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Mrkq Nqljkw/ Xqlyhuvlw| ri Zhvwhuq Rqwdulr
Vwhskhq H1 Vdwfkhoo�/ Xqlyhuvlw| ri Fdpeulgjh

Mxqh 4<<<

Devwudfw

Wklv sdshu dssolhv wkh OLQH[ orvv ixqfwlrqv wr yrodwlolw| iruhfdvwlqj1 Zh ghulyh
wkh rswlpdo rqh0vwhs0dkhdg OLQH[ iruhfdvw iru ydulrxv yrodwlolw| prghov1 Rxu uhvxowv
vxjjhvw wkdw wkh OLQH[ orvv ixqfwlrq pd| jlyh xv ehwwhu iruhfdvwv wkdq frqyhqwlrqdo
rqhv1

Nh|zrugv= OLQH[ Orvv Ixqfwlrq/ Iruhfdvwlqj/ Yrodwlolw|1

4 Lqwurgxfwlrq

Hpslulfdo hylghqfh vxjjhvwv wkdw wkh vhuldo fruuhodwlrq ri uhwxuqv lv qrw vwurqj dqg
uhwxuqv duh qrw sduwlfxoduo| iruhfdvwleoh1 Krzhyhu/ lw lv irxqg wkdw yrodwlolw|/ krz0
hyhu phdvxuhg/ kdv vwurqj dxwrfruuhodwlrqv ryhu wlph/ vhh Glqj/ Judqjhu/ dqg Hqjoh
+4<<7,1 Wkh uhfhqw vwxg| ri Fkulvwr�huvhq dqg Glherog +4<<;, frq�upv wkdw yrodwlo0
lw| fdq eh iruhfdvwhg ryhu 43 wr 48 gd|v1 Zh uhihu uhdghuv wr Gd| dqg Ohzlv +4<<5,/
Hqjoh/ Krqj/ Ndqh/ dqg Qrk +4<<6,/ Kduyh| dqg Zkdoh| +4<<5,/ Odprxuhx{ dqg
Odvwudshv +4<<6,/ Qrk/ Hqjoh/ dqg Ndqh +4<<7,/ Kzdqj dqg Vdwfkhoo +4<<;,/ dqg
Nqljkw dqg Vdwfkhoo +4<<;e, iru pruh ghwdlov rq yrodwlolw| iruhfdvwlqj1

Iruhfdvwlqj yrodwlolw| kdv ehhq d pdmru lvvxh lq �qdqfh iru vrph wlph1 Iru
h{dpsoh/ yrodwlolw| iruhfdvwv duh xvhg wr sulfh rswlrqv dqg wr iruhfdvw rswlrq sulfhv>
wkh| fdq eh xvhg wr surgxfh frq�ghqfh lqwhuydov iru wkh sulfhv ri wkh xqghuo|lqj

�Fruuhvsrqglqj Dxwkru= V1 H1 Vdwfkhoo/ Idfxow| ri Hfrqrplfv dqg Srolwlfv/ Dxvwlq Urelqvrq

Exloglqj/ Vlgjzlfn Dyhqxh/ Fdpeulgjh FE6 <GG/ XN1/ WHO, 77 4556 6685;4/ ID[, 77 4556

6687:8/ H0PDLO, vhv44Chfrq1fdp1df1xn1
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dvvhwv dqg wkh iruhfdvwv fdq eh xvhg dv d frpsrqhqw ri pxowl0shulrg lqyhvwphqw
vwudwhjlhv1 Wkh uhfhqw jurzlqj frqfhuq derxw ulvn pdqdjhphqw dqg wkh udslg jurzwk
lq �qdqfldo ghulydwlyh pdunhwv kdv uhvxowhg lq yrodwlolw| iruhfdvwlqj dwwudfwlqj d juhdw
ghdo ri lqwhuhvw1

Wkh pdmru ghyhorsphqw lq prghoolqj dqg iruhfdvwlqj yrodwlolw| kdv ehhq wkh
lqwurgxfwlrq ri DUFK prghov e| Hqjoh +4<;5,1 Vlqfh wkhq/ qxphurxv frqglwlrqdo
yrodwlolw| prghov kdyh ehhq vxjjhvwhg dqg whvwhg/ dqg wkhuh kdyh ehhq d qxpehu ri
sdshuv frqfhuqlqj wkh dssursuldwhqhvv ri xvlqj phdq0vtxduhg huuru fdofxodwlrqv wr
hydoxdwh wkh h!fdf| ri yrodwlolw| iruhfdvwv/ vhh Fkulvwr�huvhq dqg Glherog +4<<9,1
Lw lv qrz xqghuvwrrg wkdw d frpsdulvrq ehwzhhq vtxduhg uhwxuqv dqg wkh iruhfdvwhg
yrodwlolw| lv qrw/ lq jhqhudo/ ydolg/ dqg wkdw rwkhu dssurdfkhv wr yrodwlolw| iruhfdvw
hydoxdwlrq qhhg wr eh frqvlghuhg1

Iroorzlqj Yduldq +4<:8,/ ]hooqhu +4<;9,/ dqg Fkulvwr�huvhq dqg Glherog +4<<9/
4<<:e,/ zh dgyrfdwh wkh xvh ri OLQH[ rswlpdo iruhfdvwv1 Lw wxuqv rxw wkdw wkh
iruhfdvwv fdq eh h{solflwo| frpsxwhg iru d udqjh ri fxuuhqwo| xvhg yrodwlolw| prghov1
Zh h{whqg wkhlu uhvxowv e| suhvhqwlqj uhvxowv iru frqglwlrqdo dqg xqfrqglwlrqdo rqh0
vwhs0dkhdg iruhfdvwv iru JDUFK/ H{srqhqwldo JDUFK/ vwrfkdvwlf yrodwlolw|/ dqg d
prylqj dyhudjh frqglwlrqdo khwhurvnhgdvwlflw| prgho1

D jhqhudo glvfxvvlrq rq OLQH[ iruhfdvwlqj lv suhvhqwhg lq Vhfwlrq 5/ rxu irupxodh
duh ghulyhg lq Vhfwlrq 6/ fdofxodwlrqv dqg frqfoxvlrqv duh suhvhqwhg lq Vhfwlrqv 7 dqg
81

5 Iruhfdvwlqj Uhwxuqv dqg Yrodwlolw|

Lq wklv vhfwlrq zh frqvlghu vrph dowhuqdwlyh surfhgxuhv iru iruhfdvwlqj wkdw wdnh lqwr
dffrxqw wkh dv|pphwu| ri orvv1 Zh vkdoo lqlwldoo| frqvlghu OLQH[ orvv ixqfwlrqv/
vhh Yduldq +4<:8,/ ]hooqhu +4<;9,/ dqg Fkulvwr�huvhq dqg Glherog +4<<9/ 4<<:e, iru
wkh klvwru| dqg prwlydwlrq ri wklv phwkrg1 Rqh ri wkh prvw vljql�fdqw gl�huhqfhv
ehwzhhq wkh prvw iuhtxhqwo| xvhg orvv ixqfwlrq/ l1h1/ wkh phdq vtxduh orvv ixqfwlrq/
dqg OLQH[ orvv ixqfwlrqv lv wkdw wkh phdq vtxduh orvv ixqfwlrq lv v|pphwulfdo/ zkloh
OLQH[ orvv ixqfwlrqv duh dv|pphwlf1

Wkh dv|pphwulf OLQH[ orvv ixqfwlrq uE%� lv jlyhq e|=

uE%� ' i TE�@%� n @%� � +4,

zkhuh % lv wkh orvv dvvrfldwhg zlwk wkh suhglfwlyh huuru dqg @ lv d jlyhq sdudphwhu1
Iljxuh 4 vkrzv wkh dv|pphwulf surshuwlhv ri wkh OLQH[ orvv ixqfwlrq1 Zlwk dq
dssursuldwh OLQH[ sdudphwhu @/ zh fdq uh hfw vpdoo +odujh, orvvhv iru xqghuhvwl0
pdwlrq ru ryhuhvwlpdwlrq1 Lq sduwlfxodu/ d qhjdwlyh @ zloo uh hfw vpdoo orvvhv iru
ryhuhvwlpdwlrq dqg odujh orvvhv iru xqghuhvwlpdwlrq1 Wkh dv|pphwulfdo zhljkwv rq
orvvhv ehfrph fohdu zkhq zh frpsduh wkh frqyhqwlrqdo phdq vtxduh orvv ixqfwlrq/
%2/ zklfk lv uhsuhvhqwhg e| wkh wklfn olqh lq �jxuh 41
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D iruhfdvw � lv frpsxwhg e| fduu|lqj rxw wkh iroorzlqj rswlpl}dwlrq

4�?
�

]
uE+ � ��R_sE+�_+ +5,

zkhuh + lv wkh yduldeoh zh zlvk wr iruhfdvw1 R_sE+� lv wkh xqfrqglwlrqdo ru frqglwlrqdo
suredelolw| ixqfwlrq ri +/ ghshqglqj rq wkh frqwh{w1 Li zh vxevwlwxwh +4, lqwr +5, zh
vhh wkdw ]

uE+ � ��R_sE+�_+ ' i TE�@�6+E�@� n @>+ � @�� �

zkhuh 6+E|� lv wkh prphqw jhqhudwlqj ixqfwlrq ri + hydoxdwhg dw |/ >+ ' .E+�1
Gl�huhqwldwlqj wkh deryh zlwk uhvshfw wr �/ zh �qg wkdw wkh rswlpdo � lv jlyhq e|e� ' ��?E6+E�@��*@ +6,

Wklv lv hvvhqwldoo| wkh uhvxow jlyhq lq htxdwlrq +615, lq ]hooqhu +4<;9,1
Frqvlghu vrph idluo| jhqhudo uhwxuqv surfhvv/ +|

+| ' >| n j|e| +7,

zkhuh >| lv d ghwhuplqlvwlf phdq dqg j2| lv wkh frqglwlrqdo yduldqfh/ e| lv �Efc ��/
wkh xqfrqglwlrqdo pji ri +|c6+E�@�c lv jlyhq e|

6+E�@� ' i TE�@>|�6j2
|

E
@2

2
�

zkhuh 6j2
|

E�� lv wkh xqfrqglwlrqdo pji ri wkh vwrfkdvwlf yrodwlolw| surfhvv1
Lw iroorzv lpphgldwho| wkdw wkh rswlpdo xqfrqglwlrqdo OLQH[ iruhfdvw �| lv jlyhq

e| e�| ' >| � �?E6j2
|

E
@2

2
��!@� +8,

Iru @ : f/ wkh h{wud whup fdq eh srvlwlyh ru qhjdwlyh ghshqglqj rq wkh glvwulexwlrq
ri j2| � Ixuwkhupruh/ wkh h{shfwdwlrq pd| rqo| eh gh�qhg iru vrph ydoxhv ri @1

Wr looxvwudwh wkh deryh/ frqvlghu j2| iroorzlqj d �2E6� glvwulexwlrq/ wkhq

�| ' >| n
6

2@
�?E�� @2�c 3 	 @ 	 �

dqg >| ghwhuplqlvwlf1
Lq jhqhudo/ iurp +7,

e� ' ��?E6+E�@��

@
+9,

' ��

@
�?Ei TE�>@�.j|n�

E6eE�@j|n���

' >� �

@
�?.j|n�

E6eE�@j|n���

zkhuh 6eE�@� ' .di TE�@e|�o� Lq pdq| fdvhv/ sduwlfxoduo| lq rswlrq sulflqj sure0
ohpv/ iruhfdvwlqj wkh yrodwlolw| lv d wrslf ri gluhfw lqwhuhvw1 Lq zkdw iroorzv/ zh vkdoo
frqfhqwudwh rq OLQH[ yrodwlolw| iruhfdvwv1
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6 Yrodwlolw| Iruhfdvwv

Fkulvwr�huvhq dqg Glherog +4<<:, +FG, kdyh h{dplqhg wkh surshuwlhv ri OLQH[
iruhfdvwv xqghu wkh dvvxpswlrq wkdw wkh vwdwlvwlfdo surfhvv lv frqglwlrqdoo| qrupdo1
Zh zrxog zulwh wklv dv +|n�ml| � �E>|n��|c j

2

|n��|� zkhuh l| lv wkh lqirupdwlrq vhw

xs wr wlph |/ w|slfdoo| l| ' i+�c ���c +|jc dqg zkhuh >|n��| dqg j2
|n��| duh wkh phdq

dqg yduldqfh ri +|n�/ frqglwlrqdo rq l|/ zh fdq zulwh +|n�ml| dv +|n��|1
Xsrq h{dplqdwlrq ri vwdqgdug prghov/ krzhyhu/ zh �qg wkdw wkh deryh frqglwlrq

uduho| krogv1 Iru DUFK2JDUFK prghov lqwurgxfhg e| Hqjoh +4<;5, dqg Eroohu0
vohy +4<;9,/ iru h{dpsoh/ +|n��| lv frqglwlrqdoo| qrupdo exw +|n��| lv qrw qrupdo iru
� : �/ vhh Edloolh dqg Eroohuvohy +4<<5, dqg Nqljkw dqg Vdwfkhoo +4<<;e, iru ghwdlohg
glvfxvvlrq1 Iru vwrfkdvwlf yrodwlolw| +VY, prghov ghyhorshg e| Wd|oru +4<;9, dqg
Kduyh| dqg Vkhskdug +4<<6/ 4<<9,/ +|n��| lv qrw qrupdo/ hyhq li zh h{sdqg l| wr
lqfoxgh wkh yrodwlolwlhv xs wr wlph |1 Iru wkhvh uhdvrqv zh �qg wkdw wkh FG dqdo|vlv/
dowkrxjk lqwhuhvwlqj/ dssolhv wr yhu| ihz h{dpsohv ri surfhvvhv xvhg e| hfrqrplvwv1
Wkh prwlydwlrq iru wklv sdshu lv wr h{whqg FG*v uhvxowv wr pruh jhqhudo yrodwlo0
lw| iruhfdvwv1 Lq wklv vhfwlrq zh ghulyh/ lq forvhg irup zkhuh srvvleoh/ frqglwlrqdo
dqg xqfrqglwlrqdo OLQH[ iruhfdvwv iru VY prghov dqg iru wkh H0JDUFK prgho ri
Qhovrq +4<<4, dqg d yrodwlolw| surfhvv gxh wr Nqljkw dqg Vdwfkhoo +4<<;e,1

614 Frqglwlrqlqj rq sdvw lqirupdwlrq dqg yrodwlolw| prghov1

Zh vkdoo ghqrwh l| dv wkh lqirupdwlrq vhw dssursuldwh wr wkh frqglwlrqlqj1 Zklovw
lw lv reylrxv wkdw zh zrxog lqfoxgh +�c ���c +| lq l|/ lw lv e| qr phdqv fohdu wkdw
frqglwlrqdo yrodwlolw|/ ��c ���c �|c vkrxog dovr eh lqfoxghg vlqfh wkhvh yduldeohv duh qrw
revhuyhg e| wkh hfrqrphwulfldq iru dq| ri wkh prghov wkdw vkdoo eh glvfxvvhg lq
wklv vhfwlrq1 Krzhyhu/ wkh frqyhqlhqw dvvxpswlrq wkdw wkh lqyhvwruv nqrz wkh wuxh
sdudphwhu ydoxhv exw qrw wkh hfrqrphwulfldq fdq eh xvhg wr jlyh d gh�qlwlrq ri
dydlodeoh lqirupdwlrq1 Iru wklv uhdvrq zh vkdoo dgrsw wkh iroorzlqj gh�qlwlrq

Gh�qlwlrq 4 Zh vd| wkdw frqglwlrqdo yrodwlolw| ri wlph |/ �|c ehorqjv wr wkh frqgl0

wlrqlqj vhw l| li �| fdq eh frpsxwhg h{dfwo| jlyhq nqrzohgjh ri wkh wuxh sdudphwhuv/

dssursuldwh lqlwldo ydoxhv iru wkh vwrfkdvwlf surfhvv jryhuqlqj �|/ dqg wkh revhuyhg

gdwd/ +�c ���c +|1

Zh vkdoo dsso| Gh�qlwlrq 4 zkhq frqvlghulqj wkh gl�huhqw prghov xqghu frqvlg0
hudwlrq1 Vxppdulvlqj wkhvh ixwxuh uhvxowv zh qrwh wkdw iru d JDUFK +4/4,/ zkhuh
�| ' knq�|3�n�+2|3�/ zh frxog frpsxwh ��c ���c �|n� jlyhq �f/ kc qc � dqg ~+�c ���+|�
vr wkdw ��c ���c �|n� duh fohduo| lq l|1 Wxuqlqj qrz wr d vwrfkdvwlf yrodwlolw| prgho
+VYP,/ +| ' 5|e

E1n�|�*2 dqg �| ' bnk�|3�nD|/ lw lv dssduhqw wkdw nqrzohgjh ri �f/
bc 1/ k dqg ~+�c ���+|� lv qrw hqrxjk wr frpsxwh ��c ���c �| vr wkdw wkhvh yduldeohv duh
qrw lq l|1 Lw lv lqwhuhvwlqj wr vhh wkdw Qhovrq*v H{srqhqwldo JDUFK prgho +Qho0
vrq/ 4<<4, kdv wkh vdph surshuwlhv dv JDUFK dv grhv wkh Nqljkw dqg Vdwfkhoo +4/4,

7



prgho +Nqljkw dqg Vdwfkhoo/ 4<<;e,1 Vhh wkh iroorzlqj vxevhfwlrqv iru wkh gh�qlwlrqv
ri prghov dqg ixuwkhu glvfxvvlrqv1

615 JDUFK+s/t, Prghov

Wkh JDUFK+s/t, surfhvv lv gh�qhg e|

+| ' 5|�
�*2
| +:,

�| ' kn

R[
�'�

q��|3� n

^[
�'�

��+
2
|3�

zkhuh 5| � ��_ �Efc ��1 Zh vkdoo frpsxwh frqglwlrqdo iruhfdvwv iru �?+2| dqg +|1 Wkh
lqirupdwlrq vhw/ dffruglqj wr Gh�qlwlrq 4/ lqfoxghv ��c ���c �|n�1

Iluvwo|/

�?+2| ' �?52| n �?�| +;,

' �?�2E�� n �?�|

Wkxv wkh prphqw jhqhudwlqj ixqfwlrq ri �?+2| lv

.de3@�?E+
2
|
�o ' .de3@�?�

2
E��o.de3@�?�|o +<,

Wkh prphqw jhqhudwlqj ixqfwlrq ri �?�2E�� lv

6�?�2
E��
E�@� ' .de3@�?�

2
E�� o +43,

' .dE�2E���
3@o

'

]
"

f

%3@
�

KE�
2
�2�*2

%�*23�e3%*2_%

'
�

KE�
2
�2�*2

]
"

f

%3@n�*23�e3%*2_%

Wudqviruplqj iurp % wr � ' %*2 / zklfk lpsolhv _% ' 2_�/ zh vhh wkdw

6�?�2
E��
E�@� '

23@

KE�
2
�

]
"

f

�3@3�*2e3�_�

'
23@

KE�
2
�
KE�@n

�

2
�

' 23@
KE�@n �

2
�

KE�
2
�

zkhuh KE�� lv wkh jdppd ixqfwlrq dqg wkh OLQH[ sdudphwhu @ lv uhvwulfwhg wr eh
ohvv wkdq �

2
vlqfh �

2
�@ : f1 Zh qrz frqvlghu frqglwlrqdo dqg xqfrqglwlrqdo iruhfdvwv

ri yrodwlolw|1
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61514 Rswlpdo Rqh0vwhs0dkhdg Frqglwlrqdo Iruhfdvw ri �?+2| dqg +| lq
JDUFK Prghov

Wkh prphqw jhqhudwlqj ixqfwlrq frqglwlrqdo rq sdvw �| lv

6�?E+2
|

�E�@�
��
l|3�

' .de3@�?E+
2
|
�m�?�|o ' .de3@�?�

2
E��oe3@�?�| +44,

' 23@
KE�@n �

2
�

KE�
2
�

�3@|

Wkhuhiruh/ wkh OLQH[ rswlpdo frqglwlrqdo iruhfdvw ri �?E+2| � lv

.d�?E+2| �ml|3�o ' ��?E6�?E+2
|
�E�@��

@
ml|3�

+45,

' �?E�|� n �?E2�� �

@
�?d

KE�@n �
2
�

KE�
2
�

o

zkhuh �| ' kn
RS

�'�

q��|3� n
Ŝ
�'�

��+
2
|3��

Lq dgglwlrq/ iru +|/ wkh frqglwlrqdo pji lv

6+|E�@�
��
l|3�

' .de3@+|ml|3�o ' .de3@5|�
�*2
| m��*2| o +46,

' e
@
2
�|

2

Wkhuhiruh/ wkh rqh vwhs dkhdg frqglwlrqdo iruhfdvw lv

.d+|ml|3�o ' ��?E6+|E�@��

@
ml|3�

+47,

' ��

2

@2�|
@

' ��

2
@�|

Htxdwlrq +47, djuhhv zlwk wkh FG uhvxow glvfxvvhg lq vhfwlrq 41

61515 Rswlpdo Rqh0vwhs0dkhdg Xqfrqglwlrqdo Iruhfdvw ri �?+2| dqg +| lq
JDUFK Prghov

Zh qrz fduu| rxw xqfrqglwlrqdo rqh0vwhs0dkhdg iruhfdvwv1 Wkh prphqw jhqhudwlqj
ixqfwlrq ri �?E+2| � lv/ iurp htxdwlrqv +<, dqg +43,/ jlyhq e|

6�?E+2
|
�E�@� ' .de3@�?E+

2
|
�o ' 23@

KE�@n �
2
�

KE�
2
�

.de3@�?�|o

� 23@
KE�@n �

2
�

KE�
2
�

6�?�E�@�
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zkhuh6�?�E�@� lv wkh xqfrqglwlrqdo pji ri �?�|/ zklfk lv w|slfdoo| xqnqrzq1 Wkhuh0
iruh/ zh fdq zulwh wkh OLQH[ rqh0vwhs dkhdg xqfrqglwlrqdo iruhfdvw ri �?E+2| � dv

.d�?E+2| �o ' ��?E6�?E+2
|
�E�@��

@
+48,

' ��

@
�?E6�?�E�@�� n �?E2�� �

@
�?d

KE�@n �
2
�

KE�
2
�

o

zkhuh @ 	 �
2
�

Iru +|/ wkh xqfrqglwlrqdo pji lv

6+|E�@� ' .de3@+|o ' .d.de3@5|�
�*2
| m��*2| oo +49,

' .de
@
2
�|

2 o

� 6�E
@2

2
�

Khqfh wkh xqfrqglwlrqdo OLQH[ iruhfdvw ri +| lv

.d+|o ' ��?E6+|E�@��

@
+4:,

' ��?E6�E
@2

2
��

@

616 H{srqhqwldo JDUFK

Wkh H{srqhqwldo JDUFK prgho lqwurgxfhg e| Qhovrq +4<<4, lv jlyhq e| +4;, eh0
orz1 Lw lv lqwhuhvwlqj wr qrwh wkdw iroorzlqj gh�qlwlrq +:,/ ��c ���c �|n� ehorqjv wr wkh
lqirupdwlrq vhw1 Zh gh�qh +| e|/

+| ' j|5| +4;,

j| ' e�|*2

�| ' k| n
"[
�'�

q�Ew5|3� n �Em 5|3� m �. m 5|3� m��

Qrwh wkdw

�?+2| ' �?j2| n �?52|
' �| n �?52| +4<,

vhwwlqj k| ' f zlwkrxw orvv ri jhqhudolw|/ zh kdyh

�?+2| ' �| n �?�2E�� +53,

:



zlwk

�| '
"[
�'�

q�Ew5|3� n �Em 5|3� m �. m 5|3� m��

Wkxv
.di TE�@�?+2| �o ' .de3@�|o.de3@�?�

2
E��o +54,

vlqfh �| ghshqgv rqo| rq odjjhg 5|*v1

61614 Rswlpdo Rqh0vwhs0dkhdg Frqglwlrqdo Iruhfdvw ri �?+2| lq H0JDUFK
Prghov

Xvlqj wkh vdph phwkrg dv lq wkh JDUFK+s/t, prgho/ wkh prphqw jhqhudwlqj ixqf0
wlrq ri �?+2| frqglwlrqhg rq �| lv
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61615 Rswlpdo Rqh0vwhs0dkhdg Xqfrqglwlrqdo Iruhfdvw ri �?+2| lq H0JDUFK
Prghov

Qrz vlqfh 5| � ��_ �Efc �� zh kdyh
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617 Vwrfkdvwlf Yrodwlolw| Prgho

Lq wklv vhfwlrq/ zh lqyhvwljdwh OLQH[ rswlpdo iruhfdvwv ri wkh vwrfkdvwlf yrodwlolw|
prgho +VYP,1 Wklv prgho lv glvfxvvhg lq Wd|oru +4<;9, dqg Kduyh| dqg Vkhskdug
+4<<6/ 4<<9,1 Wkh VYP lv jlyhq e|

+| ' 5|e
�|*2 +65,

�| ' bn k�|3� n D|c D| � ��_ �Efc j2�

zkhuh 5| � ��_ �Efc �� dqg lw lv dvvxphg wkdw 5| dqg D| duh lqghshqghqw1 Qrwh
wkh orj0yrodwlolw| fdq eh uhsuhvhqwhg dv �?+2| ' �| n �?52| � Wkh prphqw jhqhudwlqj
ixqfwlrq ri �?+2| lv
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Dowkrxjk qrw lpphgldwho| reylrxv/ dffruglqj wr Gh�qlwlrq 4/ ��c ���c �|c �|n� duh
qrw lq wkh lqirupdwlrq vhw/ lqwxlwlyho| ehfdxvh wkhuh duh wzr vrxufhv ri qrlvh1

61714 Rswlpdo Rqh0vwhs0dkhdg Frqglwlrqdo Iruhfdvw ri �?+2| lq VYP

Wkh rswlpdo OLQH[ iruhfdvw ri �?+2| frqglwlrqdo rq �| lv
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Lq jhqhudo .E�|ml|3�� zloo ghshqg xsrq odjjhg + ydoxhv/ exw d vlpsoh h{suhvvlrq
iru wklv whup grhv qrw dsshdu wr eh dydlodeoh lq wkh VYP1
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61715 Rswlpdo Rqh0vwhs0dkhdg Xqfrqglwlrqdo Iruhfdvw ri �?+2| lq VYP

Qrwh wkdw wkh xqfrqglwlrqdo prphqw jhqhudwlqj ixqfwlrq ri �| lv
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618 Nqljkw0Vdwfkhoo Prgl�hg JDUFK+s/t,

Wklv prgho lv suhvhqwhg lq Nqljkw dqg Vdwfkhoo +4<<;e,1 Hvvhqwldoo|/ lw zulwhv �| dv
olqhdu lq odjjhg �| dqg odjjhg 52| / wkhuhe| holplqdwlqj wkh qrq0olqhdulwlhv lq htxdwlrq
+:,1 Wkh Nqljkw0Vdwfkhoo +NV, Prgl�hg JDUFK+s/t, fdq eh uhsuhvhqwhg dv

+| ' 5|�
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| +6:,

�| ' kn
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q2��|3� n
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�'�

��5
2
|3�

zkhuh 5| � ��_ �Efc ��1 Vhh Nqljkw dqg Vdwfkhoo +4<<;, iru ixuwkhu glvfxvvlrq rq wklv
prgho1 Lq wklv prgho wkh lqirupdwlrq vhw/ l|3�/ frqwdlqv ��c �2c c c c �|1

61814 Rswlpdo Rqh0vwhs0dkhdg Frqglwlrqdo Iruhfdvw ri +| lq wkh NVPrg0
l�hg JDUFK+s/t,

Wkh pji ri +| frqglwlrqlqj rq wkh lqirupdwlrq vhw l|3� lv
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zkhuh �| lv gh�qhg lq htxdwlrq +6:,1 Wkhuhiruh/ wkh OLQH[ rswlpdo rqh0vwhs0dkhdg
iruhfdvw lv

.d+|ml|3�o ' ��?E6+E�@��

@ �l|3�
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zklfk lv h{dfwo| wkh vdph dv wkdw iru wkh JDUFK prghov lq htxdwlrq +47, h{fhsw
iru wkh gl�huhqw frqglwlrqdo yrodwlolw| surfhvv �|1 Djdlq wklv lv d vshfldo fdvh ri wkh
FG uhvxow1

61815 Rswlpdo Rqh0vwhs0dkhdg Xqfrqglwlrqdo Iruhfdvw ri +| lq wkh NV
Prgl�hg JDUFK+4/4,

Qrz ohw xv frqvlghu d vlpsoh fdvh ri R ' � dqg ^ ' �1 Wkh pji ri wkh frqglwlrqdo
yrodwlolw| ri wkh prgl�hg JDUFK+4/4, prgho fdq eh vkrzq wr eh
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Wkh rswlpdo OLQH[ rqh0vwhs0dkhdg xqfrqglwlrqdo suhglfwru ri +| lv jlyhq e|
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Vhh Nqljkw dqg Vdwfkhoo +4<<;, iru surri1 Wkh rswlpdo OLQH[ iruhfdvw iru wkh pruh
frpsolfdwhg NV JDUFK+Rc ^, prghov zkhuh R:4 dqg ^:4 zloo eh rewdlqhg e| dq
dssolfdwlrq ri wkh deryh phwkrg1

7 Uhvxowv

714 Iruhfdvwlqj Phdvxuhv

Zh �uvw fdofxodwh wkh rqh0vwhs dkhdg iruhfdvw/ �|n�n� ' .|n�E+
2
|n�n��/ ri wkh JDUFK

+4/4, prgho1 Wkhq ydulrxv phdvxuhv duh frpsxwhg iru wkh whvw ri iruhfdvwlqj srzhu1
Zh �uvw fdofxodwh frqyhqwlrqdo phdq devroxwh iruhfdvw huuru +PDIH, dqg phdq
vtxduhg iruhfdvw huuru +PVIH, ri wkh iruhfdvw/ zklfk duh uhsuhvhqwhg dv iroorzv1
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2

zkhuh wkh qxpehu ? lv wkh qxpehu ri iruhfdvwv1 Zh ohw wkh � uxq ryhu ? shulrgv
zkhuh zh kdyh hvwlpdwhg wkh prgho ? wlphv1 Wkhvh phdvxuhv duh rqh ri wkh prvw
iuhtxhqwo| xvhg phdvxuhv wr whvw iruhfdvwlqj srzhu ri d prgho/ vhh Gd| dqg Ohzlv
+4<<5,/ Hqjoh/ Krqj/ Ndqh/ dqg Qrk +4<<6,/ dqg Kzdqj dqg Vdwfkhoo +4<<;, iru
h{dpsohv1 Dowhuqdwlyho|/ zh fdq xvh phdq devroxwh orj0iruhfdvw huuru +PDOIH, dqg
phdq vtxduhg orj0iruhfdvw huuru +PVOIH,/
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�'f

���?E+2|n�n��� �?E�|n�n��
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Vhh Fkulvwrgrxodnlv dqg Vdwfkhoo +4<<;, iru wkhvh phdvxuhv1
Zh qrz vxjjhvw irxu dowhuqdwlyh OLQH[ iruhfdvw phdvxuhv fruuhvsrqglqj wr wkh

irxu frqyhqwlrqdo phdvxuhv lq htxdwlrqv +75, dqg +76,1 Iru OLQH[ yrodwlolw| iruhfdvw
dqg OLQH[ iruhfdvw huuru/ wkh orjdulwkpv ri fruuhfwlrq idfwru lq htxdwlrq +45,/
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o/ vkrxog eh fdofxodwhg1 Qrwh wkdw wkh jdppd ixqfwlrq

uhtxluhv �@n �
2
: f dqg wkxv zh kdyh @ 	 �

2
� Zh fkrrvh hljkw ydoxhv iru @= @@316:8/

3158/ 31458/ 0318/ 04/ 0418/ 05/ dqg 05181 Wr jhw vrph lghd ri wkh orvv ixqfwlrq wkdw
wkhvh qxpehuv lpso|/ uhdghuv vkrxog lqvshfw �jxuh 41

Iru jlyhq sdudphwhu ydoxhv ri @/ zh �uvw fdofxodwhg phdq devroxwh OLQH[ iruh0
fdvw huuru +��8.uU�.f, dqg phdq vtxduhg OLQH[ iruhfdvw huuru +�78.uU�.f,

��8.uU�.f '
�

?

?3�[
�'f

��m+|n�m � E�|n� i TEu�8 ���*2
�� +77,

�78.uU�.f '
�

?

?3�[
�'f

dm+|n�m � E�|n� i TEu�8 ���*2o2

dqg phdq devroxwh OLQH[ orj0iruhfdvw huuru +��u8.uU�.f, dqg phdq vtxduhg
OLQH[ orj0iruhfdvw huuru +�7u8.uU�.f,
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�'f

d�?E+2|n��� E�?E�|n�� n u�8 �o2

Wkhvh irxu phdvxuhv fdq eh frpsduhg zlwk wkh irxu phdvxuhv lq htxdwlrqv +75, dqg
+76,1 Wkh uhvxowv zloo vkrz wkh h�hfwv ri OLQH[ iruhfdvw uhsuhvhqwhg lq frqyhqwlrqdo
phdvxuhv1

Ilqdoo|/ wkh OLQH[ phdvxuh lv fdofxodwhg1 Qrwh wkdw wkh OLQH[ phdvxuh lv

uE%� ' i TE�@%� n @%� �

dv lq htxdwlrq +4,1 Qrwh wkdw iru d OLQH[ JDUFK iruhfdvw/ % ' �?E+2|n�� �
E�?E�|n��nu�8 �/ zkloh iru d frqyhqwlrqdo JDUFK iruhfdvw/ % ' �?E+2|n����?E�|n��1
Zh uhsruw erwk ri wkhvh fdvhv wr dvvhvv wkh pdjqlwxgh ri wkh fkdqjh lq wkh OLQH[
iruhfdvw phdvxuh1

715 Gdwd dqg Surfhgxuhv

Iru rxu gdwd/ zh xvh uhwxuq yrodwlolw| surylghg e| Gdwdvwuhdp1 Zh wrrn d odujh XN
frpsdq|/ Jod{r Zhoofrph1 Zh vkdoo rqo| fdofxodwh uhvxowv iru JDUFK+4/4, lq zkdw
iroorzv1 Dowkrxjk zh frxog h{whqg rxu fdofxodwlrqv wr doo prghov glvfxvvhg/ zh irfxv
rxu dwwhqwlrq rq JDUFK+4/4, ehfdxvh ri lwv juhdw srsxodulw|

Wkh uhwxuq yrodwlolw| lv fdofxodwhg iurp wkh orj0uhwxuq ohvv wkh phdq orj0uhwxuq1
Lq zkdw iroorzv/ zh vkdoo xvh +2| iru wkh uhwxuq yrodwlolw| dw wlph |1 Pruh irupdoo|/
+2| lv rewdlqhg iurp orj0uhwxuq vhulhv/ o|/ dv iroorzv=

+2| ' 2Dfdo| � >o2

zkhuh wkh qxpehu 583 lv xvhg wr dqqxdolvh wkh vtxduhg gdlo| uhwxuq vhulhv dqg > lv
wkh lq0vdpsoh phdq ri o|1 D wrwdo ri 4<:; gdlo| orj0uhwxuqv ri Jod{r Zhoofrph iurp
5 Mdqxdu| 4<<3 wr 64 Mxo| 4<<: lv xvhg1 Zh lwhudwh wkdw > lv fdofxodwhg xvlqj rqo|
sdvw revhuydwlrqv wr dyrlg dq| orrn0dkhdg eldv1

Zh xvh d uroolqj vdpsoh ri wkh sdvw yrodwlolwlhv1 Rq gd| |/ wkh frqglwlrqdo yrodwlo0
lw| ri rqh shulrg dkhdg/ |n�/ lv frqvwuxfwhg e| xvlqj wkh hvwlpdwhv zklfk duh rewdlqhg
iurp rqo| wkh sdvw revhuydwlrqv +l1h1/ 4:6; revhuydwlrqv lq wklv vwxg|,1 E| uhfxuvlyh
vxevwlwxwlrq ri wkh frqglwlrqdo yrodwlolw|/ d rqh0vwhs dkhdg iruhfdvw lv frqvwuxfwhg1
Rq wkh qh{w gd| +|n�,/ xvlqj 4:6; uhfhqw revhuydwlrqv +l1h1/ 4:6; revhuydwlrqv iurp
wkh vhfrqg revhuydwlrq wr wkh 4:6<|� revhuydwlrq,/ zh hvwlpdwh wkh sdudphwhuv djdlq
dqg jhw dqrwkhu rqh0vwhs dkhdg iruhfdvw1 Wkh hvwlpdwlrq dqg iruhfdvwlqj surfhgxuhv
duh shuiruphg 573 wlphv xvlqj uroolqj zlqgrzv ri 4:6; revhuydwlrqv1

Hvwlpdwlrqv duh fduulhg rxw xvlqj wkh Ehuqgw/ Kdoo/ Kdoo/ dqg Kdxvpdq +EKKK,
dojrulwkp iru wkh pd{lplvdwlrq ri wkh orj0olnholkrrg ri wkh JDUFK +4/4, prgho1
Krzhyhu/ gdlo| hvwlpdwlrq ri d prgho lv wlph frqvxplqj zrun1 Kzdqj dqg Vdwfkhoo
+4<<;, vkrz wkdw wkhuh lv olwwoh gl�huhqfh lq iruhfdvwlqj shuirupdqfh ehwzhhq gdlo|
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hvwlpdwlrq dqg orqjhu hvwlpdwlrq lqwhuydov/ h1j1/ zhhno|/ prqwko|/ dqg txduwhuo|1
Lq wklv vwxg| zh hvwlpdwh wkh JDUFK+4/4, prgho hyhu| 53 gd|v +dssur{lpdwho|
prqwko| hvwlpdwlrq, wr dyrlg h{fhvvlyh fdofxodwlrq1 Wkhq wkh frh!flhqwv rewdlqhg
iurp wkh hvwlpdwlrq duh xvhg iru iruhfdvwlqj wkh qh{w 53 gd|v1

716 Uhvxowv

Wkh uhvxowv duh uhsruwhg lq wdeoh 41 Wkh �uvw irxu phdvxuhv/ PDIH/ PVIH/ PDOIH/
dqg PVOIH/ duh frqyhqwlrqdo dv lq htxdwlrqv +75, dqg +76, dqg duh qrw gl�hu0
hqw dfurvv wkh OLQH[ sdudphwhu @1 Wkh vhfrqg irxu phdvxuhv/ PDIHuU�.f/
PVIHuU�.f/ PDOIHuU�.f / dqg PVOIHuU�.f/ duh frqyhqwlrqdo phdvxuhv ryhu
OLQH[ iruhfdvwv1 Zh pd| qrw h{shfw wr �qg dq| hylghqfh ri dq| vxshulru iruh0
fdvwlqj srzhu ri wkh OLQH[ iruhfdvw zlwk wkh frqyhqwlrqdo phdvxuhv1 Krzhyhu/ wkh
wdeoh vkrzv wkdw li zh fkrrvh dq dssursuldwh ydoxh iru wkh OLQH[ sdudphwhu/ @/
zh fdq uhgxfh iruhfdvw huuru hyhq lq whupv ri frqyhqwlrqdo phdvxuhv1 Wkh ydoxhv
ri PDIHuU�.f/ PVIHuU�.f/ PDOIHuU�.f/ dqg PVOIHuU�.f duh doo ohvv wkdq
wkrvh ri PDIH/ PVIH/ PDOIH/ dqg PVOIH zkhq �� 	 @ 	 f��2D1 Lq wkuhh rxw
ri irxu fdvhv/ zh �qg plqlpxp ydoxhv ri iruhfdvw huuruv dw @ ' f��2D dqg lq rqh fdvh
zh kdyh d plqlpxp ydoxh dw @ ' �f�D1

Doo wkh OLQH[ sdudphwhuv zklfk jlyh vpdoohu ydoxhv ri iruhfdvw huuruv duh odujhu
wkdq �� dqg wkh fruuhvsrqglqj ydoxhv ri wkh orjdulwkplf fruuhfwlrq idfwru duh ohvv
wkdq }hur1 Wklv phdqv wkdw wkh rqh0vwhs dkhdg iruhfdvw ri wkh JDUFK+4/4, prgho
lv eldvhg xszdug/ jlylqj vxssruw wr wkh wkdw wkh JDUFK prgho lv d�hfwhg e| d
vpdoo qxpehu ri odujh yrodwlolwlhv udwkhu wkdq d odujh qxpehu ri vpdoo yrodwlolwlhv1

Wkh odvw wzr urzv lq wdeoh 4 vkrz wkh uhvxowv ri wkh OLQH[ iruhfdvw huuru phdvxuh
iru wkh JDUFK iruhfdvw dqg wkh OLQH[ JDUFK iruhfdvw1 Dv zh h{shfwhg/ doo
ydoxhv ri wkh OLQH[ phdvxuhv iru wkh OLQH[ JDUFK iruhfdvw duh ohvv wkdq wkrvh
iru wkh JDUFK iruhfdvw h{fhsw @ ' �1 Qrwh wkdw zkhq @ ' �/ wkh OLQH[ iruhfdvw
huuru phdvxuh lv htxlydohqw wr frqyhqwlrqdo phdq devroxwh ru phdq vtxduhg iruhfdvw
huuruv1

Wkh deryh uhvxowv vxjjhvw wkdw wkh OLQH[ iruhfdvw iurp JDUFK prghov lv suh0
ihuuhg wr wkh frqyhqwlrqdo iruhfdvw iurp wkh JDUFK prgho lq whupv ri wkh frqyhq0
wlrqdo PVIH dqg PDIH1 Pruhryhu/ wkh OLQH[ JDUFK iruhfdvw shuirupv ehwwhu
wkdq wkh frqyhqwlrqdo JDUFK iruhfdvw1

8 Frqfoxvlrqv

Wklv vwxg| vkrzv wkh rqh0vwhs0dkhdg rswlpdo OLQH[ iruhfdvwv iru ydulrxv yrodwlolw|
prghov1 Lq dgglwlrq/ wkh hpslulfdo uhvxowv lq vhfwlrq 7 frpsduhv wkh frqyhqwlrqdo
yrodwlolw| iruhfdvwv zlwk wkh OLQH[ iruhfdvwv ri JDUFK+4/4, xvlqj wkh phdq vtxduhg
dqg devroxwh iruhfdvw phdvxuhv dqg wkh OLQH[ phdvxuh1
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Rxu �qglqjv duh hqfrxudjlqj11 Iru wkh gdwd vhw frqvlghuhg/ wkh OLQH[ iruhfdvwv
rxwshuirup wkh frqyhqwlrqdo iruhfdvwv zlwk dq dssursuldwh OLQH[ sdudphwhu1

Ixuwkhu uhvhdufk qhhgv wr orrn dw pxowlshulrg OLQH[ frqglwlrqdo dqg xqfrqgl0
wlrqdo iruhfdvwv1 Rwkhu zrun ri lqwhuhvw zrxog eh wr h{whqg rxu hpslulfdo uhvxow wr
doo prghov1 Dv |hw zh kdyh qr jhqhudo uhvxowv dv wr zklfk prghov zrxog eh hvshfldoo|
idyrxuhg e| OLQH[ uhodwlyh wr phdq vtxduhg hvwlpdwhv iru dq dssursuldwh idplo| ri
orvv ixqfwlrqv1
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 Table 1  Comparison of Forecasting Results of GARCH(1,1) Model

a 0.375 0.250 0.125 -0.500 -1.000 -1.500 -2.000 -2.500

MAFE of | y t |-h t
1/2 0.1248 0.1248 0.1248 0.1248 0.1248 0.1248 0.1248 0.1248

MSFE of | y t |-h t
1/2 0.0226 0.0226 0.0226 0.0226 0.0226 0.0226 0.0226 0.0226

MALFE of  ln(y t
2 )-ln(h t ) 1.9571 1.9571 1.9571 1.9571 1.9571 1.9571 1.9571 1.9571

MSLFE of  ln(y t
2 )-ln(h t ) 7.7717 7.7717 7.7717 7.7717 7.7717 7.7717 7.7717 7.7717

Conventional Measures Logarithms of Correction Factor (LCF) -3.1657 -2.1695 -1.6325 -0.4516 0.0000 0.3116 0.5493 0.7415

MAFELINEX of  |y t |-(h t exp(LCF))1/2 0.1253 0.1097 0.1013 0.1058 0.1248 0.1482 0.1709 0.1930

MSFELINEX of  |y t |-(h t exp(LCF))1/2 0.0315 0.0255 0.0221 0.0187 0.0226 0.0290 0.0370 0.0461

MALFELINEX of  ln(y t
2 )-(ln(h t )+LCF) 2.4641 1.9390 1.7441 1.7745 1.9571 2.1470 2.3085 2.4501

MSLFELINEX of  ln(y t
2 )-(ln(h t )+LCF) 7.8350 5.6539 5.3014 6.5551 7.7717 8.8488 9.8013 10.6538

LINEX Measure LINEX Measure of  ln(y t
2 )-ln(h t ) 1.6295 0.4508 0.0794 0.5056 1.4577 2.8799 5.4951 11.8090

LINEX Measure of  ln(y t
2 )-(ln(h t )+LCF) 0.5795 0.2212 0.0479 0.4619 1.4577 2.7795 4.3608 6.1764

Notes: A total of 1978 daily log-returns of Glaxo Wellcome from 2 January 1990 to 31 July 1997 is used. A rolling sample of the past volatilities is used.
Recent 941 observations are used for estimation of the GARCH(1,1) model. The above restults are based on 240 forecasts.
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