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Questions and Answers

Question 1. Consider the input requirement set

V(y) = {(z1, 2, x3) | 1 + min{xe, x3} > 3y, z; >0, foralli =1,2,3}.
(a) Does it correspond to a regular (closed and non-empty) input requirement set? (4
marks)
(b) Does the technology satisfies free disposal? (5 marks)
(c) Is the technology convex? (5 marks)

(d) Prove in general that the convexity of the production possibility set Z implies that the

production function f(x) is (weakly) concave. (5 marks)

(e) State and prove the Constrained Envelope Theorem and Shepard’s Lemma. (6 marks)

Answers to Q1 We proceed in sequence as follows.

(a) The input requirement set
V(y) = {(z1, x9, x3) | 1 + min{zs, 23} > 3y, x; >0, for all i =1,2,3}

is closed because all defining inequalities are weak. It is non-empty because the

condition x; + min{xs, 23} > 3y is not in conflict with z; > 0.

(b) For what it concern free disposal this property is equivalent to the monotonicity of the
production function:

F(l’l, Ta, 1'3) =+ min{:vg, 1‘3}.

Consider an input vector (z},z, %) > (x1, 22, x3). By definition of inequality be-
tween vectors: z > x; for every i € {1,2,3}. It then follows that f(x),z},x%) >

f(l’l, 9, [Eg).



(c) As for convexity consider two input vectors, (2, 25, 75) € V(y) and (21, z9, 13) € V(y),
by definition of V(y) we have: x| + min{z}, 24} > 3y and x; + min{zs, 23} > 3y.
Consider now the input vector (z1, 29, 23) = A (2,25, 25) + (1 — N)(x1, 22, 23) and

21 + min{zs, z3}. Clearly

21 +min{zy, 23} = Az} + (1 — N)xy + min{ Az} + (1 — N)zg, Avg + (1 — N)as}
Consider first the case A\xh + (1 — A)zg < Az§ + (1 — A)z3 then
21 +min{zg, 23} = Az} + (1 — Aoy + Azhy + (1 — Ny = Ma] +25) + (1 — N) (21 + x2)

> Az} + min{ab, 25}) + (1 — A) (21 + min{xs, x3}) > 3y

A symmetric argument applies for the case Az + (1 — M)z < Az + (1 — ).

P € Z, 2= - eZ
(f(@) (f(l"))

Convexity of Z implies that for every 0 <t <1

(d) Consider

ot (1—1)2 = ( —(tx 4+ (1—1t)a’) ) c

tf(z)+ (1 —1)f ()

By definition of f(x) this means:
tf(x) + (1= 0)f(@) < f(te + (1 - t)2)

for every 0 <t < 1, the definition of a concave f(x).

(e) Consider the problem:
max f(z) s.t. g(z,a) = 0.

T

The Lagrangian is: L(z, \,a) = f(xz)— X g(x, a). The Constrained Envelope Theorem

states that

da

To prove it, we proceed as follows. The necessary FOC are:

f,(l'*) - )\*Gg(fk,a)

ox =0



g(z*(a),a) =0

Substituting z*(a) and A\*(a) in the Lagrangian we get:

L(a) = f(z*(a)) = A"(a) g(+"(a), a)

Differentiating, we get:

L) _ [ o00(0)] da*(a)
da f) =2 ox da
—gla*(a),0) DD o) 2 )
— \(a) 39(;;7 a)

Where the final simplifications follow from the necessary FOC.

Shepard’s Lemma states, for every input I:

The proof is as follows.

c(w,y) = L(w,y) = wz(w,y) = A[f(z(w,y)) —y],
By the constrained envelope theorem, we obtain:

de(w,y)
Owl - 2] (w7 y)

Question 2. There are two consumers A and B with the following utility functions and
endowments, with wy; > wy, a € [0,1] and 5 € [0,1]:

ug=alnzig+ (1 —a)lnres, wa=(0,ws)

up = f\/T1p + T2, wp = (w1,0).

(a) Derive the Marshallian demands z;(p, m), i = A, B. (5 marks)

(b) Calculate the market clearing prices and the equilibrium allocations. (5 marks)



(c) Explain how the Walrasian equilibrium price of good 1 changes with «, 3, wi and ws.
(5 marks)

(d) Explain how consumer A’s demand for goods 1 and 2 changes with «, 3, w; and ws.
(5 marks)

(e) Explain how consumer B’s demand for goods 1 and 2 changes with «, 3, w; and ws.
(5 marks)

Answers to Q2 We proceed in sequence as follows.

(a) Let p be the price of good 1 and normalize py = 1.

Given price p, consumer A chooses x4 so that
max {alnzia+ (1 — o) Inwzoa} st.  pria+ Toa = ws.
Hence,
max {alnzia + (1 — @) In(wy — pr1a)},

first-order conditions are:
o (1—a)

T1A wg — pmlA’
solving out, z14 = aws/p, substituting back, we obtain: 254 = ws(1 —«). Given price

p, consumer B chooses xg so that

max Sz1p + (1 — B)z2p s.t. PT1B + Tap = pwi.

The consumer chooses x15 = 0, xop = pw; for p > 5/(1 — ), and 15 = wy, o5 =0
for p < B/(1 = ). For p= /(1 — ), the consumer chooses any pair x5, T35 such

that prip + zop = pwi.

(b) Market clearing condition, therefore, is:

w9
Tia+Tip = —— + T1B = Wi,
p
which is satisfied only for:
N
1-p



which is the equilibrium price is. So, the equilibrium allocations are

aws (1 —
T1A = M, T4 = wa(l — @),
B
1—
T1Bp — W1 — OéCUQT, Top — OQW9.
(c) The price p of good 1 is:
B
1-p
differentiating with respect to 3, I obtain:
0 1
A ——)
9 (1-p)

The equilibrium price of good 1 is constant in «, w; and ws, and increases in 3.

(d) Differentiating x14 and x94 with respect to «, 3, wy and ws, I obtain:

0x14 1-p 0114 o 0ria «
= A - —(1—
5o g 2”0 g =<t g, Tl 0
0124 - a1’2,41_1_&
da 2 Dwe )

The demand x4 increases in «, decreases in  and w,, and is constant in w;. The

demand 9,4 increases in wsy, decreases in «, and is constant in 5 and w;.

(e) Differentiating x5 and xop with respect to «, 3, w; and ws, I obtain:

81'13 1-— 6 83:13 (0% 8:1:13 833‘13 (0%

0 B wWo < 0, 65 62&)2 > 0, aw1 , aw2 6 ( 6) < 0,
0795 . 0795 o

804 = %% 6w2 B

The demand zp increases in /3, and wy, and decreases in « and wy. The demand x5p

increases in o and wy, and is constant in S and w;.



