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(1) LS 2.5.15 a), b) (prenex normal form)

(2) Recall that the minimal closure of a set X under a function f is the smallest set X∗
f such that X ⊆ X∗

f

and for all x ∈ X∗
f , f(x) ∈ X∗

f . Show that the notion of minimal closure is not first-order definable in the
following sense: Let L contain the single unary predicate symbol P and the unary function symbol f . Show
that there is no set of sentences Γ over any language L′ ⊇ L such that there is a L′-formula θ(x) such that
for all L′-models M,

(?) for all a ∈ |M|, M |= θ(a) if and only if a ∈ [[P ]]∗
fM

Here [[P ]]∗
fM denotes the minimal closure of the denotation of P in M under fM. [Hint: i) Note that an

alternative characterization of the minimal closure of X under f is X∗
f = {y | y ∈ X ∨ ∃x[x ∈ X ∧ y =

fn(x) for some n ∈ N} where fn(y) denotes the result of applying f to y n times; ii) use the compactness
theorem.]

(3) LS 3.2.8

(4) LS 3.2.10

(5) LS 3.2.13

(6) Construct an isomorphism between the following two graphs (G1 and G2):
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ƒ(b) = 6

ƒ(c) = 8

ƒ(d) = 3

ƒ(g) = 5

ƒ(h) = 2

ƒ(i) = 4

ƒ(j) = 7

Motivation

The formal notion of "isomorphism", e.g., of "graph isomorphism", captures the informal notion that some objects have "the same structure" if

one ignores individual distinctions of "atomic" components of objects in question, see the example above. Whenever individuality of "atomic"

components (vertices and edges, for graphs) is important for correct representation of whatever is modeled by graphs, the model is refined by

imposing additional restrictions on the structure, and other mathematical objects are used: digraphs, labeled graphs, colored graphs, rooted trees

and so on. The isomorphism relation may also be defined for all these generalizations of graphs: the isomorphism bijection must preserve the

elements of structure which define the object type in question: arcs, labels, vertex/edge colors, the root of the rooted tree, etc.

The notion of "graph isomorphism" allows us to distinguish graph properties inherent to the structures of graphs themselves from properties

associated with graph representations: graph drawings, data structures for graphs, graph labelings, etc. For example, if a graph has exactly one

cycle, then all graphs in its isomorphism class also have exactly one cycle. On the other hand, in the common case when the vertices of a graph

are (represented by) the integers 1, 2,... N, then the expression

may be different for two isomorphic graphs.
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From Wikipedia, the free encyclopedia

In graph theory, an isomorphism of graphs G and H is a bijection between the vertex sets of G and H

such that any two vertices u and v of G are adjacent in G if and only if ƒ(u) and ƒ(v) are adjacent in H. This

kind of bijection is commonly called "edge-preserving bijection", in accordance with the general notion of

isomorphism being a structure-preserving bijection.

In the above definition graphs are understood to be undirected non-labeled non-weighted graphs, however the

notion of isomorphism may be applied to all of these, by adding the requirements to preserve the

corresponding additional elements of structure: arc directions, edge weights, etc., with the following exception.

When spoken about graph labeling with unique labels, commonly taken from the integer range 1,...,n, where n

is the number of the vertices of the graph, two labeled graphs are said to be isomorphic if the corresponding

underlying unlabeled graphs are isomorphic.

If an isomorphism exists between two graphs, then the graphs are called isomorphic and we write .

In the case when the bijection is a mapping of a graph onto itself, i.e., when G and H are one and the same

graph, the bijection is called an automorphism of G.

The graph isomorphism is an equivalence relation on graphs and as such it partitions the class of all graphs

into equivalence classes. A set of graphs isomorphic to each other is called an isomorphism class of graphs.

Example

The two graphs shown below are isomorphic,

despite their different looking drawings.

Graph G Graph H

An

isomorphism

between G

and H

ƒ(a) = 1

ƒ(b) = 6

ƒ(c) = 8

ƒ(d) = 3

ƒ(g) = 5

ƒ(h) = 2

ƒ(i) = 4

ƒ(j) = 7

Motivation

The formal notion of "isomorphism", e.g., of "graph isomorphism", captures the informal notion that some

objects have "the same structure" if one ignores individual distinctions of "atomic" components of objects in

question, see the example above. Whenever individuality of "atomic" components (vertices and edges, for

graphs) is important for correct representation of whatever is modeled by graphs, the model is refined by

imposing additional restrictions on the structure, and other mathematical objects are used: digraphs, labeled

(7) ? Recall that the following set of axioms Γ characterizes dense linear orders without endpoints:
i) ∀x[¬x < x] (non-reflexity)
ii) ∀x∀y∀z[(x < y ∧ y < z) → x < z] (transitivity)
iii) ∀y∀y∀z[x < y ∨ y < x ∨ x = y] (linearity)
iv) ∀x∃y[y < x] (no left end point)
v) ∀x∃y[x < y] (no right end point)
vi) ∀x∀y[x < y → ∃z[x < z ∧ z < x]] (density)

Show that Q = 〈Q, <〉 consisting of the rationals and normal order on Q satisfies Γ. Show that Q is the
unique countable model of Γ up to isomorphism – i.e. that for every countable model M, if M |= Γ, then
M ∼= Q.


