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Abstract Reduced models have long been used as a tool
for the analysis of the complex activity taking place in
neurons and their coupled networks. Recent advanced
in experimental and theoretical techniques have further
demonstrated the usefulness of this approach. Despite
the often gross simplification of the underlying biophys-
ical properties, reduced models can still present signifi-
cant difficulties in their analysis, with the majority of ex-
act and perturbative results available only for the leaky
integrate-and-fire model. Here an elementary numerical
scheme is demonstrated which can be used to calculate a
number of biologically important properties of the gen-
eral class of non-linear integrate-and-fire models. Exact
results for the first-passage-time density and spike-train
spectrum are derived, as well as the linear response prop-
erties and emergent states of recurrent networks. Given
that the exponential integrate-fire model has recently
been shown to agree closely with the experimentally-
measured response of pyramidal cells, the methodology
presented here promises to provide a convenient tool to
facilitate the analysis of cortical-network dynamics.

1 Introduction

Biophysically-detailed computational models and reduced
mathematical models of neurons and networks provide
complementary approaches to the understanding of the
complex properties of neural tissue. Whereas the com-
parison of detailed models to experiment provides the
ultimate test of a theoretical framework, reduced models
allow for an analysis of the salient properties of neuronal
function through their tractability and also provide an
important guide for the computer-intensive large-scale
simulations that constitute detailed modeling.
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A great variety of methods have been employed in
the construction of reduced models. Recently, a rigorous
approach to the evaluation of such models against ex-
perimental data (results from a recent competition are
reported in Jolivet et al., 2008) has provided a renewed
focus for the development of tractable models and their
systematic biophysical refinement.

An important type of reduced spiking-neuron model
is the integrate-and-fire class (see Burkitt 2006a 2006b
and Lindner et al. 2004, for recent reviews) which is char-
acterized by a threshold, whether at the putative begin-
ning or peak of a spike, and a hard reset representing the
effect of the inward-rectifier potassium channel (Hodgkin
and Huxley 1952). A ubiquitous member of this class of
model is the leaky IF (LIF) model, which features a lin-
ear, ohmic leak current and a threshold at the onset of
the spike. Through the combination of such a dynamics
with a model for stochastic synaptic drive (Stein 1965) it
has been demonstrated that the LIF can provide a good
fit to the average firing rates of cortical cells (Rauch et al.
2003) as well as the prediction of spike times (Paninski
et al. 2004; Jolivet et al. 2006).

Non-linear integrate and fire models, like the quadratic
IF (QIF) model (Brunel and Latham 2003), related to
the canonical Type I theta-neuron model (Ermentrout
and Kopell 1986) and the exponential IF (EIF) model
introduced by Fourcaud-Trocmé et al. (2003) that cap-
tures the activation of the spike-generating sodium cur-
rent, have also been analyzed. Such models have the po-
tential to provide an even more accurate account of the
properties of cortical neurons; and in fact it has recently
been shown that the EIF model provides both an ex-
cellent fit to the current-voltage relation and accurate
spike prediction for layer-5 somatosensory cortex pyra-
midal cells (Badel et al. 2008).

Despite their simplicity, the properties of non-linear
IF neurons subject to stochastic synaptic drive are not
always solvable in closed form. The steady-state firing
rate has been provided for the LIF for both conductance
(Johannesma 1968; Richardson 2004) and current-based
input (Ricciardi et al. 1977) with solutions also pro-
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vided for the QIF (Brunel and Latham 2003) and EIF
(Fourcaud-Trocmé et al. 2003). In general the steady-
state rate will take the form of the reciprocal of a double
integral for any non-linear IF model, though further re-
duction is possible for the LIF (Brunel and Hakim 1999)
under current-based synaptic fluctuations.

The time-dependent properties of IF models are con-
siderably harder to derive, whether numerically or ana-
lytically, and this has hampered progress in the analy-
sis of the dynamic properties of neurons and networks.
Results exist for the LIF model; the linear response to
current (Brunel and Hakim 1999) and noise (Brunel and
Hakim 1999; Lindner et al. 2001; Silberberg et al. 2004)
modulation, as well as the spike-train spectrum (Lindner
et al. 2002). Some asymptotic results are also available
for the response properties of the non-linear QIF and EIF
(Fourcaud-Trocmé and Brunel 2005; Richardson 2007).
Such time-dependent properties are central to the under-
standing of the dynamics of computations and emergent
states possible in neural tissue. Moreover, recent exper-
iments have directly probed these properties (Arsiero et
al. 2007; Köndgen et al. 2008) and provide further po-
tential for the biophysical refinement of the models.

Recently, a rather simple method for providing nu-
merical solutions to the first-order response properties
for the class of non-linear IF neuron models was intro-
duced (Richardson 2007). The method involves separat-
ing the second-order Fokker-Planck differential equation,
that results from the gaussian-white noise approxima-
tion to synaptic drive, into two first-order differential
equations for the flux and probability density. The re-
sulting equations can be solved, trivially, by integrating
backwards from the threshold. Here, it will be shown
that the threshold-integration method easily generalizes
to other dynamic properties of IF models, such as the ex-
act first-passage-time density, spike-triggered rate, prop-
agator and spike-train spectrum. It can also be used to
calculate the dynamical response of synaptically-coupled
recurrent networks of neurons, either directly or by rela-
tion to the uncoupled network (Brunel and Wang 2003).

2 General theory

The voltage trajectories of neurons fluctuate under the
influence of a stochastic synaptic input. The probability
density P (V, t), of finding a neuron near a voltage V at a
time t, and the probability flux J(V, t) passing through
this voltage are related by the continuity equation

∂P

∂t
+
∂J

∂V
= initial conditions + sources− sinks (1)

which is general for the class of IF models. The initial
conditions can be written as delta-functions of time mul-
tiplying initial distributions, whereas the source (spike
reset) and sink (spike threshold) can be written as delta-
functions of voltage multiplying rate-like quantities. Writ-
ten in this way, the initial and boundary conditions can

be conveniently incorporated into the continuous descrip-
tion of the dynamics.

Stochastic dynamics of a single trajectory. The method
developed in this paper is general for all non-linear IF
neurons that have a dynamics of the form

τ
dV

dt
= E(t) − V + ψ + σ

√
2τξ(t) (2)

where τ is the membrane time constant, E(t) is the in-
stantaneous resting potential and ψ is some non-linear
function of voltage that may model, for example, an ex-
plicit spike mechanism. For clarity a specific non-linear
model is chosen as an illustration of the threshold inte-
gration method in the figures: the exponential IF (EIF)
model. This was introduced on theoretical grounds in
Fourcaud-Trocmé et al. (2003) and recently (Badel et
al. 2008) shown experimentally to provide a close fit to
the response properties of somatosensory-cortex, layer-5
pyramidal cells. The form of ψ in this case is

ψ(V ) = ∆T e
(V −VT )/∆T . (3)

The onset of the spike is parameterized by VT and has a
sharpness∆T . The spike is terminated at some threshold
voltage Vth (at which P (Vth)=0) with the neuron then
refractory for a period τr before being reinserted at a
reset potential Vre (the fall of the spike takes place in the
refractory period - see Appendix). Because of this, the
probability density must be separated into a component
P that evolves under the continuous dynamics, and a
component that is refractory, The correct normalization
for P is therefore
∫ Vth

Vlb

P (V, t)dV +

∫ t

t−τr

dt′r(t′) = 1 (4)

where r(t) is the instantaneous firing rate at a time t. The
remaining terms in equation (2) concern the synaptic
fluctuations: σ is the voltage standard deviation (in the
absence of a spiking mechanism); and ξ(t) is a zero-mean,
delta-correlated 〈ξ(t)ξ(t′)〉=δ(t−t′) gaussian white noise
term.

The flux J . With the dynamics in equation (2) the flux
appearing in the continuity equation (1) can be shown
(Risken 1996) to be

τJ = (E(t) + ψ − V )P − σ2 ∂P

∂V
. (5)

It should be noted that this equation, by virtue of the
gaussian white-noise term, features a derivative of the
probability P with respect to voltage. It is this feature,
together with the derivative of the flux with respect to
voltage in equation (1) that underpins the threshold inte-
gration method. The firing rate r(t) is the flux at thresh-
old J(Vth, t).
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A lower bound on the voltage A lower bound Vlb on the
voltage is also added in the form of a zero-flux criterion

J(Vlb, t) = 0. (6)

The value of Vlb is chosen to be sufficiently negative
(Vlb = −100mV) so that its exact value does not im-
pact significantly on the observable dynamics. It can be
noted that a more depolarized value for such a zero-flux
condition has been suggested (Lansky and Lanska 1987;
Rauch et al. 2003) as an approximation to the effects of
the inhibitory synaptic-reversal potential.

3 Uncoupled populations of neurons

The case of an uncoupled population of identical neu-
rons, receiving independent sources of synaptic fluctua-
tions, is first considered. The density and flux can there-
fore be interpreted either as representing the states of
a fraction of neurons across the population ensemble,
or probabilistically in the context of single-neuron dy-
namics. Exact results for the steady-state density, first-
passage-time density, spike-triggered rate and spectrum
are first derived in sections 3.1-3.2, followed by the first-
order, linear response to current modulation in section
3.3.

3.1 Steady-state properties

The steady-state rate of non-linear IF neurons can be
found in closed analytical form in terms of the recip-
rocal of a double integral (which, nevertheless, must be
evaluated numerically) as has been already discussed.
The steady-state rate is therefore a good starting point
for the introduction of the numerical threshold integra-
tion method and also provides a very convenient numer-
ical scheme for the calculation of steady-state rates for
IF models that is at least equivalent in its simplicity to
evaluating the closed-form, double-integral solution.

In the steady state the continuity equation (1) and
flux equation (5) can be re-arranged to provide two first-
order linear differential equations for the flux J0 and
probability density P0, respectively

−∂J0

∂V
= r0δ(V − Vth) − r0δ(V − Vre) (7)

−∂P0

∂V
=

1

σ2
(τJ0 + (V − E0 − ψ)P0) (8)

implying that the boundary conditions are P0(Vth) = 0
and J0(Vth) = r0. The firing rate r0 is unknown, but
can be scaled out by the substitutions J0 = r0j0 and
P0 = r0p0 to reduce the equations to the form

−∂j0
∂V

= δ(V − Vth) − δ(V − Vre) (9)

−∂p0

∂V
=

1

σ2
(τj0 + (V − E0 − ψ)p0) (10)

implying that the conditions are now p0(Vth) = 0 and
j0(Vth) = 1. These equations can be numerically inte-
grated from threshold Vth to the lower bound Vlb to yield
j0 and p0 (see the Appendix for a convenient scheme).
These in turn give the firing rate r0 from the normaliza-
tion condition in equation (4):

r0 =

(∫ Vth

Vlb

p0(V )dV + τr

)−1

. (11)

In figure 1A the firing rate as a function of resting poten-
tial E0 is plotted for three different fluctuation strengths.
Two examples are chosen to illustrate the methods in
this paper; a quasi-deterministic, suprathreshold firing
regime and a fluctuation-driven subthreshold firing regime.
The steady-state, piece-wise constant flux and proba-
bility density, corresponding to these two examples, is
plotted in figure 1B and example trajectories from sim-
ulations of equation (2) are provided in figures 1C and
1D.

3.2 First-passage time, propagator and spike spectrum

First-passage-time density. A dynamic quantity, the first-
passage-time (FTP) density is now considered. Here, the
initial distribution at time t0 is chosen to be a delta
function centered at V0. However, the method described
works equally well if an arbitrary initial distribution is
chosen instead. The time-dependent continuity (1) and
flux (5) equations, corresponding to the absorbing bound-
ary at threshold and this choice of initial conditions, are

− ∂J

∂V
=
∂P

∂t
+ f(t)δ(V − Vth) − δ(t− t0)δ(V − V0) (12)

−∂P
∂V

=
1

σ2
(τJ + (V − E0 − ψ)P ) . (13)

The first-passage time density f(t) = J(Vth, t) is equiva-
lent to the time-dependent flux at threshold. The equa-
tions are then fourier-transformed over time (see Ap-
pendix for convention)

− ∂J̃

∂V
= iωP̃ + f̃δ(V − Vth) − e−iωt0δ(V − V0) (14)

−∂P̃
∂V

=
1

σ2

(
τJ̃ + (V − E0 − ψ)P̃

)
. (15)

These equations feature two inhomogeneous terms (the
threshold and initial conditions) and can be solved by
separating the solution into two parts:

P̃ = f̃ p̃f + p̃0 and J̃ = f̃ ̃f + ̃0 (16)

where p̃f and ̃f deal with the absorbing boundary con-
dition at Vth

−∂̃f
∂V

= iωp̃f + δ(V − Vth) (17)

−∂p̃f

∂V
=

1

σ2
(τ ̃f + (V − E0 − ψ)p̃f ) (18)
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Fig. 1 Exact numerical results for the exponential integrate-and-fire (EIF) model with a refractory period τr =10ms; (A)
The steady-state firing rate r0 derived from Eqs. 7,8 for three fluctuation strengths (σ = 0, 2 and 6mV). Two example
cases are identified (open circles): quasi-deterministic, suprathreshold firing (E0 =−50mV, σ=2mV); and fluctuation-driven,
subthreshold firing (E0=−60mV, σ=6mV). (B) The steady-state flux J0 (a piece-wise constant) and probability density P0

for these two cases. (C) Example voltage trace from a simulation of Eq. 2 for quasi-deterministic firing: (Ci) First-passage
time density FPT from the inverse transform of the solution to Eqs. 14,15; (Cii) Spike-triggered rate STR from the inverse
transform of the solution to Eq. 23; and (Ciii) Spike-train power-spectrum calculated using the STR and Eq. 28. (D) Example
voltage trace for fluctuation-driven firing: (Di) FPT; (Dii) STR; and (Diii) Spike-train power-spectrum. For this, and all other
figures, the parameters were τ = 20ms, ∆T =3mV, VT =−53mV, Vth =20mV and Vre =−60mV (see Appendix for further
details). The exact solutions were integrated backwards from threshold with a time step ∆V =10µV (an algorithm is provided
in the Appendix).

implying that p̃f (Vth)= 0 and ̃f(Vth)= 1 and where p̃0

and ̃0 (not to be confused with the steady-state solutions
of the previous section) account for the initial conditions

−∂̃0
∂V

= iωp̃0 − e−iωt0δ(V − V0) (19)

−∂p̃0

∂V
=

1

σ2
(τ ̃0 + (V − E0 − ψ)p̃0) (20)

implying that p̃0(Vth) = 0 and ̃0(Vth) = 0. The two of
pairs of equations (17,18) and (19,20) can be solved nu-
merically by simultaneously integrating them from thresh-
old Vth to the lower bound Vlb (see Appendix for fur-
ther details) as was done for the steady-state case. How-
ever, for the FPT density the unknown multiplier f(ω)
is found from the zero-flux condition (6) which when ap-

plied to the flux J̃ of equation set (16) yields

f̃(ω) = −̃0(Vlb)/̃f(Vlb). (21)

The fourier transform of the FPT density can be di-
rectly used to find the spike-train spectrum. However,

if the real-time FPT is required then equation (21) can
be inverse-transformed; in figure 1Ci and 1Di the FPT
densities for the non-linear exponential IF neuron are
shown for the quasi-deterministic and fluctuation-driven
firing regimes.

It can be noted that this method allows the spike-
train CV for any non-linear integrate-and-fire neuron to
be calculated, generalising the results for the linear, leaky
IF model (Lindner et al. 2003).

Spike-triggered-rate density. A quantity closely related
to the FPT is the spike-triggered-rate density (STR)
ρ(t). This is defined as the time-dependent firing rate
of the population, starting from some specified initial
distribution, and where the full neuronal dynamics with
reset are included. The difference to the FPT is therefore
that, post-spike, the neuron is reinserted at Vre after the
refractory period has ended. For renewal processes (Ger-
stner and Kistler 2002) the FPT and STR are related by
a series of nested convolutions which, on fourier transfor-
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mation, lead to a power series that may be solved giving
the relation

ρ̃(ω) = f̃(ω)/(1 − f̃(ω)) (22)

unless ω = 0, in which case ρ(0) = πr0δ(ω). However, the
STR can also be calculated directly by simply modifying
equation (12) to include the reset

− ∂J

∂V
=
∂P

∂t
+ ρ(t)δ(V − Vth) − ρ(t− τr)δ(V − Vre)

− δ(t− t0)δ(V − V0). (23)

A natural choice for the initial condition is t0 = τr (the
step required to fully implement the refractory period for
the STR calculation) and V0 = Vre corresponding to a
spike at t = 0. The fourier transform of (23), and the re-
lated equation for P , can be taken, and a similar strategy
of separating the solution into two parts employed:

P̃ = p̃0 + ρ̃p̃ρ and J̃ = ̃0 + ρ̃̃ρ (24)

with the equation analogous to (17) for ̃ρ taking the
form

−∂̃ρ
∂V

= iωp̃ρ + δ(V − Vth) − e−iωτrδ(V − Vre) (25)

so p̃ρ(Vth)=0 and ̃ρ(Vth)=1. On applying the zero-flux
condition, the fourier transform of the STR is found from
ρ(ω)=−̃0(Vlb)/̃ρ(Vlb). The real-time STR densities for
the two example firing regimes are plotted in figure 1Cii
and 1Dii. It can be noted that this method also yields a
simple numerical solution to finding the propagator for
non-linear IF neurons, which is the probability density
of finding the neuron near a voltage V at a time t, given
some sharp initial condition V0, t0.

Spike-train power spectrum. The STR density is directly
related to the auto-correlation C(T ) of the spike-train

C(T ) = 〈S(t)S(t+ T )〉 = r0δ(T ) + r0ρ(|T |) (26)

where S(t) =
∑

{tk}
δ(t − tk) is the delta-function spike

train (Gerstner and Kistler 2002). The spike-train power
spectrum, an important temporal measure of the struc-
ture of activity in the steady-state population, is given
by the fourier transform of C(T )

C̃(ω) =

∫ ∞

−∞

dTe−iωTC(T ). (27)

This can be rewritten as

C̃(ω) = r0 (1 + ρ̃(ω) + ρ̃(−ω)) = r0 (1 + 2ℜ [ρ̃(ω)]) . (28)

The integration method applied to the STR therefore
provides a convenient scheme for calculating the power
spectra of populations of non-linear IF neurons. The
spectra for the two firing regimes, quasi-deterministic
and fluctuation driven, are plotted in figures 1Ciii and
1Diii, respectively.

3.3 Linear response to parameter modulations

The response of populations of IF neurons to various pa-
rameter modulations (current, conductance, noise am-
plitude, etc) was treated in detail in Richardson (2007).
Here results for current modulation, equivalent to mod-
ulation of the instantaneous resting potential E(t), are
reviewed and generalised to the refractory case. These
equations will provide the basis for the network response
to modulation that is treated in the next section.

A scenario is considered in which a parameter α is
modulated harmonically α = α0 + α1e

iωt. The aim is to
derive the induced modulation of the flux, probability
density and firing rate to first (linear) order in the mod-
ulation strength α1. In this case the solution is of the
form

J = J0 + Ĵαe
iωt and P = P0 + P̂αe

iωt (29)

where J0, P0 are the steady-state flux and probability
density of equations (7,8) with the refractory condition of

equation (4), and Ĵα and P̂α are the first-order response
to be determined. The firing rate modulation r = r0 +
r̂αe

iωt is expanded similarly and given by the flux at
threshold.

Response to current modulation. The modulated resting
potential takes the form E(t) = E0 + E1e

iωt and so the
linear response, from equation (1) and the expansion of
equation (5) to first order, must satisfy

−∂ĴE

∂V
= iωP̂E + r̂Eδ(V −Vth) − r̂Ee

−iωτrδ(V −Vre) (30)

−∂P̂E

∂V
=

1

σ2

(
τĴE + (V − E0 − ψ)P̂E − E1P0

)
(31)

implying P̂E(Vth)=0 and ĴE(Vth)= r̂E . The method of
separating the solutions into two parts is applied, one
proportional to r̂E and a second to E1

P̂E = r̂E p̂r + E1p̂E and ĴE = r̂E ̂r + E1 ̂E (32)

which yield the pairs of equations

−∂̂r
∂V

= iωp̂r + δ(V −Vth) − e−iωτrδ(V −Vre) (33)

−∂p̂r

∂V
=

1

σ2
(τ ̂r + (V − E0 − ψ)p̂r) . (34)

implying the conditions p̂r(Vth)=0 and ̂r(Vth)=1, and

−∂̂E
∂V

= iωp̂E (35)

−∂p̂E

∂V
=

1

σ2
(τ ̂E + (V − E0 − ψ)p̂E − P0) . (36)

so that p̂E(Vth) = 0 and ̂E(Vth) = 0. Again, these can
be solved numerically by integrating from the threshold
Vth to the lower bound Vlb and then applying a zero-flux
criterion ĴE(Vlb) = 0. This gives the linear-response rate
amplitude as

ÂE(iω) = −̂E(Vlb)/̂r(Vlb) so r̂E = E1ÂE . (37)
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Fig. 2 First-order dynamic response of an uncoupled population of EIF neurons to current modulation. (A) Case of quasi-
deterministic firing at r0 = 21.6Hz. The action-potentials appear on average near the peak of the modulated current of
amplitude E1=1mV and frequency 20Hz (illustrated by dashed line). (Ai) Raster plot of 500 neurons with the rate modulation
clearly visible. (Aii) Histogram of spike times (grey) showing sinusoidal modulation r̂E (black line) from which the amplitude
and phase advance from the input current (dashed line, shown with same amplitude for phase comparison) can be measured.
(Bi) The amplitude |r̂E | and (Bii) phase advance of r̂E for the quasi-deterministic case calculated from Eqs. 33-36. The first-
order linear amplitude and phase response (solid lines) are in good agreement with simulations of the full model (black circles).
The points corresponding to 20Hz modulation are also marked (open circles). (C) Fluctuation-driven firing at r0 = 5.3Hz
with a current modulation E1 =1mV at frequency 20Hz. (Ci) Raster plot for 500 neurons. (Cii) Histogram and extraction of
amplitude and phase. A phase delay is clearly seen. (Di) The amplitude |r̂E | and (Dii) phase for the fluctuation-driven case.
The EIF parameters correspond to those given in Fig. 1.

Figure 2 shows the calculated response properties for the
quasi-deterministic (2A and 2B) and fluctuation-driven
(2C and 2D) firing regimes. Panel 2Ai shows an example
trajectory over four complete periods. The modulation
frequency (20Hz) is close to the steady-state firing rate
for this case (r0 = 21.6Hz) and the neuron fires near
the peak modulation, though with some scatter as can
be seen in the raster plot of figure 2Aii and the his-
togram 2Aiii. At this frequency the response (bold line)
weakly lags behind the modulation (dashed lines). Pan-
els 2Bi and 2Bii show the amplitude and phase of the
theoretical rate modulation (Eq. 37) as a function of the
modulation frequency. As expected (Knight 1972a,b) in
this low-noise regime a strong resonance is visible when
the modulation frequency is near the steady-state rate
r0 = 21.6Hz (dashed line). For the case of fluctuation-
driven firing (steady-state rate r0 =5.3Hz) the response
to modulation is weaker and shows a longer phase lag
at 20Hz (panel 2Cii). As expected for this fluctuation-
dominated case, there is no resonance in the amplitude in
panel 2Di, nor is there a phase zero in the phase response
(2Dii).

4 Recurrent networks of non-linear IF neurons

The theoretical framework required for the treatment of
recurrent neural networks, particularly for those that un-
dergo an oscillatory transition, is well developed for net-
works of LIF neurons (Brunel and Hakim 1999; Brunel
and Wang 2003). It will now be demonstrated, using a
recurrent inhibitory network of delay-coupled EIF neu-
rons with synaptic filtering, that the integration method
can be readily adapted to deal with the response proper-
ties of neural networks, their eigenmodes and diagrams
of emergent states.

Network structure. A recurrent, inhibitory network is
considered which receives an afferent excitatory drive
providing a resting potential E0 and fluctuations param-
eterized by σ. These dynamics (contained in Eq. 2) are
supplemented by a mean-field network coupling, param-
eterized by a strength Es < 0 in units of voltage. The
total instantaneous resting potential E(t) therefore be-
comes

E(t)=E0 + EsS(t) where τs
dS

dt
=τsr(t − τd) − S. (38)

The differential equation for S allows for synaptic filter-
ing τs and an axonal delay τd to be included (Brunel
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and Wang 2003). To ease comparison with the uncou-
pled population, quantities x that are associated with
the network case will be dashed x′. Before continuing,
it should be noted that the current-based synaptic cou-
pling is chosen here purely for reasons of methodological
clarity. This is not a complete model of synaptic drive,
particularly for the case of inhibition, as the potentially
significant shunting conductance component is ignored.
However, as shown in Richardson (2007) the effects of
conductance modulation can be easily incorporated in
the threshold integration method - a point that is re-
turned to in the Discussion section.

The steady-state network rate. The method for finding
the steady-state rate for mean-field networks follows the
standard self-consistent approach. In the steady state the
rate is constant S0 = τsr

′
0 and so an effective resting

potential can be defined E′
0 = E0+Esτsr

′
0 from equation

(38). The firing rate, parameterized by the unknown E′
0,

can be calculated from the uncoupled network equations
(7,8) with E0 replaced by E′

0. A second equation for the
firing rate can be found by re-arranging the equation for
the effective resting potential

r′0 = (E′
0 − E0)/Esτs. (39)

The firing rate of the network r′0 is then found by plotting
the two forms of the firing rate as a function of E′

0 with
the intersections providing the set of fixed points. For the
case of inhibition considered here Es < 0 and only one
fixed point is possible. This construction is illustrated in
figure 3A for a number of different coupling strengths
Es and resting potentials E0 such that the resulting ef-
fective resting potential E′

0 yields an inhibitory network
of firing rate 5.3Hz. This choice has been taken so that
comparison can be made with the fluctuation-driven fir-
ing case treated in the previous sections on uncoupled
networks.

4.1 Response of a recurrent network to modulation

It is now considered that the afferent excitatory drive
received by the recurrent network features a component
that is sinusoidally modulated, so that the instantaneous
resting potential of a neuron in the network can be writ-
ten

E(t) = E0 + EsS(t) + E1e
iωt. (40)

To first order, this will induce a modulation in the net-
work rate r′(t) = r′0 + r̂′Ee

iωt and synaptic parameter
S(t) so that

S(t) = S0 + ŝr̂′Ee
iωt where ŝ = τs

e−iωτd

1 + iωτs
(41)

where the second result comes from the Fourier trans-
form of the differential equation (38). The network mod-
ulation equations, analogous to (30,31) therefore take the

form

−∂Ĵ
′
E

∂V
= iωP̂ ′

E + r̂′Eδ(V −Vth) − r̂′Ee
−iωτrδ(V −Vre) (42)

−∂P̂
′
E

∂V
=

1

σ2

(
τĴ ′

E +(V −E′
0−ψ)P̂ ′

E−(E1+r̂′EEsŝ)P
′
0

)
(43)

where P ′
0 is the steady-state probability density calcu-

lated from equation set (7,8) with E0 replaced by E′
0.

The equations above are again solved by separating so-
lutions into one that is proportional to r̂′E and a second
to E′

1

P̂ ′
E = r̂′E p̂

′
r + E1p̂

′
E and Ĵ ′

E = r̂′E ̂
′
r + E1 ̂

′
E . (44)

This results in two pairs of equations, identical to the
modulation for the uncoupled population (33,34) and
(35,36) except that the equation analogous to (34) for
p̂′r now becomes

−∂p̂
′
r

∂V
=

1

σ2
(τ ̂′r + (V − E0 − ψ)p̂′r − EsŝP

′
0) . (45)

These equations can then be integrated backwards from
Vth to Vlb, with the network response to modulation ex-
tracted from the zero-flux condition

r̂′E = −E1̂
′
E(Vlb)/̂

′
r(Vlb). (46)

Examples of the network response are provided in fig-
ure panels 3Bi-Biv. As the synaptic coupling becomes
stronger (more negative, for this inhibitory network) a
network resonance develops that is not present in the
uncoupled case (see panel 2Di). Simulations of the mean
rate over the network are provided in panels 3Ci-Civ
in which damped oscillations of increasing persistence
are seen. The ratio of the amplitudes of peak-rate re-
sponse (at resonance) to the response at zero frequency
are plotted in panel 3D. This ratio diverges at a coupling
strength of E∗

s τsr
′
0 =−20.3mV for the fluctuation-driven

firing case with r′0 =5.3Hz.

Relation to the uncoupled network. The method just de-
scribed provides a direct route to the network modula-
tion. However, the solution can also be related to the
that of the uncoupled population. This can be seen in
equation (43) where an effective modulation strength
E′

1 = E1 + r̂′EEsŝ can be identified. This brings the form
of the network equations into that of the uncoupled pop-
ulation, which is known to have a response of the form
given in equation (37). Hence, r̂′E = E′

1ÂE where here

ÂE is calculated using E0 →E′
0. By combining the last

two equalities, by substituting for E′
1, the following re-

sult is found

r̂′E = E1ÂE/(1 − EsŝAE). (47)

This relation between the uncoupled population and cou-
pled network can also be seen by comparing the struc-
ture of equation pairs (30,31) and (42,43). Instead of the

substitution (44) the substitution Ĵ ′
E = r̂′E ̂r + E1̂r +

r̂′EEsŝ̂E could be constructed, where ̂r and ̂E are the
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Fig. 3 Response properties and phase diagram for an inhibitory network of EIF neurons with synaptic time constant
τs = 10ms and axonal delay τd = 5ms (please see Fig. 1 for other parameter values). (A) Construction of the self-
consistent solution for the steady-state firing rate r′0 of the network. The firing rate of the uncoupled network (solid line)
as a function of the effective resting potential E′

0. The intersection with Eq. 39 (dashed lines) gives the network rate r′0.
Four different coupling strengths Es are considered (Esτsr

′

0 = −4,−8,−12,−16mV with compensatory resting potentials
E0 = −56,−52,−48,−44mV altered such that the network firing rate remains at r′0 = 5.3Hz. (Bi-Biv) the corresponding
network response to modulation by an external signal of strength E1 =1mV. A resonance (not present in the uncoupled case
of Fig 2Di) develops with an amplitude growing with the coupling strength. Close agreement is seen between the solutions to
the first-order response theory given by Eqs 42,43 (solid line) and simulations of the full mode (black circles). (Ci-Civ) A sim-
ulation of the network dynamics from an initial refractory state, demonstrating the emergence and strengthening of damped
oscillations with increasing inhibitory feedback. (D) Ratio of response at resonant peak to that at zero frequency (for each
coupling strength) as a function of the inhibitory coupling. The amplitude diverges near a critical value E∗

s τsr
′

0 =−20.3mV
because the response to modulation at the resonance frequency goes to infinity at the transition to spontaneous oscillations.
(E) Phase diagram for the inhibitory EIF network showing the line of critical coupling strength upon which the lowest
eigenvalue becomes purely imaginary, as a function of the steady-state rate r′0. The points (i)-(iv) marked for the case when
r′0 =5.3Hz correspond to the panels B and C. For r′0 =5.3Hz the transition occurs at a synaptic strength E∗

s τsr
′

0 =−20.3mV
(open circle). (F) Critical frequency on the transition line. For r′0 =5.3Hz (open circle) at the critical point oscillations emerge
with a frequency of 28.6Hz.

solutions for an uncoupled population (but with E0 re-
placed by E′

0). Then the zero-flux condition at Vlb gives

r̂′E = −E1̂E(Vlb)/(̂r(Vlb) + Esŝ̂E(Vlb)). (48)

On dividing both numerator and denominator on the
right-hand side by ̂r(Vlb), and using the result in equa-
tion (37), equation (47) is again found.

4.2 Network modes and phase diagrams

The framework required to extract the eigenmodes of
the network dynamics is closely similar to that described
above for the network response to modulation. The modes
may be extracted directly or related to those of the un-

coupled population, as required. On considering solu-
tions of the from P ′ = P ′

0 + P̂ ′
λe

λt, the following two
equations describing relaxation to the steady state are
found:

−∂Ĵ
′
λ

∂V
=λP̂ ′

λ + r̂′λδ(V −Vth) − r̂′λe
−λτrδ(V −Vre) (49)

−∂P̂
′
λ

∂V
=

1

σ2

(
τĴ ′

λ+(V −E′
0−ψ)P̂ ′

λ−r̂′λEsŝλP
′
0

)
(50)

where ŝλ is the synaptic modulation given in equation
(41) with iω → λ. Hence, the steady-state solution for
P ′

0 is first found and then the set of allowable modes

{λ} are those that provide solutions that, when Ĵ ′
λ and

P̂ ′
λ are integrated from threshold Vth to Vlb, satisfy the

condition Ĵ ′
λ(Vlb) = 0. These can be computed directly
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from the equation pair (49,50) by introducing Ĵ ′
λ = r̂′λ̂

′
λ

and P̂ ′
λ = r̂′λp̂

′
λ and scanning over some range of λ (in the

complex plane) until all the zeros of Ĵ ′
λ(Vlb) are found.

Relation to the properties of the uncoupled population.
Alternatively, the properties of the recurrent network can
be related back to the uncoupled population. Equation
pair (49,50) can be solved by constructing solutions from
the uncoupled case calculated with E0 replaced by E′

0.
On comparison with the uncoupled population subject
to current modulation, given by equation pair (30,31), it
can be seen that an effective modulation E′

1 = r̂′λEsŝλ

can be conveniently defined. Then, on using the relation
in equation (37) it is immediately seen that

1 = Esτs
e−λτd

1 + λτs
Â(λ) (51)

where Â(λ) is the response amplitude calculated from
equation pair (30,31) with iω replaced by λ.

Phase diagram for an inhibitory EIF network. The asyn-
chronous, steady firing state of the network will become
unstable to growing oscillations when the real part of the
least negative mode vanishes. This occurs when λ = iω
and so the critical condition is given by

1 = Esτs
e−iωτd

1 + iωτs
Â(iω). (52)

This is equivalent to the self-consistent phase and ampli-
tude criteria already identified (Brunel and Wang 2003)
in the context of network oscillations. In figure 3E this
relation is used to calculate the critical line for the on-
set of an oscillatory instability, generalizing part of the
analysis of LIF inhibitory networks (Brunel and Hakim
1999) to the non-linear EIF case. The filled circles mark
the position of the network response to current modula-
tions that were shown in panels 3Bi-iv. The open circle
marks the critical coupling strength, E∗

s τsr
′
0 =−20.3mV

at which spontaneous oscillations appear (for a network
rate of r′0 =5.3Hz). This is the same value of the synaptic
coupling at which the amplitude of the resonance peak
in response to current modulation diverges. This is as
expected, as seen from comparing the denominator of
equation (47) with the criticality condition of equation
(52).

5 Discussion

In this paper a threshold-integration method, introduced
in Richardson (2007) was extended to the calculation of
first-passage times and spike-train spectra, as well as the
first-order response properties of recurrent networks and
their phase diagrams. The implementation of the method
is trivial algorithmically, regardless of the complexity of
the non-linear IF model in question. It is hoped, there-
fore, that the method will provide a useful tool for the

further analysis of the computational properties of neural
tissue at increasing levels of biophysical realism. Before
ending the paper, some obvious or desirable extensions
of the methods are briefly examined.

Conductance-based network effects. For reasons of clar-
ity, a current-based model of the network coupling was
used to illustrate the application of the method to recur-
rent networks. Synaptic current is conductance-mediated
and hence a more realistic model would be to treat the
coupling as a conductance modulation GS(t) with a re-
sulting synaptic current of the formGS(t)(ES−V ), where
ES is the synaptic reversal potential. The only (minor)
complication in this case is finding the self-consistent so-
lution for the steady state which, because of the rate-
dependent conductance, would involve the definition of
an effective time constant τ ′ (and potentially an effective
noise strength σ′ and spike-onset V ′

T ). However, once a
stable fixed point of the network is identified, the effects
of conductance modulation can be parameterized by the
conductance analogue ÂG(iω) of equation (37). This was
previously treated in Richardson (2007) for the uncou-
pled population, and the results can be directly incorpo-
rated into the network context and combined with cur-
rent modulation, as required. The role of feedback con-
ductance in recurrent networks is largely unexplored and
could conceivably lead to some novel oscillatory modes in
which conductance-increase periodically shunts the ex-
ternal fluctuations and reduces firing.

Voltage-activated currents. Neurons express class-specific
sets of voltage-gated currents, each with their character-
istic dynamics. Such currents can give rise to non-passive
subthreshold responses and spike-frequency adaptation.
Generalizations of leaky IF neurons have been devel-
oped that include additional state variables that cap-
ture subthreshold dynamics under a linear approxima-
tion (Richardson et al. 2003; Brunel et al. 2003) or adap-
tation currents (Gigante et al. 2007). The linearization
approach to subthreshold currents is unlikely to always
be valid for non-linear IF neurons because the explicit
spike covers a significant voltage range. A further de-
velopment of the boundary integration framework to in-
corporate additional state variables, for generalised non-
linear IF neurons, would be desirable. Though this would
require going beyond the one-dimensional treatment de-
veloped here, it would allow for the description of a con-
siderably wider range of neuronal response properties.

Synaptic shot noise. Finally, it has recently be pointed
out (Hohn and Burkitt 2001; Richardson and Gerstner
2005, 2006; Wolff and Lindner 2008) that the effects of
synaptic shot noise coming from the finite-sized ampli-
tude of post-synaptic potentials, and which are neglected
in the diffusion approximation, can have a significant im-
pact on the voltage distributions and firing properties
of neurons. The boundary integration method relies on
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the presence of a first-order derivative of the probability
density in the current equation (5) which comes directly
from the diffusive, gaussian white-noise term. Hence, it
can be expected that any attempt to account for synaptic
shot-noise will not fall directly into the present frame-
work. However, given that the non-gaussian nature of
synaptic drive is becoming of increasing interest experi-
mentally (DeWeese and Zador 2006) a similar framework
for shot noise would be worth pursuing.

Appendix

5.1 Implementation of the algorithm.

The threshold-integration method involves integrating
pairs of equation of the form (9,10), backwards from Vth

to a lower bound Vlb. These pairs of equations have the
same features; an equation with a derivative of flux J
that also contains initial and boundary conditions (in
the form of Dirac delta-functions), and an equation with
a derivative of probability density P . The equations can
be solved by integrating from threshold to a lower bound
Vlb. A discretization of voltage into n+1 steps k=0, 1, · · ·n
of size ∆ such that V (k) = Vlb + k∆ and V (n) = Vth is
made. It is convenient to choose ∆ so that the reset Vre

falls on a lattice point kre.
The pairs of equations for J and P must be solved

simultaneously (i.e. within the same loop over k from n
to 0). However, the integration scheme suggested here is
different for the J and P equations. A convenient method
for integrating the two is now described with the popu-
lation current-modulation equations (33,34) and (35,36)
- four first-order differential equations in total - used as
an example.

Integrating J equations. The flux equation (33) for ̂r
contains Dirac-delta functions at reset and threshold.
The delta function at threshold is accounted for by choos-

ing the initial conditions ̂
(n)
r =1, and the delta function

at reset appears as a Kronecker delta function δk,kre+1

which is equal to one if k = kre + 1, but zero otherwise.
Hence for ̂r the iteration is

̂(k−1)
r = ̂(k)

r +∆iωp̂(k)
r − e−iωτrδk,kre+1 (53)

with initial condition ̂
(n)
r =1. The equation for ̂E does

not feature any sink or source delta functions so the it-
eration is simply

̂
(k−1)
E = ̂

(k)
E +∆iωp̂

(k)
E (54)

with initial condition ̂
(n)
E = 0.

Integrating the P equations. The equations with deriva-
tives of P require more care because of the large values

that the spike-generating current ψ(V ) can take. A sim-
ple method that avoids the problems associated with this
is to note first that the equations for P are all of the form

−
(
dP

dV
+G(V )P (V )

)
= H(V ) (55)

where H(V ) is in general some function of voltage, flux
and steady-state densities, and where

G(V ) =
V − E0 − ψ

σ2
V

. (56)

Equation (55) can be rearranged and integrated between
voltage steps k−1 and k

− d

dV

(
P (V )e

∫
V

G(W )dW

)
= H(V )e

∫
V

G(W )dW (57)

so that

P (k−1) = P (k)e

∫
V

(k)

V
(k−1)

G(W )dW

+

∫ V (k)

V (k−1)

dWH(W )e

∫
W

V
(k−1)

G(W ′)dW ′

(58)

which is exact. This can now be approximated to give
the value P (k−1) as a function of quantities evaluated at
the early step k, thus

P (k−1) ≃ P (k)e∆G(k)

+

∫ V (k)

V (k−1)

dWH(k)eG(k)(W−V (k−1))(59)

P (k−1) ≃ P (k)e∆G(k)

+H(k) (e∆G(k) − 1)

G(k)
(60)

where for all cases P (n) =0 provides the initial condition.
For equations (34) and (36) the quantities H(k) are

H(k)
r =

τ ̂
(k)
r

σ2
and H

(k)
E =

τ ̂
(k)
E − P

(k)
0

σ2
(61)

respectively, and where P
(k)
0 is the steady-state solution

(found from applying the method first to Eqs. 9,10).

Extracting the rate. For time-dependent quantities the
rate is found from the zero-flux condition given in equa-

tion (37) so that r̂E = −E1̂
(0)
E /̂

(0)
r . However, for the

steady state the rate is found from normalizing the dis-
tribution p0 as described in equation (11).

Time step. An integration step-size of 10µV was suffi-
ciently accurate for generating the figures used in this
paper. For frequencies considerably higher than 1000Hz
in combination with weak noise σV a smaller step might
be required for convergence.

Availability of the code. The resulting code required to
generate the flux and probability densities is simple (in
general only a few tens of lines). The MATLAB programs
for cases considered in this paper are freely available from
the author on request.
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5.2 Fourier transform convention.

The fourier transform of Y (t) and its inverse Ỹ (ω) are
defined asymmetrically as

Ỹ (ω) =

∫ ∞

−∞

dtY (t)e−iωt and Y (t) =

∫ ∞

−∞

dω

2π
Ỹ (ω)eiωt.

5.3 Stochastic simulations.

All simulations were performed in the MATLAB envi-
ronment with a time step dt= 0.1ms or smaller using a
first-order forward Euler method. Network simulations
comprised at least 5,000 neurons. During the refractory
period τr, which is measured from the time of the spike
peak at Vth, the fall of the spike was explicitly modeled
as a piecewise exponential function

V1 = A0 −A1e
(t−t∗)/τ1 for 0 < t < t∗

V2 = B0 +B1e
(t∗−t)/τ2 for t∗ < t < τr

with the spike peak at a relative time t = 0. The voltage
and its gradient are matched at an intermediate time t∗

to fix the constants as

A1 =
(Vth − Vre)τ1

τ2(1 − e(t∗−τr)/τ2) + τ1(1 − e−t∗/τ1)
(62)

and B1 = Aτ2/τ1, A0 = Vth + A1e
−t∗/τ1 , B0 = Vre −

B1e
(t∗−τr)/τ2 . For this paper the parameters chosen to

model the fall of the spike were τ1 = 1ms, τ2 = 2ms,
t∗ = 2ms and τr = 10ms. Clearly for the case of the
non-linear integrate-and-fire models considered here the
post-spike refractory behavior is purely decorative; the
refractory period could be modeled as having the voltage
(non-biophysically) fixed at Vre, for example. However,
more generally, if a voltage-activated current were to be
included, then the shape of the spike can potentially play
an important role. This is particularly the case for cur-
rents that activate or deactivate over the range of the
spike.
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