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Abstract

We provide a new central limit theorem (CLT) for spatial processes under weak conditions
which, unlike existing results, are plausible for most economic applications. In particular, our
CLT is designed for problems that have some, but not necessarily all, of the following features:
i) Agents choose the locations of observations to maximize profits, welfare, or some other
objective. ii) The objects that are chosen (e.g., stores or brands) interact with one another.
For example, they can be substitutes or complements. iii) Interaction can be complex. In
particular, interaction between ¢ and j need not depend only on the distance between the
locations of ¢ and j, but can also depend on distance to or location of other observations k, or
possibly on the number of other such observations.
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1 Introduction

In this paper we develop a new central limit theorem (CLT) for spatially dependent processes
that allows applied researchers to work with a rich set of models and broad classes of data under
assumptions that are more plausible in many economic applications than those that are made in
the existing spatial literature.

It has become common to note that there are obvious differences between spatial and time—
series data. The differences that are most often noted are that: i) time is one-dimensional whereas
space is of higher dimension, ii) time is unidirectional whereas space has no natural direction, iii)
time—series observations are usually evenly spaced whereas spatial observations are rarely located
on a regular grid, and iv) time-series observations are draws from a continuous process whereas,
with spatial data, it is common for the sample and the population to be the same (e.g., the set of
all firms in a market).

Our paper is principally concerned with other differences that have received less attention in
the literature. Indeed, the theoretical literature has thus far, implicitly or explicitly, treated spatial
dependence as a simple multivariate extension of time-—series dependenceE] Observations are
typically regarded as draws from a stationary underlying process (SUP), see e.g. Bolthausen (1982).
In many interesting economic applications, however, spatial dependence is nonstationary, where by
nonstationarity we mean that the joint distribution can depend on locations, not just on distance
between locations, and not that a unit root is present. More problematic than nonstationarity is
the fact that the characteristics of the spatial process can depend on the number of observations.
Finally, both the location of economic observations and the total number of observations can be
endogenous. Our paper deals with all of those eventualities.

To illustrate the advantages of our CLT, we begin with an enumeration of examples for which the
assumptions that underlie previous theoretical work do not hold. All of our examples are spatial.
However, we use the term ‘space’ in a broad sense to denote characteristic as well as geographic

space, as has been common in economics since the time of Hotelling (1929).

Industrial Organization

Our first example, which is from industrial organization (IO), involves spatial price competition
among retail outlets in a local market. Suppose that there are n firms in an imperfectly competitive
market (e.g., hairdressers), and that those firms choose prices simultaneously. In that game, the
price that salon ¢ would like to charge depends on what j intends to charge. It is not true, however,

that all 4, j pairs compete equally, and it seems reasonable to assume that dependence decays with

I There is a vast literature in which the spatial dependence structure is assumed known up to a finite-dimensional
parameter vector. Asymptotic results for such processes can be established under the assumption of independence
after an appropriate transformation. See e.g. Anselin (1988) for an early treatise. The results presented here do not
presume that the spatial dependence structure is known.

CLT051019.tex 1 October 2005



Spatial Central Limit Theorem Pinkse, Shen and Slade

geographic distance. However, dependence between two salons is determined, not only by the
distance between them, but also by the proximity of other rivals. Furthermore, when a new salon
is introduced into the market, the nature of competition between the existing salons changes; the
new salon is not simply a theretofore unobserved point of an SUP. Finally, the location of the new
salon is apt to be endogenous. Indeed, firms attempt to choose locations where demand is high and
costs are low.

Our second example from 10O is similar to the first except that instead of having outlets that
are located in geographic space, we consider brands of a differentiated product that are located
in product—characteristic space (e.g., breakfast cereals). With obvious substitutions, the story
is virtually the same — location and the number of brands matter in addition to distance in
characteristic space, and both can be endogenous. There is also an important difference, however.
It is less obvious what ‘distance’ means in product—characteristic space, and there is a richer set of

possibilities to consider ]

Health Economics

Our next example is taken from the field of health economics, which has much in common
with I0. We consider the formation of queues for hospital procedures, and our hypothetical data
come from a complete set of hospitals in a region. It is clear that this is a spatial problem, since
patients who face long waits in one hospital are apt to seek to have a procedure performed in a
nearby hospital. In other words, there are spillover effects that decay with distance. Geographic
distance therefore matters, but so do the hospitals’ locations as well as the number of hospitals in
the immediate area. Furthermore, hospital characteristics can also be important. For example, both
the sorts of operations that are performed (e.g., heart transplants) and the expertise in performing
those operations vary across hospitals. Hospitals that are ‘close’ in characteristic space should
therefore also be closer substitutes. Finally, both the geographic locations of new hospitals and the
characteristics of those hospitals will be endogenous, since they will be influenced by the length of

queues.

International Economics

It is tempting to think that the problems that are the principal concern of the ‘new economic
geography’ are spatial in nature. However, that is often not the case. Indeed, those models are
more apt to deal with agglomeration than with location. Nevertheless, it is easy to come up with
examples from international economics where our new CLT can be useful.

To illustrate, consider the problem of foreign direct investment. If there are fixed costs to
setting up operations in a given country, such as learning a new language and writing contracts

with suppliers, a firm will be more likely to enter a country where it already has factories. However,

2 For example, Pinkse and Slade (2004) experiment with a number of measures of distance between brands of
beer in product—characteristic space.
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the advantage of a having a local factory should decay with its geographic distance from a firm’s
other operations. Furthermore, since there can be a critical number of operations after which
economies of scale disappear, the number of factories that a firm already has in a region will also
matter. In other words, both distance and location matter. Finally, both the locations and the
number of factories that a firm establishes in a region are endogenous choices.

A second example in the international area is concerned with price convergence. In the presence
of trade, competition for customers across countries has much in common with price competition
within a country, and in both instances, competition should cause prices of identical products, as
well as price levels, to tend towards equality. In other words, prices should converge. However,
competition should be stronger when countries are in close geographic proximity as well as when
they have similar characteristics (e.g., a common language). Nevertheless, in addition to distance,
location matters. For example, the strength of competition and thus price convergence between
Australia and New Zealand is apt to be stronger than between Uruguay and Peru, even though
each pair shares a continent and a language and the distance between members of each pair is
similar. One reason why convergence might be faster between Australia and New Zealand is that
there are no countries in between. With this example, however, location is not endogenous, and, at

least in the short run, neither is the number of countries.

Geology

Our final example, which comes from outside of economics, is concerned with resource appraisal.
When a mineral deposit is discovered, mining companies would like to estimate the extent of reserves
in that deposit, where reserves are defined as material that can be economically recovered at current
prices using currently available technology. The standard way to assess reserves is to drill cores
and take samples that can be processed in a lab to reveal mineral content. Drilling, however, is
expensive. For that reason, companies use methods from spatial statistics to infer reserve values
for an entire deposit from a small number of samples. This case seems to be closely analogous to a
multivariate time—series problem. Indeed, each observation is a draw from a continuum of possible
draws. Furthermore, the strength of dependence between two locations does not vary with the
number of observations in close proximity. Nevertheless the number and locations of the drilling
cites, which might be chosen to maximize the information content of the data for a given budget,

are endogenous, implying that the analogy is not exact.

It would be easy to add applications taken from other fields to our listﬁ Indeed, our examples
share some, but not necessarily all, of the following features: i) Agents choose the locations of obser-

vations to maximize profits, welfare, or some other objective. ii) The objects that are chosen (e.g.,

3 For example, in the field of labor economics we could consider the problem of regional wage dispersion, in the
field of political economy, we could consider local voting patterns, in the field of urban economics we could consider
land development decisions, and in the field of epidemiology we could consider disease contagion.
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stores or brands) interact with one another. For example, they can be substitutes or complements.
iii) Interaction can be complex. In particular, interaction between ¢ and j need not depend only
on the distance between the locations of ¢ and 7, but can also depend on distance to or location of
other observations k, or possibly on the number of other such observations. The assumptions that
underlie our CLT, while less primitive than some, cover those eventualities.

Finally, the implication of our new CLT is not that estimators that have been proposed thus far
do not work, but, to the contrary, to provide a rigorous justification for using them in a broader

class of economic applications.

2 The new CLT

2.1 A Sketch

It was mentioned in the introduction that because of the wide range of situations covered, the
conditions for the new CLT are more complex than is usually the case. We begin with a sequence of
mean zero scalar—valued observations &,1, ..., &, Whose distribution, dependence properties and
values are for now unconstrained and can vary arbitrarily with the sample size nf_f] The objective

here is to establish properties under which
Sp/om 2 N(0,1), (1)

where S, = > | &, and 02 = ES?. In the case of independent and identically distributed (i.i.d.)

observations 1, ..., x,, whose properties are independent of the sample size, S, = n(Z — pu,) and

02 = no?, with  and p, the sample and population mean of the x;’s, respectively, and o2 their

population variance, in which case reduces to the familiar

vt =tz BN, 1).

Ox

Our central limit theorem will make use of an old idea (Bernstein, 1927) to allow for the stated
desiderata. Bernstein’s idea is to divide the data up into blocks in such a way that dependence be-
tween block averages decreases as the sample size increases. The situation here is more complicated
than Bernstein’s stationary time series design and hence so is our choice of blocks but the principle
is the same.

We assume that the data can be partitioned up into J groups, where J < oo does not depend
on the sample size. Such partitioning does not actually have to take place; there merely must be
the possibility to do so. Each observation belongs to exactly one group and its membership can

be different for each value of n. Our assumptions will require that groups 2,...,J play no role

4 Vector-valued £’s are a simple extension thank to the Wold device.
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asymptotically which in a stationary weak dependence setting would imply that the number of
observations in these groups would be a negligble fraction of the total, asymptotically. The purpose
of creating multiple groups is to create ‘gaps’ of increasing size between collections of observations
(‘subgroups’) in the same group.

To illustrate this point, consider figure 1. In this example, space is one—-dimensional and there are
2 groups (first index) consisting of 6 subgroups (second index) each. As the number of observations
increases, so does the number of subgroups in each group and the number of observations in the
subgroups (albeit not necessarily strictly or monotonically). So the ‘distance’ between subgroups in
the same group increases and, because of our weak dependence condition stated below, the strength
of dependence between subgroups hence decreases. In the limit observations in different subgroups
of the same group are independent of one another.

If one treats the sum over all observations in each subgroup as a single ‘observation’ in the group,
then we approximately have a triangular sequence of independent (albeit sample—size dependent)
random variables, whose sum has a normal distribution under well-understood conditions. This
means that the sums over all £,;’s in each group converge to separate normal distributions. If the
ratio of the number of observations in group 2 to the number in group 1 converges to zero, then
the limiting distribution of S,, will be the same as that generated by group 1, i.e. the observations
in group 2 are of no consequence for the asymptotic distribution. In multiple dimensions, the
principle is identical albeit that the required number of groups J is larger; it is usually J = 2¢ if
d is the number of dimensions. Nevertheless, all but one are of no consequence for the asymptotic
distribution.

We do not assume stationarityP] and our ‘blocks’ do not have to be blocks; they are judiciously
chosen subsets of observations. Absent stationarity, the groups that are asymptotically negligible
are not necessarily the ones with the smallest number of observations, since the observations are
allowed to have different variances.

The blocking method is not completely general. It is possible to create examples in which
any observation ¢ has zero dependence with all but an asymptotically negligible fraction of the

observations but in which the blocking assumption is not satisfied.

2.2 Notation

The J groups are represented by Gy1, . .., G, and the m,,; subgroups of group j are Gpj1, . - -, Gnjm,; -

Sp; and Sy;; denote the partial sums over observations in group j and subgroup ¢ of group 7,

5 As mentioned informally in the introduction, we neither assume data to be on a regular grid nor do we assume
that dependence is the same if the distance between two data points is the same.
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respectively, i.e.

Mnj

Snj = Z Snjt7 Snjt = Z Ens- (2)
t=1 S€gnjt
In analogy to 02 = ES?, defined above, we let 0 < U?lj = ES?U» < 00, and 0 < O’ijt = ESth < Q.
Finally, ¢, = > /"7 02,

2.3 Weak Dependence

Strong mixing assumes that any two events defined on sets of observations become less dependent as
the distance between the two sets becomes greater. The limitation of the strong mixing assumptions
lies in the ‘any event’ portion of the definition. The strong—mixing assumption has the problem
that reasonable sequences of random variables exist whose sample mean can easily be shown to
have a limiting normal distribution but which do not satisfy the strong—mixing assumption, see
e.g. Andrews (1984). An alternative but more complicated strategy to ours is to assume near
epoch dependence, see e.g. Ibragimov (1962). We instead follow Doukhan and Louhichi (1999) and
assume that for all functions f in some class of functions F, defined below, the covariance between
partial sums of observations in different sets declines as the distance between sets increases. Strong
mixing would require such a decline of covariances of all functions of sets of variables instead of
some scalar—argument functions of sums of variables. A more detailed discussion of the merits of
the condition used here can be found in Doukhan and Louhichi (1999), albeit that Doukhan and
Louhichi’s assumptions are in the context of stationary data that do not change with the sample
size.

We now state formally our weak dependence assumption.

Definition 1 Let F be a collection of functions {f :Vt € R: f(t) =t or Ju e R : Vit : f(t) = e},

where 1 is the imaginary number.

Let V' be the variance operator.

Assumption A Forany j=1,...,J, let G, G C G,; be any sets for which
Wt =1, my: Gup NG £ D= Guje N G2 = 0.

Then for any function f € F,

Cov | 1(D &) F(X &) s\/Vf(Zgns)\/vf(ans)anj, (3)

s€Gr s€Gr* s€G; sEGr*

for some ‘mizing’ numbers o,; with

J
nlggo Z mijanj = 0. (4)

J=1
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Note that all observations in G and G'* belong to the same group but that observations in the
same subgroup cannot be both in G and G**. So assumption [A] requires a bound on a correlation
of two quantities, each corresponding to different sets of subgroups of the same group.

As mentioned above, the variances of individual elements can be different. To ensure that each
subgroup makes an asymptotically neglighle contribution and that all groups other than group 1

are of no relevance for the asymptotic distribution, we make assumption

Assumption B

lim max 0,1/, =0, j=1,...,J, lim ¢,;/¢1 =0, 7=2,...,.J. (5)

n—00 t<Mmp;

Finally, we make a uniform integrability assumption which is a standard feature of CLT’s, albeit

in a different form.

Assumption C For some sequence {h,} for which lim, . h, =0 and for all j =1,...,J,

> hn)) ~0. (6)

A sufficient condition for assumption [C]is that for some p > 1,

2

S22 g
. njt njt
lim max F 2j I (’ J
00 tSMmn; Tnje N Snj

nj

E| S, = O(O'?U-t§2p_2), j=1,...,J;t=1,... ,mnj.ﬁ (7)

We can now state our theorems.

2.4 Owur Main Results

Theorem 1 If assumptions[AHQ hold, then
Sn
2n 2N(0, 1). (8)

On

The vector-version now follows immediately with the Wold device. Let 5” be vector-valued and

n

i=1
Let furthermore >,, = Vgn.

Theorem 2 If for any vector v with ||v|| = 1, assumptions @ are satisfied for &,; = U’Eﬁl/an,
then
128 2 N(0, 1). (9)

All proofs are in an appendix.

By the Hélder and Markov inequalities, E(Sy;,I(|Snji| > hnnj)) < (E|Snje|?)Y/? (P(|Snje| > hncnj))lil/p

2p1,2—2p 2—2p
E|S"jt| phn pgnj :

<
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A Central limit theorem

PLEASE NOTE: Throughout the appendix we indicate when convenient the assumption, lemma,
equation or well-known theorem an (in)equality is based on above that (in)equality; an assumption
is indicated by its letter, a common theorem by its name, a lemma by the letter L followed by its

number and an equation by its equation number in brackets.

A.1 Preliminaries

For this appendix, let S, = Z;nzl gmj, where S’mj is a real-valued random variable with mean zero

and variance 0 < 62,; = ES?,. < co. Let further 62, = ES?, and make the following assumptions.

2 .
mj
A A1 For some sequence {fNLm} with lim,,— Bm =0,
&2

lim maxE(%I(\émj\ > i) ) =0, (10)

m—oo j<m 53,1]

A A2 For any function f € F and any nonoverlapping groups Gi, Go,

Cov { (32 ) £(2 Sim) g\/Vf(Zémt)\/Vf(ZSmt)&m,

teG teGs teGy teGa

where @, is such that lim,,_.. m?a,, = 0.
AA3 lim,, oo MaXj<y, Opmj = 0.

Lemma 1 Let ¢ denote the imaginary number and let qz;m](u) = EewSni. For all u,

lim = 0. (11)

m—0o0

EeLuSm _ H émj (’LL)
j=1

Proof: By lemma 6.1.2 of Zhengyan and Chuanrong (1996), the LHS in (11]) is bounded by

m—1 m
lim > D

i=1 t=1+1

o{(e w0 ] )

s=t+1

2 2

AS2 1 = A 1S x wS M wS
< W%LHAOZ Z am\/Ee Smi- — i (w) E‘(e Smt — 1) H etuSms

i=1 t=1i+1 s=t+1

m—1 m
<21l A < 2 i ’a,, =
<2lim >, ) an <2 lim m’a, =0,

i=1 t=1+1

since |e] < 1. v/
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Lemma 2 For any u and a sequence {1, } with lim,, .., ¥, =0,

Omi() = (1 = 252,/2)| < 52, 0m, (12)

Proof: By theorem 11.6 of Davidson (1994), the LHS in is for any sequence {A,,} bounded
by
E min( 252

mjo

www%éﬁM%m@w>MM+wwmm&ﬁm&mzmn

mj

52
<6..u’E <Omﬂf(|5mj| > h )) + 62 6 .

Now pick ,, = u*E (iiﬂl(\gm]] > ﬁm)> + ﬁm6_1|u]3 = o(1) by assumption AA1l. v/

Lemma 3 If lim,, ..o > . < 00, then for any u,

JlmJ

Tim. (1og¢m]( )+ 62, u2/2‘—0 (13)

Jj=

Proof: For any a,b let [a;b] denote some number between a and b. Then by the mean value
theorem 10g @ = (Gmj — 1)/[émy3 1]. Thus,

Z‘logqgmj—i-a u2/2‘ Z = +~fnju2/2’
[mg; 1]
i‘ émj -1+ 6,2nju2/2 672nju2 ( 1 1) ’
j=1 [¢mj; 1] 2 [(bmj; 1]
tlna<]rlgle max ———— Z|¢ —1+62 u?/2 +max‘ ! 1‘ ugin:&z .
mj mj m,
gsm | |¢my| 1] [Pl 1] pc i

By lemma [2{ and the stated condition, is o(1) if max;<;, (1 — [|$mjl;1]) = o(1). Now, again by
theorem 11.6 of Davidson (1994), |¢p; — 1| < nu?/2. Hence,

5%5}%((1 — [[fmyl;1]) < max |1 — Omjl < u’ Ijn;}%(&rgnj/Q =o(1),
by assumption AA3. v
Lemma 4 If limy, oo Y7, 0oy = 1, then
S 2 N(0,1). (15)
Proof: It suffices to show that for all u,

lim log Ee“5m = —u? /2.

m—0o0
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Now,
lim log EetuSm 4 u?/2 = lim <10g EetuSm — Z log qgmj(u)> (16)
j=1
+ lim Z (log G (1) + 6fnju2/2> (17)
j=1

+(1- nliggoéa—fnj)uz‘/z. (18)

Expressions — are zero by lemma , lemma (3| and the assumption made in the present

lemma, respectively. v’

A.2 Main Result

Lemma 5 s
2 BON(0,1), j=1,...,J (19)
Proof: Let m = m,;, choose St = Snjt/Snjs t = 1,...,my;, 62, = ES2, = U%jt/gfbj and let

By = hy,. Then assumptions AA1-AA3 are satisfied. Apply lemma . v

Proof of theorem [ Note that

J
Snj Sng

=2 Snl Snj

The first RHS term has a limiting N (0, 1) distribution by lemma [5| and the second RHS term is
o(1) by assumption [B| and lemma[f] v/
Proof of theorem [2} Follows immediately from theorem [I] using the Wold device. v/
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Figure 1: Bernstein Blocks
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