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Abstract

Motivated by political economy applications such as networks of policy-makers, interest
groups, or judges, I formulate and study a model of strategic information transmission in
networks of ideologically differentiated decision makers. When agents’ preferences are suffi-
ciently diverse, the optimal network is the line in which the agents are ordered according to
their ideologies. When agents are partitioned in ideologically diverse groups, each composed
of agents with similar views, it is optimal for all agents that the groups segregate into fac-
tions. Such optimal networks obtain as Nash equilibria of a game in which each link requires
sponsorship by both connected agents, and are the unique strongly pairwise stable networks.
These results suggest positive and normative rationales for “horizontal” links between like-
minded agents in political networks, as opposed to hierarchical networks, that have been
shown to be optimal in organizations where agents’ preferences are more closely aligned.
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1 Introduction

Social connections and networks are understood to be an important, if not fundamental, feature
of political economy.! One main established function of political networks is to facilitate the flow
of information. Communication is usually strategic, and agents often have diverse views. As
explained later, existing network analysis based on reduced-form information transmission models
does not cover strategic communication among agents with misaligned preferences. This paper
studies an explicit model of information transmission in networks of political decision makers,
and investigates network optimality and stability. My results recover stylized facts established by
the empirical literature, and suggest a normative rationale for often observed political network

patterns.

The model comprises a set of agents linked in a network. One agent is called at random to
make a policy decision, identified as a point on the real line representing the left-right spectrum.
(The main results generalize qualitatively to the case in which multiple agents are called to make
decisions, as I explain in Section 3.) All agents care about every agent’s decision, possibly to a
different extent, i.e., agents’ authorities may differ. Each agent would like a decision closer to
her ideal policy, which depends on an unknown state of the world and on an individual ideal
preference. Hence, all agents prefer policies informed about the state. But given information,

each would like to push policy towards her ideological preference.

Agents may hold information correlated with the state of the world, and hence relevant for
the policy choice, that they can transmit through the network. At least some of this information
is verifiable. An agent’s choice is whether to relay it to her linked peers, or withhold it from
some or all of them. With small probability, information may decay in transmission. There are
as many rounds of communication as needed for all information to have the possibility to reach
every agent in the network. Then the policy choice is made. The solution concept is Perfect
Bayesian Equilibrium. Network links are costly, and formed ex-ante (i.e., before agents receive
any information from nature). I calculate both the networks that maximize the sum of the agents’
ex-ante equilibrium payoffs, and the networks that form endogenously when the agents sponsor

links ex-ante.

To make this model concrete, we may think about a network of policy makers in different
jurisdictions. (A summary of the vast empirical literature on policy networks is in Section 2.) At
any moment in time, one of them may face a policy challenge on a specific public administration

issue. She would gain from the experience gathered by her peers, who may have a specific expertise

LAn exhaustive review of political networks is provided by the handbook edited by Victor, Montgomery and
Lubell (2017).



in the area, or have faced similar policy challenges in the past. The most valuable information
often takes the form of pilot studies or other policy experiments, whose results cannot be falsified,
but can be easily concealed in the abundance of bureaucratic documents. In order to make better
decisions, the policy maker consults her network of peers, but these connections are costly to

maintain.

Other examples include networks of lobbyists, interest groups, political experts, advocates,
consultants, investigative journalists, bloggers, or academics. One of them may be called to
campaign or provide advice on a specific matter. In order to deliver more effectively, she will try
and consult her peers to collect information, but again, these connections are costly to maintain.
An intriguing example concerns informal networks of judges. At any moment in time, one of them
may face a novel legal challenge. She may then seek advice from her peers (although she ought
to abstain from delving into the facts of specific case). And there is ample evidence that informal
networks of judges play an important role in judicial sentences. Section 2 discusses empirical

studies on networks of interest groups and networks of judges.

The first and most important question I pose within my model is how to efficiently organize
networks of political decision makers ex-ante. When the agents’ ideological preferences are suffi-
ciently aligned, I show that there is no strategic withholding of information. Hence, several results
extend from the extant network literature based on reduced-form models of communication. Sup-
pose that agents are homogeneous with respect to authority, and to the likelihood to be informed
or making decisions. Then, as Jackson and Wolinsky (1996) and Bala and Goyal (2000), every
ex-ante optimal network is a star, i.e., there is a unique “center” agent to which all other agents
are linked, and such “periphery” agents are not linked with each other. This result holds unless
the link cost is very small or very large, and for nearly all link cost values as the decay probability

vanishes.?

My main results concern the case in which agents’ ideologies are sufficiently diverse. Then,
the agents only relay information that conforms to their individual biases relative to the decision
maker. As a result, the shape of the optimal network changes dramatically. The optimal network
is now the line in which the agents are ordered according to their ideal preferences. It is optimal
that links only form between the ideologically closest agents. But I prove that this does not lead
to communication breakdown. And when agents are very likely to be informed, any agent’s choice
in the ordered line is almost as informed as if all information was shared. These results hold for

all generic authority parameters and probabilities of being informed or making decisions.

Of special interest is the case in which agents are partitioned in ideologically diverse groups,

20f course, for any fixed positive decay probability, the optimal network is complete when the link cost is small
enough, and it is empty when the cost is too large.



each composed of agents with similar views. As posited by Hume (1741), and documented since at
least Rose (1964), these distributions of ideologies arise naturally in several political environments.
I show that it is then optimal for all agents that each group organizes as a separate minimally
connected subnetwork with a unique link to the ideologically closest groups. Factionalization is
a common organizational structure in political networks, but it is usually perceived as detrimen-
tal (e.g., Hume, 1741). My analysis provides an efficiency rationalization based on information

transmission.

This result is refined further when agents are homogeneous with respect to authority and
expertise. Then, each group should organize as a star, whose center forms a link with the centers
of the ideologically closest stars. This suggests an efficiency rationale for the often observed
hierarchical organization of political factions (cf. the discussion in Section 2). All agents in a
faction report to the unique faction leader, who communicates with the leaders of ideologically
nearest factions. Hierarchies may be optimal in factions even in absence of authority and expertize

differences among political agents.

It is important that the optimality of factionalization is shown here in a set up where link costs
are the same across agents. In reality, agents likely bear a smaller cost when connecting within
ideological groups than across groups, and may even enjoy a benefit. This fact provides a further
justification for factionalization. Further, when within-group link costs are sufficiently small or
negative, groups should optimally organize as complete networks, instead of stars. Heterogeneous
within-group connection costs would lead to the optimality of intermediate structures with a center
agent to which periphery agents are linked, and periphery agents may form additional links or not

depending on the costs.

I then turn to the question of whether these optimal networks form endogenously and whether
they are stable. I focus on the case in which agents sponsor links primarily to access other agents’
information, as they do not care much about their decisions. Except for extreme link costs, I show
that the earlier characterized optimal networks obtain as Nash equilibria of a network formation
game, in which the agents invest ex-ante in the links they wish to form, and each link requires
sponsorship by both connected agents. Further, the optimal networks are pairwise stable in the
sense of Jackson and Wolinsky (1996), and they are the unique “strongly” pairwise stable networks.
That is to say, the optimal networks include all links that are beneficial to both connected agents
individually, and are the unique Nash equilibrium networks that include all links whose cost is

smaller than their aggregate value to the connected agents.

To summarize: A possibly quintessential feature of politics is that agents hold diverse ideal
views. My analysis highlights the importance of ideology for political network optimality and

stability. This study of information transmission in political networks provides a normative and



positive rationale for political agents to form “horizontal” links with like-minded peers, beyond
their possibly intrinsic preference for doing so. In contrast, hierarchical networks such as the star
are more likely prevalent, and useful, in organizations such as armies or companies in which the

agents’ preferences are closely aligned.?

My results recover stylized facts established by the empirical literature on networks of political
decision makers, and especially on connections built to facilitate the flow of information. As I
detail in Section 2, this literature documents factionalization based on political preferences as the
main characteristic of such networks. Modal network structures can be described as a collection of
politically homogeneous subnetworks loosely connected among each other. Individual subnetworks
are often structured hierarchically with a small core of leaders to which a large set of less prominent

agents are connected.

2 Literature Review

This section is divided in two parts. The first one briefly surveys the empirical literature on
networks of political decision makers discussed in the introduction. (Appendix C presents an
extended review.) The second part discusses theoretical literature on information transmission in

networks and applications in organizational economics.

Networks of political decision makers. There is a vast empirical/empirical literature on
networks of political decision makers such as, for example, local policy makers, interest groups
and judges. It is established that a main function of such networks is to facilitate the flow of
information. The evidence is overwhelming that ideological and policy preference similarity is a

main driver of political connections.

These features have been observed in several studies of policy makers networks. Among them,
Zafonte and Sabatier (1998) investigate the San Francisco Bay area government agencies’ network;
Henry, Lubell, and McCoy (2011) trace the connections among transportation and land planning
agencies in California; Matti and Sandstrom (2011) study the network of policy makers responsible
for wildlife management; Henry (2011) and Gerber, Henry and Lubell (2013) analyse the network
of planning and management agencies in the main California regions; and Desmarais, Harden and
Boehmke (2015) trace connections among U.S. States governments by tracking timing of policies

adoptions.

30Organization design studies model hierarchical organizations as trees, where the (maximal) distance from
terminal nodes identifies the agent’s level in the hierarchy. Hierarchies with more than one level are regarded as
optimal for minimizing information processing costs together with the risk of information decay. This literature is
briefly discussed in Section 2.



Likewise, policy preference based homophily has been documented in studies on networks of
interest groups. Among them, Laumann and Knoke (1987) and Carpenter, Esterling and Lazer
(2004) trace the connections among lobbyists, government agencies, and congressional staff in the
1970’s health and energy policy domains; Konig and Brauninger (1998) investigate the ties among
interest groups, trade unions, governmental agencies and legislators in the events that shaped
1980’s German labour policies; Schneider et al. (2003) analyze the connections of policy makers
and interest groups in U.S. estuary areas; Weible and Sabatier (2005) investigate networks of
policy makers in marine protected areas; Koger, Masket and Noel (2009) study the network of US
party candidates, activists, interest groups and media outlets using donor and subscriber names
data; and Box-Steffensmeier and Christenson (2014) build a network of interest groups coalitions

using amicus curiae briefs to the US Supreme Court.

Several studies demonstrate the influence on sentences of judicial networks constructed with
various methodologies, such as, by tracking precedent citation across Courts (e.g., Caldeira, 1985;
Choi and Gulati, 2008), or by following the flow of clerks across judges (e.g., Katz and Stafford,
2010; Baum and Ditslear, 2001; and Baum, 2014). The evidence is that political preference
similarity is one of the main drivers of such connections. Weiser (2015) interviewed some judges
in Manhattan’s Federal District Court and reports that almost all have consulted colleagues when

puzzled by legal or other issues.

As well as segregation into separate subnetworks based on political preferences, another stylized
fact that emerges from the empirical literature is that such subnetworks are often organized in a
centralized fashion. Each is hierarchically differentiated between a small core of leaders to which a
large set of periphery agents are connected. Evidence of policy-preference based segregation into
hierarchical subnetworks has been found, for example, by Henry (2011) and by Gerber, Henry
and Lubell (2013) in their studies on regional cooperation among policy-makers in California:
they uncovers separate politically homogeneous subnetworks, each differentiated among a small

set centroids and periphery agents connected to the centroids.*

The interest groups network constructed by Box-Steffensmeier and Christenson (2014) “ap-
pears to resemble a host of tightly grouped factions” with homogeneous ideology, in which a few
central agents are connected to a larger set of less prominent agents, who may also form con-
nections amongst each others. Evidence of policy-preference based segregation into hierarchical

subnetworks has also been found by Koger et al. (2009) in their map of links between formal

4Similar network structures are found by Feiock, Lee and Park (2012) in their survey of the local governments’
connections in the four-county Orlando, Florida, metropolitan area, although there is also evidence of multiple links
across and within subnetworks. Relatedly, Fischer and Sciarini (2016) find that preference similarity and perceived
power are the main drivers of connection among the entities involved in the most important political processes in
Switzerland over the years 2001-06.



US party organizations and interest groups, and by Ingold (2011) in her study of the networks of
interest groups and policy makers that involved in the formulation of the 2000 Swiss CO2 law. The
judicial network constructed by Caldeira (1985) can be approximated as a collection of star-shaped

subnetworks, in which “Courts cite the most prestigious among the culturally closest Courts.”

Political preference based segregation into separate hierarchically organized subnetworks may
be a more or less predominant feature of political networks. Loose associations may also display
connections across ideological groups, and multiple centroids or links among periphery agents,
within groups. These features are less common in organized groups, such as, for example, party
factions. In a large cross-national survey of over 100 parties, Janda (1980) found strong evidence
of ideological factionalization. Such factions are usually led by distinct leaders, to whom mem-
bers of the faction relate exclusively (see also, Janda, 1993, and Ceron, 2019). Similarly, Persico,
Rodriguez-Pueblita, and Silverman (2011) report evidence of hierarchical organization and ex-
clusiveness in factions of interest. Indeed, textbook definitions characterize factions as organized

groups that work for the advancement of their leaders and of specific policies (e.g., Lasswell, 1931).

Information transmission in networks. An important motivation of theoretical network eco-
nomics is information transmission. The general, reduced-form approach usually adopted in that
literature applies to communication among agents that do not have any incentive to strategi-
cally mislead each other, for example because their preferences are aligned. Seminal papers such
as Jackson and Wolinsky (1996) and Bala and Goyal (2000) identify the maximally centralized
architecture of the star as socially optimal, and determine conditions under which this optimal
architecture arises in equilibrium, and is a stable network. These results, generalized in a num-
ber of subsequent studies, suggest that agents with aligned preferences organize in a centralized,

hierarchical, manner, and that this organization is efficient.?

Later work considers networks with heterogeneous agents (e.g., Galeotti, Goyal and Kamphorst,
2006). These papers customarily assume that the value of connecting a pair of agents i and j is
independent of the identities of the other players on the connecting path. This assumption is
shown not to hold in this paper’s full fledged analysis of strategic communication.® And while
this is shown here for the case of transmission of verifiable information, Ambrus, Azevedo and
Kamada (2013) prove an analogous result for the case of cheap talk. These results clarify why

existing reduced-form network models do not cover strategic communication among agents with

A detailed review of network economics literature is in Jackson (2010), for example.

6Galeotti et al. (2006) also rule out connection externalities: they assume that whether or not an agent i is
connected to another agent j does not matter for any other agents’ payoffs. Here instead, every agent ¢ would like
that every agent j is informed as possible if called to making decisions, i.e., that j is connected to, and receives
information from, as many agents as possible.



misaligned preferences.

The design of organizations whose members’ preferences are aligned is an important topic
in business science. In organization economics and theories of the firm, hierarchical networks
are regarded as the optimal structure for reducing the costs of information processing (Radner,
1993; Bolton and Dewatripont, 1994), and for preventing conflicts between subordinates and their
superiors (Friebel and Raith, 2004). Instead, cliques emerge among subgroups of agents who wish
to coordinate their actions (Calvé, de Marti and Prat, 2015).7

Unlike the papers above, I study networks of political agents, who may wish to mislead each
other because of their ideological preference differences. Factions form and are optimal in my
model because agents with close ideologies are less likely to mislead each other, regardless of how
much they care about each others’ actions, and of how costly it is to form their links. By contrast,
for example, cliques in Calvé, de Marti and Prat (2015) form among agents who have the highest
interest in coordinating their actions, and in Galeotti et al. (2006) interconnected stars form

because of heterogeneous link costs.

Models of information transmission in political networks include Chwe (2000), who character-
izes minimal networks that lead to coordinated collective action, Stokman and Berveling (1998)
who structurally estimate influence network formation within local organizations in Amsterdam,
Larson (2017), who investigates how networks form in a context of interethnic cooperation, and
Larson and Lewis (2018), who structurally estimate how networks influence cooperation among
rebel groups in Uganda. These papers consider environments where there is no role for strategic
manipulation/withholding of information. Instead, I study strategic communication and deter-

mine optimal networks.®

Further, Patty and Penn (2014) explore sequential decision making in networks of privately
informed agents. There is no explicit communication in their model, but each agent’s action may
signal information to subsequent decision makers in the network. While I consider transmission of
multi-agent (verifiable) information in networks, Bloch, Demange and Kranton (2018) study the
spreading of possibly false information, originated by a single agent, in a network where agents
may either wish correct decisions are made, or have a private agenda in favor of one alternative.
Unlike my paper, they do not consider network optimality. Instead, Migrow (2019) studies optimal
hierarchies of possibly biased agents who strategically report unverifiable information to a single

decision maker.

"For a detailed exposition of the networks literature within organization design, see the handbook by Gibbons
and Roberts (2012), for example.

8More distantly related, Battaglini and Patacchini (2018) study how interest groups allocate campaign contri-
butions when congressmen are connected by social ties.



A recent paper by Gieczewski (2020) studies a model of learning in networks with transmission
of verifiable information among agents with misaligned preferences. Unlike my paper, he does not
consider network formation, stability nor optimality. His analysis shows that full learning requires
sufficiently dense networks. Signals closer to the mean are more likely to propagate, because agents
tend to block signals contrary to their bias, as is the case in my paper. Relatedly, Acemoglu,
Bimpikis and Ozdaglar (2014) study network formation and learning in a model of information
transmission among agents with aligned preferences. Instead, Egorov and Sonin (2020) analyze
a network model of communication d-la Kamenica and Gentzkow (2011). A sender controls the
informativeness of her signal but cannot falsify it. Each of several decision makers may either

costly access the signal or rely on her network connections.

In a broad sense, my paper belongs to the recent surge of studies of multi-agent communi-
cation in political economy, developed within the framework of Galeotti, Ghiglino and Squintani
(2013) and, more distantly, Hagenbach and Koessler (2010). Patty (2013) determines the opti-
mal exclusion and inclusion policies to maximize information sharing in meetings. Dewan et al.
(2015) investigate the optimal assignment of decision-making power in the executive of a parlia-
mentary democracy. Penn (2016) studies the engagement and association of societal groups and
subcultures. Dewan and Squintani (2016) consider the role of factions in shaping the formula-
tion of a party manifesto. Patty and Penn (2020) study how organizational identity influences

communication and action.

All these papers study transmission of unverifiable information (cheap talk). Instead, I here
suppose that at least some of the information transmitted is verifiable. As is well known, this
distinction is crucial for equilibrium communication. As I show in Appendix B, there is no infor-
mation transmission whatsoever when ideologies are sufficiently diverse, within the framework of
Galeotti et al. (2013). Hence, the optimal network is empty (no agent is linked with any other
agent) regardless of link costs. In stark contrast, the optimal network is the ordered line when

some information is verifiable, and information transmission is never fully blocked in equilibrium.

3 The model

My analysis of information transmission in political networks is based on the set up that I describe
below. After presenting it, I will discuss the motivation and implications of its main assumptions,

so as to assess the robustness of the analysis.

A set N of n agents is connected in a network N, that describes who can transmit information
to whom. Formally, N is a n x n matrix with entries n;; € {0,1},fori=1,...,nand j=1,...,n. A

link connects agent i to j whenever n;; = 1, in which case j is called a neighbor of 7. The network



N is symmetric, n;; = nj; for all 4, j: each agent 7 is linked to j if and only if j is linked to . For
future reference, let me denote a network N as connected if for every pair of agent ¢ and j, there
exists at least a path p that connects ¢ and j, and as minimally connected, or a tree, if every pair

of agents 7 and j is linked by a unique path.”

A state of the world ¢ is uniformly distributed on [0,1]. There is a random non-empty set
E C N of expert agents who may have information on #. The random set of actually informed
agents is I C F, and it can be empty. Every agent i € I receives from nature a signal s; € {0,1}
informative of # according to the probability Pr(s; = 1) = 6. The signals s; are independent
across agents. A random agent d € N is called to make a decision g; € R. (The main results
generalize qualitatively to the case in which multiple agents are called to make decisions, as [
discuss later in this section.) Every agent ¢ can be the decision maker and can be an expert agent.
Denoting by & the joint distribution of (d, £, I), I stipulate that for all d € N, £(d, E,I) > 0
only if I C F # (), and further that for all d € N and e € N, £(d, E,I) > 0 for some F, I with
ec CE.

When the state is 6, the decision maker is d, and the decision ¢4, the utility of each agent
iis ui(94;0) = —aug(ga — 0 — b;)%. For every agent i, the authority weights ;g are all strictly
positive, and )\ ;g = 1. Every agent ¢ would like that every decision g; is close to her bliss
point 6+ b;, which is composed of the “unbiased optimum” 6 and the idiosyncratic ideological bias
b; € R. Yet, agents need not care equally about any agents’ decisions. The preference biases b; are
common knowledge. Without loss of genericity I stipulate that b; < ... < b,, with the notation
b = (by,...,b,). The case in which agents are homogeneous in terms of authority and expertise is
of special interest, and defined as when «;; and £(d, E, I) are the same across every permutation
7 : N — N of the agents’ identities.

At the beginning of the game, nature selects the state 6, the decision maker d, the sets F and
I of expert and informed agents, and the realizations of the signals s; for the agents ¢ € I. Each
agent ¢ € [ is then informed of her private signal s;, and every agent learns the identity of the
decision maker d. Agent d also learns who is in the set E of expert agents. (Whether or not any
other agent observes E is irrelevant.) Agents do not observe the set of actually informed agents

I, nor signal realizations other than their own.

The agents may transmit signals to the decision maker along the network N. There are T rounds
of information transmission. I assume that T" > n — 1 so that every signal has the possibility to
reach every agent in any connected network /N. If informed of a signal s; at any round ¢, any agent

7 chooses whether to relay s; or not to some or all of her neighbors k in the network N. Neither

9Two agents i and j are linked by the path p = (4, hy, ..., he_1,7) of length £ in network N, if i is linked to hy,
hy is linked to hiyq for every k =1,...,¢ — 2, and hy_; is linked to j.



the content of signal s; nor the identity of its “source”, agent ¢, can be falsified.

Formally, a strategy choice of agent j of reporting signal s; to a neighbor k at a history h' is
denoted by 7jkqi(wi;; ') as a function of the information w;; € {0, ¢, 1} held by agent j on signal
s; at history h'. If j is not informed of s; then w;; = ¢, and else w;; = s;. The signals’ verifiability
entails that 7 (wij; h') € {wij, ¢} for all w;; € {0,¢,1}. If j is informed of s;, w;; = s;, the
notation x4 (si; h') = s; identifies the choice of relaying ¢’s signal s; to j. Instead, rjrq(si; h') = ¢
represents the choice of withholding s;. Once agent j has observed a signal s;, further disclosure

of s; to j is immaterial, because s; cannot be confused with any other signal.

As in network papers cited earlier, information can be lost or decay in transmission. If j plays
Tkai(8i; hY) = si, then k observes s; with probability 6 < 1. With probability 1—0, agent & does not
receive s; and observes the report ¢.1° I focus on the case of small decay, in which ¢ is close to one.!!
For future reference, let me define as ¢(7,¢) the probability that a signal reaches an agent d in
network N along a path p of length ¢ in 7 periods if it moves one step in p with probability ¢ in every
period. The probability ¢(7, ¢) is defined recursively as q(7,¢) = dg(t — 1, —1)+ (1 —6)q(T —1,¢)
for 7 > ¢, together with ¢(7,¢) = 0 if 7 < ¢, and ¢(7,0) = 1 for all 7 > 0. For ¢ close to one,
q(7, ) is approximately equal to ¢ for all 7 > /.

In the final stage of the game, agent d chooses 4 and the payoffs w;(gq; 0) are realized by
every agent i. The solution concept is (pure and mixed strategy) perfect Bayesian equilibrium.
For any given network N, there may be multiple equilibria. But I will show that each agent ¢
ranks them in the same order ex-ante (that is, before agents receive any information from nature).
For the parameter values such that multiple equilibria exist, as customary in the literature on
communication games since Crawford and Sobel (1982), I focus on the equilibria (called here
optimal) that maximize each agent’s ex-ante payoffs. As I show in the following sections, the

equilibrium outcome is unique in the parameter range where the main results hold.

Network formation is costly, and each link costs ¢ > 0. I am interested in the networks that are
ex-ante optimal in the utilitarian sense, that is, networks that maximize the sum of the agents’
payoffs ex-ante, including links costs. As I will explain later in details, I also study endogenous
equilibrium networks when link formation requires ex-ante sponsorship by both linked agents
(they each must pay ¢/2 to sponsor the link), and when connections can be ex-ante unilaterally

sponsored by one of the linked agents, who pays the whole cost c.

The model is kept as simple as possible, in order to deliver insights in the clearest fashion.

10Tt is immaterial for the analysis whether agent j observes that the signal reached agent k or not.

"The possibility of signal decay is not needed for my main results, it is included in the model to allow comparison
with early network theoretical results. The model does not include information processing costs, but it can be shown
that their addition would reinforce main results.

10



Before proceeding with the analysis, I now discuss motivation and implications of each major

assumption, so as to assess robustness of the analysis.

The representation of agents’ utilities as quadratic loss functions with diverse bliss points is
predominant in communication games since Crawford and Sobel (1982), and this paper’s formula-
tion is a simple generalization of this standard representation. It can be proved that main results
generalize qualitatively to utility representations that satisfy the single-peakedness and single-
crossing assumptions standard in the communication games literature since Crawford and Sobel
(1982). Likewise, the assumptions that the state is uniformly distributed and signals binary are
made only for simplicity. Appendix B proves that main results generalize qualitatively as long
as the signal space is bounded (and measurable, of course), regardless of whether it is discrete or
continuous. Further, the assumption that link costs are the same across pairs of agents is also not

essential for main results, as I explain in the following sections.

Decentralized decision making is an integral part of my model. I assume that one random
agent is called to make decisions. This assumption is based on the earlier motivating examples.
At any moment in time, judges in different Courts face different legal questions, policy makers
in different jurisdictions confront with different policy challenges and emergencies, and different
interest groups and policy stake-holders campaign or provide advice on different topics. A decision-
making problem in my model represents one of these different matters, and it is then natural to
assume a random decision maker.'?> And if allowing multiple decision makers, this paper’s results
generalize qualitatively as long as expert agents are sufficiently likely to be informed, and every

agent can be the unique decision maker with positive probability (details available upon request).

It is here assumed that the decision maker knows who the expert agents are and their ideological
biases. In the motivating examples, they are the policy-makers, lobbyists and judges known to
have expertise in the area of the decision maker’s problem, for example because of educational
background or past experience. While such expert agents need not be actually informed, it is
reasonable to assume that their identities would be public. And this assumption is unrestrictive
if every agent can be expert, as is stipulated in the second part of the analysis. Just like these
agents’ education and past experience, it is reasonable to assume that also political views and

biases are known to the decision maker.

This paper’s model considers verifiable information transmission. To be clear, I do not claim
that political agents do not engage in cheap talk. However, the possibility of cheap talk commu-
nication is irrelevant for my main results, as is shown in Appendix B. What is assumed here is

that some of the exchanged information (modelled as signals s;) is verifiable, and I also stipulate

12 As is common in studies of information aggregation, I abstract from the possibility of interaction across decision-
making problems and game repetition effects. Their investigation would be a nice extension of this paper’s analysis.
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that the “source,” agent i, of each signal s; is identifiable.!® These assumptions are hardly con-
testable within the motivating examples presented in the introduction. The briefings and reports
of interest groups and policy advocates are filled with verifiable data and facts, whose source is
identifiable. Likewise, policy makers largely base decisions on policy trials data, and judges base

rulings on careful interpretation of selected legislation, legal doctrine and precedents.

4 Optimal networks

This section calculates the optimal network N in my model, as a function of the cost and decay
parameters ¢ and 0, as well as the bias differences |b; — b;| across agents i and j. I define optimal
the network N that maximizes the sum of the agents i ex-ante equilibrium payoffs U;(N) given
N, minus ¢(N) = ¢y 7, Y., nij, the sum of the costs of the links in N.

In the interest of a smoother presentation, I begin the exposition with the case in which there
is a unique random expert agent e, informed with probability p € (0,1]. I assume that every pair
of agents (e,d) can be drawn as expert and decision maker with positive probability. Thus, I
restrict attention to distributions & such that £(d, E,I) > 0 if and only if F is a singleton set

{e}, and that the probability that the expert e is actually informed % is equal to p, where

§(d, {e}) = £(d, {e}, {e}) +&(d, {e}, 2).

The case of a single expert agent: Communication strategies. In order to determine
optimal networks, one needs to calculate equilibrium communication strategies given network N,
expert e and decision maker d. Suppose that e and d are linked via a single path p of length /.
The agents’ order of biases along p is arbitrary. As shown in the proofs of Propositions 2 - 4, there
is no need to calculate equilibrium communication strategies when e and d are linked through
multiple paths to determine optimal networks for this paper’s case of interest, in which the link

cost ¢ is not too low.

Consider an agent j on the path p and say that b; > b;. Agent j would like to bias agent d’s
decision ¢ to the right. When the signal s of agent e is equal to 1, agent j has no incentive to
withhold s, as it conforms with her bias relative to d. By relaying s = 1 to the next agent on the
path p, agent j can only (weakly) increase the probability that d receives signal s, and move her

decision g to the right, closer to j’s bliss point b; + E[f|s]. When j is informed of s = 0, the signal

13Main results generalize qualitatively to the case in which the source i of any signal s; is not identifiable, as
long as the realization of signal s; is verifiable, regardless of whether or not agents can distinguish different signals
s; and s;. It is also immaterial whether or not any agent j can certify to any agent k that any signal s; has arrived
to her. (Details available upon request.) Instead, it matters that j cannot certify to the decision maker d that she
has not received s;, but this assumption seems realistic, at least in the applications that motivate the analysis.
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s is contrary to her bias b; — bg > 0 relative to d. By relaying s = 0 to the next agent on p, agent
J can only move the decision § to the left, farther from her bliss point b; + E[f|s]. Unless the bias
b; — bgq is smaller than the threshold calculated in Lemma 1 below, agent j prefers to withhold
s = 0. And by symmetry, any agent j with b; — by < 0 prefers to withhold s = 1 in equilibrium

unless |b; — by| is smaller than the same threshold.™

Lemma 1 Suppose ¢ + 1 agents j are linked along a path p from agent e informed of a signal
s with probability p € (0,1] to decision-maker d. In every equilibrium, every such agent j with
bj > by (respectively, b; < by) prefers to relay the signal s =1 (resp., s = 0) to the next agent on
prefers to

p, but every agent j such that b — bg > (respectively, bj — by <

1
62— pq(Te ik _6[2—pq(T,f)i)

withhold signal s =0 (resp., s = 1).

When agents j are sufficiently biased relative to by, |b; —ba4| > they withhold signals

62— pq(T op
contrary to their bias. Because strategic withholding of information is the research subject of this

paper, let me momentarily suppose that |b; —by| > for every agent j on the path p from

CERTEED)
e to d. I now describe a simple necessary and sufficient condition for informed decision making.
If every agent j’s ideological bias b; — bgq has the same sign, then the signal s reaches agent d
in equilibrium only if it conforms to the agents’ biases relative to agent d. (I call this one-sided
information transmission.) As in the simpler case of verifiable information transmission between
two agents studied by Milgrom (1981), this leads to informed decision making. Both receiving and
not receiving signal s are informative to agent d in equilibrium If not observing s, she believes

that s is contrary to the agents’ biases with probability 5— > 5

D

Instead, there is full communication breakdown to agent d when b; > by for some agents j on
the path p, and b, < by for some other agents k on p. The former relay the signal s = 1 but block
s = 0, whereas the latter block s = 1 and relay s = 0. As a result, the signal s never reaches agent
d, who acts fully uninformed. Unlike in the simpler case of two agents, equilibrium disclosure of
verifiable information need not be informative. For future reference, I call bias reversal path any
path p from an agent e to an agent d in which there are both agents j with significant positive

bias, b; — bg > 1

and agents k& with negative bias by — by < — e (TD]

1
6[2—pq(T0)]’

The above analysis is summarized in the following proposition.

Lemma 2 Suppose ¢ + 1 agents j are linked along a path p from agent e mformed of a signal s

with probability p € (0,1] to decision-maker d. Suppose that |b; — by| > 7 for all j on p.

6[2— pq (T,8)
1. If bj > by (respectively, b; < by) for every agent j on p, then every agent relays s = 1 (resp.

s =0) along p in every equilibrium, but s =0 (resp. s = 1) never reaches agent d.

14The formal proofs of Lemma 1 and of the subsequent results are in Appendix A.
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2. If there exists agents j, k on p such that b; > by and b; < by, then neither s =0 nor s =1 ever

reaches agent d in any equilibrium.

While for expositional reasons, this result is here presented within the simple model of Section
3, it is much more general. Appendix B generalizes Lemma 2 qualitatively to any non-trivial
statistical information model and utility function that satisfies monotonicity and concavity as-
sumptions, which are standard in the communication games literature at least since Crawford and
Sobel (1982). It shows that neither a quadratic loss function, nor a uniformly distribution state,
nor binary signals are needed for the result. In particular, Lemma 2 generalizes qualitatively to
the case of continuous signals. Further, Lemma 2 clarifies that the study of strategic information
transmission is not covered by earlier network models (e.g., Galeotti et al., 2006), in which the
value of connecting a pair of agents is independent of the identity of the other agents on the

connecting paths.

The agents’ equilibrium utility depends on whether the path p from e to d has bias reversals
or not. If it does not, then equilibrium communication is one sided. Regardless of whether signal
realization s = 0 or s = 1 is the one withheld in equilibrium, and I prove in Appendix A that each
agent ¢’s ex-ante expected payoffs are:

1 1 —pq(T,¢)
| o mN2 —
Uiea(p) ia(bi = ba)” — cia 18 (1+ 2 —pq(T,0)

If the path p includes bias reversals, then communication breaks down, and d’s decision is not

)- (1)

informed. Each agent i’s ex-ante payoffs are:

1
Uiea(p) = —atia(bi — bg)* — Yid 1 (2)

The case opposite to communication break down is full information transmission: neither signal
realization s = 0, 1 is withheld on the path p to decision maker d. Because the length of the path
pis £, signal s reaches d with probability pq(T, ¢), and each agent i’s ex-ante expected equilibrium
payoffs are:

1 1 —pq(T,4)

oa(p) = —aua(bi — b2)? — ag—(1
Uzed(p) O-/zd( ) d) azd18( + 2

). (3)
It is immediate by comparing the expressions (1) - (3) that every agent ¢ ranks ex-ante payoffs
Uiea(p) in the same way. They all prefer full communication to one-sided information transmission,
which they all prefer to communication breakdown. As usual in communication games, each
agent’s equilibrium ex-ante payoffs are higher when the decision maker is more informed. Hence,

the optimal equilibrium maximizes the probability that signal s reaches agent d.
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The next result shows that full communication takes place in equilibrium if and only if all
the agents’ ideologies are sufficiently close. Hence, when ideological differences are small, they do
not entail any strategic withholding of information (at least, in the equilibrium that maximizes
each agent’s payoffs). This establishes the generalization for sufficiently aligned preferences of all
results from the extant literature on information transmission in networks, which abstracts from

strategic communication.

Lemma 3 Suppose { + 1 agents j are linked along a path p from agent e informed of a signal s
with probability p € (0,1] to decision-maker d. An equilibrium exists in which every agent relays

both s =0 and s =1 to the next agent on p if and only if |b; — by| < 1—12 for every agent 5 on p.

The result is intuitive. Suppose that [b; — by| < % for every j on p. Consider an agent 7 with
b; — by > 0 who is informed that s = 0, in contrast with her bias. By blocking the transmission of
signal s along the path p, agent j increases the probability that s does not reach d, thus moving
the equilibrium decision g4 to the right from by + E[f]s = 0] = bg + 1/3 to bq + E[0|¢] = by + 5.1°
When 2(b; — by) < 3 —1/3 = 1/6; this movement of g, “leapfrogs” the bliss-point b; + E[f]s = 0]
of agent 7 by so much that it makes j worse off. Agent j prefers to not deviate from equilibrium
and to relay s = 0 to the next agent on p. A symmetric argument holds for any agent j with

b; < by who is informed that s = 1.

The equilibrium characterization beyond the cases in which |b; —bg| > ) for every agent

1
6[2—pq(T\t

jonp,or |b; — by > % for every j on p is completed in Appendix A. As well as characterizing
under which conditions there exists an equilibrium with either full, one-sided, or no communication,

Proposition A1l calculates optimal equilibrium as a function of the parameters values.

When all the biases |b; — by| of agents j on p are smaller than 1/12, the optimal equilibrium
has full communication. As biases increase, the optimal equilibrium is initially in mixed strategy.
All agents relay both s = 0 and s = 1, except the agent j whose bias |b; — bg| is highest, who
randomizes disclosure of the signal realization s contrary to her bias. As biases increase further, the

optimal equilibrium has one-sided communication. Notably, if |b; — by| < for all agents

1
6[2—pq(T',0)]
7 on p, then both one sided equilibria exist: one in which s = 0 is relayed and s = 1 blocked, and
one in which s = 1 is relayed and s = 0 blocked. Finally, there is no equilibrium communication

. . 1 1
when the path p has bias reversals, i.e., when b; — by < ~ ST and by — by > =T for
some agents 7, k on p.

15 Agent d’s expectation about € if not observing s equals % in this equilibrium, because the event that s is lost
in transmission is independent of whether s =0 or s = 1.
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The case of a single expert agent: Optimal networks. The conditions identified above
that determine whether ideological differences are too small or sufficiently large to entail strategic
information withholding, also determine as a result the shape of the optimal network. If ideologies
are close, [b; —b;| < % for all pairs of agents i,j (i.e., b, —b; < %), then earlier results based
on reduced-form models of information transmission hold. In the case agents are homogeneous,
in particular, every optimal network NV is a star. There is a unique agent i (the center) to which
all other agents j are linked, and there are no other links across agents. The optimal network is
mazimally centralized.

When instead agents are ideologically distant, |b; —b;| > @ for all pairs i, j (i.e., b1 —b; >

@, for all ¢ < n), then the optimal network N is the ordered line. Every agent i = 2, ...,
n — 1 is linked to both agents ¢« — 1 and ¢ + 1, and there are no other links across agents. The
optimal network is minimally centralized (among minimally connected networks). This result

holds regardless of whether agents are homogeneous or not.

The first result, Proposition 1, concerns the case of small ideological differences and homoge-
neous agents. As in earlier network papers, the optimality of stars hinges on the link cost ¢ being
neither too small nor too large. If ¢ is sufficiently small, then the optimal network N is complete,
i.e., every pair of agents 7, j is connected. Likewise, if ¢ is too large, then the optimal network N
is not connected: there exist agents ¢ and j that are not linked by any path. Because of small
decay, Proposition 1 covers nearly all cost values ¢ in the relevant cost range [0, ¢y]. The upper
endpoint ¢ is defined as the maximum cost for which the optimal network is connected, in the

hypothetical case that there is full communication without decay between every pair of agents.

Proposition 1 Suppose that agents are homogeneous and there is one randomly drawn expert e,
informed with probability p > 0. When b, — by < 35, there exist thresholds § < 1 and c(5) < ¢(6),
with lims_,; ¢(0) = 0 and lims_,; ¢(8) = &y, such that for all § € (§,1) and c € (¢, ), every optimal

network is a star S.16

This result confirms earlier findings on the optimality of star networks that date back at least
to Jackson and Wolinsky (1996). Ideology differences are small, and so there is no strategic
withholding of information, regardless of the identities of the decision maker d and the expert e.
The only obstacle to information transmission is decay. Because agents are homogeneous, all stars
are optimal networks: they connect all agents with the shortest sum of paths, and hence minimize

decay.

The most important result of this section, Proposition 2, concerns the case in which ideological

differences are sufficiently large, according to the threshold calculated in Lemma 2. In the case of

6When § = 1, there exists ¢(8) with lims_,; ¢(§) = o, such that every tree is optimal for all ¢ € (0,%).
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interest with small decay and excluding extreme link cost, the optimal network is the ordered line
L. Tt is optimal for the whole group of political agents that each one of them forms connections only
with the ideologically closest agents. Importantly, this does not lead to information transmission
breakdown. Equilibrium communication from the expert agent to the decision maker is one sided.
And when the expert is very likely to be informed, the decision maker’s choice in the ordered line

is almost as informed as if all information was shared.

Analogously to Proposition 1, also Proposition 2 covers nearly all cost values ¢ in the relevant
range, defined here as [0,¢]. The endpoint ¢; corresponds to the maximum cost for which the
optimal network is connected, in the hypothetical case that one-sided information transmission

with no decay takes place between every pair of agents ¢ and j.

Proposition 2 Suppose there is one randomly drawn expert e, informed with probability p > 0.
When b 1—b; > ﬁ for alli < n, there exist thresholds § < 1 and c¢(8) < ©(8), with lims_,; ¢(0) =
0 and lims_,, &(8) = ¢1, such that for all § € (5,1] and ¢ € (c, ), the optimal network is the ordered

line L7

The above result is based on the equilibrium communication strategies determined in Lemma 2.
Just like that result, Proposition 2 generalizes well beyond the simple model presented in Section
3. It holds qualitatively for any non-trivial information model and utility function that satisfies
standard assumptions. Further, it can be shown that Proposition 2 also generalizes qualitatively
to the case that link costs are heterogeneous across pairs of players, although it need not then be
the case that lims_,; ¢(6) = 0 and lims_,; ¢(J) = é.

The intuition for Proposition 2 is as follows. Suppose momentarily that the optimal network
is a tree (i.e., it is minimally connected). There is only one path connecting any pair of agents
e and d, and the information flow is fully blocked when that path has bias reversals. Evidently,
there are no bias reversal paths in ordered line L: If b, < by, then b, < by for all agents on the

path from e to d, and vice versa. With the ordered line L, information is never fully blocked.

Moving on to consider other trees, I first focus on the case of 4 agents. Interchanging agents’
identities, there are two classes of trees: the line, and the star. It can be seen that every star

has at least a bias reversal path,'® and of course, non-ordered lines contain bias reversal paths.

1"The concept of optimality is expressed in terms of the sum of agents i ex-ante payoffs U; minus the aggregate
link costs. The same result holds qualitatively if considering any weighted sum of agents’ payoffs and link costs.
Fixing any weight distribution, there exist thresholds d, ¢, and @ such that exactly the same stated results hold.
However, the specific threshold values depend on the weight distribution considered.

18When agent 1 is the center, then the path from agent 3 to 2 has a bias reversal, and so does the path from 4
to 3 when agent 2 is the center. The cases when 4 and 3 are the star centers are analogous to when the center is 1
and 2, respectively, by interchanging 1 with 4 and 2 with 3.
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Then, I note that for any number of agents n > 4, the only tree that does not contain a star
or a non-ordered line as a sub-tree is the n-agent ordered line L. Hence, the unique minimally
connected network in which information is never fully blocked is the ordered line. When decay is
small (0 close to one), the first concern is to ensure that information is not blocked, as opposed

to the length of the communication paths. The ordered line L is thus the (unique) optimal tree.

Let me then consider networks N that are not minimally connected. When the link cost ¢ is
not too small, adding links to minimally connected networks is wasteful. When ¢ is not too high,
it is optimal that there is a path between each pair of agents, because each agents’ information is
useful to every agent: the optimal network must be connected. I prove in Appendix A that for
small decay, there exist a non-empty “intermediate” range of costs (¢, ¢), function of J, such that
for all ¢ € (¢,¢) the unique optimal network is the ordered line. As the decay factor § converges
to one, the cost range (c¢(0),¢(d)) grows to cover the whole range (0,¢). This last result holds
because, as decay becomes negligible, the penalty borne by the ordered line relative to networks
with shorter paths (the fact that signals are more likely lost, as the total length of paths is larger)

also becomes negligible.

I conclude this part of the analysis with a short digression that considers cheap talk commu-
nication (as in Galeotti et al., 2013), instead of transmission of verifiable information.'® T first
consider cheap talk from an expert agent e who holds a signal s informative of § with probability p,
to a decision maker d along a path p of length ¢. In the case of interest of small decay, Appendix
B proves that if |b; — bg| > % for all agents 7 on p, then communication fully breaks down in
equilibrium.?® This is in stark contrast with the case of verifiable information transmission, where
even if b; 1 —b; > % for all agents i < n, equilibrium supports (one-sided) information transmission

along any path p without bias reversals (Lemma 2).

The implications for network optimality are also stark. For small decay and excluding extreme
link cost, if the agents ideological biases are sufficiently diverse, b; 1 — b; > % for all © < n, the
optimal network N is empty, when the signal s is not verifiable.?! Instead, if the signal s is

verifiable, then the optimal network is the ordered line (Proposition 2).

The same reasoning shows that adding cheap talk on top of transmission of verifiable infor-

YFormally, I lift the verifiability restriction on reporting strategies that r;jga;(w;j; h') € {w;j, ¢} given j’s infor-
mation w;; € {0,¢,1} on signal s;, for any agents d, 7, j, k, and history h'. Regardless of the realization of signal
si, the messages rjxq;(s;; h') may here take any value out of possibly large message sets M;k 4i» that I assume finite
for simplicity. The remainder of the model of Section 3 is unchanged.

20Tn every period ¢, the decision maker d receives the same report 7ja(w;; h') from the last agent j on p, regardless
of the signal realization s and of the history h*. Appendix B also shows that, if there is any agent j on p with
|b; — ba| > ﬁ, then communication breaks down in the unique equilibrium that is outcome equivalent to any
equilibrium of the game with verifiable communication.

21The empty network N is such that ny; = 0 for all 4, .
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mation would be irrelevant, if the agents’ ideologies are sufficiently diverse. If together with the
verifiable signal s, there were also unverifiable signals § € {0, 1} informative of § with probability
Pr(5 = 1]0) = 0, then the decision maker would not be informed of any such signals § in equi-
librium, when b;.1 — b; > % for all agents i < n. And for any general distribution of unverifiable
signals s informative of #, it can be shown that the decision maker would not be informed of § in

equilibrium, when the biases b;, 1 — b; are sufficiently large.

The case of multiple expert agents. The logic behind Proposition 2 extends to the case in
which there is more than one expert agent, i.e., the random set E is not a singleton set. The
condition that identifies “sufficiently large” ideological differences for the ordered line L to be
the optimal network is that b1 —b; > for all ¢ < n. And note that this implies that
bn = b1 > 505

the next result concerns the case of small delay and excludes extreme link costs.

2(n+2) +2)
% for n — oo, a requirement seemingly not very demanding. As Proposition 2,

Proposition 3 Suppose that every agent may be informed on 0, and that ideologies are sufficiently
diverse, b1 — b; > m for all i < n. Then, there exists thresholds 6 < 1 and c(8) < ¢(5), with
lims_,; ¢(6) = 0 and lims_,1 ¢(0) = &, such that for all § € (0,1] and c € (c,€), the optimal network

is the ordered line L.*?

Just like Proposition 2, also Proposition 3 generalizes qualitatively for any non-trivial informa-
tion model and utility function that satisfies standard assumptions, as well as with heterogeneous
link costs. The proof of Proposition 3 is an extension of the proof of Proposition 2. Again, it is
shown that the ordered line L is the only tree for which the transmission of none of signals s; is
blocked to any possible decision maker d. Hence, L is the optimal minimally connected network
for small decay, § close to 1; and L is the optimal network unless the link cost ¢ is too small (when
a connected network with loops may dominate L) or ¢ is too high (when a not connected network

may dominate L).

Now however, there are potentially n different signals, and hence there is an informational
loss if the decision maker d does not receive all of them. 1 prove in Appendix A that when

bir1 —b; > for all ¢+ < n, any agent j wants to block a signal s; contrary to her bias b; — by

(n+2
relative to agent d, upon knowing that none of the other n — 1 signals is withheld from d in
equilibrium. As in Proposition 2, the ordered line L is the only tree that makes such blocking

impossible, and hence it dominates all other trees, as long as it is not too much penalized by decay.

22The threshold &, is again defined as the maximum cost for which the optimal network is connected if one-sided
information transmission with no decay were to take place between every pair of agents i and j.
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The optimality of factionalization. To conclude the analysis of optimal networks, suppose
that agents are partitioned into ideologically diverse groups of agents with similar ideology. As
also pointed out earlier, such distributions of ideologies are prevalent in politics. An early study
by Rose (1964) identifies such ideological groups as “stable set[s] of attitudes,” as opposed to
organized party factions, described as groups “self-consciously organized as a body, with a measure
of discipline and cohesion.” Ideologically diverse groups of agents with similar ideology arise when
agents form their views as students of different party schools or political organizations.?® Divisive
issues such as abortion, civil rights, or environmental protection also tend to polarize views and
create ideologically coherent groups. Further, ideological polarization among policy makers may
be the result of increasing inequalities and diversity among the voters they represent. Indeed,
polarization and segmentation into ideologically distant groups has been a dominant trend in

American politics in recent decades (see, for example, McCarty, Poole and Rosenthal, 2016).

The results presented so far show that if the agents are all ideologically diverse, then they
should optimally only form links with their immediate ideological networks, whereas if agents are
homogeneous and ideologically close, then they should optimally organize as a star network. These
results bear intuitive implications for ideological groups of agents. In the case of interest of small
decay and excluding extreme link costs, it is optimal for all agents that each group organizes as
a (minimally) connected subnetwork, and that only ideologically adjacent groups are connected,
and by a unique link. In the case agents are homogeneous with respect to authority and expertise,
each group should organize as a star, whose center is connected to the centers of the ideologically
closest stars.?*

Proposition 4 Suppose that every agent may be informed on 6. Say that there are M < N
ideological groups of agents G, ..., Gy such that for allm =1,..., M, and all i € G, |b; — b;| <
m for all 7 € G,,, and b; — b, > m for all k € G,,_1. Then, there exist 6 < 1 and
c(6) <€), with lims_,1 ¢(6) = 0 and lims_,, () = €3, such that for all § € (§,1) and c € (¢, ¢),

1. every optimal network is minimally connected with a unique link across ideologically adjacent

groups, and there are no other links across groups;

2. if agents are homogeneous, then it s optimal that each group G, organizes as a star S,,, whose

center is linked with the centers of Sy,—1 and Sy,+1 (and there are no other links across groups).

Proposition 4 provides an efficiency rationale for ideological factionalization. Because agents

23For example, Argentinian politicy makers and economists often divide themselves among those who studied in
national universities and favor socially oriented policy making, and “fresh-water” US university trained purponents
of free-market measures. Similar divisions are present in other countries.

24For brevity, the next results (Propositions 4 - 6) are presented for the case in which all agents may be informed
on #, analogous results hold for the case of a single expert agent.
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are partitioned in separate ideological groups, it is optimal for the whole set of agents that each
group organizes as a separate faction. Specifically, the optimal network is connected, but there is
only one link across adjacent ideological groups, and no other links across groups. Just like Lemma
2, and Propositions 2 and 3, the optimality of factionalization is a very robust result that holds
qualitatively for general utility specifications and information models, as well as heterogeneous

agents and link costs.

Besides rationalizing factionalization, Proposition 4 also provides an efficiency justification for
the hierarchical organization often observed within political factions. When agents are homoge-
neous, each ideological group m optimally forms a faction organized as a star S,,, whose center
is naturally interpreted as the faction leader, and every other member of the faction reports only
to her. Communication across factions occurs only through the leaders, and each faction leader
communicates only with the leaders of the ideologically closest factions. The reason why such
stars are connected through their centers is that this minimizes the overall length of paths that
signals need to travel across stars. Such a centralized organization of factions, here derived for the
case of homogeneous agents, would be optimal also in the case that the central agent has a higher

authority.

It is important that Proposition 4 predicts the optimality of factionalization, despite the as-
sumption that link costs are unrelated to the agents’ ideological differences. In many environments,
the cost of forming a link is likely smaller within an ideological group than across groups, and may
be even be negative. Evidently, optimality of factionalization would hold a-fortiori when including
this observation in the model. The implications of link cost heterogeneity for the optimal internal
organization of factions are more intricate, and a full description of results is outside the bound-
aries of this paper. The insights of the extant literature on information transmission in networks
carry over (see, for example, Galeotti et al., 2006), because there is no strategic withholding of

information within factions here, under the conditions of Proposition 4.

While political agents are often partitioned into separate ideologically cohesive groups, other

distributions of ideologies are (at least theoretically) possible. For example, it may be that all
1 1 ;

im for all ¢ <n, and

for all i < n — 1. Beyond the case

pairs of agents are ideologically close, in the sense that ;11 — b; <

L1
2 (n+2)(n+1)

of separate ideological groups, the optimal network can take forms different from the structure

yet agents are not grouped, because b;; o — b; >

characterized in Proposition 4. This is demonstrated in the following example, which is presented

for the case of a single random expert agent, to make matters simpler.

Example 1. Suppose there are n = 6 homogeneous agents. A decision maker d and an

expert e, informed with probability p < 1, are randomly drawn. The biases are as follows:
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bs—by > +p)’ and % < bg—bs < 6(2+

1
b3—by > ——, = < by—b3 < 3 62 PR

1 1 1 1
1z < by—b1 < 6(2— 6(2—p)’ 12 (2=p)’

p)’
Let me first consider the following network N:
1—3—5

I
2 4 6

In line with the optimal network characterization of Proposition 4, every pair of agents whose
ideology difference is smaller than ﬁ is linked, and these pairs (stars) are then linked according
to their ideology order. Because b; 11 —b; > % for all 7 < n, there cannot be any path p along which
both signals s = 0 and s = 1 reach any agent d. By Proposition 4, there is one sided information
transmission across all pairs of agents e and d. However, there is significant signal decay: the sum

of the lengths of the paths among pairs of agents is 72.

Let me compare network N with the following network N':

1—3—5

|

2—4—6
While network N’ can be represented as two linked stars, 1 —3 — 5 and 2 — 4 — 6, the connections
within these stars are among ideologically distant agents, whereas the connection across the stars
is among ideologically close agents. This is the opposite of the optimal networks characterized in

Proposition 4.

Nevertheless, one-sided communication takes place among every pair of agents e and d also in
network N'. In fact, there are no bias reversals in any paths between e < 3 and d > 4 (or e > 4
and d < 3). And there is one-sided communication also along any other path with d = 3 or d = 4.
This is because (i) agents 3 and 4 are so ideologically close that they may send each other either
s =0 or s = 1 in equilibrium (cf. the discussion after Lemma 2, and Proposition Al in Appendix
A), and (ii) there is a path without bias reversal from any agent e to either d = 3 or d = 4. An
analogous argument shows that there is also one-sided communication along any path with e = 3

and e = 4.

The case in which e = 6 and d = 5, or e = 5 and d = 6, is more subtle. The path p from 6

to 5 goes through 3 and 4. Because by — b; < L the signal s = 1 is blocked. Nevertheless,

1
T 6(2—p
because agent 6 is sufficiently close to 5, bg — b5 < ﬁ, she is willing to relay signal s = 0 along
p, and this signal is not blocked by either 3 or 4. The converse argument holds when e = 5 and
d = 6. By symmetry, the cases in which e=0and d =1, or e =1 and d = 0, are addressed in the

same way.

Network N’ dominates network N because it achieves the same information transmission with

22



less decay. The sum of the lengths of the paths in N’ is 58, whereas in network N it is 72. It can
be further proved that N’ is the efficient network for the above profile of biases. This is because

it achieves the maximum possible information transmission, with the shape closest to a star.2’ ¢

Having concluded my analysis of optimal networks, the next section studies endogenous net-
work formation and stability both in the case that links require the sponsorship of both connected

agents, and when links can be individually sponsored.

5 Endogenous network formation and stability

Beyond network efficiency, an important question is how networks form endogenously and whether
they are stable. This question has been addressed by Jackson and Wolinsky (1996) in terms of
pairwise stability. The idea is that every link needs the cooperation of both linked agents to
form and be maintained, and that agents do not forego the opportunity of forming mutually
advantageous links. As is the case for optimality, also stability is assessed here ez-ante, i.e., before

the agents are informed by nature.

Pairwise stable networks. Pairwise stability can be described as a refinement of the set of
Nash equilibria of a “bilateral sponsorship” endogenous network formation game, in which the
agents simultaneously submit lists of links they sponsor, and each link forms if it is in the lists of

both connected agents.

In the context of this paper suppose that, before nature discloses any information, all agents ¢
simultaneously submit a profile [; € {0,1}" that identifies by /;; = 1 the agents j # i with whom i
sponsors a link by paying the upfront cost ¢/2. The link between any agents ¢ and j forms, n;; = 1,
if and only if [;; = 1 = [;;, else n;; = 0. Each agent ¢ pays ¢/2 for every j such that /;; = 1 also in
the event that the link with j does not form. Given the endogenous network N = {n;;} jjenz, the
game proceeds as before, with nature disclosing d and E publicly and s; privately to each agent

1 € I, followed by T rounds of information transmission along N, and by the decision ;.

As in Jackson and Wolinsky (1996), I consider two different pairwise stability concept. A
network NV is said (weakly) pairwise stable if two conditions are met. First, N obtains as a Nash
equilibrium of the bilateral sponsorship game, i.e., for every link n;; = 1, both agents ¢ and j are
better off with the network N, than with the network N in which Nij = Ny = 0 and 7y = npy for

every other pair h, k, and not paying the cost ¢/2 for the severed link between i and j. Second,

25Example 1 shows an ideology profile for which the optimal network, while representable as interlinked stars,
is not composed of stars of agents of similar ideology. Example 3 in the Appendix takes this one step further, in
identifying a bias profile for which the optimal network is a tree that is not even representable as interlinked stars.
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for every link n;; = 0, either agent i or j, or both, are better off with the network NV, than with
the network N in which Ny = Nj; = 1 and fipg, = nyy, for every other pair h, k, and paying the cost
c¢/2 of the added link between i and ;.26

In the second pairwise stability concept I consider, the second requirement is strengthened to
require that there are no “joint incentives” to form extra links in the network N. It is demanded
that, for every link n;; = 0, the sum of the equilibrium payoffs of the agents 7 and j with the
network N is larger than the sum of these agents’ payoffs with the network N in which Nij = My = 1
and nip, = npe for every other pair h, k, including the cost ¢ of the added link between ¢ and j.
Under this “strong” pairwise stability concept, a network N is unstable if there is an agent ¢ who
is so interested in forming a link with another agent j, to be willing to subsidize j in case the
value of the extra link to j falls short of the cost ¢/2.

The analysis is here conducted under the assumption that, for every agent i, the weight «; is
sufficiently close to one that the main concern of agent 7 is to obtain information from the other
agents j for her decision g;, rather than improving their information. I prove that the optimal
networks of Propositions 2 - 4 obtain as Nash equilibria of the bilateral sponsorship game, and

are the unique strongly stable networks, under conditions that are qualitatively analogous.?”

Proposition 5 Suppose the agents simultaneously choose whether or not to sponsor links with
each other in the bilateral sponsorship game. After the network is formed, every agent may receive

information on 6.

1. For diverse ideologies, biy1 —b; > 5= n+2 for alli < n, there evista < 1,8 < 1 and ¢ (§) <@ (9)

with lims_,; ¢/(8) = 0 and lims_,; @ (0) = &, such that when oy > @ for all i, 6 > 0’ and c € (¢,7),

the ordered line L obtains as Nash equilibrium, and L is the unique strongly pairwise stable network.

2. Suppose there are M < n groups of agents G1,...,Gy such that for all m = 1,.... M and all
i € G, |bi —bj| < mforallj € G,, and b; — b, > mforallk € Gp_1. Then,
there ezist @ < 1, &' < 1 and ¢ (0) < @(8) with lims_,, ¢/(0) = 0 and lim;_,; 7 (8) = ¢3, such that,
when o > @ for all i, 6 > 8 and c € (¢, @), every strongly pairwise stable network is minimally
connected with a unique link across ideologically adjacent groups, and no other links across groups;
further, if agents are homogeneous, then every group G,,, m = 2, ..., M — 1, is organized as a star

Sm whose center is linked with the centers of the stars Sp,—1 and Sp,41.

These results are intuitive. For small decay and excluding extreme link costs, the ordered line

L obtains as Nash equilibrium of the bilateral sponsorship game because no agent would profit by

26Multiple equilibria are unavoidable in the bilateral sponsorship game, as a best response of any agent i to
¢;; =0 is ¢;; = 0 regardless of whether the link with j would be beneficial or not.

2"The thresholds ¢, ¢/ and @ of Proposition 5 below need not coincide with the analogous thresholds of Propo-
sitions 2 - 4.
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breaking any link, and cannot unilaterally establish alternative links. And the same reasons that
make L the optimal network imply that L is also the unique strongly pairwise stable network. In
fact, L is the unique minimally connected network in which the path between every pair of agents
has no bias reversals. It is then the unique strongly pairwise stable network, when the link cost is
not so low that agents wish to pay for duplicate paths, nor it is so high that pairs of agents would
forego the opportunity to exchange information by co-sponsoring a link. Just like Propositions 2

and 3, Proposition 5 extends qualitatively to general utility functions and information models.

However, I also show in Appendix A that the ordered line L is not uniquely selected by weak
pairwise stability, even when every pair of agents is ideologically distant. Other trees such as all
stars are weakly pairwise stable networks. While in every star there exists pairs of agents i and j
such that the path from 7 and j has a bias reversal, it is never the case that also the path from
7 to ¢ has bias reversals. The star is thus weakly pairwise stable because, although agent ¢ would
benefit by forming a link with j, agent 7 would not and prefers not sponsor the link. That said,
not all networks are weakly pairwise stable. I show in Appendix A that weak pairwise stability

selects minimally connected networks and may rule out non-ordered lines.

The same reasoning as above demonstrates that, when the agents are partitioned in ideological
groups, every strongly pairwise stable network is minimally connected with a unique link across
ideologically adjacent groups, and no other links across groups; and further if agents are homo-
geneous with respect to expertise, then the groups organize as stars whose centers are connected

along the ideological order.

Having concluded that the optimal networks of Propositions 2 - 4 obtain as Nash equilibria
of a bilateral network sponsorship game, and are the unique strongly pairwise stable networks, I

now turn to consider endogenous network formation in a game of unilateral sponsorship.

Unilateral sponsorship game. Unlike in the game of bilateral sponsorship, suppose that each

link is formed and maintained by one of the two connected agents (as in Bala and Goyal, 2000).

Again, before nature discloses any information, all agents ¢ simultaneously submit a link proposal

profile [; € {0,1}". Here, a link between any pair of agents i and j forms as long as one of them

pays for the link: n;; = 1 if and only if [;; +1;; > 0. For brevity, I study this game focusing on
1

the case of diverse ideologies, b;y1 — b; > )] for all © < n. Again, I focus on the case that «y;

is close to one for every agent 7.

I show that the ordered line L obtains as Nash equilibrium of the unilateral sponsorship game,
with small decay and excluding extreme link cost, if and only if there are at most five agents.
In the equilibrium implementing L, I further establish that every link is sponsored by the most

ideologically moderate agent, i.e., by the agent closer to the median agent(s) in N.
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Proposition 6 Suppose that n ideologically diverse agents, b,y — b; > m for all i < n,
simultaneously choose whether or not to unilaterally sponsor links with each other. After the

network is formed, every agent may receive information on 6.

1. Forn <5, there exista < 1,0 <1 and ¢"(8) < @'(8) with lims_1 ¢'(8) = 0, lims_1 @' (8) = &,
such that when oy > @ for all i, 6 > 5" and ¢ € (",@"), the ordered line L obtains as Nash
equilibrium of unilateral sponsorship game. Forn = 4,5 and 6 < 1, every link n;; = 1 is sponsored

by the most moderate among i and j.2°

2. Forn > 6, the ordered line L cannot obtain as Nash equilibrium of the unilateral sponsorship

game, when 0 < 1 and «y; is sufficiently close to one for all i.

I prove this result first by showing that the ordered line L obtains as an equilibrium for § < 1
only if all links are paid by the most moderate agent. This is best explained taking the case
of 5 agents as an example. The link between agents 2 and 3 in L cannot be sponsored by 2 in
equilibrium, because she would prefer to deviate and connect to 4, instead. Through agent 4,
agent 2 has access to the same set of agents, 3, 4 and 5, but with shorter paths (and none of these
paths has bias reversals, as is the case when linking to 3). Instead, agent 3 has no incentive to
deviate when sponsoring the link to 2, because switching to 1 gives her exactly the same payoffs.
This “shortcut argument” holds for any n and for any pair of ideological neighbors, to conclude

that L obtains as a Nash equilibrium only if all links are paid by the most moderate agent.

As a consequence, whether the ordered line L is implemented as an equilibrium depends on
whether or not the most moderate agent of every pair of ideological neighbors would benefit by
bypassing the link with her neighbor, instead of sponsoring it. In turn, this depends on the length
of the line of agents she reaches through the link with her neighbor. Aslong as n < 5, there are not
enough agents for any shortcut to be a profitable deviation, and L obtains as a Nash equilibrium.
But for any n > 6, the ordered line L cannot be an equilibrium. In this case, neither agent 3 nor
4 are willing to sponsor a link between each other, as each of them prefers to bypass that link and
find a shortcut.

Having established that the optimal network L cannot obtain as a Nash equilibrium of the
unilateral sponsorship game for n > 6 agents, I conclude this section by explicitly constructing

the optimal Nash equilibrium for n = 6.

Example 2. Suppose there are 6 agents with diverse ideologies, b;. 1 — b; > m for all 7 < n,

who simultaneously choose whether or not to unilaterally sponsor links of cost c¢. After the network

N is formed, a decision-maker d is randomly drawn, and every agent may receive information on

28In the case of n = 3, every link in L can be sponsored by either of the two linked agents.
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0. For every agent i, the weight «;; is sufficiently close to one that ¢ form links just to maximize
the information she receives from the other agents. The probability of decay is small. The link
cost ¢ is not so high that an agent ¢ would rather having signals blocked from her than paying for

a link, and ¢ is not so low that ¢ would want to form duplicate links to avoid signal decay.

In light of Proposition 6, there is no Nash equilibrium that implements the ordered line L.
Consider the strategy profile [ such that lo; = 1,130 =1, I35 = 1, l4o = 1, ly5 = 1, I5¢ = 1, and
l;; = 0 for all other 7, j. Agent 2 sponsors a link with 1, agent 3 sponsors a link with 2 and 5, and

symmetrically agent 5 sponsors a link with 6, and agent 4 sponsors a link with 5 and 2.

The profile [ yields a network N that is not minimally connected. As in the ordered line L, no
signal is blocked from any agent. To establish that [ is a Nash equilibrium, I check that no agent
prefers to deviate. Evidently, this is not the case for the agents 1 and 6 who do not pay for any
link. Agents 2 and 5 do not gain by severing their links to 1 and 6 as they would lose information;
nor do 3 and 4 by severing the links with 2 and 5 and sponsoring links with 1 and 6 instead.
Finally, the link preferred by 3 to reach the agents 4, 5 and 6 is the link with 5; and symmetrically,
the best link for 4 to access 1, 2 and 3 is the link with 2. Hence, [ is a Nash equilibrium. Because
the network N induced by [ is as close as possible to the optimal network L, I conclude that [ is

the optimal Nash equilibrium. O

6 Conclusion

Motivated by political economy applications such as networks of policy-makers, interest groups,
or judges, this paper solves an explicit model of strategic information transmission in networks
of ideological agents. When agents’ preferences are sufficiently close, earlier theoretical network
analyses based on reduced-form communication models apply. In particular, if agents are homoge-
neous with respect to authority and expertise, then every optimal and stable network is maximally
centralized among minimally connected networks, i.e., it is a star. But when all agents’ ideolo-
gies are sufficiently diverse, I have found that the optimal network is minimally centralized, and
specifically, it is the line in which each agent connects only with the ideologically closest agents.
This network obtains as Nash equilibrium of a game in which each link requires sponsorship by

both connected agents, and it is the unique strongly pairwise stable network.

The case in which agents are partitioned in ideologically diverse groups, each composed of
agents with similar views, is especially important in politics. In this case, I have proved that it is
optimal for all agents that the groups organize as distinct subnetworks, with a unique link across
ideologically nearest groups. When agents are homogeneous in authority and expertise, the groups

should organize as stars, whose leaders communicate with the leaders of the ideologically nearest
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star. Again, these optimal networks obtain as Nash equilibria of a bilateral link sponsorship game,

and are uniquely strongly pairwise stable.

My results suggest positive and normative rationales for why factionalization and connections
between ideologically close agents are so common in political networks. Instead, such “horizontal”
connections are less likely useful in organizations where the agents’ preferences are more closely
aligned, such as the army or some commercial companies. This paper may be useful for future
theoretical and empirical research on political networks. The analysis is based on a simple model
and functional forms, it should be easy to test results in lab experiments.? By and large, my
findings confirm and explain empirical stylized facts. Networks of political decision makers can
be described as a collection of subnetworks, differentiated by political preferences, and loosely
connected among each other. Each subnetwork is structured hierarchically with a few leaders to
which less prominent agents are connected. As well as stable, my analysis suggests that these

network structures are efficient for the purposes of information transmission.

I have kept my model as simple as possible, in order to deliver insights in the clearest fashion.
This paper’s analysis can be generalized and modified in several directions. Ostensibly, introducing
information processing costs into the model would lead to the optimality and stability of hierarchies
with more layers than stars, within groups of ideologically close-minded agents. Such congestion
costs may also yield optimality and stability of multiple centroids in hierarchies within ideologically
groups. Allowing for negative connection costs within groups would make connections among
periphery agents optimal and stable, and this would also likely be the implication of taking decay
probability to be large relative to link cost.

In general, because there is no strategic information withholding within groups, earlier results
in network and organizational economics based on reduced-form models of communication can be
applied here to characterize optimal within faction organisation. More ambitious elaborations of
the analysis would also be interesting. For example, it would be possible to study the robustness
of a political network when an antagonist attempts to remove agents from the network. This
could happen within a party’s network of elected officials when politicians are up for re-election.
The opposing parties may try to disrupt the party’s network by strategically allocating campaign
resources. This question could then be modelled as a variation of the Colonel Blotto game (Borel,
1921).

It would be especially valuable to formulate and solve an explicit model of strategic commu-
nication in networks of legislators in Congress. Unlike the local policy makers, interest groups,

advisers and judges considered here, legislators are not individual decision makers, because their

29 As well survey-based analysis, empirical work on information transmission in political networks includes also
experimental studies. Among them, Ahn et al. (2013) investigate citizens political participation.
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votes translate into bills only if they achieve majority. Embedding a model of collective decision
making and voting into the framework developed here would be an interesting and non-trivial task.
In the large empirical literature that has developed since Routt (1938), information transmission
is understood to be probably the most important functions of legislator networks.?® The evidence
is strong that ideological and policy preference proximity is a main driver of connections among
legislators (e.g., Fiellin, 1962, Zhang et al., 2008, and Bratton and Rouse, 2011).3!

Likewise, it would be very interesting to develop an explicit model of strategic information
transmission in citizen networks. Unlike here, it would there be plausible to model communication
as cheap talk. Although voting in elections is one of the main forms of political participation, a
citizen’s actions may still be modelled as individual decisions, when the expressive motive is the
main driver of her choices. As is the case for networks of political decision makers considered here,
there is strong evidence of ideology and policy preference based homophily in citizens’ connections
(e.g., Huckfeldt and Sprague, 1987, and Eveland and Kleinman, 2013).
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Appendix A: Omitted Proofs

Proof of Lemma 1. In every equilibrium, the final decision g, of agent d maximizes E|[uq(yq;0)|wq] =
—E[(q— 0 — ba)*|wa], where wq € {0, 1, ¢} denotes agent d’s equilibrium information. Hence the strategy
of agent d is yq = bg + E[f|wy]. If the signal s reaches agent d, she plays

bg+1/3 if s=0
Ya = ba+ Efls] = { bd+2§3 ifs=1.
If s does not reach agent d, she plays yq = bg + E[0|¢].

Consider an arbitrary agent j informed of signal s at an arbitrary history h’. Agent j chooses whether
or not to relay s to the next agent k on the path p. Omitting its dependence on h! for brevity, let Qja(s)
be the equilibrium probability that s reaches agent d if agent j plays 7rqi(s; h') = s, thus relaying s to
k. With probability 1 — @Q;4(s), agent d’s information is wy = ¢. Likewise, let Q;4(¢) be the equilibrium
probability that the signal s reaches d if agent j plays rjxq;(s; h') = ¢ and withholds s from k.

Agent j’s expected payoffs if relaying signal s to the next agent k on the path p at history h! are:

uja(s; h') = —jaB[(ba + E[6]s] — by — 0)*|s]Qja(s) — ajaE[(ba + E[0]¢] — bj — 0)?|s][1 — Qja(s)],
whereas agent j’s payoffs if not relaying s are:
uja(¢; h') = —jaB[(ba + Ebls] — bj — 0)°|s]Qja(¢) — ajaE[(ba + E[0]¢] — bj — 0)?|s][1 — Qja(¢)]-

Hence, agent j strictly prefers to relay s if and only if:

wja(s; b') — uja(d; b') = —a;a[Qja(s) — Qja(#)] { El(ba + E[0]s] — b — 0)*|s] — E[(bg + E[0]¢] — b; — 0)*|s]}
= —;aAQja(s; B ALja(s) > 0. (4)

At time t, there are T'— ¢ + 1 periods left to deliver s to d, including the current period. Suppose that
agent j is {; steps away from d on the path p. Say that each successor of j on p relays signal s to the
next agent on p at every history. Then, if j relays s to the next agent k£ on p, the signal s reaches d with
probability ¢(T" —t + 1,¢;), whereas if j withholds it, s reaches d with probability at most ¢(T" —t,¢;).
Because q(T —t + 1,¢;) > q(T — t,£;), it follows that AQjq(s;h') > 0. If ALj4(s) < 0, then j relays s
to her next agent k on p, whereas if AL;4(s) > 0, then j withholds s. Because ALj4(s) is independent
of t and h!, I have concluded that if every j’s successor on the path p relays s to her next agent on p at
every history, then either j relays s to her next agent on p at every history A, or j withholds s at every
history h!. T also note that the argument (trivially) covers the last agent on the path p before d, as she
does not have any successors other than d.

By induction, I then conclude that in every equilibrium:

1. if ALj4(s) < 0 for all agents j on the path p, then each agent j relays s to the next agent k on p at
every history h!, so that s reaches d with probability ¢(T, ).

2. if there exists an agent j such that ALjq(s) > 0, then signal s does not ever reach d, as on every path
it is blocked by at least one such agent.



Next, I simplify ALjq(s) as follows:
ALja(s) = E[(ba + E0]s] — 0 — bj)* — (ba + E[0]¢] — 6 — b;)?|s]
E[(bg — bj — 0)*|s] + E[0]s]* + 2E[bg — b; — 0|s|E[0]s]
E[(bg — bj — 0)*|s] — E[0]¢]> — 2E[bg — bj — 0|s] E[0] 9]
[

E[0]3)[B[0]s] + 2(ba — b)) — 2E(6]s]] + E[0]s] E[0]¢)
— E[8]6][E[6]6] + 2(ba — b;) — 2E[0]s]] — E[0]s|E[6]¢]
E[0]5][E[0]6] + 2(ba — bj) — E[0]s] — E[6]6][E[6]6] + 2(ba — bj) — E[0]s]]
— [E1916] - Bl (b — ba) — (E[6]6] — E[0]s))]
N { 2(b; — ba) — (E[0]¢] — Elo]s]))  if s =0 -
—2(bj — bq) + (E[0]¢] — E[0]s]) ifs=1.

Hence, there are two cases in which AL;4(s) < 0 and agent j strictly prefers to relay signal s (unless it
is blocked by her successors in equilibrium):

E6|¢] — E[f]s] _ E[f]¢] —1/3
2 2 ’
E[0]¢] ;E[9|s] _ E[9¢]2— 2/3 (6)

s=0and b; — by <

s=1and bj; — bg >

whereas ALjq(s) > 0 in the converse, complementary cases, and agent k strictly prefers to withhold
signal s.

As a consequence, I show that every agent j on the path p such that b; > by (respectively, b; < by)
always relays the signal s = 1 (resp., s = 0) to the next agent k on p in equilibrium, unless s is blocked
by j’s successors.

To prove it, I first note that the event that s does not reach agent d is on the path of play of every
possible equilibrium, because when an agent j relays s to the next agent k£ on p, the signal s is lost with
probability 1 — § > 0. As a result, agent d’s equilibrium beliefs E[f|¢] are pinned down by the Bayes
rule, and are therefore bounded strictly between E[f|s = 0] = 1/3 and E[f|s = 1] = 2/3. When s = 0,
the inequality E[f|¢] > E[f|s = 0] implies that conditions (6) holds when b; < bg; and conversely when
s = 1, the inequality E[f|¢] < E[f|s = 1] implies that conditions (6) holds when b; > by. In these two
cases, agent j prefers to relay s to the next agent k on p at every history h! and in every equilibrium.

Conversely, every agent j on the path p such that b; — by > resp., b; —bg <

sE=par] ( ~ =)
withholds signal s = 0 (resp. s = 1) from the next agent k on p at every history h' in every equilibrium,
unless s is blocked by j’s successors.

In every equilibrium in fact, the expected value E[f|¢] is weakly smaller than in the equilibrium in
which every agent j on p relays signal s = 0 with probability one, and signal s = 1 is blocked from agent

d. In this “boundary” equilibrium,

_ —0)[1 —p+p(1 —q(T,0))] _ 1—pq(T,0)/3
Elflo] = / 01(819)d6 = / fo —0)[1— p+ p(1—q(T, z))]]dedg - 2—pg(T,0) @)

because with probability 6, it is the case that s = 1, and then s does not ever reach d; whereas with
probability 1 — 6, it is the case that s = 0, so that s does not reach d either when not observed by the



expert agent e, with probability 1 — p, or when lost in transmission, with probability 1 — ¢(7,¢). The

. . 1— T,E 3 . . _ J— 1-— Tj) 3
inequality E[f|¢] < % implies that when s = 0, E[0|¢]—E[0|s] = %*1/3 < m, SO

that conditions (6) cannot hold when b; — by > m, and as a result s = 0 is blocked in equilibrium.
Conversely, when b; — by < —m and s = 1, conditions (6) cannot hold and s =1 is blocked. =
Proof of Lemma 2. This result is proved as points 2 and 4 of Proposition A1 below. ]
Proof of Lemma 3. This result is proved as point 1 of Proposition Al below. [

Let b = min; b, b= max; bj, and j = arg max; |bj — bg|, denote respectively the extreme left and right
ideologies b; on p, and the agent j with the largest absolute bias |b; — by| relative to d.

Proposition A1l Suppose £ + 1 agents j are linked along a path p from agent e informed of a signal s
with probability p € (0,1] to decision-maker d.

1. If |bj — bg| < % for every agent j on p, then in the optimal equilibrium every agent relays both
s =0 and s =1 to the next agent on p.

2. If 5 <b—10q4 < S=pq(T.0) and b > b — g, then the optimal equilzbrzum 18 in mized strategies:
every agent on p relays s =1, and s = 0 is relayed by every agent except 3 who randomizes.

1 1 71
3. If there ewists agents j,k on p such that b; —bg > and by — by <

A symmetric characterization holds when —

then

1 1
~ 6[2—pq(T,0)] 82—pq(T.0)]’

neither s = 0 nor s = 1 ever reaches agent d in any equilibrium.
4. Else, information transmission is one-sided in the optimal equilibrium. If b; —bg > —m
(respectively, b; — bg < m) for every agent j on p, then every agent relays s = 1 (resp. s = 0)

along p, but s =0 (resp. s = 1) never reaches agent d.>?

Proof of Proposition Al.1: Full communication. I prove that there exists an equilibrium in
which every agent j on the path p relays both s = 0 and s = 1 at every history A’ if and only if
|bj — bg| < % for all j. I note that, when the agents conform to these strategies, it is the case that
E[f|¢] = %, because the event that signal s does not reach agent d is independent of whether s = 0 or

s = 1. Hence, conditions (6) hold if and only if either s = 0 and b; — by < E[H\d)%—l/?) = 5_21/3 = &,
orif s =1 and b; — bg > 5_22/ - —%. As a result, each agent j has no incentive to deviate from the

equilibrium strategies if and only if |b; — bg| < %

Each agent’s i expected payoffs U,.q(p) are as calculated follows. Because neither s = 0 nor s = 1 is
ever withheld by any agent j on p, they both reach agent d with probability pq(T, ). In either case, d
chooses yq = E[f|s] + by, and each agent i’s expected payoffs are, for both s =0 and s =1,

— aiaB[(E[B]s] +ba — 6 = :)?[s] = ~aiE(E[B]s] — 6)° + (ba — b:)* + (E[6]s] — 6) (b — b7
= —aja(bg — bi)* — i E[(E[0]s] — 0)?|s]
1

= —ava(ba — b:)? — Qid g

32Tt is immediate that case 4 includes the case in which |b; — ba| > for all j on p, and there are no

bias reversals.

1
6[2—pq(T,0)]



With complementary probability 1 — pg(7,¢), agent d acts uninformed and chooses y; = % + bq. Each
agent ¢’s ex-ante payoffs are:
1 2 1 2 2 1
— O[ZdE[(i + bd - (9 - bl) ] = —OéidE[(i - 9) + (bd — bl) + (5 - 9)(bd — b,)]
1
= _aid(bd — bi)z — aidE[(i — 9)2]
1

= —avia(bg — bi)* — Yid -

Because the signals s = 0 and s = 1 are equally likely ex-ante, I can wrap up as follows:

1 1
Uiea(p) = —aia(ba — b;)* — aapq(T, E)E — a1l — pq(T, 5)]5
1 1 —pg(T, )
— . L 2_ I A S
— azd<bz bd) azd18(1 + 92 )

Proof of Proposition A1.2: Communication breakdown. Suppose that there exists agents j, k on

1 1 . _
the path p such that b; —bg > 2=pg(T.0] and by — by < ~ =T By Lemma 1, both signals s = 0
and s = 1 are blocked in equilibrium. Agent d acts uninformed and chooses y; = % + bg. Each agent ¢’s
ex-ante payoffs are:

1
Uiea(p) = _OlidE[(i +bg — 0 — b;)?]
1

= —aig(ba — bi)* — id {5

Proof of Proposition Al.4: One sided equilibrium. I first consider equilibrium in which every
agent j on the path p relays s = 0 and at least one j blocks s = 1. With these strategies, agent d’s

expectation of # upon not observing s is E[0|¢] = %, cf. expression (7). Hence, each agent j on p
prefers not to deviate from relaying s = 0 if and only if b; — by < E[e“@_l/ 3 = ;é’i qﬁf;‘r(’%ﬁ — é = 6[2fp}1(T,€)}‘
Further, s = 1 is blocked if and only if b; — by < [E[0\¢%—2/3} = ;[;’iqp(qT(ﬁéﬁ - % = —6[12%% for some j
on p.

In sum, the one sided equilibrium in which s = 0 is relayed and s = 1 is blocked exists if and only if

o 1 A—pq(T,0)
bj —ba < gp=perTo)] 612 pq(T,0)]

shows that the one sided equilibrium in which s = 1 is relayed and s = 0 is blocked exists if and only if

for all j on p, and b; — by < — for some j on p. A symmetric argument

. 1—pq(T 0 .
bj —bg > —m for all j on p, and b; — by > 6[2+£I((T’,4))] for some j on p.
iy 1—pq(T0) 1 1 .
Because pq(T,¢) € (0,1], it is the case that 2—paT0] < 12 < 82—pq(T.0)]" Thus the area of existence
of the one sided equilibria overlaps with the area of existence of the full communication equilibrium

(Jbj — bg| < 15 for all j on p), when |b; — by| < m for all j on p, and b; — bg < —%{% or

bj —bg > 6&%{% for some j on p. If instead [b; —bg| > % for some j on p, then the full communication
equilibrium does not exist and the one-sided equilibria is optimal. And note that the analysis conducted
so far covers the whole parameter space. If the path p has bias reversals (there exist j, k such that

bj —bg < —m and b; — bg > m), then communication breaks down in equilibrium. FElse,

if |b; — bg| < 6[12%(% for all j on p, so that one sided equilibria do not exist, then |b; — by| < % for all

4



j on p, so that full communication equilibrium exists. And for all other bias profiles b, there exist one
sided communication equilibria.

The calculation of the agents’ ex-ante payoffs in one-sided equilibria is postponed to the next part of
the proof, as a special case of the ex-ante payoffs in the optimal mixed strategy equilibria.

Proof of Proposition Al1l.4: Optimal mixed strategy equilibrium. Let me first note that it is
enough that one agent j on p blocks a signal realization s for it not to reach d. Second, conditions (6)
imply that if any agent j such that b; > by is indifferent on whether or not s = 0 reaches the decision
maker d, then any agent k£ such that b, > b; strictly prefers that s = 0 is blocked. And a converse
argument holds for s = 1 and agents j, k such that by, < b; < bg. Third I note that, generically, there may
be at most one agent who is indifferent on whether or not the signal contrary to her bias reaches d. Hence,
I do not consider the possibility of randomization on both signal realizations s = 0 and s = 1. Fourth, I
note that for the parameter range in which the one-sided (pure strategy) equilibrium characterized above
does not exist, there is full communication breakdown in every equilibrium.

These considerations imply that the only fighting chance for any mixed strategy equilibrium to max-
imize the agents’ payoffs are that the most biased agent j, the agent j whose |b; — by| is maximal,
randomizes on the signal realization s contrary to her bias, and all other agents relay both s = 0 and
s = 1 at every history. This is the only case in which more information is released than with one-sided
information transmission.

Suppose that the most biased agent j is such that bz > ba. Agent j relays s = 1 at every history, and
randomizes (at least) at some histories when s = 0. For this to be the case, 7 must be indifferent between
relaying and withholding s = 0. Hence it must be the case that b; — by = w, cf. condition (6).
As a consequence, agent j is indifferent between relaying and withholding s = 0 in every history h!, and
I may focus on the mixed strategy equilibrium in which j always randomizes and always with the same
probability o of relaying s = 0.

For this strategy profile, agent d’s expectation of 6 if not receiving s is:

Eiolo] — / 01— p+p(1 =) +po(1 = g(T,O)N + (1= 01— p+ p1 —a(T.O)]
Jo 1011 = p+ p(1 = 0) + po(1 = g(T, )] + (1= 0)[1 = p+ p(1 — o(T )]0
1= pg(T,0)(1+20)/3
2—pq(T,0)(1+0)

For agent j to be indifferent between relaying and withholding s = 0, the indifference condition simplifies

to:
9 1—pq(T\0)(14+20)/3 1/3 '
b — by — E[0|¢] — 1/3 _ “2-pq(Tt)(1+0) 1—0pq(T.0)
] 2 2 T 62— pa(T, (14 0)]

Hence, the mixed strategy o takes the form:

1 —=12(b; — ba) + 6pq(T, £)(by — ba)
pq(T, £)[1 — 6(b5 — ba)]

which is easily shown to be admissible, i.e., o € [0,1], if and only if % <b;—bg < m

Further, note that for all agents k # j such that by > by, it is the case that b, — by < #g@%n-

They all strictly prefer to relay signal realization s = 0 despite it being contrary to their biases.



Now, consider all agents k such that b, < by. They relay s = 0 at every history h!, and they relay
s = 1 if and only if

1—pq(T,0)(1+20)/3
b — by > E10191 =2/3 _ T2 palTiro) —2/3 _ L—paTl) 1 .
2 2 " 6[2 — pg(T,0)(1 4 0)] 6 ’

where the last equality is obtained by plugging in (8). And I note that this condition implies that
b — bg > —% when bj — by > 12, Wthh implies that |bk —by| < |lr bal for all agents k with by < by.

In sum, I have proved that when - 13 < b—by < W and b > b— 1, then the optimal equilibrium

6(2
is in mixed strategies: Every agent j relays s :( 1, and s = 0 is relayed by every agent except j
who relays s = 0 with probability ¢ at every history h!. A symmetric characterization holds when
—5T—7) p) <b—b,<—1/12and b < ¢ tb

I now calculate the agents’ ex—ante payoffs. Without loss of generality, I again consider the mixed-
strategy equilibrium in which the disclosure of s = 0 is randomized. Hence, s = 1 reaches d with
probability pq(T,¢), whereas s = 0 reaches d with probability opq(T,¢). Because s = 0 and s = 1 are
equally likely ex-ante, each agent i’s expected payoffs ex-ante can be written as:

T.¢
Uiea(p) = — aja(bg — b;)? — Oéidapq(z)E[(l/?’ —0)|s = 0] — qvig

LT (T ) E(E(8]6] - 0)%/).

pq(T, 0)
2

E[(2/3 —0)%|s = 1]

— aia(
The last term is calculated as follows:

2
E(BIB)6] - 0)6] = B\ - (Elplo])? = * LA O0 ) Z20pal) | Lo D 2ol

2q(T, 0)%[(1 + 0)? + 20] + 6[1 — pq(T, E)(l + 0)]
18[2 — pg(T', £)(1 + o)) '

Plugging this term into the formula for U,.4 and simplifying, I obtain:

opg(T, ) 1 = pa(T,6) 1
2 18 T2 18
l+o p*q(T, 0)*[(1 + o) + 20] + 6[1 — pq(T, £)(1 + 0)]

1 1=pg(T,0)(1+0) +0p*q(T,0)°

_ . 2 _
=~ id(ba = i)” — aiapg[1 + 2—pq(T,0)(1+0)

1
= — aig(b; — bg)* — g (1 +6[b; — balll — pa(T’ £)]).

Uiea(p) = — aia(bg — b:)* — aig

]

]

One sided communication equilibria can be understood as the extreme case of the above mixed strategy
equilibria in which ¢ = 0. The most extreme agent always withholds the signal realiazation contrary to
her bias. Hence, each agent i’s ex-ante payoffs in the one sided communication equilibria are:

1 1 —pq(T, 1)

Uied = —tia(ba — bi)? — cvia— 13 [1+ m]



Proof of Proposition 2. I start by proving the second statement. Suppose that ideologies are
divergent, i.e., that b1 —b; > ( o) for all ¢ < n, so that bj 11 —b; > forallp>0,T>¢>0,
6 <1, and all i <n.

Proceeding in two steps, I first restrict attention to minimally connected networks (i.e., to trees), and

6[2— M(T 0)]

show that the optimal tree is the ordered line L.

To prove this result, I start by noting that for any n, the ordered line L has a path p without bias
reversals between every pair of agents e and d. If it is the case that e < d, then every agent k =e,...,d—1
on the path p is such that by < by; whereas if e > d, then every agent k = d+ 1,...,e on p is such that
by > bg. By Lemma 2, this implies that whenever e < d, signal s = 0 reaches the decision maker d with
probability pq(T,|d — e]), and s = 1 does not reach d. When e > d, signal s = 1 reaches agent d with
probability pq(T,|d — e]), and s = 0 does not. Thus, simplifying the notation £(d, {e}), each agent i’s

payoffs are:

1 1—pq(T,|d — e)
UilL) =~ Y E&aetvig {(bd —bi)? + —[1+ ]
(e,d)eN? 18 2—pq(T,|d—6|)

2 4 1 L—p

Z Egevig 3 (ba — b))+ —(1+——)p as d — 1.
187 "2
(e,d)EN?

Consider any tree N with at least a pair of agents e and d linked by a bias reversal path p. Because N
is a tree, there are no other paths connecting e to d. By Lemma 2, both signals s¢ = 0 and s, = 1 are
blocked from agent d along the path p. Let P(N) = {(e,d) : (by—bq)(bj—bg) > 0 for all k, j on the path
between e and d} be the set of agent pairs (e, d) linked by a path p without bias reversals (note that
(e,d) € P(N) if e = d, trivially). I let {y(e,d) be the length of the path between any pair e and d of
agents in the tree V. Then, each agent i’s payoffs are:

N == taoa{ (a0 + gl ARG S fdeazd{<d—bi>2+112

(e,d)eP(N) (e,d)¢P(N
1 1—p 2, 1
— Z fdeazd{(d bi)? + 18(1+2—p)} Z &k%d{(bd b;) —1—12} as § — 1.

(e,d)eP(N (e,d)¢P(N)

Hence, for § close to one, the payoff difference between the ordered line L and tree N is:
1 1—p 1 p
i L) - i N) = e (X, 1 = 54 eV
G-~ Y astial s — 1 o T ar, 2w >0
(d,e)¢P(N) (d,e)¢ P(N)

Because every tree N has the same number of links, n — 1, and hence the same aggregate link cost
¢(N) = (n — 1)c, it then follows that for § close to 1, any tree N with a bias reversal path between any
pair of agents e and d is dominated by the ordered line L.

It is obvious that every line network N that does not conform with the agents’ bias order includes
pairs of agents e and d connected only by a bias reversal path.

Turning to consider trees that are not lines, I first notice that every such a tree N must contain a
4-agent star S as a sub-tree. Hence, if I show that every 4-agent star S includes at least a bias reversal
path, then I have concluded that every tree N that is not a line has at least a bias reversal path, and
the proof that L is the optimal tree is complete. In fact, if the “extreme-bias” agent 1 is the center of S,



then there is a bias reversal path, for example, from agent e = 3 to agent d = 2. When the “moderate”
agent 2 is the center of S, there is a bias reversal path from e = 4 to d = 3. The cases when 4 or 3 are
the centers of S are analogous to when the centers are 1 or 2 respectively, by interchanging 1 with 4 and
2 with 3.

I have proved that the optimal minimally connected network is the ordered line L, for § close to one.

The second step of the proof consists in showing the existence of thresholds ¢(d) and ¢(d) such that
limg_1 ¢(d) = 0 and limg_, ¢(0) = ¢, and that for § close to one and ¢ € (¢,¢), the sum of the agents’
ex-ante payoffs U;(L) with the ordered line L minus the sum of link costs ¢(L) = (n — 1)c is larger
than with any connected network N with more links than L, and than with any network N that is not
connected.

Consider any connected network N that is not minimally connected. Because b;11 — b; > m
forall £ >0,alli=1....,n—1, and all § < 1, full communication and mixed strategy communication are
impossible in equilibrium between any pair of agents e and d. Consider the hypothetical (and counter-
factual) worst case in which there is one sided communication along every path in network N (including
bias reversal paths). Even in this case, each agent i’s ex-ante payoffs U;(N) are approximately the same
as with the ordered line L, for ¢ close to one. In fact, let gn(T';e,d) be the probability that one signal
realization s reaches d along one of the paths from e. Note that qn(T;e,d) > q(T,£(e,d)), where £(e,d) is
the length of the shortest path from e to d. Then, because lims_,1 qn (T e,d) > limg_y1 (T, £4(e,d)) =1

-2 gdeam{ P R pQN(T;Qdﬁ}

(N> 18° 2 —pgn(T;e,d)
1
Z fdeazd{ a— b2+ —=(1 + p)} =Ui(L) as § — 1.
(e,d)eN? 18 -P

By construction, network N has more than the n — 1 links of L. Hence for § = 1 and ¢ > 0, the ordered
line L dominates every connected network N with loops, in terms of the sum of agents’ ex-ante payoffs
U;(N) minus the sum of link costs ¢(N). By continuity, for § close to one, there exists a threshold ¢
function of § with lims_,; ¢(d) = 0, such that L dominates every connected network N with loops when
c > ¢(9).

Now I consider networks N that are not connected, again taking the hypothetical worst case in which
there is one sided information transmission even along bias reversal paths in N. Letting the set of pairs
of agents linked via a path be P(N), the ex-ante payoffs of each agent i are then:
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and any not connected network N that dominates L must have sum of link costs ¢(IV) < ¢(L) = (n—1)c.
Hence for 6 = 1, the ordered line L may be dominated by a not connected network N in terms of the
sum of agents’ ex-ante payoffs U;(N) minus the sum of link costs ¢(N) only if N has less than n — 1 links.
By definition, the individual link cost ¢ cannot be below the threshold ¢. By continuity, for ¢ close to
one, there exists a threshold ¢ function of § with lims_,1 ¢(d) = ¢, such that for ¢ < ¢, L dominates every
network N that is not connected.

I have proved the second statement of Proposition 2. When § is sufficiently close to one, there exist
thresholds ¢(d) < €(¢), with lims_1 ¢(6) = 0 and lims_,1 ¢(d) = ¢, such that the ordered line L is the
optimal network for ¢ € (¢, ¢).

Turning to prove the first statement, suppose that b, — b; < % Consider any minimally connected
network IV, and any pair of agents e and d. By Lemma 2, there is full communication along any path
from any informed agent e to any decision maker d. Hence, each agent i’s ex-ante payoffs are:

1 11— pQ(T, 6]\[(6, d))

Uied = —aia(b; — ba)? — aidﬁ[l + 5 J.

which for § close to one can be approximated with the Taylor expansion:

Uied = —a;q(b; — bd)2 — aid%[l + 1;7'0 + (1 =9)pln e, d)é],
because for 6 ~ 1, it is the case that ¢(T,¢) ~ &°.
The above functional form is covered by Proposition 1 of Jackson and Wolinsky (1996). It thus follows
as a corollary that every optimal minimally connected network is a star S.
The demonstration that for § sufficiently close to one, there exist thresholds ¢(d) < ¢(d) such that

also every optimal network is a star for ¢ € (¢, ¢) is analogous to the first part of the proof. [

Proof of Proposition 3. The first part of the proof extends the analysis of Lemma 1, that determined
conditions for equilibrium disclosure of a unique signal s to a decision maker d, to the case in which every
agent ¢ may hold a signal s; informative on 6. I note that here, because the decision maker d can receive
up to n signals, information trasmission is inefficient even if only one of them is blocked.

Let me consider a path p from an agent i to agent d, and an agent j on p who holds i’s signal s; at a
history h'. Say that b; > by. Arguments analogous to the ones leading to conditions (6) in the proof of
Lemma 1 show that, unless s; is blocked by j’s successors on p, agent j relays s; = 1 at every history h?
in equilibrium, and relays s; = 0 if and only if:

Eg[0|wiq = ¢;1, 7] — Egl0|wiq = 0;1,7]

by —bg < Ej .| 5

12 (h)], 9)

where w;q is agent d’s information on s; at period T, r is the random number of signals s; other than s;
received by d in equilibrium, [ is the random number of signals s;, equal to 1, and ;(h?) is the information
held by agent j at history A! used to make equilibrium inferences on r and I. The right-hand side of
inequality (9) can be bounded as follows:

Elf|wiq = ¢;1,7r] — E[f|wiqg = 0;1,7]
2

Li42 I+l

2'r+3 r+3

E[9|wid = 1,[,7’] — E[9|wld = O;Z,T]
2

)| (R)]. (10)

El [€(h)] < E| 192;(h")]

:E[




In any efficient network and equilibrium, there is no signal blocking. At least one of the realizations
s = 0 or s = 1 of the signal s; of every agent k is relayed to any decision maker d. The event £ that
agent j is informed of all n — 1 signals s different from s; has positive probability. In this event, for
0 close to one, agent j expects also agent d to be informed of all these n — 1 signals with probability
close to one, in the efﬁcient equilibrium. As a consequence, the right-hand side of inequality (10) can be
(n+2) for Q,(h*) = €.

Hence, if bj — by > 2(n+2), then agent j blocks s; = 0 at least when Q;(h') = £, unless s; = 0 is

approximated as

blocked from d by j’s successors on p. Likewise, if b; — bg < — then j blocks s; = 1 at least when

TorD)
Q,(ht) = €.

Moving on to show Proposition 3, as in the proof of Proposition 2, the first step consists in restricting
attention to minimally connected networks, and in showing that the optimal tree is the ordered line L,
for ¢ sufficiently close to one.

I begin by noting that although b;41 — b; > for all ¢ < n, none of the signals is fully blocked

along the ordered line L, regardless of the d601810r21(HJ1r§1)<er d. The first part of this proof implies that given
decision maker d, each agent j < d relays every signal s; = 0 to her neighbor j + 1 along the path to d,
and each agent j > d relays every signal s; = 1 to her neighbor j — 1 along the path to d, in equilibrium.

Instead, every other tree N entails the blocking of some signal s; to some possible decision maker
d with positive probability. Proceeding as in the proof of Proposition 2, I see that if N is a tree that
contains a 4-agent star .S, then there is a decision maker d in S from whom some signals s; originating
in S are blocked in equilibrium with positive probability. Likewise, I see that if N is a tree that contains
a 4-agent line that is not ordered, there are decision makers d in the line from whom some signals s;
originating in the line are blocked with positive probability.

The second step of the proof consists in showing the existence of thresholds ¢(d) < ¢(4) for ¢ close to
one, such that lims_,; ¢(6) = 0 and lims_; €(§) = ¢, and that for ¢ € (¢,¢), the sum of the agents’ ex-ante
payoffs U;(L) with the ordered line L minus the sum of link costs ¢(L) is larger than with any connected
network N with more links than L, and than with any network N that is not connected. The proof of
this step is omitted as it is an extension of the second step of the proof of Proposition 2 analogous to the
above extension of the first step. |

Proof of Proposition 4. The first part of the proof extends the analysis of part 1 of Lemma 2, that
determined conditions for full communication between a unique informed agent e and a decision maker
d, to the case in which every agent ¢ may hold a signal s; informative of 6.

Proceeding as in the proof of Proposition 3, consider an agent j such that b; > by who is informed
of a signal s;. Unless s; is blocked by j’s successors on the path p to agent d, agent j relays s; = 1 to
the next agent on p at every history h! in equilibrium, and relays s; = 0 if and only if condition (9) is
satisfied. In the full communication equilibrium, agent d’s expectation of 8 if receiving r signals of which
I equal to one is E[f|l,r] = £L. Hence, inequality (9) simplifies to:

r42
Eylf|wig = &; 1, 1] — EglO|lwig = 051, 7 1.71+1 [1+1
by — b < 1y (P00 = LT BulOlou 20,0y (T2 T 10,
1 I+1
- (1) <

[§(r+2)(r+1) “2n+2)(n+1)

where the latter bound is approximately achieved when §2;(h?) is a vector of n—1 signals all equal to zero,
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so that r = n and [ = 0. This is an event with positive probability in the full communication equilibrium.
Conversely, any agent j such that b; < by relays the signal s; = 1 contrary to her bias if and only if:

Ey[0|lwa = @51, 7] — Eglf]s; = 1;1,7]
2

1 r+1-1 1

T O] > = 7

2(r+2)(r—|—1)| W= 2(n+2)(n+1)

1(l+1 I+2
2'r+1 r+2

bj —ba = Ei,| 19;(h")] = E[ —)I;(h")]

= —E|

where the latter bound is approximately achieved when €2;(h) is a vector of n — 1 signals all equal to
one, so that r =1 =n.

Wrapping up, there is equilibrium full communication on path p if and only if |b; — bg| < m
for all agents j on p.

Let me now turn to prove Proposition 4. Again, the first step is to restrict attention to minimally
connected networks, to then consider general networks.

For any group G,,, m = 1,..., M, and any possible decision maker d € G,,, consider any signal s;
such that ¢ € G,,,. The first part of this proof implies that neither s; = 0 and s; = 1 is blocked from d
along any path of agents j in G,,, because |b; — bg| < QWM for all such agents. Hence, the same
arguments that prove the first part of Proposition 2 apply to each group G,,. For § close to one, there
exist thresholds ¢(d) < ¢(d) such that lims_,; ¢(d) = 0 and lims_,; ¢(0) = ¢, and that if ¢ € (¢, ¢), then
each group G,, is optimally organized as a star S,,, as stated in the hypothesis.

I now consider communication across groups. Take any signal s; such that ¢ € G,,/, with m’ < m.
Let me show that in any tree with the properties stated in the hypothesis, the signal realization s; = 0
reaches every decision maker d € G,,, whereas s; = 1 is blocked. In fact, for every agent j on the path p
between i and d, it must be either the case that b; < bg or that [b; — bg| < m.

on p has bias b; — by < m, and the results in the first part of the proof of Proposition 3 imply that

Hence, every j

j relays s; = 0 along the path p in equilibrium. Instead, because d € G,,, and i € G,y with m/ < m, it
follows that b; — by < —
symmetrically.

m and signal s; = 1 is blocked from d. The case in which m’ > m is handled

Consider any tree N in which the groups G,, are organized as stars S,,. If the stars S,, are not
connected along the ideological order, then arguments analogous to those in the second part of the proof
of Proposition 3 conclude that some signal s; is blocked in equilibrium from some decision maker d.
Finally, I note that connecting every pair stars S, and Sy, for m < M in the tree N through the star
centers minimizes the sum of the paths among pairs of agents ¢ and d with ¢ € S,,, and d € S,y and
m #m'.

For ¢ close to one, I have concluded that the set of optimal minimally connected networks consists
of the trees N with the characteristics stated in the hypothesis. The proof of Proposition 4 is concluded
by showing that for ¢ close to one, there exist thresholds ¢(d) < ¢(d) such that lims_; ¢(6) = 0 and
lims_1 ¢(9) = ¢, and that such trees N are also the optimal networks, for ¢ € (¢,¢). Again, the proof of
this step is analogous to the proof of the same step in Proposition 2, and hence is omitted. [

Example 3. Suppose that there are 7 agents. The identities of a unique decision maker d and of an

agent e, informed with probability p < 1, are randomly drawn. No other agent is informed. Suppose that
1

52—512m b b2 1276 b3 127 12<b4 b2<6(2 )’ bﬁ—b4§1—12(andhenceb5—b4§1—12),
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1

% < by — b3 < =5i—, and by — bg > ~—=—. Because the ideology of every agent but 1 and 6 is within

6(2—p)’ 6(2—p)
ﬁ from agent 4, the ordered star network is the star centered on agent 4:
5 6
\
1—4—7

/A

2 3
Evidently, the star minimizes the overall decay in communication, its sum of lengths of paths is 2 - (g) +
2 -6 = 42. Nevertheless, it makes communication from 3 to 2 possible only as one-sided information
transmission. This is because the path from 3 to 2 is through 4 and % <bg—by < ﬁ. Hence, agent
4 is not willing to relay signal s = 0 to agent 2. For that reason, this network structure is dominated by
the following ‘quasi-star’ in which all agents but 2 are linked with 4, and 2 is linked with 3 instead:

5 6

\

1—4—7

:

‘2
Here, there is full communication from 3 to 2, both s = 0 and s = 1 reach 2, as these agents are linked
directly. As in the star above, there is full information transmission between 4,5 and 6, and between 3
and 4, and one sided communication among all remaining pairs of experts and decision makers. Because
this is not the star network, the overall signal decay is larger; specifically the sum of lengths of paths is
2- (g) +2-54+242-242-4-3=060. For § sufficiently close to one, however, the loss due to the extra
decay vanishes relative to the gain achieved by full communication, which does not vanish because p < 1.
For completeness, I compare the quasi star network also with the ‘ordered star’ network below, in which
all the pairs of agents of ideological distance smaller than % are linked directly:

5 6

\ o/
1—4—7

|
3
|
2

Just like in the quasi star network above, there is full information transmission within all pairs of agents

L
12>

other pairs of agents. Nevertheless, this ordered star network has more information transmission decay:
the sum of the lengths of paths is 2- (;1) +2-442(24+2-2+2-3-3) = 68, whereas the sum of the lengths
of paths in the quasi star above is 60. O

i and j of ideological distance |b; — b;| smaller than and one sided information transmission in all

Proof of Proposition 5. The proof of the first part builds on the proof of Proposition 3.

I begin by proving that there are thresholds @ < 1, § < 1 and @ (0) such that lims_,; @(d) = ¢, and
that when «;; > @& for all 4, § > 5 andec<? , the ordered line L obtains as Nash equilibrium.

Consider a profile of link strategies [, such that l;,41 =1 = l;41; and l;;,1 = 1 = [;_1; for every
t = 2,...,n — 1, and all other links /;; equal zero. The resulting network N is the ordered line L. For
any j such that l;; = 0, any agent ¢ pays ¢/2 without changing N by deviating to [;; = 1. This deviation
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is clearly not profitable. By deviating from [; ;41 = 1 to [; ;41 = 0, agent ¢ deletes her link with 7 + 1
and loses all signals s, from agents e > i, instead of receiving them with positive probability. And by
deviating from [; ;1 = 1, she loses all signals s, from agents e < . Hence, for the same reasons that
a connected network is optimal in the proof of Proposition 3, there exist thresholds @ < 1, ¢ < 1 and
@, > 0 such that for all a; > @, § > ¢ and ¢ < &, agent i does not want to delete neither link /; ;41 = 1,
nor /; ;—1 = 1. The same arguments also imply that lims_,; ¢,(d) = ¢. Hence, for ¢ < @ = min{¢, : 1 € N'},
the ordered line L obtains as Nash equilibrium, and limg_,; @(§) = C.

Let me now turn to pairwise stability. I begin by showing that there exist thresholds & < 1, §' < 1
and ¢(0) such that lims_,; ¢/(6) = 0, and that when ay; > @ for all 4, § > ¢’ and ¢ > ¢/, networks N with
loops are not weakly pairwise stable. I consider a loop O of agents in network IV and prove that the agent
i with the smallest index ¢ (and ideology b;) in O gains by severing one of its two links in O, for ¢ close
to 1, unless the link cost ¢ is too small. In fact, every agent ¢ € O has (at least) two paths without bias
reversals to i, by construction. Further, every agent i ¢ O connected to i only through agents in O has
either (at least) two paths without bias reversals to ¢ (when b; < b;), or none at all (when b; > b;). Hence,
by severing one of its two links in the loop O, agent ¢ does not block the transmission of any signal s; to
her. For oy; and § close to one and when the link cost ¢ is not too small, agent i gains by severing one of
its two links in O.

I have concluded that there exist thresholds @ < 1, &' < 1, ¢/(8) < @(d) such that for when ay; > @
for all i, § > & and ¢ € (¢, @), every weakly pairwise stable network needs to be minimally connected.
Because strong pairwise stability is more demanding, also every strongly pairwise stable network needs
to be minimally connected.

It is easy to show that the ordered line L is weakly pairwise stable under the parametric restrictions
stated in the hypothesis. In L, no signal is blocked to any agent, and there are no duplicate links. So,
for 0 close to one, each agent loses by forming a duplicate link, unless the link cost ¢ is too low.

To prove that all stars are weakly pairwise stable under analogous parametric restrictions, I note that
in any star S there does not exist any pair of agents ¢, j such that both the path from ¢ to j and the
path from j to ¢ have bias reversals. In fact, suppose that 7 and j are periphery agents. Letting b; > b;
without loss of generality, there is a bias reversal path connecting 7 and j if and only if the biases of the
center agent c of S relative to ¢ and j have the same signs, (b. —b;)(be —b;) > 0. Hence, when both biases
are positive (negative), there is a bias reversal from j to i (respectively, from j to i) but not from i to j
(respectively, not from j to i). And of course, there cannot be bias reversal paths if either ¢ or j is the
center agent, because all these paths are composed of only two agents. Because there does not exist any
pair of agents ¢, j such that both the path from ¢ to j and the path from j to ¢ have bias reversals, there
does not exist any pair of agent ¢, j that both gain by forming a link with each other, when §, a;; and
aj; are close to 1, and the link cost ¢ is not too small.

To show that there are trees that are not weakly pairwise stable under the parametric restrictions
stated in the hypothesis, I consider the 4-agent line 2 — 1 —4 — 3. Agents 2 and 3 would gain by forming
a link, unless the link cost ¢ is too high, because the signal ss is blocked from 3 and vice-versa. Indeed,
the presence of 4 in the path from 2 to 3 implies a bias reversal, and the presence of 1 in the path from
3 to 2 implies a bias reversal. And if the link cost ¢ is too high for 2 and 3 to want to form a direct link,
then it is also too high for 1 to maintain a link with 2. In either case, the line 2 — 1 — 4 — 3 cannot be
weakly pairwise stable.

To show that the ordered line L is the unique strongly pairwise stable network, first recall that every
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strongly pairwise stable network needs to be minimally connected, for § and «;; close to one for all 4, and
excluding extreme link cost c. Then, I note that there exists thresholds &' < 1, @ < 1 and @(6), such
that lims_,; @(6) = ¢ and that when oy > @ for all i, § > &, and ¢ < @, there is a joint incentive to
form a link by a pair of agents 7 and j if and only if ¢ and j are not connected by a path without bias
reversal. In the proof of Proposition 2, I have shown that L is the unique minimally connected network
for which there is a path without bias reversals across every pair of agents ¢, j. Hence, the only minimally
connected network that can be strongly pairwise stable is L, for ¢ close to one, unless ¢ is too small.

The ordered line L is indeed strongly pairwise stable unless ¢ is too large. Formally, there exists
thresholds 6’ < 1, @ < 1 and ¢(d)" such that lims_,; ¢(§)" = 0, and that when «;; > @ for all 4, 6 > &,
and ¢ < ¢, L is strongly pairwise stable. Under these conditions in fact, no agent ¢ has any incentive to
sever any of her links n;; = 1 in L and lose the signals s. gathered through that link.

I have concluded that there exist thresholds @ < 1, &' < 1, ¢(§) < @(J) such that when ay; > @ for
all i, § > ¢ and ¢ € (¢, ), the unique strongly pairwise stable network is the ordered line L.

The proof of the second part of the proposition is built on the proof of Proposition 4 in the same
way as the proof of the first part is built on the proof of Proposition 3. It is omitted and available upon
request. ]

Proof of Proposition 6. I first show that there exist a threshold @ < 1 such that if § < 1 and «y; > @
for all 7, then the only network formation strategy profile I’ that implements the ordered line L as a
Nash equilibrium is such that every agent ¢ with 1 < i < [(n + 1)/2]| plays l;,z;l = 1, that every 7 with
[(n+1)/2] <i<mnplaysl;; ; =1, and that [ ; = 0 for all other pairs of agents i, j.

Suppose that a strategy profile [ # I’ yields the ordered line L. Hence, there must exist an agent 4
such that 1 <14 < |(n+1)/2] with [; ;41 = 1, or an agent i such that |(n+1)/2] <i <n with [;;_1 = 1.
I consider the former, as the arguments for the latter are symmetric. The link with agent 7 + 1 allows
agent ¢ to access the information of the agents ¢ +1, i 4 2, ..., n. Agent 7 receives signal s; of the agent
J = i+ k with probability ¢(7’, k) for k =1, ..., n —i. Suppose that agent i deviates, and plays l; ;41 =0
and l; [(n+i+1)/2] = 1. In words, i bypasses i + 1 by forming a link with the agent [(n+i+1)/2] who is in
the middle of the ordered line between ¢ + 1 and n. This way, agent ¢ has still access to the information of
agents j =i+ 1, 1 +2, ..., n, but now with shorter paths, and hence smaller decay. In fact, she receives
one of each signals s; with probabilities ¢(7T', 1), ¢(T,2), ...,q(T, |(n —i—1)/2] 4+ 1), then again one signal
s; with probabilities ¢(7’,2),...,q(7T, | (n —i —1)/2] + 1), and when n —i — 1 is odd, also one signal with
probability ¢(T, [(n—1i—1)/2]). Instead, by maintaining her link with agent i+ 1, agent i receives one of
each signals s; with probabilities ¢(7T', 1), ¢(T,2),...,q(T, |(n —i—1)/2| 4+ 1), and then one signal s; with
probabilities ¢(T, |(n—i—1)/2|+2),...,q(T,n—1). As long as n—i > 3, agent ¢ is then more likely better
informed by connecting to agent [(n + 4 + 1)/2] than by connecting to i + 1. Because i < |(n + 1)/2],
the condition n — ¢ > 3 is satisfied if n > 3+ (|[(n+ 1)/2] — 1), and this holds when n > 4.

I have established that every agent i such that 1 < ¢ < |(n+1)/2] with [; ;41 = 1 strictly prefers to
deviate and play ; ;+1 = 0 and l; f(44+1)/2] = 1. A symmetric argument holds for every agent i such that
I_(TL + 1)/2J < i < n with li,ifl =1.

This concludes that any strategy profile [ # I’ that yields the ordered line L cannot be implemented
as a Nash equilibrium of the unilateral sponsorship game, when ¢ < 1 and «;; is sufficiently close to one
for all 4.
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Now, I show that for n < 5, there exists thresholds @ < 1, § < 1, and d"(0) < @ (0) such that
if a; > @ foralli,d <o andc € (c”,@"), the above strategy profile I’ is a Nash equilibrium of the
unilateral sponsorship game, and hence the ordered line L obtains as a Nash equilibrium.

To prove this, I check whether any agent ¢ has any profitable deviation. Again, for § close to 1, no
agent ¢ would benefit by sponsoring extra links, i.e., by playing l; > I}, if the link cost ¢ is not too small.
And unless the link cost is too high, it is not profitable to deviate from [} by adopting a strategy {; < I
for a close to one, because agent i foregoes valuable information by severing her link(s).

I now show that for any agent i such that 1 < i < |(n+ 1)/2], it would not be profitable to deviate
by setting [; ;,—1 = 0, together with /; ; = 1 for some j < i — 1. The cases n = 3 and n = 4 are trivial,
and so is the case with n = 5 for any agent ¢ other than 3. When n = 5, agent 3 may deviate from 5, by
setting I3 2 = 0 together with /31 = 1. But if doing so, her payoffs would not change: instead of receiving
s9 = 0 with probability ¢(7,1) and s; = 0 with probability ¢(7),2), agent 3 would receive s; = 0 with
probability ¢(T', 1) and s = 0 with probability ¢(T,2). Hence, agent 3 has no reasons to deviate from the
strategy l5. The analysis for ¢ such that |(n 4+ 1)/2| <i < n is symmetric. I have shown that for n <5,
the strategy profile I’ is a Nash equilibrium.

I now turn to the case in which n > 5. Consider the central agent i = [(n + 1)/2]. The strategy
profile I” is not a Nash equilibrium for any § < 1 and a;; close to one for all 7, because agent i has an
incentive to deviate from the strategy I, in which lgﬂﬂ = 1 to a strategy [ such that [; r(,,4441)/21 = 1 and
l;j = 0 for all other agent j > ¢, as long as n > 6. In fact, the same calculations as in the first part of the
proof prove that, for n > 6, agent ¢ = [(n + 1)/2] has access to the signals of the same agents i + 1,...,n
by deviating from [’ to [, but with shorter paths and hence higher probability. [
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Appendix B: Generalizations

(Not Submitted for Publication)

This Appendix presents generalizations of results presented in the paper. We first consider general utility
functions and statistical information models. Then, we consider cheap talk instead of transmission of

verifiable information.

General Utility Function and Statistical Model. This part of the section generalizes the results of
Lemma 2 qualitatively to general utility functions, and statistical information models. As a consequence,
also Proposition 2 and subsequent results generalizes qualitatively. This shows that neither a quadratic
loss function, nor a uniformly distribution state, nor binary signals are needed for this paper’s main
results. In particular, Lemma 2 and subsequent results can be generalized qualitatively to the case of
continuous signals.

Suppose that there is a single expert e and a unique decision maker d connected on a path of length
I. The state of the world § € ©. Every agent i has a utility function u; (y,6) such that 0%u;/0y? < 0,
0%u;/0y00 > 0 and Au;y1/0y > Ou;/dy. Because 9*u;/0y* > 0, for every 6, there is a unique y; (0) that
maximizes u; (y,6) . Further, 9?u;/0y00 > 0 implies that dy; /00 > 0, and Ou;y1/0y > Ou;/Oy implies
that y;11 (6) > y; (9) for all 6.

The expert may be informed of signal s € § with probability p < 1. The signal s is informative of 8 in
the sense that the likelihood ratio is monotonic. Let F' (s|f) be the c.d.f. of s given 6 and p (s|f) denote
the associated p.d.f or density. If s > s and 0’ > 0, then, p(s'|0') /p(s|0") > p(s'|0) /p (s]0) .

Agent 7’s expected utility if knowing s is Eu; (y; s) = [ ui (y,0) dF (6]s) . Because 9%u;/0y* < 0, the
function Ew; (y;s) is also strictly concave in y, and for every s, there is a unique y;(s) that maximizes
FEu; (y; 5) . The monotone likelihood ratio property, together with 9%u;/9yd0 > 0, imply that this maxi-
mum y; (s) increases in s, dFEu; (y; s) /0s > 0. Because Juit1/0y > 0u; /0y, the maximum y;(s) increases
in 4, yir1(s) > vi(s).

In line with the hypothesis of Lemma 2, I assume that ideology differences are sufficiently large, so
that every agent k on the path from e to d always wants to misrepresent s to any decision maker d. A
tight sufficient condition is:

inf{y;+1(s) : s € S} > sup{y; (s) : s € S}. (11)

In other terms, the sets of optimal choices Y; = {y; (s) : s € S} are strictly ordered, they do not overlap.

A slacker, easier to visualize sufficient condition is to assume that © is a compact set and that
Yi+1 (0) > y; (6) . Of course, this condition implies: inf{y;y1 (6) : 0 € O} > sup{y; () : 6 € O}, which in
turns implies (11).

A natural example is the standard quadratic-utility formulation u; (y,0) = — (y — 0 — bi)Z, together
with uniformly distributed state 6 ~ UJ0, 1], and signal s informative with probability p and independent
of # with probability 1 — p. That is, s = 6 with probability p and s_16, s ~ U [0, 1] with probability 1 — p.
Condition (11) is then satisfied if and only if b;11 — b; > 1.

Note however that © being a compact set is not necessary for condition (11) to hold. For example,
suppose that y; (§) = arctan () +igm, e.g. u; (y,0) = —y?+2 (arctan () + ign)y, for g > 2, and s = §+¢
with e ~ U[—7/2,7/2].



The following result generalizes Lemma 2. Let me define:

Jocus Jotta (4. 6)dF (8]3)dF () + (1= p) [ . Joy ua (4. 0) dF (B]s) dF (s)
Joear dF () + (1= p) [ dE (5)

(1 0) foes Joua (5, 6)dF (Bls)dF (5) + [, foyua (v.6) dF (6]3)dF (s)
(L= 9) Joer dF () + [0, dF (5) |

Ya— (@) = argmax
y

ya+(2) = argmax
Yy

Lemma B1 Suppose ¢ + 1 agents j are linked along a path p from agent e informed of a signal s with
probability p € (0,1] to decision-maker d. Assume condition (11).

1. Suppose the path from e to d has no bias reversals. If by > by for all k on path from e to d, then
every agent k forwards signal s if and only if s > s, with the condition y4(s™) = y4,— (). Because p < 1,
it is the case st > s = inf S. If p — 1, then s — inf S. The converse result holds when by < by for
all k on path from e to d: then, every agent k on path forwards signal s if and only if s < s=, with the
condition yq4(s~) = ya,+(9), and s~ <5 =supS. If p— 1, then 5 — sup S.

2. Suppose the path from e to d has bias reversals. Then, the choice of the decision maker if receiving
no signal is yYqo = argmaxy [o [oua(y,0) dF (8]s)dF (s). Every player k with by > bq blocks signal
s < Y40, and every player k with by, < bgq blocks signal s > yq0. Generically, signal s does not reach the
decision-maker who acts fully uninformed.

Proof. Part 2. For any given choice y of decision maker d if she does receives signal s, because of
condition (11) and yg(s) strictly increases in s, it is a unique best response of any agent k such that
by, > by to forward s along the path if and only if y4(s) > y (unless the signal is blocked by one of his
successors). Conversely, the unique best response of any agent k such that by < by is to reveal s if and
only if y4(s) < y. Generically, signal s does not reach the decision-maker who acts fully uninformed, and

plays yq0 = argmaxy [ [o uq (y,0) dF (]s) dF (s).

Part 1. Suppose that by > by for all agents k on path from e to d. For any given choice y of decision
maker d if she does receives signal s, because of condition (11) and y4(s) strictly increases in s, every
agent k forwards s along the path if and only if s > y;l(y). Letting s™ be the equilibrium threshold
y;l(y), the decision maker d’s equilibrium choice y4 (@) is defined as follows:

(@) = argmax { Blua (.0 12] = [ [ wa(0.0)aF @19 aF (s12)}.

where
_ Pr(@ls)dF(s) dF (s) )
dF (s|@) = J¢Pr(@ls)dF (s) [ dF (s)+(1—p) [,o . dF ()’ if s <sT
Pr(@ls)dF (s) (1= p)dF(s)

dF (s|@) if s > st.

JsPr(@]s)dF (s) [, dF(s)+(1—p) [,-. dF (s)

Wrapping up, I obtain expressions (12) and (13).

To show that, because p < 1, it is the case st > s = inf S, proceed by contradiction: if sT = s, then
Ya,— (@) = argmyax/ / ug (y,0)dF (0|s) dF (s) > ya(s),
SJO
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by the intermediate value theorem, thus contradicting y4(s™) = ya(2).

For p — 1, the equilibrium condition becomes:

+) = argmax f8§8+ Joua (y,0) dF (6]s) dF (s)

Y fsger dF (s) ’

ydv_(s

which holds only in the limit for s — s, because for all s™ > s,

Jocsr Joua (y,0) dF (8]s) dF (s)
fs§5+ dF (s)

ya—(s1) < arg max

by the intermediate value theorem.
The proof of the converse result, when by < by for all agents k& on path from e to d is analogous. m

For example, consider the case of the standard quadratic-utility formulation u; (y,0) = — (y — 0 — b¢)2 ,
together with uniformly distributed state § ~ UJ[0, 1], and signal s informative with probability p and
independent of # with probability 1 — p. That is, s = 6 with probability p and s16, s ~ U [0,1] with
probability 1 — p. Condition (11) is then satisfied if and only if b;41 — b; > 1.

Let me define:

1
(@) — Blilon] 4y B ECOID] L (L LCL oY
I ds+(1 p) Jo f(5)
fo s)ds—i—f EH\) (s)ds
= FE0 bg = bq.
Ya+(9) (012, +] + ba = fo Gt [ ris +bq
Because E (0|s) = ps+(1 —p) /2 and f (s pfo df+(1 —p) = 1for s € [0, 1], the equilibrium conditions
are:
psi/24+(1—p)p(1—s3)/2+(2—p)(1—p)/2
=Bl sk (=) (1= 57) /
B (A =p)pst/2+p(1—52) /24 (2—p)(1—p) /2
s-=FE0lo,+] = A=ps + (=5 .
8*——[)(21_17)(1—p—\/1—4pp—02+pp2+p20+2,0)
L=V dp ot dpp + 207 — 3pp? — pPp + P

p(2 —p)

1 1
When p =1, s+:f<1—p— 1—p>,3*:f(\/1—p—1).
p p

Multiple simultaneous decision makers.



Cheap talk. This part of the section introduces cheap talk (i.e., transmission of unverifiable information)
in the game of transmission of verifiable information presented in Section 3. It shows that cheap talk does
not allow for more informative equilibrium communication than transmission of verifiable information,
when the players’ ideological differences are sufficiently large, as is the case in Lemma 2 and Proposition 2.
Hence, adding the possibility of cheap talk communication on top of transmission of verifiable information
is irrelevant for this paper’s main results.

The first part of the analysis considers the cheap talk version of the game introduced in Section 3.
Such a game is defined as follows. I lift the restriction on reporting strategies that 754 (wij; ') € {wij, ¢}
given j’s information w;; € {0,¢,1} on signal s;, for any agents d, i, j and k and history h'. Regardless
of the realization of signal s;, the reports 7jq;(si; h') may here take any value out of possibly large
message sets thk 4> that I assume finite for ease of exposition. The remainder of the model of Section 3
is unchanged, including the statistical assumptions on the state 6, and the binary signals s; which may
be observed by the players 1.

The first part of the analysis considers equilibria of the game of cheap talk that are outcome equivalent
to the equilibria of the game of verifiable information transmission of Section 3. Suppose £ 4+ 1 agents j
are linked along a path p from an expert e, informed of an unverifiable signal s with probability p, to a
decision-maker d. There are T rounds of communication. In each round ¢, any agent j on the path p may
communicate to his successor k. All communication takes the form of cheap talk.

I begin by considering the one-sided information equilibria of the verifiable information transmission
game, specifically those in which every agent j relays only signal realization s = 0 to the next agent k on
the path p. Regardless of the specific report strategies r adopted, any such equilibrium is strategically and
outcome equivalent to the equilibrium of the cheap talk game in which Mfkdi ={0,,1}, 7jrai(0; ht) =0
and 7kdi (¢; ') = 7jkai(1;hY) = ¢, for all ¢, 4, d, j and k. The possibility that the message rjjq; is lost
with probability 1 —0 is again represented by the assumption that when r;,q4; # ¢, agent k receives report
¢ with probability 4.

DO NOT INTRODUCE THE g THING. JUST DO THIS FOR |b; — bq| > ﬁ. DROP THE FIRST
PROOF, WHICH IS IRRELEVANT, USE THE SECOND ONE TO SHOW THAT THERE CANNOT
BE MORE INFORMATION TRANSMISSION THAN WITH ONLY CHEAP TALK. THE PROOF 1
HAVE NOW IDENTIFIES THE BOUND |b; — bg| > %. THIS COMES FROM THE FACT THAT

2(bj — ba) > E[b]rjar] — E[0]rn;],

AND THAT WITH ONLY ONE SIGNAL, E[f|r’;;] < 2/3 AND E[f|r,;] > 1/3. THE BOUNDS ARE
GIVEN BY THE SIGNAL s; = 1 ARRIVING WITH PROBABILITY ONE, AND BY THE OFF PATH
BELIEF ASSOCIATED WITH THE SIGNAL s; = 0 WITH PROBABILITY ONE. IN FACT, SIGNALS
CANNOT ARRIVE WITH PROBABILITY ONE, SO IT WOULD BE POSSIBLE TO CLAIM THE
BOUND |b; — by > gz—prry FOR & = 1. THEY CORRESPOND TO THE BELIEFS IF SIGNALS
s; =1 OR s; = 0 ARRIVE TO THE DM.

TO ACHIEVE THE BOUND |b; — ba| > gtz IS MORE COMPLEX BECAUSE I CANNOT
REDUCE EVERYTHING TO A DECISION IN THE LAST PERIOD.

ADDING MORE THAN ONE BINARY CHEAP TALK SIGNAL, THINGS BECOME MORE COM-
PLEX. IT IS POSSIBLE TO HAVE SEMI-POOLING EQUILIBRIA... THE CONDITION

2(b; — ba) > E[0|rjar] — E[0]rn;].
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REMAINS, BUT NOW IT IS MORE COMPLICATED TO CALCULATE THE BOUNDS FOR E[G]r;dT]

AND E[f]r,;].

The general result is that for |b; — bg| > 1/4 and any distribution of cheap talk messages, with our

without verifiable information, there is no transmission of unverifiable information in equilibrium.

BECAUSE THIS IS TRULY THE CHOICE BETWEEN TWO DIFFERENT MESSAGES, IT IS
SAFE TO CONSIDER THE BINARY MESSAGE EQUILIBRIUM CASE IN WHICH THE BELIEFS
ARE LINKED BY A MARTIGALE CONDITION, ALLOWING FOR MIXED STRATEGIES:

E[0|m1] Pr (m1) + E[f|ms2] Pr (m2) = E [0]

Pr (ma) B[f[ma] + [1 = Pr (m1)] B[6jmo] = 5

1
pE+(1—-p)F = B
Q = F-F
Q= (E-1)
C2p—2
11— 2E[0m]

Elfims] = Blflm] = 55500

HENCE,
E[8]ms] — E[6)m1] = W

That is:
|E[0]me] — E[6]ma]|

E[6lms] — 1/2
Pr (m;)
E[8lma] — 1/2
>_s0j(m1ls) Pr(s)

2(()] - bd) >

To calculate E (0|ms), note that:
2 [l = o (mas)] Pr(s|0)

O0lmo) =
J (Olme) Sl = oj(mals)] f, Pr(s|@’) f(6")do"




and

! — oj(mus)] Pr(s|0)do
Bm) = [ ezs . ST | i Pr(sl6) £(07) e
YW1 = aj(mals)] [y 0Pr(s|0) f(6)do
S = oj(mals)] [y Pr(s|6") £(6")de’
> sl —aj(mas)] Pr(s)E(0]s)
>5[l — aj(mals)] Pr(s)

E[0] — > g oj(mi]s) Pr(s)E(0]s)

1= s0j(mils)Pr(s)
1/2 =5 oj(mi|s) Pr(s)E(f]s)

1= s0j(mils)Pr(s)

Using: [} 0 Pr(s,0)d0 = Pr(s) [, 0f(6]s)df = Pr(s)E(6]s), and Y, Pr(s)E(4]s) = E[6].

1/2—12520j(nzl|s)‘ P;rlgs)(E;(G\s) - %
Q(b'—bd) > —>. 0;(mals) Pr(s
’ >_s 0j(mas) Pr(s)

125", 0;(mals) Pr(s) E(0]s) — [1 — 3y 0;(ms) Pr(s)]

]( 1‘
2[1 = 5, 7;(m1ls) Pr(s)] 3, 05 (mi1]s) Pr(s)
>_s0j(mals) Pr(s) — 23 5 o;(m] )JE(8]s)
1 (

s 75
s) Pr(s) E(0)
2 [1 - Zs O-j(ml‘s) PI‘(S)] Zs Uj(m |S Pr S)

)

| i-ehgene
2 1-3 505(ms)Pr(s)
_ 11-2E[f|m]
T 2 1-Pr(m)
1{2—;(]_% 11—2q/p
p 2 1-—

is true :

E[0]my] — E[f]my] = ;m

I argue that

| — 2B [0)m]
[ Pr(m) -

In fact:
1-2E[0|mi] <1—Pr(m),

is equivalent to
2FE [0|lmq] > Pr(m1),
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Suppose not:
E[0m1] < Pr(my),

then because

E[f]ma] — E[fmy] = ;11—_21?%

it would be the case that

_11-2E[flmy] _11-2E[0lmy]

but that’s impossible, because 0 < E[f|m;] < E[f|ma] < 1.
DONE.

. 0;(mas) Pr(s|6)do

1
Eflm) = /oezsa (mafs) I Pe(sl6') £ (6')d6"

L 0(mals) Jy 0 Pr(s|6) £(6)d6
>a0j(mils) fy Pr(s|e)f(6')der
3, 0;(mus) Pr(s) E(6]s)
S, 0 (mufs) Pr(s)

Q

> s0j(mi|s)Pr
5. %(mlr) Z"J (mafs) Pr(s

In the uniform-Bernoulli case:
E[f|mso] — 1/2

Pr (ml)

Eflms] —1/2
>ie1 Pr(sj)oj(mals;)

Q(bj — bd) >

where n is the number of vector signal realizations.

AND BY BAYES RULE: )
E [0|m2] :/ 0f (8lma)do
0



f(0,m2)
Iy £ (O, ms) de’
Pr (m2l6) f ()
Jo Pr(male") f (") o
Doy [~ oj(mafs;)| Pr(s;[6)
S [1 = oj(mals;)] fy Pr(s;|0)do

Using the fact that the only thing that matters in a Beta-Bernoulli environment is the number of signals

equal to 1, set as k, let me rewrite this as:

[ (Olmg) = ol = i(mlR) Pr(kio)
> holl = aj(malk)] [, Pr(k|6)d6

Zk oll —oj(m|k)] Pr(k|0)

> oh—oll —ai(malk)] 7

where I am using the fact that fol Pr(k|0)dd = Pr(k) = 1/n for all k in an uniform-Bernoulli environment.
So,

1
Ebjms] = / 0 (6lms) d6

Sl — oj(malk)] [} 0 Pr(k|6)de
& e[l = aj(malk)]
Sr_o[l — o (mu|k)] [, 01 Pr(6]k)de
=3 hoa (1= o (malk))
> heo[l = oj(ma k) £
> h—oll = aj(malk)]

k+1
Zk mniQ

n—m

Using: Pr(k|0) = Pr(k6) _ Prolk) Pr(k) _ LPpr(0k)

1) f(0)
So, I obtain:
E[f0lmo] —1/2
2(1)' - bd) > 7
’ i1 Pr(sj)oj(mals;)
Zk nz%
_ n—m _1/2_1n(m+1> m—-n-—2
B Im 2 m(n+2)(m-—n)

: : In the case of a pure-strategy equilibrium, which needs to be partitional and with no gaps, letting
m — 1, for m = 1, ...,n be the highest k for which m; is uttered,
1 —2 _ —2n—2

1 m—n—2 _ 1 _4m—2n+2mn+m?-—n?
Dy (4 (m +1) m) = 2 (o) (n42)




1 m—n—2 - _ 1 —6n—mn?+m? n+mn 4m?2—3n?

sn(m+1) oty — 1/3 =35 i (nF2) (m—n)

D 1 —6n—mn?4+m? n+mn 4m?—3n? 4m 2n+2mn+m?—n?
m\ 6 m(n+2)(m—n) m2(m—n)*(n+2)

NOW, ADDING A BINARY CHEAP TALK SIGNAL TO THE BINARY VERIFIABLE SIGNAL
WOULD WORK LIKE THIS.

THE FINAL AGENT IN THE PATH SIMULTANEOUSLY CHOOSES WHETHER TO DISCLOSE
THE VERIFIABLE AND THE UNVERIFIABLE SIGNAL. FOR ANY NON-TRIVIAL DISCLOSURE
STRATEGY OF THE UNVERIFIABLE SIGNAL, THE CONDITION

2(bj — ba) > E[B|ryr] — E[]rn],
BECOMES
2(bj — ba) > El0|rar, 55] — E[Brn;, s4],

FOR AT LEAST ONE VERIFIABLE SIGNAL REALIZATION s;. NOW, THE (SLACK) BOUNDS
BECOME E[6]r ;7] < (1+s;+1)/4 AND E[f|r,,;] > (s;+1)/4. AND THIS IS JUST A CONSEQUENCE
OF BETA-BERNOULLIL THE RESULTING

SO, OVERALL THE BEST APPROACH IS TO KEEP THINGS AS THEY ARE... CHANGING

MAYBE THE BOUNDS TO |b; — bgq| > 6(2 ) IN THE MAIN RESULT.

Suppose momentarily that there is no decay, § = 1. Then in the one-sided equilibrium, if receiving
the report 7;4; = ¢ from her predecessor j on p in every period ¢, then the expectation about 6 of any

1-p {) 3 __¢f. expression (7). If instead k receives the

agent k (including the decision maker d) is E[0|¢] =
report rjrqg; = 0 in any period ¢, her expectation about 0 is E[f|¢] = % henceforth. On the equilibrium
path, agent k cannot ever receive report 7x4; = 1, nor she can receive report 7x4; = ¢ after receiving
rikgi = 0. If these events, her equilibrium beliefs are not pinned down by the Bayes rule. I want to
show sufficient conditions under which the one-sided equilibrium does not exist. Hence, I consider off
path beliefs that do not make off path deviations from equilibrium more profitable than deviations on
the equilibrium path.

Suppose that the information wj(ht) about s at history h! of an agent j on the path p with bj > by
is wj = 0. Then, as in the proof of Lemma 2, u;q(0; h*) > ujq(¢; h') and j sends the equilibrium message
Tjkdi = 0 to k instead of deviating to 7k = ¢ if and only if 2(b; — bg) < E[f|¢] — E[|0] = 2 3G

bj—bg < 6(2 Pk Now however, also any agent j on the path p with b; < by has the opportunity to deviate

or

from equilibrium and send 7j34; = 0 instead of rj,4; = ¢, when her information about s is wj(ht) € {¢,1}.
She does not deviate if and only if u;q(0; h') < ujq(¢; h'), that is, 2(b; — bg) > E[0|0] — E[f|¢] = —
or b] — bd Z —ﬁ

Wrapping up, for 6 =1 the one-sided communication equilibrium in which agents reveal s = 0 exists

1
2—p)’

if and only if |b; — byl < 5 o) for all agents j on the path p. To extend the result to § close to one, I
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note that the payoff functions ujq(s; h') and ujq(¢; h') are continuous in d—cf. expression (4). Hence,
for § close to one, it is still the case that w;q(0;h') > ujq(¢; k') for any agent j on the path p with

bj —bg < — and w;(h') € {¢,1}, if the opponents abide to the one sided equilibrium strategies.

1
6(2—p)
Likewise, it is still the case that u;q(0; k') < ujq(¢; h' for any agent j on p with b; — by > @, even
if wj(h') = 0. In other terms, also if § is close to one it is the case that the one- sided communication

equilibrium in which the agents reveal s = 0 exists if and only if |b; — bg| < ) for all j on p. A

6(2 )
symmetric argument leads to the same conclusion for the one-sided communication equilibrium in which

the agents reveal s = 1.

Now consider full communication equilibria. The agents reveal both signal realizations s = 0 and
s = 1. Any such equilibrium is outcome and strategic equivalent to the equilibrium of the cheap talk game
in which Mtkdl ={0,¢,1} and rjggi(wj; ') = wj for all ¢, 4, d, j and k. The existence of this equilibrium
requires the truth-telling conditions 2(b; — bg) < E[f]¢] — E[0]0] = § and 2(b; — by) < E[0]1] — E[0]¢] = &
for b; > by, and 2(b; —bg) > E[6|¢] — E[0]0] = —% and 2(b; —bg) > E[|1]— E[f]¢] = —¢ for b; > by. These
existence conditions are more demanding than the above conditions for the existence of the one-sided
communication equilibrium.

The same is true for any mixed strategy equilibrium that is outcome equivalent to any equilibrium of
the verifiable information transmission game. Any mixing across the messages rjq; = 0 and rj3q; = ¢ of

the one sided communication equilibrium makes E[0|0] larger than 1 and E[f|¢] smaller than 1 £ / 3 thus
making the equilibrium conditions, 2(b; —by) < E[f|¢]— E[0|0] for b; > by, and 2(b; —bg) > E[Q[O] E[6|¢]
for b; < by, harder to be satisfied. And conversely, any mixing across the messages 7,4 = ¢ and rjq; = 1
makes F[0|1] smaller and FE[0|¢] larger, thus making the equilibrium conditions harder to be satisfied.
And of course, any mixing across the messages 7jxq; = 0, 7jxa; = ¢ and rjiq; = 1 of the full communication
equilibrium makes equilibrium conditions even harder to satisfy

For ¢ close to one, I conclude that if |b; — bg| > 6(2 P
babbling equilibrium is the only equilibrium of the cheap talk game that is outcome equivalent to an

for some agents j on the path p, then the

equilibrium of the verifiable information transmission game.

I now show that if bj11 —b; > § L for all 4 < n, then there do not exist any perfect Bayesian equilibria
other than the babbling equlhbrlum, regardless of whether they are equivalent to equilibria of the verifiable
information transmission game, or take more complicated forms.

I study cheap talk games with message spaces M tkd constructed as follows. In period ¢t = 1, let
M]kdZ = {0, ¢, 1} for all agents i, d, j, k; and for any time t > 1, let Mjkdl = Xp4j, th]dz M]"/,wllZ This
is because I want to allow for the possibility that in each period ¢, each agent j can report to any one
neighbor k& not only the messages rp; she just learnt from her neighbors h # j but also what she could
have learnt and said at any earlier period 7. In the message spaces constructed above, for all agents j
and k, the space M}kdi includes M]t,;dll at every period t, and then by concatenation M;kdi also includes
M]t/,c de e, M jlkdi. The possibility that j’s report r,iq; is lost in transmission at any time ¢ is represented
by the assumption that with probability 1 — §, agent k receives a report vector whose components are all
equal to ¢, when j sent a different report rjx4;.

Again, I begin by considering the case of no decay, § = 1. For each neighbor j of the decision
maker d, let me introduce the following collection of cheap talk games between agents j and d. Nature
draws 6 from the uniform distribution on [0, 1], and then s € {0, ¢, 1} according to Pr(s = 1|6) = pb,
Pr(s = 0]f) = p(1 — #). Then, there are T" periods of communication. In each period t = 1, ..., T, nature

10



sends agent j a report 7,;; out of the message set Mﬁj = Xpz; M, fL Jdi That is, nature can send any vector
of reports rp; that j would have received from her neighbors h. The report r,j; depends on the signal s
according to the probability distribution ((ry;|s), where r,; is a profile of T" reports 7. In each period
t=1,...,T, agent j also sends a message r;4; to agent d function of the profile ryj; of ¢ reports r,;, for
T = 1,...,t, possibly adopting a mixed strategy o;4. After these T' rounds of communication, agent d
chooses 74 as function of the profile of messages rjq received from j.

Any given nature signal disclosure distribution ¢ identifies a different game between agent d and one
of her neighbors j. If no information is revealed to d in any Bayesian Nash equilibrium of any of these
games, then no information can be revealed to d also in any Bayesian Nash (and hence a fortiori any
perfect Bayesian) equilibrium of the game in which agent e is informed of s with probability p and agents
may communicate for T rounds before d’s decision. Hence, I want to prove that every Bayesian Nash
equilibrium of every game between agent d and one of his neighbors j is a babbling equilibrium. The
message 7;jq:(Tn;j¢) of agent j to d is the same for every profile of nature messages ry;; at every time t.

I first note that, because there is no decay, 6 = 1, it is without loss of generality to restrict attention
to agent j’s strategies 04 in which j does not transmit any information to d until the last period 7' (Le.,
at every time ¢ < T, agent j sends the same message 7;4; in every history ht.) After collecting all the
reports r,; from nature, j decides what to communicate to agent d, and sends a message 7jqr € Mde.
This restriction is without loss of generality because by construction, every vector of nature’s reports ry;
is identified by at least a message in the space M}Zl. Hence, I just want to show that if |b; — bg| > %, then
agent j sends the same message 7,47 at every history hT in every equilibrium.

Suppose by contradiction that there exists an equilibrium in which o;4(ry;) # 0ja(r;,;) for (at least)
two report vectors r,,; and r;,; such that E[f|ry;] # E[0|r;,;]. Then, there would exist messages ;47 and
r;- o such that y4(rjar) # yd(r; 4r)- For the strategy ojq to be an equilibrium strategy, it would then need
to be the case that

wja(rjar; Tnj) = —E[(ya(rjar) — 0 = b;)?[tnj] > wja(rjar; tng) = —E[(ya(rjar) — 0 — bj)?|rn;]
wja(rjari thy) = —El(a(rar) — 0 = b;)?|th;] = wja(rjarsvy,;) = —=Bl(ya(rjar) — 6 — bj)*[r7,;]

Because agent d is sequentially rational, it must be that yq(rjar) = bqg + E[f|rjqr] and yd(rg.dT) =
ba + E[0|r 7], and I can rewrite the above conditions as:

E(ba + Elf|rjar] — 0 — bj)?|rn;] < El(ba + E0|rr] — 0 — bj)?|rny)

E(ba + E[0]7qr] — 0 = bj)?[r,;] < Elbg + Elf]rjar] — 0 = bj)?|r7,;].

Simplifying these inequalities as in (5), I obtain:

[2(bj — ba) + 2E[0]rn;] — El0lrjar] — El0lrjar]] [EO]r}ar] — Elb]rjar]] <

[2(b; — ba) + 2E[0]r;,;] — ElOlrjar] — El0lrjar]] [El0|rjar] — Elb|rjar]] > (14)

I note that if agent j’s strategy o4 identifies r,; and r;”- perfectly, i.e. both the support of ¢;4(ry;) and
of oja(ry,;) are disjoint from the supports of oq(ry,;) for every other report vector ry;, then E[f|r,;] =
E0|rjar] and E[f|r;;] = E[f|r};7]. The decision maker identifies r,,; from the message rjqr and rj,; from
the message 77,7, and the conditions (14) take the same form as in (5):

2(bj — ba) < El0|rjar] — Elflrn;], 2(bj — ba) = Elb|rjar] — E[6|r,;]
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Instead, if agent j’s strategy ojq pools or randomizes information, it determines a Blackwell scrambling
of nature’s report distribution (. As a consequence, agent j must have more extreme beliefs about 6 than
the decision maker d, for some realizations r,,;, r;Lj of ¢ and rjq7 and 7“;- a1 Of 0jq. For such values of r,,;,
Tyjs Tjar and 1y, it is then either the case that E[f|rjar] < E[f|rn;] and E[0]7),7] > E[f|r;;] when
E0|r}4r] > E0|rjar], or that E[0|r;ar] > E[f|rn;] and E[0|r),7] < E[0|r) ;] when E[f|r},r] < E[0|rjar].

Suppose without loss of generality that E[0|r,p] > E[f|rjsr]. Say that b; > bg. Then, the first
equilibrium condition (14) fails if:

2(bj — ba) > E0lrjar] + El0|rjar] — 2E(0]rn;].
Because E[f|rjqr] < E[f|r,;], the latter condition simplifies to:
2(b;j = ba) > E0|rjar] — E[0|rn;],

and because E[f|r’;r] < 2/3 and E[f|r,;] > 1/3, this simplifies to: 2(b; — bg) > 1/3, i.e., bj — by > 1/6.

Hence, if b; — bg > 1/6, then the hypothesized (possibly partially) separating strategy ojq cannot be
part of an equilibrium. A symmetric argument shows that if b; — by < —1/6, then the second equilibrium
condition (14) fails, and again o4 cannot be part of an equilibrium.

I have concluded that there is no equilibrium information transmission in the game in which agent e is
informed of s with probability p and agents may communicate with no decay, 6 = 1, for T rounds before
d’s decision. The extension of this result to when ¢ is close to one is based on the same arguments used
in the first part of the analysis of cheap talk. Because the payoff functions u;q(r;qr;r,j) are continuous
in 0 for all rjqr and ry,;, if one or both inequalities (14) fail for 6 = 1, then they must still fail for ¢ close
to 1 for the same strategy profiles. As a result, there there still cannot be any equilibrium information
transmission.

I have concluded that if b; 11 —b; > % for all i < n, then the babbling equilibrium is the only equilibrium
of the cheap talk game in which an expert agent e is informed of signal s such that Pr(s = 1]0) = 6.
The result can be generalized to any unverifiable signal s informative of 8, that is, any signal s such that
E[f]s] is not the same for all realizations of s. For any such signal s, there exist a threshold g (s) such
that if b;11 — b; > B (s) for all i < n, then the unique equilibrium of the cheap talk game is the babbling
equilibrium.

It is obvious that these results hold also if agents have verifiable information to communicate, together
with these unverifiable signals. Hence, if together with the verifiable signal s, there were also unverifiable
signals § € {0,1} informative of # with probability Pr(s = 1|6) = 6, any possible decision maker d would
not be informed of any such signals § in equilibrium, when b;41 — b; > % for all agents i < n. And for
any general distribution of unverifiable signals § informative of 6, it can be shown that d would not be
informed of § in equilibrium, if the biases b;11 — b; are sufficiently large.
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Appendix C: Extended Literature Survey

(Not Submitted for Publication)

This section surveys the empirical literature on the examples of networks of political decision makers
discussed in the introduction.

I begin by considering networks of policy makers across different jurisdictions. Using data from a
survey of California planners and government officials, Henry (2011), and Gerber, Henry and Lubell (2013)
investigate the factors that lead local governments to collaborate within regional planning networks. Their
analysis considers land-use planning, where regional cooperation among counties is advocated as a way of
mitigating negative externalities. They construct networks of local institutions in five California regions,
using data from a survey of local government officials. They construct measures of political distance, as
well as demographic, socioeconomic and geographic proximity between local jurisdictions in each region.
An exponential random graph model analysis is used to investigate the significance of political similarity
in the regional planning networks, while controlling for other network effects.

The overall network structure consists of 5 geographical cliques organized as stars or complete net-
works or something intermediate. These 5 cliques are only linked through their centroids, with the
exception of the San Diego and Riverside cliques. Higher political distance significantly lowers probabil-
ity that jurisdictions collaborate in regional planning networks in all regression specifications, even after
controlling for demographic and geographic factors. Dyads with higher demographic and socioeconomic
differences are also less likely to collaborate. The main conclusion is that local governments whose con-
stituents are similar politically are more likely to collaborate with one another in regional planning efforts
than those whose constituents are politically diverse. Political homophily turns out to be important even
in settings where partisan considerations should not to relevant.

Zafonte and Sabatier (1998) construct the network of governmental agencies in the San Francisco
Bay-Delta region, by directly surveying their officers. They identify 4 groups. The first one includes
State or local agencies concerned with or involved in exporting water from the delta. The second is
made of local agencies who develop shoreline primarily in the Bay. A third one is composed of local
government organizations that have counterparts who discharge into the Bay-Delta. The fourth one is
composed of organizations primarily interested in environmental management. Omne residual group is
less cohesive than these 4 groups and includes organizations with environmental protection objectives,
together with organizations linked to developers who value environmental quality. The empirical analysis
provides strong evidence that these groups form on the basis of preference homogeneity.

Henry, Lubell, and McCoy (2011) uses exponential random graph models to investigate the roles of
policy-relevant beliefs and social capital as drivers of network structure. The following hypotheses are
formulated: (1) actors with similar policy beliefs are more likely to form connections, (2) this leads to
segregated ideological subnetworks, (3) social capital, defined as trust and norms of reciprocity, helps
cement cooperative relationships. These hypotheses are tested using surveys of policy-makers involved
in land-use and transportation planning in four California regions. The data show that coalitions of
ideologically similar agents organize around policy leaders and brokers.

This article aspires to test several important hypotheses regarding the nature of coordination networks
and the formation of coalitions, treating the ACF both as an inspiration and as a framework in need of
further refinement. This is done in the context of a complex and conflictridden policy subsystem: the



Swedish carnivore-management subsystem. The results indicate, firstly, that perceived belief correspon-
dence, and not perceived influence, is the driving mechanism behind coordination; and, secondly, that
the catalog of beliefs shared by actors within a coalition is composed by policy core beliefs, in particular,
with a more normative content, while no connection between deep core beliefs and coordination is found.

Matti and Sandstrom (2011) study the network of policy makers responsible for wildlife management
in the Swedish carnivore-management subsystem. Their result identify similarity in policy preferences
and beliefs the main driver for forming connections aimed at coordinating policy efforts. Interestingly,
perceived influence is not found to be a significant driver for connection, nor are deep core normative
beliefs.

Schneider et al. (2003) analyze the connections of policy makers and interest groups in U.S. estuary
areas. They compare networks part of the National Estuary Program with networks in comparable
estuaries that are not in the program. The networks in NEP areas are found to comprise more levels of
government, to seek the advice of a larger set of experts within policy discussions, and to foster stronger
connections among the different stakeholders. This leads to a greater trust into the fairness of local policy.
While networks are denser in network areas, some common features appear across all networks, namely:
policy preference similarity and perceived influence are main drivers for the establishment of connections
within the network.

Weible and Sabatier (2005) investigate networks of policy makers in the areas subject to California
Marine Life Protection Act, with particular interest on the overlap between networks with different
functions, such as information transmission and advice, and alliance and coordination. The main findings
are that alliance and coordination networks overlap slightly more than information/advice networks, and
that policy core beliefs and preference similarity are good predictor of connections within these networks.
The advice/information network is composed of four segregated subnetworks composed respectively of
local governments and harbormasters, of commercial fishers and divers together with State and Federal
government agencies, and environmental groups, of recreational fishers and commercial passenger fishing
vessels, and of kelp harvesters.

Feiock, Lee and Park (2012) survey of the local governments’ connections in the four-county Orlando,
Florida, metropolitan area. Interestingly, they find little evidence of differences in network patterns for
administrators and elected officials. Local government actors organize in hierarchical networks, but there
is also evidence of transitivity and connections among agents in the subnetworks periphery. Similarity of
economic problems and differences in population are the main drivers of connection.

Desmarais, Harden and Boehmke (2015) study policy diffusion across US States. They formulate
a network connecting States by keeping track of when different State governments adopt 187 specific
policies. They code a link from a State to another, if the second State adopts a policy similar to a pre-
existing policy in the first State. In the resulting network of policy imitation, State population, median
citizen ideology and geographical distance are the main drivers of connections.

Empirical analysis of networks of political decision makers is not limited to policymakers. Broader net-
works including political consultants, lobbyists and interest groups have also been considered. Laumann
and Knoke (1987) trace over 40,000 connections among lobbyists, government agencies, and congressional
staff using 1970s health and energy policy data. Because of the complexities of policies and the stakes in
play the importance of information sharing among lobbyists has long been understood (e.g., Heclo 1978).
The analysis of connections among lobbyists shows that lobbyists communicate mainly with lobbyists
with similar preferences. More broadly, similarity in policy preferences and issue involvement are highly



correlated with communication between the political agents involved in energy policy: lobbyists, congress
committees, government agencies.

Carpenter, Esterling and Lazer (2004) confirm these results and proceed to show that connections
are transitive: a pair of lobbyists more likely forms if both are connected to a common third party. The
amount of resources employed to monitor Washington politics makes a lobbyist firm more influential,
in the sense that it informs more political agents in the network. The proportion of other firms in the
network with similar interests reduces the likelihood that two lobbyists communicate.

Ko6nig and Brauninger (1998) investigate network connection determinants among interest groups,
trade unions, governmental agencies and legislators in a set of 32 political events that are representative
of German labour policies during the 1980s. The main explanatory variable is found to be political
preference proximity. Connections are also more likely formed among actors in the same industry. Further,
legislators have the highest number of connections, because of their position of power. There is evidence
that the network organizes a star-like groups with homogeneous ideology, in which the most powerful
actors act as star centroids.

Koger, Masket and Noel (2009) build the networks of stakeholders (interest groups, media outlets,
donors, activists and candidates) in the Democratic and Republican parties. The networks are con-
structed by tracking down lists of donors and subscribers transferred between political organizations.
Two disconnected networks are observed, a Democratic group and a Republican group. Both networks
have a core-periphery structure, with a dense inner network of interconnected organizations and a fringe
of groups with only one connection. The network centroids are the two formal party organizations. They
receive information from a significant number of media outlets and interest groups. Such intermediate
organizations also share information among each other.

Box-Steffensmeier and Christenson (2014) build a network of interest groups coalitions using data on
co-signing of amicus curiae briefs to the US Supreme Court. Evidence is found of interlinked subnetworks.
The full interest group network appears to resemble a host of tightly grouped factions and leadership
hub organizations. Subnetworks are either completely connected or organized as stars, or something in
between. Leaders act as hubs of star-shaped networks that are highly centralized. Some organizations
connect with many organizations in their subnetworks. Other organizations do not join in with others
in signing briefs. The structural empirical estimation is based on the exponential random graph model
and includes several interest group characteristics that may explain the likelihood of connections, such
as ideology, size, longevity, industry, policy area and region. Several of these covariates are statistically
significant. The interest groups that act as hubs in star-shaped subnetworks are largest in terms of
volumes, budgets, and sales. Subnetworks are differentiated in terms of ideology, preference over issues,
and industry. Over time, the average network degree and betweenness centrality have increased, whereas
transitivity has decreased. Interest groups have become increasingly more connected, and hierarchical
structures have become more common.

Fischer and Sciarini (2016) analyze collaboration network data on the 11most important political
decision-making processes of the years 2001-06 in Switzerland, including a major pension reform, the
extension of the bilateral agreement with the European Union on the free movement of people, and the
bilateral agreement with the European Union on the taxation of savings. They find that preference
similarity and perceived power are the main drivers of connection among the political decision-making
entities involved.

In her study of the network of interest groups and policy-makers that took part in the decision-making



process that led to the 2000 Swiss CO2 law, Ingold (2011) identifies three major blocks. The first one is
dominated by economic actors and right-wing parties, the second block is composed of federal agencies,
and the third block comprises green NGOs and leftist parties. While especially the third block display
dense connections, entities are differentiated within each block in terms of power and centrality, and this
is the case especially for the first block.

The final class of networks I describe in this brief survey are networks of judges. Weiser (2015)
interviewed some judges in Manhattan’s Federal District Court and reports that almost all have consulted
colleagues when puzzled by legal or other issues. These networks are usually constructed by linking judges
that cite other judges’ rulings as precedents in their decisions. For example, Caldeira (1985) constructs
judicial networks as measured by precedent citation across State supreme Courts. The paper uncovers
explanations for citation patterns that include geographical distance between Courts, political similarity,
cultural distance (as measured by migration interchange among States), and the prestige and caseload
of the cited Court. Interestingly, the main explanations for citations are cultural difference and prestige
of the cited Court. The resulting citation network can be approximated as a collection of star-shaped
subnetworks, in which Courts cite the most prestigious among the culturally closest Courts. Choi and
Gulati (2008) trace connections among federal circuit Courts by with citations in opinions. Evidence of
political preference based homophily is uncovered: outside-circuit citations are influenced by the political
parties of the connected judges. This bias is more pronounced in some specific high-stakes situations.

Fowler et al. (2007) construct the network of the Court cases that cite the US Supreme Court, and
formulate network measures that are shown to be within-sample correlated with future citation behaviour.
Lupu and Fowler (2013) study the determinants of citations to precedent employed in the US Supreme
Court. They find evidence of strategic citation and bargaining within the Court. The majority-opinion
writer relies more heavily on precedent when the Court’s decision is accompanied by separate opinions.
The ideology of the median justice influences citation practices more than ideology of the majority-opinion
writer.

Instead of using Court citations, Katz and Stafford (2010) build a network of judges by tracing the
flow of clerks from a judge to another. This movement can be taken as a proxy for social and professional
linkages between jurists. The degree distribution in the resulting network is centered upon a small number
of socially prominent actors. There is a densely connected center composed of Supreme Court justices,
to which circuit Court judges are connected. District Court judges are mostly at the periphery. Baum
(2014) and Baum and Ditslear (2001) record the movement of clerks from lower Court judged to federal
Courts of Appeals since the 1970s. They document a tendency for Justices to hire clerks from judges who
share their ideological tendencies, especially in the period since 1990s. This is in part due to changes in
the numbers of applications and the development of a practice in which applicants apply to all Justices.

In conclusion, many insights are delivered by the vast empirical literature on political networks, and
in particular on the literature on the role of networks in facilitating the flow of information. By and
large, the stylized facts validate my theoretical findings. Preference-based homophily is a main driver
of networks of legislators, policy makers, judges, and interest groups. The modal network structures in
these domains can be described as a collection of subnetworks, differentiated by political preferences, and
loosely connected among each other. Each subnetwork is tighly connected and hierarchically differentiated
between a core of leaders to which less prominent agents are connected. These periphery agents may or
may not be connected among each other, ostensibly depending on their connection costs.
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