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Vrrvxqj Kzdqj

Ghsduwphqw ri Edqnlqj dqg Ilqdqfh/

Flw| Xqlyhuvlw| Exvlqhvv Vfkrro/ XN1

Vwhskhq H1 Vdwfkhoo4

Idfxow| ri Hfrqrplfv dqg Srolwlfv dqg Wulqlw| Froohjh/

Xqlyhuvlw| ri Fdpeulgjh/ XN

Dxjxvw 5333

4Fruuhvsrqglqj Dxwkru= V1 H1 Vdwfkhoo/ Idfxow| ri Hfrqrplfv dqg Srolwlfv/ Dxvwlq

Urelqvrq Exloglqj/ Vlgjzlfn Dyhqxh/ Fdpeulgjh FE6 <GG/ XN1/ WHO, 77 4556 6685;4/

ID[, 77 4556 6687:8/ H0PDLO, vhv44Chfrq1fdp1df1xn1 Zh zrxog olnh wr wkdqn M1 Nqljkw

iru khos zlwk wkh frq xhqw k|shujhrphwulf ixqfwlrq dqg rwkhu lqvljkwixo frpphqwv/ dqg

wkuhh dqrq|prxv uhihuhhv iru vxevwdqwldo lpsuryhphqwv wr rxu sdshu1



Devwudfw

Wklv sdshu vxjjhvwv d uh�qhphqw ri wkh vwdqgdug A 2 whvw vwdwlvwlf xvhg lq whvwlqj

dvvhw sulflqj wkhrulhv lq olqhdu idfwru prghov1 Wkh whvw lv ghvljqhg wr kdyh lpsuryhg

srzhu fkdudfwhulvwlfv dqg wr ghdo zlwk wkh hpslulfdoo| lpsruwdqw fdvh zkhuh wkhuh

duh pdq| pruh dvvhwv wkdq wlph shulrgv1 Wklv lv qhfhvvdu| ehfdxvh wkh fdvh ri wrr

ihz wlph shulrgv lqydolgdwhv wkh frqyhqwlrqdo A 21 Ixuwkhupruh/ wkh whvw lv vkrzq

wr kdyh uhdvrqdeoh srzhu lq fdvhv zkhq frpprq idfwruv duh suhvhqw lq wkh uhvlgxdo

fryduldqfh pdwul{1



4 Lqwurgxfwlrq

Wkh sxusrvh ri wklv sdshu lv wr vxjjhvw d qhz surfhgxuh iru whvwlqj dvvhw sulflqj

wkhrulhv lq olqhdu idfwru prghov1 Frqyhqwlrqdoo|/ dq 8 whvw edvhg rq Krwhoolqj*v A 2

vwdwlvwlf lv wkh vwdqgdug surfhgxuh> wklv zdv vxjjhvwhg e| Mrevrq dqg Nrunlh +4<;5,/

lqyhvwljdwhg e| Pdfnlqod| +4<;:,/ dqg ixuwkhu lqyhvwljdwhg e| Jleerqv/ Urvv/ dqg

Vkdqnhq +4<;<,1 D eurdg glvfxvvlrq ri wklv whvw dqg lwv surshuwlhv duh frqwdlqhg lq

Fdpsehoo/ Or/ dqg PdfNlqod| +4<<:, +khuhdiwhu/ FOP,1

Wkh A 2 whvw lv nqrzq wr vx�hu iurp wzr fohdu ghihfwv1 Iluvwo|/ lw fdq rqo| eh

dssolhg wr xqlyhuvh ri vwrfnv zkhuh wkh qxpehu ri vwrfnv/ � / lv ohvv wkdq wkh qxpehu

ri revhuydwlrqv/ A 1 Hpslulfdoo|/ wklv lv yhu| uhvwulfwlyh/ dv sudfwlwlrqhuv riwhq vhw �

wr 53/333 +vwrfnv, dqg A wr 93 +�yh |hduv ri prqwko| gdwd, lq joredo vwrfn vhohfwlrq

prghov1 Vhfrqgo|/ lw lv nqrzq wr odfn srzhu> lq sduwlfxodu/ wkh surfhgxuh xvhv wkh

xqfrqvwudlqhg pd{lpxp olnholkrrg hvwlpdwru ri wkh +� � �� fryduldqfh pdwul{ ri

wkh lglrv|qfudwlf huuruv lq wkh olqhdu idfwru prgho1 Lq pdq| fdvhv wkhuh duh nqrzq

uhvwulfwlrqv rq wklv fryduldqfh pdwul{1

Wkh surfhgxuh zh dgyrfdwh xvhv d uhvwulfwhg fryduldqfh pdwul{ wr jdlq srzhu

dqg/ e| frqvwuxfwlrq/ zloo eh ydolg iru doo � dqg A juhdwhu wkdq g/ zkhuh g lv wkh

qxpehu ri idfwruv lq wkh olqhdu prgho1 Ixuwkhupruh/ rxu whvw/ d Zdog whvw/ kdv dq

h{dfw glvwulexwlrq zklfk/ olnh A 2/ lv sdudphwhu iuhh dqg ghshqgv rqo| rq � / A / dqg

g1 Lq idfw/ wkh glvwulexwlrq ri rxu whvw vwdwlvwlf lv ri vrph vwdwlvwlfdo lqwhuhvw ehlqj

wkh � irog frqyroxwlrq ri wkh 8 E�c A � g � �� glvwulexwlrq glylghg e| � 1 Vlqfh

wkh fkdudfwhulvwlf ixqfwlrq ri wkh 8 glvwulexwlrq lv nqrzq/ vhh Skloolsv +4<;5,/ lw lv

srvvleoh wr frpsxwh dq h{suhvvlrq iru wkh fkdudfwhulvwlf ixqfwlrq ri rxu whvw vwdwlvwlf1

Zh fdqqrw ghulyh d forvhg irup h{suhvvlrq iru wkh ghqvlw| ri wkh whvw vwdwlvwlf exw zh

fdq frpsxwh lw qxphulfdoo| yhu| hdvlo|/ dv zhoo dv lwv srzhu ixqfwlrq/ iru wkh xvxdo

dowhuqdwlyh k|srwkhvhv1

Lq wkh qh{w vhfwlrq/ zh ghvfulehg wkh Krwhoolqj A 2 whvw dqg prwlydwh dqg ghulyh

rxu whvw vwdwlvwlf1 Lq vhfwlrq 6/ zh suhvhqw vrph fulwlfdo ydoxhv iru rxu whvw dqg

frpsduh wkhp zlwk wkrvh ri wkh A 2 whvw1 Vrph srzhu fdofxodwlrqv dqg hpslulfdo

fdofxodwlrqv duh frqwdlqhg lq vhfwlrq 71 Rxu frqfoxvlrqv iroorz lq vhfwlrq 81

5 Qhz Whvw Vwdwlvwlf iru Olqhdu Idfwru Prghov

Wkh srsxodulw| ri olqhdu idfwru prghov +OIPv, lq �qdqfldo hfrqrplfv vwhpv iurp

wkh duelwudjh sulflqj wkhru| +DSW, lqwurgxfhg e| Urvv +4<:9, zklfk doorzv iru

h{sodqdwlrqv ri ulvn suhpld xvlqj pxowlsoh ulvn idfwruv1 Xqghu wkh dvvxpswlrq wkdw

pdunhwv duh frpshwlwlyh dqg iulfwlrqohvv dqg wkdw wkhuh duh g idfwruv/ wkh DSW lv

dssolhg wr wkh v|vwhp ri � dvvhw uhwxuqv>

+| ' kn qu | n 0| +4,

.d0|mu|o ' f
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zkhuh +| � E-�c| -2c| � �� -�c|�� lv d yhfwru ri dvvhw uhwxuqv/ k� Ek� k2 � � � k� �� lv
d yhfwru ri lqwhufhsw ri wkh idfwru prgho/ q � Eq

�
q
2
� �� q� �

� lv dq E� �g� pdwul{
ri idfwru vhqvlwlylwlhv/ zkhuh q� lv dq Eg � �� yhfwru ri idfwru vhqvlwlylwlhv iru dvvhw
�/ u| � Es�c| s2c| � �� sgc|�

� lv d yhfwru ri frpprq idfwru uhdol}dwlrqv/ dqg 0| � E0�c|
02c| � �� 0�c|�

� lv dq ��_ yhfwru ri glvwxuedqfh whupv1

Lq wklv prgho/ wkh glvwxuedqfh whupv duh xqfruuhodwhg dfurvv dvvhwv vlqfh wkh

idfwruv duh dvvxphg wr dffrxqw iru doo wkh frpprq yduldwlrq lq dvvhw uhwxuqv1 Ixu0

wkhupruh/ iroorzlqj wkh dujxphqwv lq Urvv +4<:9, wkh prgho lpsolhv/

.E+� ' �bf n qb& +5,

zkhuh bf lv wkh ulvniuhh uhwxuq ru }hur0ehwd sruwirolr uhwxuq/ bg lv d +g � �� yhfwru
ri idfwru ulvn suhpld/ dqg � lv dq E� � �� yhfwru/ � �E� � �� ���� Qrwh wkdw wkh h{dfw
sdudphwulf uhvwulfwlrq lpsolhg e| htxdwlrq +5, lv mxvwl�hg e| wkh �qglqjv ri Frqqru

+4<;7,/ G|eylj +4<;8, dqg Julqeodww dqg Wlwpdq +4<;8,/ zkr vkrz wkdw wkhruhwlfdo

ghyldwlrqv ri dssur{lpdwh idfwru sulflqj prghov iurp h{dfw idfwru sulflqj duh olnho|

wr eh qhjoljleoh xqghu sodxvleoh frqglwlrqv1 Dowkrxjk wkh DSW lv nqrzq wr dsso|

iru pruh jhqhudo surfhvvhv wkdq wkrvh ghvfulehg e| htxdwlrq +4,/ vhh/ iru h{dpsoh/

Fkdpehuodlq dqg Urwkvfklog +4<;6, dqg Uhlvpdq +4<<5,/ htxdwlrqv +4, dqg +5,

uhpdlq d prgho ri fhqwudo lpsruwdqfh wr �qdqfldo hfrqrplfv/ qrw ohdvw ehfdxvh ri

lwv olqnv zlwk idfwru dqdo|vlv/ dqg lwv zlghvsuhdg dgrswlrq e| sudfwlwlrqhuv1

514 Frqyhqwlrqdo I Vwdwlvwlf iru Olqhdu Idfwru Prghov

Dprqj vhyhudo yhuvlrqv ri wkh h{dfw idfwru sulflqj prgho/ zh frqvlghu wkh fdvh wkdw

idfwruv duh sruwirolrv ri wudghg dvvhwv dqg d ulvniuhh dvvhw h{lvwv14Wkhq/ d whvwdeoh

yhuvlrq iru wkh h{dfw idfwru sulflqj prgho lv

h| ' @ n qh
s
| n "| +6,

zkhuh h| lv qrz d E� � �� yhfwru ri h{fhvv uhwxuqv iru � dvvhwv dqg h
s
| lv d Eg � ��

yhfwru ri idfwru sruwirolr h{fhvv uhwxuqv/ dqg "| � E"�c| "2c| � �� "�c|�� lv d E� � ��
yhfwru ri glvwxuedqfh whupv zkrvh yduldqfh0fryduldqfh pdwul{ lv .E"|"�|� ' P1

Zkhq zh dvvxph wkdw uhwxuqv frqglwlrqdo rq wkh idfwru uhdol}dwlrqv duh llg mrlqwo|

pxowlyduldwh qrupdo/ iurp wkh pd{lpxp olnholkrrg +ru htxlydohqwo| ROV, hvwlpdwruv

zh kdyh frqglwlrqdoo| rq wkh idfwru uhdolvdwlrqv/

e@��E@c
�

A
E� n e>�g el3�

g e>g�P�c +7,

zkhuh

e>g '
�

A

A[
|'�

h
s
| c
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elg '
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A
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|'�

Ehs| � e>g�Eh
s
| � e>g�

��

Vhh Jleerqv/ Urvv/ dqg Vkdqnhq +4<;<, iru wkh rqh idfwru prgho dqg fkdswhu 9 ri

FOP iru wkh pxowl0idfwru prgho1

Wkh Zdog whvw vwdwlvwlf iru wkh k|srwkhvlv Mf G @ ' @f lv

7U
�
' A d� n e>�g el3�

&
e>go

3�Ee@�@f��P3�Ee@�@f���2E� �� +8,

Wkh htxdwlrq +8, vd|v wkdw wkh qxoo k|srwkhvlv lv glvwulexwhg dv fkl0vtxduh zlwk �

ghjuhhv ri iuhhgrp1 Zlwk wkh uhsodfhphqw ri wkh vdpsoh hvwlpdwh ri P lq htxdwlrq

+8,/ wkh xvxdo pxowlyduldwh 8 0whvw vwdwlvwlf lv

7� '
A �� �g

�
d� n e>�g el3�

& e>go
3�Ee@�@f�� eP3�Ee@�@f�c +9,

zkhuh eP '
�

A

A[
|'�

Eh| � e@� eqhs| �Eh| � e@ � eqhs| ��
dqg e@ dqg eq duh wkh pd{lpxp olnholkrrg hvwlpdwruv ri @ dqg q/ uhvshfwlyho|1 Lw fdq

eh vkrzq wkdw wkh whvw vwdwlvwlf/ 7�/ lv xqfrqglwlrqdoo| glvwulexwhg fhqwudo 8 zlwk

� ghjuhhv ri iuhhgrp lq wkh qxphudwru dqg +A �� �g, ghjuhhv ri iuhhgrp lq wkh

ghqrplqdwru> vhh fkdswhuv 8 dqg 9 ri FOP iru d ghwdlohg h{sodqdwlrq1

Wkxv/ iru wkh whvw ri DSW prghov/ l1h1/ wkh qxoo k|srwkhvlv ri M@
f
G @ ' f djdlqvw

wkh dowhuqdwlyh k|srwkhvlv M@
�
G @ 9' f/ wkh xvxdo pxowlyduldwh 8 0whvw vwdwlvwlf lv

7� '
A �� �g

�
Se@� eP3�e@ +:,

zkhuh S ' E� n e>�g el3�

g e>g�
3��

Dv suhylrxvo| phqwlrqhg/ zh idfh d sureohp zkhq A lv vpdoohu wkdq � 1 Ehfdxvh

ri wkh wlph0ydu|lqj surshuwlhv ri ulvn idfwruv/ prvw sudfwlwlrqhuv whqg wr hvwlpdwh

OIP*v xvlqj prqwko| gdwd iru 8 wr : |hduv1 Lq wklv fdvh/ wkh ghjuhhv ri iuhhgrp/

+A � � �g,/ lq wkh ghqrplqdwru ri wkh frqyhqwlrqdo 8 whvw vwdwlvwlf fdq ehfrph

qhjdwlyh/ wkh fryduldqfh pdwul{ eP ehfrphv vlqjxodu/ dqg wkxv zh fdqqrw dsso| wkh

8 whvw/ vhh htxdwlrq +:,1

Dowkrxjk dvvhw uhwxuqv duh zlgho| nqrzq wr eh vnhzhg dqg idw0wdlohg dqg dv

vxfk wklv pd| vhhp wr uhvwulfw wkh xvhixoqhvv ri wkh olqhdu idfwru prgho zlwk qrupdo

huuruv/ lw vkrxog eh srlqwhg rxw wkdw lq pdq| dfwxdo dqg srwhqwldo dsslfdwlrqv> +l,

wkh gdwd duh prqwko|/ vr wkdw wlph djjuhjdwlrq pdnhv wkh gdwd pruh qrupdo/ +ll,

prvw ri wkh qrq0qrupdo uhvxowv duh wr gr zlwk uhwxuqv/ udwkhu wkdq uhvlgxdo uhwxuqv1

Lw lv reylrxv wkdw wkh huuruv frxog eh qrupdo dqg uhwxuqv frxog eh +xqfrqglwlrqdoo|,

qrq0qrupdo1
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Lw lv ixuwkhu dvvxphg wkdw uhwxuqv duh llg> pxfk kdv ehhq zulwwhq rq wklv wrslf

exw lw lv zruwk qrwlqj wkdw zh rqo| uhtxluh rxu huuruv wr eh llg1 Wkxv/ idfwruv frxog

surylgh d ydulhw| ri wlph0vhulhv ehkdylrxu> lqghhg vlqfh wkh| frqwulexwh wr wkh ulvn

suhpld ri lqglylgxdo dvvhwv/ zh pd| zhoo h{shfw wkdp wr eh vhuldoo| fruuhodwhg1

515 Vxp ri I Vwdwlvwlf iru Olqhdu Idfwru Prghov

D vroxwlrq wr wkh sureohp ri wkh vwdqgdug surfhgxuh edvhg rq wkh Krwhoolqj*v vwd0

wlvwlfv lv wr lpsrvh }hur uhvwulfwlrqv rq wkh r�0gldrqdo hohphqwv ri wkh fryduldqfh

pdwul{ ri wkh huuruv/ P1 Wkh qhz whvw vwdwlvwlf edvhg rq wklv dvvxpswlrq lv zhoo gh0

�qhg hyhq lq vlwxdwlrqv zkhuh � : A 1 Lq zkdw iroorzv zh dvvxph wkh Zdog whvwlqj

sulqflsoh1

Qrwh wkdw wkh vwdqgdug dvvxpswlrq ri olqhdu idfwru prghov lv wkdw P lv gldjrqdo/

vhh Urvv +4<:9,1 Hyhq li P lv qrw gldjrqdo/ wkhq lwv r�0gldjrqdo hohphqwv zloo eh

wkh uhvxow ri plvvlqj idfwruv zkrvh h{srvxuh lv krshixoo| vpdoo1 Lpsrvlqj d +idovh,

}hur uhvwulfwlrq pd| uhgxfh hvwlpdwlrq huuru/ hvshfldoo| lq wkh fdvh zkhq � lv odujh1

Wkhuhiruh/ xqghu wkh dvvxpswlrq wkdw wkh ulvn suhplxp dw wlph | lv ghvfulehg e|

wkh hvwlpdwhg ydoxh ri qh
s
| dw wlph |/ wkh dssursuldwh whvw vwdwlvwlf/ 7

�
2
/ wr whvw wkh

h!flhqf| ri vxfk d wkhru|/ l1h1/ Mf G @ ' fc lv

7�
2

' ASe@�P3�e@ +;,

' AS

�[
�'�

e@2�
j2�

Iru wkh xqnqrzq wuxh j2� / wkh qhz whvw vwdwlvwlf lv vwloo glvwulexwhg zlwk fkl0vtxduh

zlwk � ghjuhhv ri iuhhgrp dv h{sodlqhg lq htxdwlrq +8,1 Qrz ohw xv frqvlghu wkh

vdpsoh hvwlpdwh ej2� lqvwhdg ri j2� lq wkh qhz whvw vwdwlvwlf 7�
2
1 Wkh uhodwlrqvkls

ehwzhhq wkh xqnqrzq j2� dqg wkh vdpsoh hvwlpdwh/ ej2� lv
ej2� '

�

A �g � �

A[
|'�

Eo�c| � e@� � eq�h
s
| �

2 +<,

�j2�
�2EA �g � ��

A �g � �
�

Wkhuhiruh/ zh kdyh ej2�
j2�

�
�2EA �g � ��

A �g � �
� +43,

Zkhq e@2�*j2� lq htxdwlrq +;, lv glylghg e| ej2�*j2� iru hdfk �/ zh kdyh wkh iroorzlqj

whvw vwdwlvwlf1 Wklv lv d Zdog whvw lq wkdw zh gluhfwo| frpsxwh wkh glvwulexwlrq ri wkh

whvwhg uhvwulfwlrqv/ uhsodflqj xqnqrzq sdudphwhuv e| pd{lpxp olnholkrrg hvwlpdwhv1
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Gldjrqdolw| iru wkh fryduldqfh pdwul{ iroorzv iurp wkh pdlqwdlqhg k|srwkhvlv1 Wkxv

zh jhw/

7W
2

' AS

�[
�'�

e@2�
j2�
!
ej2�
j2�

+44,

' AS

�[
�'�

e@2�SA

|'�Eo�c| � e@� � eq�h
s
| �

2*EA �g � ��

�
�[
�'�

8�E�c A �g � ��

zkhuh 8�E�c A � g � �� duh lqghshqghqw yduldeoh zlwk 4 ghjuhh ri iuhhgrp lq wkh

qxphudwru dqg +A �g � �, ghjuhhv ri iuhhgrp lq wkh ghqrplqdwru1

Zkhq A lv yhu| odujh frpsduhg zlwk g/ hdfk 8�E�c A � g � �� frqyhujhv lq
glvwulexwlrq wr d fkl0vtxduh glvwulexwlrq zlwk 4 ghjuhh ri iuhhgrp1 Wkhuhiruh/ lq

wklv fdvh/ 7W
2
frqyhujhv wr d fkl0vtxduh glvwulexwlrq zlwk � ghjuhhv ri iuhhgrp1

Ixuwkhupruh/ rxu whvw/ dv d Zdog whvw/ zloo kdyh wkh xvxdo odujh A �{hg � rswlpdolw|

surshuwlhv dvvrfldwhg zlwk orfdo srzhu1

Dv vxjjhvwhg e| d uhihuhh/ dq dowhuqdwlyh wr rxu surfhgxuh lv wr frqvlghu wkh

deryh sureohp dv d Qh|pdq dqg Vfrww +4<7;, sureohp dqg xvh *qhz olnholkrrg*

phwkrgv vxfk dv wkh Fr{0Uhlg frqglwlrqdo olnholkrrg dqg PfFxoodjk0Wlevkludql dg0

mxvwhg vfruh dqg olnholkrrg wr jhqhudwh dowhuqdwlyh hvwlpdwruv dqg whvwv> vhh/ Jkrvk

+4<<7,1 Zh kdyh qrw h{soruhg olqndjhv dqg frpsdulvrq ehwzhhq wkhvh dssurdfkhv

dqg rxu dssurdfk1

Wr rewdlq d vwdwlvwlf wkdw lv dv|pswrwlfdoo| vfdohg iru odujh A / zh vxjjhvw dv rxu

qhz vwdwlvwlf

72 ' 7W
2
*� +45,

�
�

�

�[
�'�

8�E�c A �g � ���

Zkhq A lv yhu| odujh frpsduhg zlwk g/ 72 lv glvwulexwhg dv �2E� �*� 1 Wklv lv

wkh vdph dv|pswrwlf uhvxow dv wkh fdvh ri wkh frqyhqwlrqdo whvw vwdwlvwlf ri htxdwlrq

+:,/ vlqfh lq wkdw fdvh zh kdyh *�4
A<"

8 E�c A �� �g,
_
$ �2E��*� / zkhuh _ phdqv

frqyhujhqfh lq glvwulexwlrq1 Iru rwkhu uhodwlrqvklsv iru 72 dqg ehwzhhq 7� dqg 72/

qrwh wkdw 7� ' 72 li � ' �1 Li � jhwv odujh zh jhw e| wkh zhdn odz ri odujh qxpehuv

wkdw 72 frqyhujhv lq suredelolw| wr .d8 E�c A �g � ��o zklfk htxdov wr A3g3�

A3g3�
iru

A �g : �1 Iru 7�/ li � jhwv odujh A qhhgv wr jhw odujh dv zhoo vr wkdw A �g ��

uhpdlqv srvlwlyh1 Li A dqg � jhw odujh wrjhwkhu vxfk wkdw A �g �� : f/ zh �qg
wkdw R *�47� ' R *�472 ' �1

Wkh qhz vwdwlvwlf fdq eh dssolhg wr dq| fdvh zkhq wkh qxpehu ri revhuydwlrqv/

A / lv odujhu wkdq wkh qxpehu ri idfwruv soxv rqh/ g n �1 Wklv lv d pdmru dgydqwdjh
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ri rxu qhz whvw vwdwlvwlf vlqfh lq pdq| fdvhv/ dv zh kdyh glvfxvvhg/ zh kdyh wkh

qxpehu ri dvvhwv odujhu wkdq wkh qxpehu ri revhuydwlrqv1 Rq wkh rwkhu kdqg/ wkh

frqyhqwlrqdo 8 vwdwlvwlf uhtxluhv A �g �� : f/ zklfk grhv qrw dozd|v kdsshq lq

sudfwlfh dv zh h{sodlqhg deryh1

Wkh suredelolw| ghqvlw| ixqfwlrq ri rxu qhz whvw vwdwlvwlf lv glvfxvvhg dqg lwv

fkdudfwhulvwlf ixqfwlrq ghulyhg> vhh Dsshqgl{1 Krzhyhu/ d forvhg irup ri wkh sgi ri

wkh qhz whvw vwdwlvwlf lv qrw vxjjhvwhg1 Wklv pljkw eh wkrxjkw ri dv d glvdgydqwdjh

ri wkh qhz whvw vwdwlvwlf1 E| lqvshfwlrq/ lwv ghqvlw| ghshqgv rqo| xsrq W/ Q/ dqg N1

Lq wkh iroorzlqj vhfwlrq/ zh wdexodwh wkh qhz vwdwlvwlf iru ydulrxv A / � / dqg g zlwk

Prqwh Fduor vlpxodwlrqv1

516 Plvvlqj Idfwruv dqg wkh Qhz Whvw Vwdwlvwlf

Vxssrvh wkdw wkh wuxh prgho lv wkh olqhdu idfwru prgho uhsuhvhqwhg lq htxdwlrq +6,1

Wkhq iru dq| �c f 	 � 	 gc dqg ' ' g � � / zh fdq uhzulwh wkh prgho dv

h| ' @n q�h
s�
| n q2h

s2
| n "| +46,

zkhuh q� +� �� , lv wkh �uvw � froxpqv ri q dqg q2 +� �'� lv wkh odvw ' froxpqv

ri q1 Lq dgglwlrq/ h
s�
| E� � � yhfwru, lv wkh �uvw � urzv ri h

s
| dqg h

s2
| E'� � yhfwru,

lv wkh odvw ' urzv ri h
s
| �

Ohw xv dvvxph wkdw zh lqfoxgh rqo| wkh �uvw � idfwruv lq wkh OIP1 Wkdw lv/

h| ' @�nq�
h
s�
| n D| +47,

zkhuh @� ' @ n q
2
>
s2 c D| ' "| n q

2
Ehs2| � >

s2�c dqg >
s2 ' .Ehs2| �� Wkhq wkh

yduldqfh0fryduldqfh pdwul{ frqglwlrqlqj rq wkh � idfwruv duh

P�' q
2
l'q

�

2
nPc +48,

zkhuh l' lv wkh yduldqfh0fryduldqfh pdwul{ ri wkh ' idfwru uhwxuqv1 Qrwh wkdw lq

wklv glvfxvvlrq/ wkh idfwru uhwxuqv duh xvxdoo| uhvwulfwhg wr eh ruwkrjrqdo wr hdfk

rwkhu dqg wr kdyh xqlw yduldqfh/ wkdw lv/ lg' Wgc l'' W'/dqg l�' W� 1 Wkhuhiruh/

zh kdyh e@��� E@n q
2
>
s2 c

�

A
E� n e>�� e>� �P� � +49,

zkhuh P�' q
2
q
�

2
nP�

Vlqfh zh gr qrw nqrz wkh wuxh idfwruv lq wkh OIP/ iru wkh qxoo k|srwkhvlv ri

Mf G @� ' f djdlqvw wkh dowhuqdwlyh k|srwkhvlv M� G @� 9' f/ wkh xvxdo pxowlyduldwh
8 0whvw vwdwlvwlf lv

7� '
A �� � �

�
d� n e>�� e>� o

3�e@�� eP3�

� e@� +4:,

9



zkhuh

e>� '
�

A

A[
|'�

h
s�
|

eP� '
�

A

A[
|'�

Eh| � e@� � eq�h
s�
| �Eh| � e@� � eq�h

s�
| ���

Iru rxu qhz whvw vwdwlvwlf/ zh pd| qrw vlpso| dvvxph e@��P3�

� e@� '
S�

�'�

e@2�

j2
�

dv

lq htxdwlrq +;,/ vlqfh wkh yduldqfh0fryduldqfh pdwul{ ri P� lq htxdwlrq +49, lv qr

orqjhu d gldjrqdo pdwul{1 Krzhyhu/ dv lv wkh riwhq wkh fdvh/ wkh idfwru ordglqjv/ wkh

hohphqwv lq wkh yhfwru q
2
/ duh vpdoo dqg li wkh qxpehu ri plvvlqj idfwruv/ '/ lv dovr

vpdoo/ zh fdq dvvxph q2q
�

2
lv qhjoljleoh1 Wkh dvvxpswlrq jlyhv xv dssur{lpdwho|

wkh vdph whvw vwdwlvwlf dv iroorzv/ l1h1/

72c��
�

�

�[
�'�

8�E�c A � � � ��� +4;,

Lq wklv fdvh/ 7� lv vwloo glvwulexwhg fruuhfwo| xqghu Mf xs wr d vfdodu1 Li wkh deryh dv0

vxpswlrqv duh qrw uhdvrqdeoh/ wkhq srzhu fdofxodwlrqv fdq eh fduulhg rxw wr hydoxdwh

erwk whvwv uhodwlyh shuirupdqfh/ vhh Pdfnlqod| +4<;:,/ iru dq dqdo|vlv ri 7�1

Rxu dujxphqwv lq wkh qrq0gldjrqdo fdvh fdq eh vhhq dv d surfhgxuh ri lpsrvlqj

idovh frqvwudlqwv lq d prgho wr lpsuryh h!flhqf| ru srzhu1 Wkxv zh +idovho|, dvvxph

wkdw wkh qxlvdqfh +r�0gldjrqdo, sdudphwhuv lq wkh fryduldfqh pdwul{ duh }hur hyhq

zkhq wkh| qrw1 Wr dvvhvv wkh phulwv ri wklv dssurdfk uhtxluhv d vlpxodwlrq vwxg|

zklfk zh surylgh lq wkh iroorzlqj vhfwlrq1

6 Vlpxodwlrqv iru wkh Qhz Whvw Vwdwlvwlf

Lq wkh suhylrxv vhfwlrq/ zh lqyhvwljdwhg wkh qhz whvw vwdwlvwlf/ 72/ zkhq doo wkh srs0

xodwlrq fryduldqfhv zhuh }hur lq htxdwlrq +5,1 Lw vhhpv gl!fxow wr jhw dq dqdo|wlf

ghulydwlrq ri R_s E+� dqg zh gr qrw vxjjhvw d forvhg irup vroxwlrq iru wkh qhz vwd0

wlvwlfv1 Qrwh wkdw dq 8 whvw edvhg rq Krwhoolqj*v A 2 vwdwlvwlfv kdv d �qlwh vdpsoh

glvwulexwlrq wkdw lv nqrzq lq forvhg irup dqg wdexodwhg1

Lq wklv vhfwlrq/ zh fdofxodwh R_s E+� yld vlpxodwlrqv1 Vlqfh wkh forvhg irup vroxwlrq

lv qrw nqrzq/ zh fduu| rxw h{whqvlyh vlpxodwlrqv wr wdexodwh wkh vwdwlvwlfv> vlpxod0

wlrqv iru whvw vwdwlvwlfv dqg srzhu whvwv iru jlyhq fulwlfdo ydoxhv1 Doo wkh vlpxodwlrq

uhvxowv uhsruwhg lq wklv vwxg| duh rewdlqhg zlwk 43/333 uhsolfdwlrqv1

614 Vlpxodwhg Wdexodwlrqv ri wkh Qhz Whvw Vwdwlvwlf

Rxu �uvw vlpxodwlrq surfhgxuh iru wkh fdofxodwlrq ri whvw vwdwlvwlfv iru jlyhq fulwlfdo

ydoxhv lv dv iroorzv1 Zh �uvw jhqhudwh � yduldeohv hdfk ri zklfk kdv A �g revhu0

:



ydwlrqv iurp wkh �Efc �� glvwulexwlrq/ zklfk lv ghqrwhg dv yduldeoh 51 Wkhq iru hdfk

yduldeoh/ wkh vtxduh ri wkh odvw revhuydwlrq lv glylghg e| wkh vxp ri wkh vtxduh ri

wkh �uvw A �g�� revhuydwlrqv1 Pruh irupdoo|/ zh jhqhudwh wkh �|� 8 E�c A �g���
yduldeoh %�

%� '
52A3gc�SA3g3�

6'�
526c�*EA �g � ��

+4<,

zkhuh 5��Efc��1 Zh xvh wkh vdph phwkrg iru doo � yduldeohv1 Wkhq/ wkh � yduldeohv

duh dyhudjhg1 Zh uhshdw wklv surfhgxuh 43/333 wlphv wr rewdlq 43/333 vwdwlvwlfv dqg

uhsruw wkh uhvxow wrjhwkhu zlwk wkh frqyhqwlrqdo 8 glvwulexwlrq ri 7� zlwk A�g��

ghjuhhv ri iuhhgrp lq wkh qxphudwru dqg � ghjuhhv ri iuhhgrp lq wkh ghqrplqdwru1

Zh xvh wkh qxpehu ri revhuydwlrqv/ A ' Sf dqg �2f/ dqg A ' Sff wr lqyhvwljdwh
wkh surshuwlhv ri wkh qhz vwdwlvwlfv zkhq A ehfrph yhu| odujh1 Wkh qxpehu ri dvvhwv/

� / ydulhv iurp �f wr �c fff lq rxu vhwwlqjv1 Dv h{sodlqhg ehiruh/ zkhq A���g � fc
ruglqdu| 8 vwdwlvwlfv duh qrw dydlodeoh/ zklovw wkh qhz vwdwlvwlf lv dydlodeoh1 Zh uhsruw

wkh qhz vwdwlvwlfv iru odujh � vxfk dv 833 dqg 4/333 wr vhh krz wkh qhz vwdwlvwlfv

ehkdyh1 Ilqdoo|/ wkh qxpehu ri idfwruv lv vhw wr 4/ 5/ 6/ 7/ 8/ dqg 4315Zh eholhyh

wkhvh ydoxhv ri wkh qxpehu ri idfwruv fryhu prvw fdvhv lq wkh whvwv ri olqhdu idfwru

prghov1 Vhh vhfwlrq 917 ri FOP iru d vxppdu| rq wklv wrslf1

Wdeoh 4 uhsruwv wkh vlpxodwlrq uhvxowv iru vhyhq fdvhv1 Doo wkh uhvxowv lq wdeoh 4

duh vxssruwhg e| wkh dqdo|wlfdo glvfxvvlrq lq wkh suhylrxv vhfwlrq1 Iluvw/ wkh uhvxowv

vkrz wkdw erwk wkh qhz dqg frqyhqwlrqdo I vwdwlvwlfv dssurdfk �2E��*� zkhq A

ehfrphv odujh1 Iru h{dpsoh/ zkhq A ' Sff +sdqho J,/ wkh frqyhqwlrqdo 8 vwdwlvwlfv

dqg wkh qhz vwdwlvwlfv ehfrph forvh wr hdfk rwkhu> frpsduh wkh uhvxowv lq sdqho J

zlwk wkrvh ri sdqhov D dqg E1 Vhfrqgo|/ zkhq � lv odujh/ e| wkh zhdn odz ri odujh

qxpehuv/ wkh qhz vwdwlvwlf dssurdfkhv A3g3�

A3g3�
iru A �g : �1 Wkh odvw urz ri hdfk

sdqho vkrzv ydoxhv ri A3g3�

A3g3�
iru jlyhq A dqg g1 Wdeoh 4 dovr uhsruwv fulwlfdo ydoxhv

zkhq � : A / zklfk fdqqrw eh rewdlqhg zlwk wkh frqyhqwlrqdo 8 vwdwlvwlf1 Wklv lv

rqh ri wkh prvw xvhixo dgydqwdjh ri wkh qhz vwdwlvwlf1

615 Wkh Srzhu ri wkh Qhz Whvwv

Lq wklv vxevhfwlrq/ zh uhsuhvhqw wkuhh vlpxodwlrqv iru wkh srzhu ri wkh qhz whvwv dqg

frpsduh wkh uhvxowv zlwk wkrvh ri wkh frqyhqwlrqdo 8 whvwv1 Wkh srzhu ri d whvw lv

wkh suredelolw| wkdw wkh qxoo k|srwkhvlv lv uhmhfwhg zkhq dq dowhuqdwlyh k|srwkhvlv

lv wuxh/ dqg lv d xvhixo wrro wr glvfulplqdwh ehwzhhq gl�huhqw whvw vwdwlvwlfv1 Wkh

fkrlfh ri sdudphwhu ydoxhv iru wkh srzhu fdofxodwlrqv ghshqg xsrq rqhv ylhz derxw

zkdw duh lqwhuhvwlqj dowhuqdwlyhv1 Lq wklv vwxg|/ zh xvh wkh qrq0fhqwudolw| sdudphwhu

ydoxhv lq fkdswhu 8 ri FOP/ dqg uhdo gdwd iru wkh plvvlqj idfwruv lq wkh suhylrxv

vhfwlrq/ ghwdlov ri zklfk duh h{sodlqhg ehorz1

Dv h{sodlqhg deryh/ wkh glvwulexwlrq ri wkh frqyhqwlrqdo 7� iru wkh dowhuqdwlyh

k|srwkhvlv lv

7�EB���8 E�cA �� �g( B�� +53,

;



zkhuh B� lv wkh qrq0fhqwudolw| sdudphwhu ri wkh 8 glvwulexwlrq zklfk lv gh�qhg dv

B� ' A d� n e>�& el3�

&
e>&o

3�
@
�
P
3�
@ +54,

vhh PdfNlqod| +4<;:, iru d ghwdlohg h{sodqdwlrq1 Rq wkh rwkhu kdqg/ wkh glvwulexwlrq

ri 72 iru wkh dowhuqdwlyh k|srwkhvlv lv

72EB2��
�

�

�[
�'�

8�E�c A �g � �( B2c�� +55,

zkhuh B2 ' EB2c�c B2c2c ���B2c�� lv wkh yhfwru ri wkh qrq0fhqwudolw| sdudphwhuv ri wkh

qhz whvw vwdwlvwlf glvwulexwlrq1 Wkh B2c� duh gh�qhg e|

B2c� ' A d� n e>�& el3�

&
e>&o

3�
@2�

j2�
+56,

Khuh zh rqo| frqvlghu wkh fdvh ri g ' � iru wkh pdunhw sruwirolr/ exw vlplodu uhvxowv
fdq eh rewdlqhg iru g : �1 Lq wkh g ' � fdvh iru wkh dowhuqdwlyh k|srwkhvlv/ wkh

glvwulexwlrq ri wkh frqyhqwlrqdo 7�EB�� lv 8 E�cA � � � �( B�� zkhuh B� ' A d� n
e>26
ej26

o3�@�P3�
@ 'A

k
� n e>26

ej26

l
3� k

e>2R

ej2R
�

e>26
ej26

l
/ zkhuh R uhsuhvhqwv wkh wdqjhqf| sruwirolr

+wkh phdq0yduldqfh h!flhqw sruwirolr,> vhh Jleerqv/ Urvv/ dqg Vkdqnhq +4<;<, iru

wkh ghulydwlrq ri wklv htxdwlrq1 Lq dgglwlrq/ wkh glvwulexwlrq ri 72 iru wkh dowhuqdwlyh

k|srwkhvlv lv 72EB2��
�

�

S�

�'� 8�E�c A � 2( B2c�� zkhuh B2c� ' A d� n e>26
ej26

o3�
@2
�

j2
�

1

Ohw xv �uvw frqvlghu wkh fdvh ri M�

f
G @� ' fc � ' �c ���c � djdlqvw M�

�
G @� ' >c

iru � ' �c dqg @� ' fc iru � ' 2c ���c � 1 Wklv lv wkh fdvh zkhq rqh dvvhw/ dvvhw 4/ ri

wkh � kdv d qrq0}hur doskd xqghu M�

�
1 Zh �uvw jhqhudwh d fkl0vtxduh yduldeoh �2E��

iurp wkh vwdqgdug qrupdo yduldeoh 5��Efc ��1 Wkhq wkh qrq0fhqwudo yduldeoh %W
�
EB��

iru wkh dowhuqdwlyh k|srwkhvlv ri 7W
�
EB�� lv jhqhudwhg zlwk

%W
�
EB�� '

k
�2E�( B�� n

S�

�'2 �
2

� E��
l
*�SA3�3�

�'�
�2� E��*EA �� � ��

+57,

zkhuh B� lv wkh qrq0fhqwudolw| sdudphwhu ri wkh �uvw fkl0vtxduh yduldeoh zklfk fdq

eh uhsuhvhqwhg dv B� ' A d� n e>26
ej26

o3�
@2
�

j2
�

� Rq wkh rwkhu kdqg/ wkh qrq0fhqwudo yduldeoh

%W
2
EB2� iru wkh dowhuqdwlyh k|srwkhvlv ri 7

W

2
EB2� lv jhqhudwhg zlwk

%W
2
EB2� '

�

�

%
�2E�( B2c��SA32

6'�
�26c�E��*EA � 2�

n
�[
�'2

�2� E��SA32

6'�
�26c�E��*EA � 2�

&
+58,

zkhuh B2c� ' A d� n e>26
ej26

o3�
@2
�

j2
�

1 Iru wkh ydoxh ri
e>26
ej26
c zh xvh 31346 dv lq fkdswhu 8

ri FOP/ zklfk lv htxlydohqw wr wkh pdunhw sruwirolr zlwk wkh dqqxdolvhg h{shfwhg

<



h{fhvv uhwxuq ri ;( dqg wkh dqqxdolvhg vwdqgdug ghyldwlrq ri 53(1 Lq dgglwlrq/ wkh

ydoxhv iru
@2
�

j2
�

duh vhw wr wkh ydoxhv ri 3/ 31337/ 3133;/ 111/ 316<91 Wkh srzhu ri rxu whvw

vwdwlvwlf/ 7W
2
EB2�/ lv fdofxodwhg iru fulwlfdo ydoxhv ri 4(/ 518(/ 8(/ dqg 43(1 Wkdw lv/

qxpehuv ri yduldeohv odujhu wkdq wkh whvw vwdwlvwlfv rewdlqhg zlwk wkh fulwlfdo ydoxhv

ri 318(/ 4(/ 518(/ 8(/ dqg 43( lq 7W
2
EB2� duh fdofxodwhg1 Wkh srzhu ri 7W�EB�� lv

fdofxodwhg xvlqj wkh vdph phwkrg1 Zh xvh wkh qxpehu ri revhuydwlrqv/ A ' �2f
dqg Sf1 Wkh qxpehu ri dvvhwv/ � / ydulhv iurp �f wr ��f iru A ' �2f dqg iurp �f wr
Df iru A ' Sf1 Wkh qxpehu ri idfwruv lv vhw wr 4 dqg 81

Iljxuh 4 uhsuhvhqwv wkh srzhu ixqfwlrq ri wkh qhz dqg frqyhqwlrqdo whvwv dw 4(/

8(/ dqg 43(/ iru fdvh 4 +A ' �2f/ � ' �f/ dqg g ' ��/ dqg fdvh 5 +A ' �2f/
� ' bf/ dqg g ' ��16Wkh �jxuhv vkrz wkdw wkh qhz whvw kdv pruh srzhu wkdq wkh

frqyhqwlrqdo 8 whvw1 Hvshfldoo|/ qrwh wkdw zkhq � lv forvh wr A / wkh srzhu ri wkh

frqyhqwlrqdo 8 whvw lv yhu| orz/ zkloh wkh qhz whvw kdv pruh srzhu1

Iljxuh 4 lv edvhg rq wkh dvvxpswlrq wkdw rqo| rqh dvvhw/ @�/ lv gl�huhqw iurp

}hur1 Wkh qh{w vlpxodwlrqv frqvlghu wkh fdvh wkdw M�
f

G @� ' fc � ' �c ���c � djdlqvw

M�
�

G @� ' >c � ' �c ���c � 1 Wkdw lv/ doo dvvhwv kdyh d frpprq ydoxh gl�huhqw iurp

}hur lq wkh dowhuqdwlyh k|srwkhvlv1 Vlqfh xqghu Mf/ wkh glvwulexwlrq ri 72 grhv qrw

ghshqg xsrq Pc lw lv frqyhqlhqw/ xqghu M�
�
/ lq zkdw iroorzv wr vhw P ' W�j

2

R dqg

vhw @� ' >

jR
;�� Wkh uhvxowv iru wkh frqyhqwlrqdo 8 whvw duh uhsruwhg lq sdjh 53:/

fkdswhu 8/ FOP1 Khuh zh xvh h{dfwo| wkh vdph phwkrg dv FOP1 Wkh qrq0fhqwudolw|

sdudphwhu/ B/ lv fdofxodwhg zlwk

B ' A d� n
e>26ej26 o3�E

>2R

j2R
�
>26
j26

� +59,

zkhuh R uhsuhvhqwv wkh wdqjhqf| sruwirolr dqg 6 lv wkh pdunhw sruwirolr1 FOP

vhw wkh ydoxhv ri d� n e>26
ej26

o3�E
>2R

j2R
�

>26
j26

� wr 3134/ 3135/ 3136/ 31371 Wkhvh qxpehuv

duh rewdlqhg e| dvvxplqj wkdw wkh wdqjhqf| sruwirolrv kdyh wkh dqqxdolvhg h{shfwhg

h{fhvv uhwxuq ri ;18(/ 4315(/ 4419(/ 4613( dqg wkh dqqxdolvhg vwdqgdug ghyldwlrq ri

49( iru doo irxu wdqjhqf| sruwirolrv/ dqg wkdw wkh pdunhw sruwirolr kdv wkh dqqxdolvhg

h{shfwhg h{fhvv uhwxuq ri ;( dqg wkh dqqxdolvhg vwdqgdug ghyldwlrq ri 53(1 Wkh

qrq0fhqwudolw| sdudphwhu/ B/ fdq eh xvhg wr jhqhudwh wkh qrq0fhqwudo yduldeoh %�EB�
iru wkh 8 E�cA �� � �( B� dv iroorzv>

%�EB� '
�2E� ( B�*�

�2EA �� � ��*EA �� � ��
+5:,

zkhuh �2E� ( B� '
S

+2� / dqg +�� E
s
B*�c ��1 Wkhuhiruh/ > '

s
B*�� Rq wkh rwkhu

kdqg/ wkh qrq0fhqwudo yduldeoh %2EB� iru wkh qhz whvw vwdwlvwlf xqghu wkh dowhuqdwlyh

k|srwkhvlv lv

%2EB� '
�

�

�[
�'�

�2� E�( B*��

�2EA � 2�*EA � 2�
+5;,

43



zkhuh �2� E�( B*�� ' +2� / dqg +�� E
s
B*�c ��1

Wkh vlpxodwlrq uhvxowv duh uhsruwhg lq wdeoh 51 Wkh qxpehuv lq wkh frqyhqwlrqdo

8 whvw srzhu duh qrw h{dfwo| wkh vdph dv wkrvh lq wkh wdeoh 815 ri FOP/ exw wkh

gl�huhqfh lv pdujlqdo dqg uh hfwv wkh gl�huhqfhv lq sdudphwhu lqirupdwlrq uhtxluhg

wr vshfli| wkh glvwulexwlrq ri 72 xqghu M�
�
1 Wkh wdeoh vkrzv wkdw lq jhqhudo wkh

qhz whvw kdv pruh srzhu wkdq wkh frqyhqwlrqdo 8 whvw1 Dv h{shfwhg/ zkhq � ' �/
wkh uhvxowv duh h{dfwo| wkh vdph1 Krzhyhu/ zkhq wkh qxpehu ri dvvhwv lqfuhdvhv/ wkh

qhz whvw ehjlqv wr shuirup uhodwlyho| ehwwhu1 Lqwhuhvwlqjo| dqg dv krshg/ wkh wdeoh

vkrzv wkdw wkh uhodwlyh srzhu ri wkh qhz whvw djdlqvw wkh 8 whvw lv dovr dq lqfuhdvlqj

ixqfwlrq ri wkh qxpehu ri revhuydwlrqv/ A 1

Ilqdoo|/ zh whvw wkh srzhu ri wkh qhz whvw zkhq wkhuh duh plvvlqj idfwruv dv h{0

sodlqhg lq wkh suhylrxv vhfwlrq1 Zh xvh wkuhh idfwruv dv h{sodqdwru| yduldeohv> h{fhvv

pdunhw uhwxuqv dqg wzr idfwru plplfnlqj sruwirolr +IPS, uhwxuqv1 Idfwru sruwirolrv

pd| eh sruwirolrv ri htxlwlhv fruuhvsrqglqj wr dwwudfwlyh htxlw| fkdudfwhulvwlfv vxfk

dv vl}h ru jurzwk1 Wkh idfwru sruwirolrv pd| eh dfwxdo lqglfhv vxfk dv wkh V)S833/

IWVH433 +iru vl}h, ru duwl�fldoo| frqvwuxfwhg sruwirolrv orqj lq kljk jurzwk htxlwlhv

dqg vkruw lq orz jurzwk htxlwlhv +iru jurzwk,1

Wkh gdwd zh xvh iru wklv srzhu whvw duh wkh orj0uhwxuqv ri wkh V)S833 lqgh{ dqg

lwv lqglylgxdo htxlwlhv/ 6 prqwk XV wuhdvxu| eloo/ dqg IPS uhwxuqv iru jurzwk dqg

vl}h1 Rxu fkrlfh ri idfwruv lv lqwhqwlrqdo/ lq wkdw d juhdw ghdo ri uhvhdufk rq wkh XV

vwrfn pdunhw kdv frpsduhg wkh ulydo phulwv ri wkhvh 6 idfwruv/ l1h1/ pdunhw/ jurzwk/

dqg vl}h1 Vhh Fdsdxo/ Urzoh| dqg Vkdush +4<<6,/ Duvkdqdsdool/ Frjjlq dqg Grxndv

+4<<;, Idpd dqg Iuhqfk +4<<;,/ dqg Kdoo/ Kzdqj/ dqg Vdwfkhoo +5333, iru vrph

uhfhqw vwxglhv rq wklv wrslf1 Wkxv lw lv olnho| wkdw lqfoxglqj d vxevhw ri wkh idfwruv

lq uhjuhvvlrq/ dqg e| ghidxow uhohjdwlqj wkh rwkhu idfwruv wr wkh fryduldqfh pdwul{

pd| kdyh sdudoohov lq uhfhqw hpslulfdo zrun1

D wrwdo qxpehu ri 453 prqwko| uhwxuqv iurp Dsulo 4<;< wr Pdufk 4<<< lv xvhg1

H{fhvv lqglylgxdo htxlw| uhwxuqv dqg pdunhw uhwxuqv duh fdofxodwhg e| wdnlqj wkh 6

prqwk XV wuhdvxu| eloo iurp lqglylgxdo htxlw| uhwxuqv dqg pdunhw uhwxuqv/ uhvshf0

wlyho|1 Iru wkh wzr idfwruv/ zh xvh IPSv iru jurzwk dqg vl}h iurp Kdoo/ Kzdqj/

dqg Vdwfkhoo +5333,17Qrwh wkdw doo wkuhh idfwru uhwxuqv duh ghvljqhg wr kdyh }hur

h{shfwhg uhwxuqv wr suhyhqw wkh srzhu whvw uhvxowv iurp ehlqj d�hfwhg e| plvvlqj

idfwruv wkdw kdyh qhjdwlyh ru srvlwlyh h{shfwhg uhwxuqv1 Wkxv/ lq wkhvh vlpxodwlrqv/e>�& el3�

&
e>& ' f dv lq vhfwlrq 919 ri FOP dqg wkh qrqfhqwudolw| sdudphwhu ehfrphv

B� ' A@�P3�
@1

Vrph ri wkh vwdwlvwlfdo surshuwlhv ri h{fhvv pdunhw uhwxuqv dqg IPS uhwxuqv duh

uhsruwhg lq wdeoh 61 Doo ri wkh idfwru uhwxuqv kdyh gl�huhqw vwdqgdug ghyldwlrqv>

wkh vwdqgdug ghyldwlrq ri wkh h{fhvv pdunhw uhwxuqv duh qhduo| irxu wlph odujhu

wkdq wkdw ri wkh jurzwk IPS uhwxuqv1 Fruuhodwlrqv ehwzhhq wkh wzr IPSv duh

qrw vljql�fdqw/ exw wkh h{fhvv pdunhw uhwxuqv dqg wkh jurzwk IPS uhwxuqv duh

vljql�fdqwo| fruuhodwhg1 Wkhuhiruh/ e| plvvlqj rqh ru wzr idfwruv/ zh fdq whvw wkh

srzhu ri rxu qhz whvw vwdwlvwlf wkdw lv edvhg rq wkh dvvxpswlrq ri gldjrqdolw| ri

44



yduldqfh0fryduldqfh pdwul{ ri P� lq htxdwlrq +49,1

Wkh vlpxodwlrqv duh ghvljqhg dv iroorzv1 Zh �uvw udqgrpo| vhohfw Q htxlwlhv iurp

wkh 833 htxlwlhv lqfoxghg lq wkh V)S833 lqgh{ dqg wkhq hvwlpdwh sdudphwhuv lq wkh

iroorzlqj olqhdu idfwru prgho>

h| ' @n q
�
o�| n q

2
oC| n q

�
o7| n "|c +5<,

zkhuh h| lv d E���� yhfwru ri h{fhvv uhwxuqv iru � dvvhwv/ dqg o�| / oC| / o
7
| duh idfwru

uhwxuqv/ l1h1/ h{fhvv pdunhw uhwxuqv/ jurzwk IPS uhwxuqv/ dqg vl}h IPS uhwxuqv/

dqg "| lv d E� � �� yhfwru ri glvwxuedqfh whupv zkrvh yduldqfh0fryduldqfh pdwul{ lv
.E"|"

�

|� ' P1 Wkh phdq dqg vwdqgdug ghyldwlrq ri wkh hvwlpdwhv ri wkh frh!flhqwv

duh uhsrvwhg lq wdeoh 61 Dv h{shfwhg/ wkh frh!flhqwv rq wkh h{fhvv pdunhw uhwxuqv

duh forvh wr rqh dqg vljql�fdqw/ zklovw wkh rwkhu wzr IPS uhwxuqv duh forvh wr }hur

dqg qrw vljql�fdqw1

Wkhq d qhz vhw ri lqglylgxdo htxlw| uhwxuqv/ hh|/ duh jhqhudwhg zlwk wkh idfwru

uhwxuqv dqg wkh hvwlpdwhv dv iroorzv>

hh| ' h@neq�o
�
| n eq2o

C
| n eq�o

7
| n h"|c +63,

zkhuh eq
�
c eq

2
c eq

�
duh pd{lpxp olnholkrrg hvwlpdwhv/ dqgh"|��

3EEC
3EEC

f
f
�

f

4FFD c

3EEC
ej2
�

f � f
f ej2

2
� f

� � � �

f f � ej2�

4FFD
4FFD

dqg ej2� lv wkh hvwlpdwhg yduldqfh ri glvwxuedqfh whup iru htxlw| �/ l1h1/ ej2� ' �

A

SA

|'�
"2�|�

E| pdnlqj wkh yduldqfh0fryduldqfh pdwul{ gldjrqdo/ zh dvvxph d vhwwlqj wkdw wkhuh

duh rqo| wkuhh frpprq idfwruv iru wkh h{sodqdwlrq ri htxlw| uhwxuqv1

Lq wkhvh vlpxodwlrqv/ zh frqvlghu wkh fdvh wkdw M�
f

G @� ' fc � ' �c ���c � djdlqvw

M�
�

G @� ' >c � ' �c ���c � / zkhuh > lv vhw wr 3/ 313;6/ 3153;/ 3174:/ 31958/ 31;66/

zklfk duh 3/ 4(/ 518(/ 8(/ :18(/ dqg 43( lq dqqxdo whup/ uhvshfwlyho|1 Iru W

dqg Q/ zh xvh W@93/ 453/ dqg Q@43/ 83/ 4431 Zh xvh htxdwlrqv +:, dqg +45,

iru wkh frqyhqwlrqdo 8 whvw vwdwlvwlf dqg wkh qhz whvw vwdwlvwlf/ uhvshfwlyho|1 Wkh

qrqfhqwudolw| sdudphwhu ydoxh B� ' A@�P3�
@ ghshqg rq A / h@+>,/ P� Iru wkh jlyhq

ydoxhv ri > dqg W/ wkh sdudphwhu ydoxhv ghshqg rq P wkdw fkdqjhv rq wkh plvvlqj

idfwruv1 Vhh htxdwlrq +48,1 Zh uhsruw wkh qrqfhqwudolw| sdudphwhu ydoxhv lq wdeoh 7

iru hdfk fdvhv1

Wdeoh 7 uhsruwv wkh vlpxodwhg srzhu ri wkh qhz dqg frqyhqwlrqdo whvwv iru �yh

vhwv ri A dqg � 1 Rxu uhvxowv uhsruw wzr gl�huhqw whvwv> wkh srzhu ri wkh whvwv

iru lqfuhdvlqj qrqfhqwudolw| sdudphwhu ydoxhv dqg plv0vshfl�hg idfwru prghov1 Lq

jhqhudo/ rxu qhz whvw kdv pruh srzhu lq prvw fdvhv1 Hvshfldoo|/ wkh wdeoh vkrzv

wkdw dv � lqfuhdvhv/ wkh srzhu ri wkh frqyhqwlrqdo 8 whvw whqgv wr ghfuhdvh/ zklovw

wkdw ri wkh qhz whvw whqg wr lqfuhdvh1 Vlplodu wr wkh suhylrxv wzr srzhu vlpxodwlrqv/

wkh qhz whvw kdv pruh srzhu dv � lqfuhdvhv1 Lq dgglwlrq/ rxu qhz whvw surylghv wkh

uhvxowv ri wkh srzhu whvw iru wkh fdvh ri W@93 dqg Q@443/ zklfk fdqqrw eh rewdlqhg
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zlwk wkh frqyhqwlrqdo 8 whvw1 Sdqho H vkrzv wkdw wkh srzhu ri wkh qhz whvw lqfuhdvhv

dv Q lqfuhdvhv1

Erwk wkh frqyhqwlrqdo 8 whvw dqg wkh qhz whvw duh srru zkhq dq lpsruwdqw idfwru

lv plvvhg +l1h1/ plvvshfl�hg prghov,> vhh wkh fdvhv ri wkh h{fhvv pdunhw idfwru ehlqj

plvvhg/ wkh h{fhvv pdunhw dqg vl}h IPS ehlqj plvvhg/ dqg wkh h{fhvv pdunhw dqg wkh

jurzwk IPS ehlqj plvvhg1 Wkh shuirupdqfh ri wkh qhz whvw vhhpv wr eh uhodwlyho|

ehwwhu wkdq wkdw ri wkh frqyhqwlrqdo 8 whvw1 Krzhyhu/ lq wkhvh fdvhv/ erwk whvwv whqg

wr dffhsw wkh qxoo k|srwkhvlv wrr iuhtxhqwo| hyhq wkrxjk wkh qrqfhqwdolw| sdudphwhu

lv }hur1 Wkh whqghqf| lv uhodwlyho| odujh iru wkh qhz whvw/ zklovw wkh frqyhqwlrqdo 8

whvw vwdwlvwlf vx�huv ohvv vljql�fdqwo| iurp wkh lpsruwdqw plvvlqj idfwru1

Vxssrvh wkdw d idfwru lv plvvhg1 Wkhq rxu vlpxodwlrq lpso| wkdw eh@�� Efc �
A
Ej2s
eqs
eq�snhP��/ zkhuh j2s lv wkh yduldqfh ri wkh idfwru uhwxuqv/

eqs lv wkh +� � �, yhfwru ri fr0

h!flhqwv rq wkh idfwru uhwxuqv dv lq +63,/ dqg hP lv wkh yduldqfh0fryduldqfh pdwul{

ri h"|� Zkhq eqs vxfk dv eq2 dqg
eq� lq +63, lv yhu| vpdoo/ wkhq wkh srzhu ri wkh qhz

whvw lv qrw d�hfwhg vljql�fdqwo|1 Krzhyhu/ zkhq prvw ri wkh hohphqwv ri eqs vxfk dveq� lq +63, duh srvlwlyh dqg odujh +vhh wdeoh 6 iru wkh phdq dqg vwdqgdug ghyldwlrq

ri wkh frh!flhqwv,/ wkhq wkh yduldqfh0fryduldqfh pdwul{ ri eh@ lv qrw dssur{lpdwhg e|
d gldjrqdo pdwul{1 Lq wklv fdvh/ li zh gr qrw frqvlghu wkh r�0gldrjrqdo hohphqwv/

wkhq zh kdyh vpdoohu ydoxhv ri whvw vwdwlvwlfv/ vlqfh wkh odujh srvlwlyh r�0gldjrqdo

hohphqwv ri eqs
eq�s lv glvuhjdughg1 Wklv lv wkh uhdvrq zk| zh kdyh }hur srzhu +df0

fhsw wrr iuhtxhqwo|, iru wkh whvw ohyhov zh xvhg iru wkh qxoo k|srwkhvlv1 Vhh wkh �uvw

froxpq ri wkh srzhu ri wkh qhz whvw lq wdeoh 71

H{fhsw lq wkh fdvh wkdw lpsruwdqw idfwruv lq wkh olqhdu idfwru prgho duh plvvhg/

wkhq wkh qhz whvw shuirupv ehwwhu wkdq wkh frqyhqwlrqdo 8 whvw1 Rxu vlpxodwlrqv

lq wdeoh 7 vkrz wkdw plvvlqj wzr lpsruwdqw idfwruv lq htxlw| pdunhwv vxfk dv vl}h

dqg jurzwk gr qrw ghjudgh wkh srzhu ri wkh qhz whvw irxqg lq wdeoh 5 dqg �jxuh

4/ vxjjhvwlqj vrph urexvwqhvv djdlqvw qrq0}hur r�0gldjrqdo hohphqwv1 Hyhq zkhq

lpsruwdqw idfwruv duh plvvhg/ dv wkh ydoxh ri wkh qrqfhqwudolw| sdudphwhu lqfuhdvhv/

wkh qhz whvw ehfrph srzhuixo1 Wkhuhiruh/ wkh uhvxowv lq wdeoh 7 vxjjhvw wkdw li zh

gr qrw plvv wkh prvw lpsruwdqw idfwru vxfk dv wkh pdunhw/ rxu whvw lv pruh srzhuixo

wkdq wkh frqyhqwlrqdo 8 whvw1

7 Frqfoxvlrq

Wkh whvw surfhgxuh zh rxwolqh lv vlpsoh wr fdofxodwh/ dqg vlpsoh wr surylgh fulwlfdo

ydoxhv iru srzhu dqdo|vlv/ dowkrxjk vshfli|lqj sdudphwhuv xqghu wkh dowhuqdwlyh lv

voljkwo| pruh frpsolfdwhg wkdq wkh frqyhqwlrqdo prgho1 Lwv glvwulexwlrq/ wkh dyhudjh

ydoxh ri 8 vwdwlvwlfv/ vkrxog eh lqwulqvlfdoo| lqwhuhvwlqj wr vwdwlvwlfldqv dqg wkh h{wud

srzhu lw surylghv iru sudfwlwlrqhuv vkrxog eh zhofrphg1
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41 Wklv lv wkh �uvw fdvh ri vhfwlrq 915/ FOP1 Iru d ghwdlohg glvfxvvlrq rq wkh

hvwlpdwlrq dqg whvwlqj ri wkh olqhdu idfwru prgho/ uhihu wr fkdswhu 9/ FOP1

51 Wkh qhz vwdwlvwlfv iru rwkhu ydoxhv ri wkh qxpehu ri idfwruv vxfk dv 5 dqg 7 fdq

eh rewdlqhg iurp dxwkruv xsrq uhtxhvw1

61 Rqo| wkhvh wzr fdvhv duh uhsruwhg lq wklv sdshu1 Wkh uhvxowv iru rwkhu fdvhv fdq

eh rewdlqhg iurp wkh dxwkruv e| uhtxhvw1

71 Vhh Kdoo/ Kzdqj/ dqg Vdwfkhoo +5333, iru wkh ghwdlohg h{sodqdwlrq rq wkh frq0

vwuxfwlrq ri idfwru plplfnlqj sruwirolrv1 Zh gr qrw sxuvxh wklv glvfxvvlrq ixuwkhu/

vlqfh rxu sxusrvh lq wklv vwxg| lv wr lqyhvwljdwh wkh srzhu ri wkh frqyhqwlrqdo 8 whvw

dqg wkh qhz whvw1
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Wkh glvwulexwlrq ixqfwlrq ri wkh vxp ri 8 0glvwulexwlrqv lv qrw nqrzq1 Qrwh wkdw

doo 8 0glvwulexwlrqv lq htxdwlrq +44, kdyh wkh vdph ghjuhhv ri iuhhgrp dqg 72 lv glv0

wulexwhg dv wkh phdq ri � lqghshqghqw dqg lghqwlfdoo| glvwulexwhg 8 0glvwulexwlrqv1

Ohw % eh d yduldeoh glvwulexwhg dv 8 E�c ?�/ zkhuh ? � A �g�� dqg ghqrwh lwv sure0
delolw| ghqvlw| ixqfwlrq dv R_sE%�1 Wkhq wkh fkdudfwhulvwlf ixqfwlrq ri wkh 8 E�c ?�
glvwulexwlrq fdq eh ghulyhg dv iroorzv

�E|c ?� '

]
"

f

R_sE%�e�|%_% +64,

'

]
"

f

KE�
2
n �

2
?�??*2

KE�
2
�KE�

2
?�

%3�*2

E? n %�
�n?
2

e�|%_%�

Ohw + ' %*? dqg ?_+ ' _%/ wkhq

�E|c ?� '
KE�

2
n �

2
?�

KE�
2
�KE�

2
?�

]
"

f

E� n +�3
�n?
2 +3

�

2 e�|?+_+ +65,

'
KE�

2
n �

2
?�

KE�
2
?�

[E
�

2
c � �

�

2
?(�?�|�

zkhuh KE�� lv wkh jdppd ixqfwlrq/ � lv wkh lpdjlqdu| qxpehu/ dqg [E�� lv Wulfrpl*v
frq xhqw k|shujhrphwulf ixqfwlrq1 Htxdwlrq +65, zdv �uvw vkrzq e| Skloolsv +4<;5,1

Wulfrpl*v frq xhqw k|shujhrphwulf ixqfwlrq lv

[E
�

2
c ��

�

2
?(�?�|� '

KE�
2
?�

KE�
2
n �

2
?�

�8�E
�

2
c� �

�

2
?(�?�|� n +66,

KE��

2
?�

KE�
2
�

E�?�|�?*2 �8�E
�

2
n

�

2
?c � n

�

2
?(�?�|�c

zkhuh �8�E�� lv Nxpphu*v frq xhqw k|shujhrphwulf ixqfwlrq zklfk lv gh�qhg dv

�8�E@c K( 5� ' � n
@

K

5

�-
n
@E@n ��

KEKn ��
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2-
n
@E@n ��E@n 2�

KEKn ��EKn 2�

5�

�-
n ���� +67,

Vhh Dedglu +4<<<, iru d ghwdlohg h{sodqdwlrq rq ydulrxv nlqgv ri k|shujhrphwulf

ixqfwlrqv dqg wkhlu dssolfdwlrqv wr hfrqrplf wkhru|1

Li K lq htxdwlrq +67, lv d qrqsrvlwlyh lqwhjhu/ �8�E@c K( 5� dqg wkxv [E�
2
c � �

�

2
?(�?�|� lv qrw gh�qhg1 Qrwh wkdw ? lv d srvlwlyh lqwhjhu vlqfh lw uhsuhvhqwv gh0

juhhv ri iuhhgrp lq wkh ghqrplqdwru ri wkh 8 E�c ?� glvwulexwlrq dqg wkxv zh qhhg

� � �

2
? dqg � n �

2
? lq htxdwlrq +66, wr eh srvlwlyh lqwhjhuv1 Krzhyhu/ vlqfh q lv d

srvlwlyh lqwhjhu/ erwk �� �

2
? dqg �n �

2
? fdqqrw eh nhsw wr eh srvlwlyh lqwhjhuv1 Pruh
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jhqhudoo|/ zkhq ?

2
5 ]c zh kdyh d gh�qlwlrq fdoohg wkh *orjdulwkplf fdvh* dowhuqd0

wlyh wr Wulfrpl*v frq xhqw k|shujhrphwulf ixqfwlrq lq +66,1 Vhh Dedglu +4<<<, dqg

Hugìo|l +4<86/ yro14 ss15930595 dqg yro15 s1<, iru wkh glvfxvvlrq rq wkh orjdulwkplf

fdvh1

Ohw ��E|c ?� eh gh�qhg dv d fkdudfwhulvwlf ixqfwlrq ri wkh �
|� lqghshqghqw 8 E�c ?�

yduldeoh1 Wkhq/ wkh fkdudfwhulvwlf ixqfwlrq ri 72 lv

xE|c ?� '
�\
�'�

��E
|

�
c ?� +68,

'

�
�E

|

�
c ?�

��
zkhuh �E�� lv gh�qhg lq +65,1 Wkhuhiruh/ wkh ghqvlw| ixqfwlrq ri rxu qhz whvw vwdwlvwlf

72/ R_s E+�/ xqghu wkh qxoo k|srwkhvlv lv rewdlqhg e|

R_sE+� '
�

E2Z�

] �
�E

|

�
c ?�

��
e3�|+_| +69,

zkhuh + lv d yduldeoh glvwulexwhg dv wkh dyhudjh ri wkh� gl�huhqw 8 E�c ?� glvwulexwlrqv�
Wklv vxp ri 8 0glvwulexwlrqv fdq eh xvhg zkhq wkh yduldqfh0fryduldqfh pdwul{ P lv

d gldjrqdo pdwul{1
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Dedglu/ N1 P1 +4<<<, Dq Lqwurgxfwlrq wr K|shujhrphwluf Ixqfwlrqv iru Hfrqrplvwv1

Hfrqrphwulf Uhylhz 4;+6,/ 5;:06631

Duvkdqdsdool/ E1/ W1 G1 Frjjlq/ dqg M1 Grxndv +4<<;, Pxowlidfwru Dvvhw Sulflqj

Dqdo|vlv ri Lqwhuqdwlrqdo Ydoxh Lqyhvwphqw Vwudwhjlhv1 Mrxuqdo ri Sruwirolr Pdq0

djhphqw 57+7,/ 430561

Fdpsehoo/ M1/ D1 Or/ dqg D1 PdfNlqod| +4<<:, Wkh Hfrqrphwulfv ri Ilqdqfldo Pdu0

nhwv1 Sulqfhwrq Xqlyhuvlw| Suhvv1

Fdsdxo/ F1/ L1 Urzoh|/ dqg Z1 I1 Vkdush +4<<6, Lqwhuqdwlrqdo Ydoxh dqg Jurzwk

Vwrfn Uhwxuqv1 Ilqdqfldo Dqdo|vwv Mrxuqdo/ Mdqxdu|0Iheuxdu|/ 5:0691

Fkdpehuodlq/ J1 dqg P1 Urwkvfklog +4<;6, Duelwudjh Idfwru Vwuxfwxuh dqg Phdq

Yduldqfh Dqdo|vlv rq Odujh Dvvhw Pdunhwv,1 Hfrqrphwulfd 84/ 45;4046371

Frqqru/ J1 +4<;7, D Xql�hg Ehwd Sulflqj Wkhru|1 Mrxuqdo ri Hfrqrplf Wkhru| 67/

460641

G|eylj/ S1 +4<;8, Dq H{solflw Erxqg rq Lqglylgxdo Dvvhwv* Ghyldwlrqv iurp DSW

Sulflqj lq d Ilqlwh Hfrqrp|1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 45/ 7;607<91

Hugìo|l/ D1 +hg1, +4<86, Kljkhu Wudqvfhqghqwdo Ixqfwlrqv/ yroxphv 405 +Qhz \run=

Pf1Judz0Kloo,1

Idpd/ H1 I1/ dqg N1 U1 Iuhqfk +4<<;, Ydoxh yhuvxv Jurzwk= Wkh Lqwhuqdwlrqdo

Hylghqfh1 Mrxuqdo ri Ilqdqfh 86+9,/ 4<:804<<<1

Jleerqv/ P1/ V1 Urvv/ dqg M1 Vkdqnhq +4<;<, D Whvw ri wkh H!flhqf| ri d Jlyhq

Sruwirolr1 Hfrqrphwulfd 8:/ 4454044851
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              Table 1  Comparison of New Test Statistics and F-Statistics

A. Number of Observations T=60, Number of Factors K=1
Number of            Test Statistics Percentile of Test Statistics
Assets (N ) 0.5% 1.0% 2.5% 5.0% 10.0%

N =10        New Test Statistics 2.719 2.508 2.186 1.931 1.674
F(10,49) N=10, T-N-K=49 2.985 2.728 2.341 2.033 1.737

N =20        New Test Statistics 2.109 1.987 1.802 1.660 1.487
F(20,39) N=20, T-N-K=39 2.573 2.393 2.092 1.860 1.614

N =30        New Test Statistics 1.868 1.787 1.643 1.528 1.408
F(30,29) N=30, T-N-K=29 2.614 2.424 2.109 1.869 1.620

N =40        New Test Statistics 1.733 1.651 1.542 1.448 1.342
F(40,19) N=40, T-N-K=19 3.044 2.764 2.346 2.033 1.729

N =50        New Test Statistics 1.674 1.607 1.497 1.414 1.321
F(50,9) N=50, T-N-K=9 5.261 4.424 3.453 2.766 2.201

N =60        New Test Statistics 1.623 1.549 1.455 1.375 1.297
N =70        New Test Statistics 1.591 1.529 1.427 1.361 1.275
N =80        New Test Statistics 1.531 1.479 1.387 1.321 1.246
N =90        New Test Statistics 1.488 1.440 1.374 1.307 1.243

N =100        New Test Statistics 1.477 1.422 1.356 1.300 1.234
N =110        New Test Statistics 1.458 1.407 1.339 1.282 1.225
N =200        New Test Statistics 1.342 1.305 1.257 1.218 1.174
N =500        New Test Statistics 1.218 1.203 1.173 1.150 1.123

N =1000        New Test Statistics 1.167 1.150 1.132 1.115 1.097
N =+infinite        New Test Statistics 1.036 1.036 1.036 1.036 1.036

Notes: For the new test statistics, see equation (12). The new statistics are the average value of N  different 
F (1, T-K -1) distributions. The statistics reported in the table are the results of simulations with 10,000 
replications. Detail simulation procedures are explained in section 3.1.
The standard errors of the above simulated statistics are 0.001, 0.001, 0.002, 0.002, and 0.003 for the critical
values of 0.5%, 1.0%, 2.5%, 5.0%, and 10.0% respectively.



B. Number of Observations T=60, Number of Factors K=3
Number of            Test Statistics Percentile of Test Statistics
Assets (N ) 0.5% 1.0% 2.5% 5.0% 10.0%

N =10        New Test Statistics 2.701 2.444 2.155 1.919 1.681
F(10,45) N=10, T-N-K=45 3.007 2.746 2.350 2.040 1.743

N =20        New Test Statistics 2.131 1.973 1.783 1.649 1.484
F(20,35) N=20, T-N-K=35 2.608 2.423 2.113 1.870 1.624

N =30        New Test Statistics 1.893 1.796 1.657 1.534 1.404
F(30,25) N=30, T-N-K=25 2.681 2.484 2.152 1.900 1.642

N =40        New Test Statistics 1.755 1.670 1.553 1.452 1.351
F(40,15) N=40, T-N-K=15 3.275 2.946 2.465 2.119 1.782

N =50        New Test Statistics 1.657 1.611 1.496 1.408 1.316
F(50,5) N=50, T-N-K=5 7.042 5.776 4.280 3.284 2.508

N =60        New Test Statistics 1.610 1.552 1.460 1.386 1.293
N =70        New Test Statistics 1.578 1.512 1.425 1.352 1.269
N =80        New Test Statistics 1.536 1.481 1.397 1.332 1.264
N =90        New Test Statistics 1.496 1.450 1.376 1.315 1.249

N =100        New Test Statistics 1.483 1.428 1.350 1.293 1.237
N =110        New Test Statistics 1.449 1.400 1.341 1.286 1.225
N =200        New Test Statistics 1.327 1.300 1.255 1.217 1.175
N =500        New Test Statistics 1.219 1.200 1.172 1.150 1.124

N =1000        New Test Statistics 1.162 1.151 1.133 1.117 1.100
N =+infinite        New Test Statistics 1.037 1.037 1.037 1.037 1.037

Notes: For the new test statistics, see equation (12). The new statistics are the average value of N  different 
F (1, T-K -1) distributions. The statistics reported in the table are the results of simulations with 10,000 
replications. Detail simulation procedures are explained in section 3.1.
The standard errors of the above simulated statistics are 0.001, 0.001, 0.002, 0.002, and 0.003 for the critical
values of 0.5%, 1.0%, 2.5%, 5.0%, and 10.0% respectively.



C. Number of Observations T=60, Number of Factors K=5
Number of            Test Statistics Percentile of Test Statistics
Assets (N ) 0.5% 1.0% 2.5% 5.0% 10.0%

N =10        New Test Statistics 2.770 2.539 2.170 1.924 1.674
F(10,45) N=10, T-N-K=45 3.032 2.773 2.368 2.053 1.750

N =20        New Test Statistics 2.053 1.929 1.780 1.645 1.485
F(20,35) N=20, T-N-K=35 2.649 2.461 2.139 1.890 1.636

N =30        New Test Statistics 1.916 1.805 1.649 1.532 1.402
F(30,25) N=30, T-N-K=25 2.747 2.547 2.201 1.932 1.664

N =40        New Test Statistics 1.766 1.666 1.560 1.464 1.353
F(40,15) N=40, T-N-K=15 3.543 3.161 2.610 2.222 1.847

N =50        New Test Statistics 1.662 1.602 1.494 1.417 1.314
F(50,5) N=50, T-N-K=5 11.896 9.265 6.272 4.420 3.135

N =60        New Test Statistics 1.590 1.541 1.460 1.387 1.299
N =70        New Test Statistics 1.561 1.503 1.422 1.350 1.274
N =80        New Test Statistics 1.509 1.460 1.386 1.329 1.255
N =90        New Test Statistics 1.493 1.436 1.367 1.307 1.237

N =100        New Test Statistics 1.473 1.423 1.354 1.303 1.240
N =110        New Test Statistics 1.430 1.393 1.344 1.287 1.226
N =200        New Test Statistics 1.336 1.295 1.254 1.222 1.179
N =500        New Test Statistics 1.220 1.204 1.176 1.154 1.128

N =1000        New Test Statistics 1.162 1.152 1.134 1.116 1.099
N =+infinite        New Test Statistics 1.038 1.038 1.038 1.038 1.038

Notes: For the new test statistics, see equation (12). The new statistics are the average value of N  different 
F (1, T-K -1) distributions. The statistics reported in the table are the results of simulations with 10,000 
replications. Detail simulation procedures are explained in section 3.1.
The standard errors of the above simulated statistics are 0.001, 0.001, 0.002, 0.002, and 0.003 for the critical
values of 0.5%, 1.0%, 2.5%, 5.0%, and 10.0% respectively.



D. Number of Observations T=120, Number of Factors K=1
Number of            Test Statistics Percentile of Test Statistics
Assets (N ) 0.5% 1.0% 2.5% 5.0% 10.0%

N =10        New Test Statistics 2.638 2.422 2.123 1.886 1.642
F(10,109) N=10, T-N-K=109 2.682 2.499 2.184 1.934 1.663

N =20        New Test Statistics 2.105 1.942 1.748 1.600 1.452
F(20,99) N=20, T-N-K=99 2.201 2.070 1.858 1.682 1.496

N =30        New Test Statistics 1.825 1.728 1.581 1.481 1.358
F(30,89) N=30, T-N-K=89 2.015 1.906 1.722 1.575 1.421

N =40        New Test Statistics 1.681 1.614 1.511 1.419 1.319
F(40,79) N=40, T-N-K=79 1.959 1.853 1.671 1.538 1.397

N =50        New Test Statistics 1.641 1.571 1.461 1.386 1.287
F(50,69) N=50, T-N-K=69 1.950 1.839 1.656 1.527 1.388

N =60        New Test Statistics 1.587 1.509 1.412 1.349 1.263
F(60,59) N=60, T-N-K=59 1.963 1.843 1.673 1.540 1.397

N =70        New Test Statistics 1.512 1.471 1.392 1.320 1.241
F(70,49) N=70, T-N-K=49 2.024 1.893 1.709 1.571 1.424

N =80        New Test Statistics 1.489 1.439 1.366 1.300 1.233
F(80,39) N=80, T-N-K=39 2.141 1.985 1.777 1.621 1.459

N =90        New Test Statistics 1.461 1.416 1.340 1.280 1.217
F(90,29) N=90, T-N-K=29 2.389 2.176 1.914 1.730 1.526

N =100        New Test Statistics 1.425 1.387 1.322 1.268 1.207
F(100,19) N=100, T-N-K=19 2.998 2.644 2.226 1.957 1.685

N =110        New Test Statistics 1.400 1.366 1.306 1.252 1.196
F(110,9) N=110, T-N-K=9 5.666 4.531 3.418 2.797 2.207

N =200        New Test Statistics 1.294 1.270 1.230 1.192 1.151
N =500        New Test Statistics 1.192 1.177 1.150 1.128 1.104

N =1000        New Test Statistics 1.137 1.125 1.107 1.093 1.074
N =+infinite        New Test Statistics 1.017 1.017 1.017 1.017 1.017

Notes: For the new test statistics, see equation (12). The new statistics are the average value of N  different 
F (1, T-K -1) distributions. The statistics reported in the table are the results of simulations with 10,000 
replications. Detail simulation procedures are explained in section 3.1.
The standard errors of the above simulated statistics are 0.001, 0.001, 0.002, 0.002, and 0.003 for the critical
values of 0.5%, 1.0%, 2.5%, 5.0%, and 10.0% respectively.



E. Number of Observations T=120, Number of Factors K=3
Number of            Test Statistics Percentile of Test Statistics
Assets (N ) 0.5% 1.0% 2.5% 5.0% 10.0%

N =10        New Test Statistics 2.528 2.342 2.083 1.860 1.634
F(10,107) N=10, T-N-K=107 2.686 2.502 2.187 1.933 1.663

N =20        New Test Statistics 2.067 1.934 1.743 1.611 1.449
F(20,97) N=20, T-N-K=97 2.209 2.078 1.861 1.684 1.496

N =30        New Test Statistics 1.876 1.750 1.595 1.496 1.378
F(30,87) N=30, T-N-K=87 2.021 1.911 1.728 1.579 1.425

N =40        New Test Statistics 1.696 1.617 1.511 1.418 1.319
F(40,77) N=40, T-N-K=77 1.964 1.857 1.676 1.544 1.401

N =50        New Test Statistics 1.628 1.564 1.466 1.384 1.297
F(50,67) N=50, T-N-K=67 1.965 1.849 1.667 1.532 1.393

N =60        New Test Statistics 1.568 1.516 1.422 1.343 1.261
F(60,57) N=60, T-N-K=57 1.982 1.857 1.683 1.547 1.404

N =70        New Test Statistics 1.526 1.470 1.386 1.322 1.245
F(70,47) N=70, T-N-K=47 2.048 1.913 1.722 1.584 1.434

N =80        New Test Statistics 1.487 1.432 1.357 1.299 1.230
F(80,37) N=80, T-N-K=37 2.192 2.021 1.803 1.641 1.473

N =90        New Test Statistics 1.463 1.412 1.339 1.283 1.216
F(90,27) N=90, T-N-K=27 2.468 2.231 1.957 1.762 1.550

N =100        New Test Statistics 1.439 1.395 1.327 1.271 1.207
F(100,17) N=100, T-N-K=17 3.244 2.815 2.335 2.038 1.739

N =110        New Test Statistics 1.411 1.361 1.303 1.253 1.200
F(110,7) N=110, T-N-K=7 8.013 5.976 4.224 3.322 2.510

N =200        New Test Statistics 1.297 1.267 1.229 1.193 1.153
N =500        New Test Statistics 1.191 1.177 1.151 1.126 1.101

N =1000        New Test Statistics 1.140 1.129 1.110 1.094 1.077
N =+infinite        New Test Statistics 1.018 1.018 1.018 1.018 1.018

Notes: For the new test statistics, see equation (12). The new statistics are the average value of N  different 
F (1, T-K -1) distributions. The statistics reported in the table are the results of simulations with 10,000 
replications. Detail simulation procedures are explained in section 3.1.
The standard errors of the above simulated statistics are 0.001, 0.001, 0.002, 0.002, and 0.003 for the critical
values of 0.5%, 1.0%, 2.5%, 5.0%, and 10.0% respectively.



F. Number of Observations T=120, Number of Factors K=5
Number of            Test Statistics Percentile of Test Statistics
Assets (N ) 0.5% 1.0% 2.5% 5.0% 10.0%

N =10        New Test Statistics 2.609 2.363 2.126 1.890 1.636
F(10,105) N=10, T-N-K=105 2.690 2.506 2.189 1.934 1.665

N =20        New Test Statistics 2.067 1.932 1.749 1.612 1.452
F(20,95) N=20, T-N-K=95 2.214 2.085 1.866 1.690 1.499

N =30        New Test Statistics 1.855 1.754 1.608 1.501 1.378
F(30,85) N=30, T-N-K=85 2.017 1.912 1.730 1.580 1.429

N =40        New Test Statistics 1.704 1.608 1.507 1.416 1.319
F(40,75) N=40, T-N-K=75 1.970 1.853 1.675 1.545 1.401

N =50        New Test Statistics 1.647 1.559 1.463 1.381 1.289
F(50,65) N=50, T-N-K=65 1.973 1.854 1.672 1.539 1.399

N =60        New Test Statistics 1.586 1.519 1.430 1.353 1.267
F(60,55) N=60, T-N-K=55 2.002 1.871 1.693 1.554 1.408

N =70        New Test Statistics 1.527 1.460 1.383 1.316 1.247
F(70,45) N=70, T-N-K=45 2.080 1.934 1.738 1.596 1.441

N =80        New Test Statistics 1.486 1.434 1.362 1.298 1.231
F(80,35) N=80, T-N-K=35 2.222 2.052 1.829 1.663 1.488

N =90        New Test Statistics 1.453 1.417 1.343 1.287 1.219
F(90,25) N=90, T-N-K=25 2.557 2.308 2.003 1.797 1.574

N =100        New Test Statistics 1.437 1.380 1.321 1.272 1.212
F(100,15) N=100, T-N-K=15 3.453 3.022 2.471 2.135 1.802

N =110        New Test Statistics 1.411 1.363 1.300 1.253 1.199
F(110,5) N=110, T-N-K=5 14.562 9.701 6.138 4.491 3.158

N =200        New Test Statistics 1.313 1.282 1.231 1.195 1.156
N =500        New Test Statistics 1.186 1.170 1.147 1.126 1.100

N =1000        New Test Statistics 1.141 1.127 1.110 1.096 1.078
N =+infinite        New Test Statistics 1.018 1.018 1.018 1.018 1.018
Notes: For the new test statistics, see equation (12). The new statistics are the average value of N  different 
F (1, T-K -1) distributions. The statistics reported in the table are the results of simulations with 10,000 
replications. Detail simulation procedures are explained in section 3.1.
The standard errors of the above simulated statistics are 0.001, 0.001, 0.002, 0.002, and 0.003 for the critical
values of 0.5%, 1.0%, 2.5%, 5.0%, and 10.0% respectively.



G. Number of Observations T=600, Number of Factors K=3
Number of            Test Statistics Percentile of Test Statistics
Assets (N ) 0.5% 1.0% 2.5% 5.0% 10.0%

N =10        New Test Statistics 2.590 2.369 2.070 1.835 1.604
F(10,587) N=10, T-N-K=587 2.556 2.366 2.061 1.837 1.600

N =20        New Test Statistics 1.976 1.873 1.705 1.563 1.420
F(20,577) N=20, T-N-K=577 2.071 1.930 1.738 1.599 1.442

N =30        New Test Statistics 1.805 1.714 1.572 1.466 1.348
F(30,567) N=30, T-N-K=567 1.825 1.718 1.579 1.468 1.348

N =40        New Test Statistics 1.661 1.599 1.497 1.401 1.299
F(40,557) N=40, T-N-K=557 1.719 1.622 1.518 1.422 1.318

N =50        New Test Statistics 1.609 1.538 1.440 1.361 1.276
F(50,547) N=50, T-N-K=547 1.629 1.564 1.469 1.387 1.286

N =60        New Test Statistics 1.546 1.484 1.394 1.318 1.239
F(60,537) N=60, T-N-K=537 1.603 1.515 1.418 1.341 1.262

N =70        New Test Statistics 1.510 1.440 1.363 1.296 1.225
F(70,527) N=70, T-N-K=527 1.546 1.483 1.387 1.318 1.236

N =80        New Test Statistics 1.459 1.410 1.342 1.281 1.213
F(80,517) N=80, T-N-K=517 1.494 1.445 1.369 1.303 1.226

N =90        New Test Statistics 1.437 1.391 1.318 1.263 1.202
F(90,507) N=90, T-N-K=507 1.493 1.427 1.344 1.288 1.219

N =100        New Test Statistics 1.395 1.359 1.301 1.250 1.189
F(100,497) N=100, T-N-K=497 1.470 1.418 1.339 1.282 1.211

N =110        New Test Statistics 1.393 1.351 1.290 1.238 1.184
F(110,487) N=110, T-N-K=487 1.448 1.405 1.329 1.263 1.197

N =200        New Test Statistics 1.283 1.256 1.215 1.175 1.135
F(200,397) N=200, T-N-K=397 1.371 1.322 1.268 1.216 1.167

N =500        New Test Statistics 1.174 1.158 1.131 1.109 1.085
F(500,97) N=500, T-N-K=97 1.541 1.483 1.388 1.316 1.238

N =1000        New Test Statistics 1.123 1.110 1.094 1.079 1.062
N =+infinite        New Test Statistics 1.003 1.003 1.003 1.003 1.003
Notes: For the new test statistics, see equation (12). The new statistics are the average value of N  different 
F (1, T-K -1) distributions. The statistics reported in the table are the results of simulations with 10,000 
replications. Detail simulation procedures are explained in section 3.1.
The standard errors of the above simulated statistics are 0.001, 0.001, 0.002, 0.002, and 0.003 for the critical
values of 0.5%, 1.0%, 2.5%, 5.0%, and 10.0% respectively.



Table 2  Power of the Conventional F  Test and the New Test of the CAPM
for the Hypothesis H 0 : a=0, H 1 : a= µ .

Testing Alternatives Number of Number of Assets
Methods Observations N=1 N=5 N=10 N=20 N=40

µ p =8.5% T=60 0.124 0.076 0.066 0.061 0.052
σ p =16% T=120 0.189 0.101 0.083 0.073 0.060

Power of the T=240 0.344 0.172 0.135 0.100 0.082
Conventional µ p =10.2% T=60 0.196 0.105 0.084 0.069 0.056

F  Test σ p =16% T=120 0.327 0.172 0.124 0.098 0.073
T=240 0.598 0.333 0.251 0.169 0.120

µ p =11.6% T=60 0.272 0.135 0.101 0.079 0.060
σ p =16% T=120 0.456 0.252 0.171 0.129 0.091

T=240 0.771 0.497 0.378 0.258 0.170
µ p =13.0% T=60 0.339 0.169 0.121 0.091 0.064
σ p =16% T=120 0.575 0.333 0.225 0.161 0.107

T=240 0.877 0.636 0.507 0.349 0.227
µ p =8.5% T=60 0.124 0.077 0.068 0.061 0.057
σ p =16% T=120 0.189 0.103 0.088 0.078 0.069

T=240 0.344 0.180 0.132 0.111 0.088
µ p =10.2% T=60 0.196 0.110 0.087 0.074 0.066

Power of σ p =16% T=120 0.327 0.172 0.138 0.110 0.088
the New Test T=240 0.598 0.340 0.242 0.188 0.137

µ p =11.6% T=60 0.272 0.145 0.108 0.089 0.077
σ p =16% T=120 0.456 0.246 0.196 0.145 0.112

T=240 0.771 0.507 0.372 0.278 0.192
µ p =13.0% T=60 0.339 0.183 0.132 0.102 0.086
σ p =16% T=120 0.575 0.325 0.260 0.188 0.138

T=240 0.877 0.647 0.502 0.384 0.264
Notes: The table reports simulation results on the case of the null hypothesis H 0 :a j =0, j=1,…,N 
against H 1 :a j = µ , j=1,…,N.  The non-central variables of the F  test and the new test are represented
in equations (27) and (28) and the non-centrality parameter is defined in equation (26). The above table
reports the results of 10,000 replications.



Table 3  Properties of Factors and Their Regression Coefficients

A. Entire Sample Period (April 1989 - March 1999)
Growth FMP Size FMP Excess Market Return

Standard Deviation 0.980 2.457 3.847
Correlation Matrix

Growth FMP 1.000
Size FMP 0.083 1.000
Excess Market Return 0.472 0.168 1.000

Estimates of Coefficients (T=120, N=110)
Mean 0.015 -0.271 1.113
Standard Deviation 0.831 0.463 0.420

B. Second Half Sample Period (April 1994 - March 1999)
Growth FMP Size FMP Excess Market Return

Standard Deviation 1.139 2.493 3.979
Correlation Matrix

Growth FMP 1.000
Size FMP 0.075 1.000
Excess Market Return 0.550 0.102 1.000

Estimates of Coefficients (T=60, N=50)
Mean -0.109 -0.246 0.980
Standard Deviation 1.062 0.487 0.477

Notes: All factor returns are monthly log-returns and have the expected value of zero. 
The entire sample preiod (Panel A) is used for T=120, and the second half sample period (Panel B)
is used for T=60. Estimates of coefficients are the maximum likelihood estimates of the linear factor model in (29).
Mean and standard deviation of the estimates of coefficients are calculated with 110 (Panel A) and 50 (Panel B) 
estimates, respectively.



Table 4  Power of the Conventional F  Test and the New Test of Linear Factor Model for the Null Hypothesis H 0
M : a=0 

                                     against the Alternative Hypothesis H 1
M : a= µ  in the Presence of Missing Factors 

A. T=60, N=10
Power of Conventional F Test Power of New Test

Missing Factors Elements of the (Nx1 ) Vector a Elements of the (Nx1 ) Vector a
0 0.083 0.208 0.417 0.625 0.833 0 0.083 0.208 0.417 0.625 0.833

Value of Noncentrality Parameter 0 0.110 0.689 2.757 6.202 11.026 0 0.110 0.689 2.757 6.202 11.026
No Missing Factors 1% 0.01 0.01 0.01 0.03 0.10 0.23 0.01 0.01 0.02 0.05 0.14 0.34

(K=3) Test Level 5% 0.05 0.05 0.07 0.13 0.27 0.50 0.05 0.06 0.07 0.16 0.33 0.58
10% 0.10 0.10 0.13 0.22 0.40 0.63 0.10 0.11 0.13 0.25 0.45 0.69

Value of Noncentrality Parameter 0.00 0.11 0.68 2.73 6.14 10.91 0.00 0.11 0.68 2.73 6.14 10.91
Size FMP 1% 0.01 0.01 0.01 0.03 0.09 0.23 0.01 0.01 0.01 0.04 0.12 0.30

(K=2) Test Level 5% 0.05 0.05 0.06 0.12 0.26 0.48 0.05 0.05 0.06 0.14 0.30 0.55
10% 0.09 0.09 0.12 0.21 0.39 0.62 0.09 0.10 0.12 0.23 0.43 0.67

Value of Noncentrality Parameter 0.00 0.11 0.69 2.75 6.19 11.01 0.00 0.11 0.69 2.75 6.19 11.01
Growth FMP 1% 0.01 0.01 0.01 0.03 0.09 0.23 0.01 0.01 0.01 0.04 0.12 0.31

(K=2) Test Level 5% 0.05 0.05 0.06 0.12 0.26 0.49 0.05 0.05 0.07 0.14 0.31 0.56
10% 0.09 0.09 0.12 0.21 0.40 0.62 0.10 0.10 0.12 0.23 0.44 0.68

Value of Noncentrality Parameter 0.00 0.03 0.17 0.67 1.50 2.67 0.00 0.03 0.17 0.67 1.50 2.67
Excess Market 1% 0.01 0.01 0.01 0.01 0.01 0.02 0.00 0.00 0.00 0.01 0.03 0.11

(K=2) Test Level 5% 0.04 0.04 0.04 0.05 0.07 0.10 0.01 0.01 0.02 0.05 0.13 0.30
10% 0.07 0.07 0.08 0.10 0.13 0.19 0.03 0.03 0.04 0.09 0.22 0.44

Value of Noncentrality Parameter 0.00 0.11 0.68 2.72 6.13 10.90 0.00 0.11 0.68 2.72 6.13 10.90
Growth FMP 1% 0.01 0.01 0.01 0.03 0.09 0.22 0.01 0.01 0.01 0.03 0.10 0.27

Size FMP Test Level 5% 0.04 0.04 0.06 0.12 0.25 0.48 0.04 0.04 0.06 0.12 0.28 0.53
(K=1) 10% 0.08 0.09 0.11 0.20 0.38 0.61 0.08 0.09 0.11 0.22 0.41 0.65

Value of Noncentrality Parameter 0.00 0.03 0.17 0.67 1.51 2.68 0.00 0.03 0.17 0.67 1.51 2.68
Excess Market 1% 0.01 0.01 0.01 0.01 0.01 0.02 0.00 0.00 0.00 0.01 0.03 0.09

Size FMP Test Level 5% 0.03 0.03 0.03 0.04 0.06 0.09 0.01 0.01 0.02 0.04 0.12 0.28
(K=1) 10% 0.07 0.07 0.07 0.09 0.12 0.18 0.03 0.03 0.04 0.09 0.21 0.42

Value of Noncentrality Parameter 0.00 0.03 0.18 0.70 1.58 2.80 0.00 0.03 0.18 0.70 1.58 2.80
Excess Market 1% 0.01 0.01 0.01 0.01 0.01 0.02 0.00 0.00 0.00 0.00 0.01 0.06
Growth FMP Test Level 5% 0.03 0.03 0.03 0.04 0.06 0.08 0.01 0.01 0.01 0.03 0.08 0.21

(K=1) 10% 0.07 0.07 0.07 0.08 0.11 0.16 0.02 0.02 0.03 0.06 0.16 0.34
Notes: Randomly selected N excess equity returns included in S&P500 are estimated with three factors in the linear regression model; excess market return, size and
growth FMP returns. Then the coefficients and the variance of disturbance terms are used to generate N excess equity returns, which are used to test the power of the F test 
and our new test in the presence of missing factors. See section 3.2 for a detailed explanation on the simulation proceddure. The numbers in 'Elements of 
the (Nx1 ) Vector a ' are monthly returns equivalent to 0%, 1%, 2.5%, 5%, 7.5%, and 10% in annual term. T=60 represents 60 monthly returns from April 1994 to March 1999.
K  is the number of factors used for the power test. The results on the power of tests are obtained with 10,000 replications.



B. T=60, N=50
Power of Conventional F Test Power of New Test

Missing Factors Elements of the (Nx1 ) Vector a Elements of the (Nx1 ) Vector a
0 0.083 0.208 0.417 0.625 0.833 0 0.083 0.208 0.417 0.625 0.833

Value of Noncentrality Parameter 0 0.570 3.564 14.255 32.073 57.019 0 0.570 3.564 14.255 32.073 57.019
No Missing Factors 1% 0.01 0.01 0.01 0.02 0.04 0.08 0.01 0.01 0.02 0.15 0.59 0.95

(K=3) Test Level 5% 0.05 0.06 0.06 0.10 0.17 0.29 0.05 0.06 0.11 0.37 0.82 0.99
10% 0.10 0.10 0.12 0.17 0.29 0.45 0.11 0.12 0.18 0.50 0.89 1.00

Value of Noncentrality Parameter 0.00 0.55 3.46 13.84 31.15 55.37 0.00 0.55 3.46 13.84 31.15 55.37
Size FMP 1% 0.01 0.01 0.01 0.02 0.04 0.09 0.01 0.01 0.02 0.13 0.56 0.94

(K=2) Test Level 5% 0.05 0.05 0.06 0.10 0.18 0.31 0.04 0.04 0.08 0.31 0.78 0.98
10% 0.10 0.10 0.12 0.18 0.30 0.47 0.08 0.09 0.14 0.45 0.86 0.99

Value of Noncentrality Parameter 0.00 0.57 3.56 14.23 32.02 56.93 0.00 0.57 3.56 14.23 32.02 56.93
Growth FMP 1% 0.01 0.01 0.01 0.02 0.05 0.10 0.01 0.01 0.02 0.14 0.57 0.95

(K=2) Test Level 5% 0.05 0.05 0.06 0.10 0.19 0.32 0.04 0.05 0.09 0.32 0.79 0.99
10% 0.10 0.10 0.12 0.18 0.31 0.48 0.09 0.09 0.15 0.46 0.87 0.99

Value of Noncentrality Parameter 0.00 0.12 0.73 2.91 6.54 11.63 0.00 0.12 0.73 2.91 6.54 11.63
Excess Market 1% 0.01 0.01 0.01 0.01 0.02 0.02 0.00 0.00 0.00 0.01 0.16 0.68

(K=2) Test Level 5% 0.05 0.05 0.05 0.05 0.07 0.09 0.00 0.00 0.01 0.06 0.38 0.87
10% 0.09 0.09 0.10 0.11 0.13 0.16 0.01 0.01 0.02 0.11 0.52 0.93

Value of Noncentrality Parameter 0.00 0.55 3.45 13.81 31.08 55.25 0.00 0.55 3.45 13.81 31.08 55.25
Growth FMP 1% 0.01 0.01 0.01 0.02 0.05 0.11 0.00 0.01 0.01 0.10 0.50 0.93

Size FMP Test Level 5% 0.05 0.05 0.06 0.10 0.19 0.34 0.03 0.04 0.06 0.27 0.74 0.98
(K=1) 10% 0.09 0.10 0.12 0.18 0.31 0.51 0.06 0.07 0.12 0.40 0.84 0.99

Value of Noncentrality Parameter 0.00 0.12 0.73 2.91 6.55 11.65 0.00 0.12 0.73 2.91 6.55 11.65
Excess Market 1% 0.01 0.01 0.01 0.01 0.02 0.02 0.00 0.00 0.00 0.01 0.13 0.63

Size FMP Test Level 5% 0.05 0.05 0.05 0.06 0.07 0.09 0.00 0.00 0.00 0.05 0.34 0.85
(K=1) 10% 0.09 0.09 0.10 0.11 0.13 0.17 0.00 0.01 0.01 0.09 0.48 0.91

Value of Noncentrality Parameter 0.00 0.10 0.61 2.45 5.52 9.81 0.00 0.10 0.61 2.45 5.52 9.81
Excess Market 1% 0.01 0.01 0.01 0.01 0.01 0.02 0.00 0.00 0.00 0.00 0.06 0.46
Growth FMP Test Level 5% 0.04 0.04 0.05 0.05 0.06 0.08 0.00 0.00 0.00 0.02 0.21 0.73

(K=1) 10% 0.09 0.09 0.09 0.10 0.12 0.15 0.00 0.00 0.00 0.05 0.33 0.83
Notes: Randomly selected N excess equity returns included in S&P500 are estimated with three factors in the linear regression model;
excess market return, size and growth FMP returns. Then the coefficients and the variance of disturbance terms are used to generate
N  excess equity returns, which are used to test the power of the F  test and our new test in the presence of missing factors. 
See section 3.2 for a detailed explanation on the simulation proceddure. The numbers in 'Elements of the (Nx1 ) Vector a ' are monthly returns 
equivalent to 0%, 1%, 2.5%, 5%, 7.5%, and 10% in annual term. T=60 represents 60 monthly returns from April 1994 to March 1999.
K  is the number of factors used for the power test. The results on the power of tests are obtained with 10,000 replications.



C. T=120, N=10
Power of Conventional F Test Power of New Test

Missing Factors Elements of the (Nx1 ) Vector a Elements of the (Nx1 ) Vector a
0 0.083 0.208 0.417 0.625 0.833 0 0.083 0.208 0.417 0.625 0.833

Value of Noncentrality Parameter 0 0.205 1.281 5.123 11.526 20.490 0 0.205 1.281 5.123 11.526 20.490
No Missing Factors 1% 0.01 0.01 0.02 0.09 0.31 0.67 0.01 0.01 0.03 0.12 0.39 0.75

(K=3) Test Level 5% 0.05 0.05 0.08 0.24 0.56 0.86 0.05 0.06 0.10 0.28 0.61 0.90
10% 0.10 0.11 0.16 0.37 0.69 0.92 0.10 0.11 0.17 0.39 0.72 0.94

Value of Noncentrality Parameter 0.00 0.20 1.28 5.12 11.51 20.46 0.00 0.20 1.28 5.12 11.51 20.46
Size FMP 1% 0.01 0.01 0.02 0.09 0.31 0.66 0.01 0.01 0.02 0.10 0.35 0.72

(K=2) Test Level 5% 0.04 0.05 0.08 0.23 0.55 0.85 0.04 0.05 0.08 0.25 0.58 0.88
10% 0.09 0.10 0.15 0.36 0.68 0.92 0.09 0.10 0.15 0.37 0.71 0.94

Value of Noncentrality Parameter 0.00 0.20 1.28 5.12 11.52 20.48 0.00 0.20 1.28 5.12 11.52 20.48
Growth FMP 1% 0.01 0.01 0.02 0.09 0.31 0.66 0.01 0.01 0.02 0.10 0.35 0.72

(K=2) Test Level 5% 0.04 0.05 0.08 0.24 0.55 0.85 0.04 0.05 0.08 0.25 0.58 0.88
10% 0.09 0.10 0.15 0.36 0.69 0.92 0.09 0.10 0.15 0.37 0.71 0.94

Value of Noncentrality Parameter 0.00 0.05 0.30 1.18 2.66 4.74 0.00 0.05 0.30 1.18 2.66 4.74
Excess Market 1% 0.01 0.01 0.01 0.01 0.02 0.05 0.00 0.00 0.00 0.02 0.12 0.40

(K=2) Test Level 5% 0.03 0.03 0.04 0.05 0.10 0.20 0.01 0.01 0.02 0.08 0.30 0.66
10% 0.07 0.07 0.08 0.11 0.19 0.33 0.03 0.03 0.05 0.16 0.44 0.79

Value of Noncentrality Parameter 0.00 0.20 1.28 5.12 11.51 20.46 0.00 0.20 1.28 5.12 11.51 20.46
Growth FMP 1% 0.01 0.01 0.02 0.08 0.30 0.66 0.01 0.01 0.02 0.09 0.32 0.69

Size FMP Test Level 5% 0.04 0.05 0.08 0.23 0.55 0.85 0.04 0.05 0.08 0.24 0.57 0.87
(K=1) 10% 0.09 0.10 0.14 0.36 0.68 0.92 0.09 0.10 0.14 0.36 0.70 0.93

Value of Noncentrality Parameter 0.00 0.05 0.30 1.18 2.66 4.72 0.00 0.05 0.30 1.18 2.66 4.72
Excess Market 1% 0.01 0.01 0.01 0.01 0.02 0.05 0.00 0.00 0.00 0.02 0.10 0.37

Size FMP Test Level 5% 0.03 0.03 0.03 0.05 0.09 0.19 0.01 0.01 0.02 0.08 0.30 0.65
(K=1) 10% 0.07 0.07 0.07 0.11 0.18 0.32 0.02 0.03 0.04 0.15 0.43 0.78

Value of Noncentrality Parameter 0.00 0.05 0.31 1.26 2.83 5.02 0.00 0.05 0.31 1.26 2.83 5.02
Excess Market 1% 0.01 0.01 0.01 0.01 0.02 0.04 0.00 0.00 0.00 0.01 0.07 0.31
Growth FMP Test Level 5% 0.03 0.03 0.03 0.05 0.09 0.17 0.01 0.01 0.01 0.06 0.24 0.59

(K=1) 10% 0.07 0.07 0.07 0.10 0.17 0.29 0.02 0.02 0.03 0.12 0.37 0.73
Notes: Randomly selected N excess equity returns included in S&P500 are estimated with three factors in the linear regression model;
excess market return, size and growth FMP returns. Then the coefficients and the variance of disturbance terms are used to generate
N  excess equity returns, which are used to test the power of the F  test and our new test in the presence of missing factors. 
See section 3.2 for a detailed explanation on the simulation proceddure. The numbers in 'Elements of the (Nx1 ) Vector a ' are monthly returns 
equivalent to 0%, 1%, 2.5%, 5%, 7.5%, and 10% in annual term. T=120 represents 120 monthly returns from April 1989 to March 1999.
K  is the number of factors used for the power test. The results on the power of tests are obtained with 10,000 replications.



D. T=120, N=110
Power of Conventional F Test Power of New Test

Missing Factors Elements of the (Nx1 ) Vector a Elements of the (Nx1 ) Vector a
0 0.083 0.208 0.417 0.625 0.833 0 0.083 0.208 0.417 0.625 0.833

Value of Noncentrality Parameter 0 2.303 14.395 57.578 129.551 230.314 0 2.303 14.395 57.578 129.551 230.314
No Missing Factors 1% 0.01 0.01 0.01 0.03 0.08 0.18 0.01 0.02 0.10 0.83 1.00 1.00

(K=3) Test Level 5% 0.05 0.05 0.07 0.14 0.29 0.52 0.05 0.07 0.25 0.94 1.00 1.00
10% 0.10 0.11 0.13 0.25 0.46 0.71 0.10 0.13 0.37 0.97 1.00 1.00

Value of Noncentrality Parameter 0.00 2.17 13.53 54.14 121.81 216.55 0.00 2.17 13.53 54.14 121.81 216.55
Size FMP 1% 0.01 0.01 0.01 0.03 0.09 0.21 0.01 0.01 0.06 0.78 1.00 1.00

(K=2) Test Level 5% 0.05 0.05 0.06 0.14 0.31 0.55 0.03 0.05 0.20 0.92 1.00 1.00
10% 0.09 0.10 0.13 0.25 0.48 0.73 0.08 0.10 0.32 0.96 1.00 1.00

Value of Noncentrality Parameter 0.00 2.30 14.38 57.52 129.41 230.07 0.00 2.30 14.38 57.52 129.41 230.07
Growth FMP 1% 0.01 0.01 0.01 0.03 0.10 0.23 0.01 0.01 0.08 0.80 1.00 1.00

(K=2) Test Level 5% 0.05 0.05 0.07 0.15 0.33 0.58 0.04 0.06 0.23 0.93 1.00 1.00
10% 0.09 0.10 0.13 0.27 0.50 0.76 0.09 0.12 0.35 0.97 1.00 1.00

Value of Noncentrality Parameter 0.00 0.30 1.90 7.61 17.13 30.45 0.00 0.30 1.90 7.61 17.13 30.45
Excess Market 1% 0.01 0.01 0.01 0.01 0.02 0.02 0.00 0.00 0.00 0.13 0.96 1.00

(K=2) Test Level 5% 0.05 0.05 0.05 0.06 0.07 0.10 0.00 0.00 0.00 0.33 0.99 1.00
10% 0.09 0.10 0.10 0.12 0.14 0.18 0.00 0.00 0.01 0.48 1.00 1.00

Value of Noncentrality Parameter 0.00 2.16 13.49 53.94 121.37 215.77 0.00 2.16 13.49 53.94 121.37 215.77
Growth FMP 1% 0.01 0.01 0.01 0.03 0.10 0.25 0.01 0.01 0.06 0.77 1.00 1.00

Size FMP Test Level 5% 0.04 0.05 0.07 0.15 0.34 0.60 0.03 0.05 0.19 0.91 1.00 1.00
(K=1) 10% 0.09 0.10 0.13 0.27 0.52 0.78 0.07 0.09 0.30 0.96 1.00 1.00

Value of Noncentrality Parameter 0.00 0.28 1.76 7.06 15.88 28.22 0.00 0.28 1.76 7.06 15.88 28.22
Excess Market 1% 0.01 0.01 0.01 0.01 0.01 0.02 0.00 0.00 0.00 0.11 0.95 1.00

Size FMP Test Level 5% 0.04 0.04 0.05 0.06 0.07 0.09 0.00 0.00 0.00 0.30 0.99 1.00
(K=1) 10% 0.09 0.09 0.10 0.11 0.14 0.18 0.00 0.00 0.01 0.44 1.00 1.00

Value of Noncentrality Parameter 0.00 0.31 1.93 7.73 17.40 30.93 0.00 0.31 1.93 7.73 17.40 30.93
Excess Market 1% 0.01 0.01 0.01 0.01 0.02 0.02 0.00 0.00 0.00 0.06 0.89 1.00
Growth FMP Test Level 5% 0.04 0.05 0.05 0.06 0.07 0.10 0.00 0.00 0.00 0.19 0.98 1.00

(K=1) 10% 0.09 0.09 0.09 0.11 0.14 0.18 0.00 0.00 0.00 0.30 0.99 1.00
Notes: Randomly selected N excess equity returns included in S&P500 are estimated with three factors in the linear regression model;
excess market return, size and growth FMP returns. Then the coefficients and the variance of disturbance terms are used to generate
N  excess equity returns, which are used to test the power of the F  test and our new test in the presence of missing factors. 
See section 3.2 for a detailed explanation on the simulation proceddure. The numbers in 'Elements of the (Nx1 ) Vector a ' are monthly returns 
equivalent to 0%, 1%, 2.5%, 5%, 7.5%, and 10% in annual term. T=120 represents 120 monthly returns from April 1989 to March 1999.
K  is the number of factors used for the power test. The results on the power of tests are obtained with 10,000 replications.



E. T=60, N=110
Power of New Test

Missing Factors Elements of the (Nx1 ) Vector a
0 0.083 0.208 0.417 0.625 0.833

Value of Noncentrality Parameter 0 1.195 7.469 29.876 67.221 119.503
No Missing Factors 1% 0.01 0.01 0.04 0.32 0.90 1.00

(K=3) Test Level 5% 0.05 0.06 0.13 0.56 0.97 1.00
10% 0.10 0.12 0.22 0.69 0.99 1.00

Value of Noncentrality Parameter 0.00 1.10 6.88 27.53 61.93 110.10
Size FMP 1% 0.01 0.01 0.03 0.27 0.88 1.00

(K=2) Test Level 5% 0.04 0.05 0.10 0.50 0.96 1.00
10% 0.08 0.09 0.17 0.64 0.98 1.00

Value of Noncentrality Parameter 0.00 1.18 7.37 29.49 66.34 117.94
Growth FMP 1% 0.01 0.01 0.03 0.29 0.89 1.00

(K=2) Test Level 5% 0.04 0.05 0.11 0.53 0.97 1.00
10% 0.09 0.10 0.19 0.66 0.99 1.00

Value of Noncentrality Parameter 0.00 0.24 1.50 6.00 13.50 24.00
Excess Market 1% 0.00 0.00 0.00 0.01 0.32 0.94

(K=2) Test Level 5% 0.00 0.00 0.00 0.05 0.56 0.99
10% 0.00 0.00 0.00 0.11 0.70 1.00

Value of Noncentrality Parameter 0.00 1.09 6.82 27.29 61.40 109.16
Growth FMP 1% 0.00 0.00 0.02 0.20 0.83 1.00

Size FMP Test Level 5% 0.03 0.03 0.08 0.45 0.95 1.00
(K=1) 10% 0.06 0.07 0.14 0.58 0.98 1.00

Value of Noncentrality Parameter 0.00 0.24 1.50 5.99 13.47 23.94
Excess Market 1% 0.00 0.00 0.00 0.01 0.23 0.91

Size FMP Test Level 5% 0.00 0.00 0.00 0.04 0.50 0.98
(K=1) 10% 0.00 0.00 0.00 0.08 0.64 0.99

Value of Noncentrality Parameter 0.00 0.22 1.39 5.56 12.50 22.23
Excess Market 1% 0.00 0.00 0.00 0.00 0.09 0.75
Growth FMP Test Level 5% 0.00 0.00 0.00 0.01 0.27 0.92

(K=1) 10% 0.00 0.00 0.00 0.02 0.41 0.96
Notes: Randomly selected N excess equity returns included in S&P500 are estimated with three factors in the linear regression model;
excess market return, size and growth FMP returns. Then the coefficients and the variance of disturbance terms are used to generate
N  excess equity returns, which are used to test the power of the new test in the presence of missing factors. 
See section 3.2 for a detailed explanation on the simulation proceddure. The numbers in 'Elements of the (Nx1 ) Vector a ' are monthly returns 
equivalent to 0%, 1%, 2.5%, 5%, 7.5%, and 10% in annual term. T=60 represents 60 monthly returns from April 1994 to March 1999.
Note that the conventional F test is not available in this case. K is the number of factors used for the power test. 
The results on the power of tests are obtained with 10,000 replications.



Figure 1  Power of the New and F (N, T-N-K ) Test Statistics for the Null Hypothesis
H 0 : a j =0  for all j  against the Alternative Hypothesis H 1 : a 1 = µ  and a j =0 for j >1:

A. Case 1: T=120, N=30, K=1

B. Case 2: T=120, N=90, K=1

Notes: The figures A and B show the simulation results on case of the null hypothesis H 0 :a j =0, j=1,...,N 
against the alternative hypothesis H 1 :a j = µ , for j =1, and a j =0 , for j=2,...,N . Simulation procedures
are explained in section 3.2. The non-central variables for the alternative hypothesis are generated with
equations (24) and (25) for the conventional F  test and the new test, respectively.
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