
Chaos
Lorenz equations

Prandtl number (the ratio of 
momentum diffusivity to thermal 
diffusivity)

Rayleigh number (associated with 
the heat transfer within the fluid)  

σ = 10

b = 8/3

σ > 0

r > 0

b > 0 x

y

z

proportional to the intensity of convective motion

temperature difference between the ascending 
and descending currents

distortion of the vertical temperature from linearity

A chaotic waterwheel



Nonlinearity

Properties of Lorenz equations

Symmetry

Volume contraction

(x(t), y(t), z(t)) → (−x(t),−y(t), z(t))

The Lorenz system is dissipative: volumes in phase-space contract under the flow

outward normal component of velocity

V̇ = −(σ + 1 + b)V V (t) = V (0)e−(σ+1+b)t



Fixed points (x, y, z) = (0, 0, 0)

C+ ≡ (x = y =
√

b(r − 1), z = r − 1)

C− ≡ (x = y = −
√

b(r − 1), z = r − 1)

Linear stability of the origin

Global stability of the origin

Stability of C+, C−



rH ≈ 24.74



Chaos on a strange attractor

r > rH





Exponential divergence of nearby trajectories



Defining Chaos



Defining Attractor and Strange Attractor

Strange attractor: an attractor that exhibits sensitive dependence 
on initial conditions (i.e. positive Lyapunov exponents). Trajectories 
are called chaotic if at least one Lyapunov exponent is positive.



Lorenz map

zn+1 = f(zn)

can show that no stable limit cycles



Parameter space






