 such that |⟨γ^′(u), grad r⟩| > cos ϕ at any point γ(u) implies sup {dist(γ(t − u), ρ_θ(t)) : t − u ∈ [0, L], ρ_θ(t) ∈ D} < ξ for some radial geodesic ρ_θ. Indeed the geodesic γ may then be continued, and its time reparametrized to belong to an interval I, so that I ⊂ [−3π/4 − ξ, 3π/4 + ξ] and sup {dist(γ(t), ρ_θ(t)) : t ∈ I} < ξ .

Thus if |⟨γ^′, grad r⟩| > cos ϕ at any stage then γ hits at most one propeller blade. Furthermore by construction of ξ and under the extension and reparametrization above the collision of γ with this blade may then be contained in one of the time intervals [−3π/4 − ξ, −ξ] ∩ I or [ξ, 3π/4 + ξ] ∩ I.

In this case we may employ standard Jacobi vectorfield comparison techniques to deduce, the geodesic segment γ can be conjugate only if J has a zero in (−3π/4, 3π/4], where J is the solution to

J^{′′} + κ^∗J = 0 J(−3π/4) = 0, J^′(−3π/4) = 1

where κ^∗(t) = { +1 if t ∈ [−3π/4, 0] −1 if t ∈ (0, 3π/4].

Here the range [−3π/4, 0] arises from the above considerations of how the radial geodesic ρ_θ intersects the ξ-dilations of propeller blades. It is a matter of direct calculation to solve explicitly for J and to verify that J is nonzero over (−3π/4, 3π/4].

Consequently if γ is to be a conjugate geodesic segment then it must form angles with grad r which are everywhere greater than ϕ in absolute value. It follows from this, from step 4, and from the requirement that γ hit at most two propeller blades, that the curvature along γ must be −1 everywhere except for two intervals each of length less than

2η sinh(3π/4) | sin ϕ| . So if η is chosen with

η <^1_2 · | sin ϕ| 2 sinh(3π/4) · π 2 then by step 5 it follows γ cannot be conjugate.

It follows that for any fixed ϵ if η is chosen sufficiently small then the geodesic Dirichlet problem for P_{ϵ,η} has solutions which exist and are unique.

Remark: of course it then follows from the theory of geodesics that the geodesic Dirichlet problem for P_{ϵ,η} is also well-posed.

5: Nonunique Riemannian Centres–of–Mass in the Propeller.

Consider the finite mass distribution on P_{ϵ,η} given by

μ = δ_{(3π/4,0)} + δ_{(3π/4,3π/2)} + δ_{(3π/4,−3π/2)} .

For sufficiently small ϵ, η this fails to have a unique Riemannian centre–of– mass in P_{ϵ,η}. We establish this by showing that the second derivative or Hessian of its energy function

V(x; μ) =^1_2 ∫ dist(x, y)^2 μ(dy)

is negative-definite at the origin o for sufficiently small ϵ, η, so that the origin cannot be a local minimum. The measure and the Riemannian manifold P_{ϵ,η} both respect the Z_2 × Z_3 group of isometries, and o is the only fixed point of this symmetry group. Moreover by the local strict convexity of P_{ϵ,η} there must be local minima of the energy function V. It follows that for sufficiently small ϵ, η there must be at least three local minima of V (which are by definition the Riemannian centres–of–mass of μ) within P_{ϵ,η}.

First note that by symmetry grad V(o) = 0. Moreover V(x; μ) = ∑ θ=0,2π/3,−2π/3 1 2 dist(x, (3π/4, θ))^2 .

Suppose γ is a geodesic running through o, with γ(0) = o, γ^′(0) = (1, α). Then [ d^2 du^2 V(γ(u); μ) ] u=0 =^1_2 ∑ θ=0,2π/3,−2π/3 [ d^2 du^2 dist(γ(u), (3π/4, θ))^2 ] u=0 = ∑ θ=0,2π/3,−2π/3 (3π/4) · [ d^2 du^2 dist(γ(u), (3π/4, θ)) ] u=0 and we can estimate the second derivatives on the right-hand side using Jacobi vectorfields. By symmetry it suffices to consider the case θ = 0: [ d^2 du^2 dist(γ(u), (3π/4, 0)) ] u=0 = [⟨J^′, J⟩]^{3π/4}_0

where J(0) = (1, α), J(3π/4) = 0, J^{′′} + κJ = 0.

The component J^p parallel to (1, 0) is linear in arclength, so

J^p(s) = cos α ( 1 − s 3π/4 ) .

The classical theory of Jacobi vectorfields shows that the component J^n normal to (1, 0) is dominated by J̃ in the sense that [(J^n)^′J^n]^{3π/4}_0 ≤ [(J̃)^′J̃]^{3π/4}_0 , where J̃ is the solution of J̃(0) = sin α J̃(3π/4) = 0 J̃^{′′} − J̃ = 0 over [0, 2ϵ] J̃^{′′} + J̃ = 0 over (2ϵ, 3π/4] .

This has the explicit solution

J̃(s) = sin α cosh s + J̃^′(0) sinh s over [0, 2ϵ] J̃(s) = (sin α cosh(2ϵ) + J̃^′(0) sinh(2ϵ)) cos(s − 2ϵ) + + (sin α sinh(2ϵ) + J̃^′(0) cosh(2ϵ)) sin(s − 2ϵ) over (2ϵ, 3π/4] .

Hence J̃(3π/4) = 0 implies

J̃^′(0) = sin αcos(π/4 + 2ϵ) cosh(2ϵ) − sin(π/4 + 2ϵ) sinh(2ϵ) sin(π/4 + 2ϵ) cosh(2ϵ) − cos(π/4 + 2ϵ) sinh(2ϵ) . It follows,

⟨J^′(0), J(0)⟩ = ⟨(J^p)^′(0), J^p(0)⟩ + ⟨(J^n)^′(0), J^n(0)

≥ − cos^2 α 4 3π + sin^2 α cos(π/4 + 2ϵ) cosh(2ϵ) − sin(π/4 + 2ϵ) sinh(2ϵ) sin(π/4 + 2ϵ) cosh(2ϵ) − cos(π/4 + 2ϵ) sinh(2ϵ) .

Summing this and the corresponding terms arising from the other two summands we find [ d^2 du^2 V(γ(u); μ) ] u=0 ≤ [ 4 3π − cot(π/4 + 2ϵ) − tanh(2ϵ) 1 − tanh(2ϵ) cot(π/4 + 2ϵ) ] · (9π 8 ) .

Thus for sufficiently small ϵ > 0 we find [ d^2 du^2 V(γ(u); μ) ] u=0 < 0 for all geodesics γ starting at the origin o, as required.

6: Counterexample to Emery’s Conjecture.

We have established that for sufficiently small ϵ, η the propeller P_{ϵ,η} has a geodesic Dirichlet problem with solutions that exist and are unique, and supports finite mass measures with non-unique Riemannian centres–of–mass.

In the language of the present note Emery [2{4] conjectured that existence and uniqueness for the Dirichlet problem formed a sufficient condition for a compact domain B to support convex geometry, which is to say a convex function Q : B × B → [0, 1] vanishing only on the diagonal of B × B. But one of the consequences of convex geometry is the uniqueness of Riemannian centres–of–mass; see the argument in [5 Theorem (7.3)], which was supplied by Emery (personal communication). It follows for sufficiently small ϵ, η that P_{ϵ,η} as above cannot have convex geometry and therefore supplies a counterexample to Emery’s conjecture.

It will be clear from the above that the construction may be modified easily to provide a counterexample which is a smooth Riemannian manifold with (smooth) boundary.

It is of course possible that further restrictions on the domain might rescue the conjecture (for example one might require that the metric be rotationally symmetric or have nonnegative curvature). Note also that in [7] there is expounded a sequence of conjectured relationships between various nonlinear Dirichlet problems and convex geometry which together would imply the truth of Emery’s conjecture. Some of these conjectures must therefore be false – the most likely candidate is (D)⇒(C) in the terminology of [7] – and it is an interesting question which of these conjectures fail, since they each possess intrinsic interest in the field of stochastic differential geometry.

The details of the construction of the propeller lead to a couple of interesting questions in classical and in stochastic differential geometry. Firstly, the intuition behind the construction of the propeller was to build a C^2 smoothing of a piecewise C^2 Riemannian manifold with piecewise constant curvature set at +1 on the propeller blades and −1 elsewhere. It would be interesting to investigate to what extent the constructions of stochastic differential geometry (stochastic parallel transport, et cetera) could be carried out in such a context, thus facilitating explicit computations and the construction of examples. Secondly, consideration of the propeller leads one to ask the following questions. Given two Riemannian manifolds expressed in exponential charts,

(i) what functional of the difference between the two curvatures would usefully measure the extent to which the two geodesic flows deviate from each other?

(ii) and what functional would usefully measure the deviation between Brownian motions on the two manifolds expressed in terms of stochastic development of a single Euclidean Brownian motion?

We conclude by noting that in [3] there are formulated other conjectured criteria for similar convexity problems. It is not clear whether the construction of this note can be modified to deal with these other problems, since there appears to be a lack of concepts playing rôles analogous to that of the Riemannian centre–of–mass above.

References.

1. J.Cheeger and D.G.Ebin, Comparison Theorems in Riemannian Geometry. North-Holland, Amsterdam (1975).

2. M.Emery, “Convergence des Martingales dans les Variétés.” Colloque en l’Honneur de Laurent Schwartz (Volume 2), Astérisque 132 (1985), 47–63.

3. M.Emery (with an appendix by P.A.Meyer), Stochastic calculus in manifolds. Berlin, Springer (1989).

4. M.Emery and G.Mokobodzki, “Sur le barycentre d’une probabilité dans une variété.” Séminaire de Probabilités XXV, Springer Lecture Notes in Mathematics (1991).

5. W.S.Kendall, “Probability, convexity, and harmonic maps with small image I: uniqueness and fine existence.” Proceedings of the London Math. Soc. (3) 61 (1990), 371–406.

6. W.S.Kendall, “Convexity and the hemisphere.” To appear in Journal of the London Math. Soc., June 1991

7. W.S.Kendall, “Convex Geometry and Nonconfluent Γ-Martingales I:

Tightness and Strict Convexity.” To appear in: The Proceedings of LMS Durham Symposium on Stochastic Analysis, 11th – 21st July 1990, edited by M.Barlow and N.H.Bingham.

8. W.S.Kendall, “Convex Geometry and Nonconfluent Γ-Martingales II:

well–posedness and Γ-martingale convergence.” Warwick University Department of Statistics Research Report 214, (1991).

Department of Statistics University of Warwick Coventry CV4 7AL, UK.

Email address: w.s.kendall@cu.warwick.ac.uk.

Other University of Warwick Department of Statistics Research Reports authored or co–authored by W.S. Kendall.

161: The Euclidean diffusion of shape.

162: Probability, convexity, and harmonic maps with small image I: Uniqueness and fine existence.

172: A spatial Markov property for nearest–neighbour Markov point processes.

181: Convexity and the hemisphere.

202: A remark on the proof of Itô’s formula for C^2 functions of continuous semimartingales.

203: Computer algebra and stochastic calculus.

212: Convex geometry and nonconfluent Γ-martingales I: Tightness and strict convexity.

213: The Propeller: a counterexample to a conjectured criterion for the existence of certain convex functions.

If you want copies of any of these reports then please mail your requests to the secretary of the Department of Statistics, University of Warwick, Coventry CV4 7AL, UK, or use email (L.K.Butterwick@warwick.ac.uk).