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Abstract

In this report, we consider 3DVar data assimilation for the 2D Navier—Stokes equations. We
prove analytic results to show that, for certain choices of the covariance operators, different estima-
tors with the same observations converge geometrically, and that estimators come within bounded
distance from the true solution provided the observation noise is uniformly bounded. We back this
up with numerical evidence, and predict that the theorems should hold for other choices of the

covariance operators.
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1 Introduction

Data assimilation is a technique used to reconcile predictions from a model and observations of reality
step-by-step. In our case the model we consider will be the Navier—Stokes equations on the torus
T? = R?/Z? (equivalently, we consider [0,1) x [0,1) with periodic boundary conditions).

In a perfect world, we would measure the initial state of the system, run the model forwards in
time, and the predictions would agree with our observations of the system. For example, suppose we
have a sequence of observations {y, }nen. Starting from some initial condition ug, we run the model
forward from to obtain predictions {uy }nen of the state of the system at time n. Ideally, u, would
“agree” with y,.

The fundamental question is thus: how do we reconcile u,, and y,, when they do not agree? There

are two main reasons why discrepancies might arise:

e observation error: we usually cannot observe the system exactly, but rather have to contend

with noisy data;
e model error: our model might not be the correct model for the system we are observing.

Our goal is to estimate u, given {y; }?:1, and only uncertain knowledge of the initial condition wug.
In doing so we get a better prediction of the state of the system at time n than merely running the
model forward from wug, since we incorporate the observations up to time n; this enables us to use this
estimate of u,, to run the model forward and produce better predictions for the future as well.

The paradigm example of data assimilation is weather forecasting: we have many complex models
to predict the state of the world’s weather, but we cannot know the exact state of the system at any
one time; we thus have to contend with an initial condition uy which is unknown, and only partial
observations y, at each timestep. What we want is to predict the weather at time n + 1 given the
observations up to time n; we do so by estimating the current state of the system wu, based on the
observations, and then run the model forward to obtain a prediction of w,1.

Indeed, the particular method of data assimilation which we use here, known as 3DVar, originated
in weather forecasting. The technique of 3DVar (though not originally called that) was first proposed
by Andrew Lorenc at the UK Met Office in 1986 [9], and was picked up by the National Oceanic
and Atmospheric Administration (NOAA) in the US in an article by Parrish and Derber in 1992 [12].
More details of the implementation of 3DVar by the Met Office can be found in [10], and by the
European Centre for Medium-Range Weather Forecasts (ECMWF) in [3].

Although data assimilation is widely used in practice, much of the analysis of it, in the context of
fluid mechanics, works with finite-dimensional dynamical models. Our aim is to work directly with
a PDE model, the Navier—Stokes equations, and thereby confront the high-dimensional nature of the
problem head-on. There has been little research of this type for the Navier—Stokes equations, an
exception being the recent preprint of Hayden et al. [5]; we hope to fill this void.

In section [2, we formally introduce 3DVar and the requisite background. In section |3 we analyse
3DVar for both the (linear) Stokes equations and the (non-linear) Navier—Stokes equations; we prove

the following results in certain cases:

e that different estimators with the same observations converge geometrically to the same limit

asn — oo, and



e that estimators come within bounded distance of the true solution, provided the observation

noise is uniformly bounded.

For both the Stokes and the Navier—Stokes equations, we consider two choices of the covariance
operators, given by the parameter o« = +1. Here, « controls the weighting of our prediction on the
observations and the model: for av < 0, the observations have more weight than the model, while for
a > 0 the model has more weight than the observations. We prove results for both @ = £1 for the
Stokes equations, and go on prove results for the Navier—Stokes equations in the case @« = —1. In
section 4, we report on our numerical simulations, in which we confirm numerically the analytic results
in the case a = —1, and give numerical evidence that the theorems should also hold in the case a = 1.

Finally, in section [5| we give some conclusions and indicate directions for further research.

2 Background

2.1 Notation and Setup

At the outset, let us fix the notation and set everything in context for the rest of the report. As in the
survey paper [1], we largely follow the unified notation of [8]. For clarity, we write N for the natural
numbers {1,2,3,...}, and Z" := NU {0} for the non-negative integers {0,1,2,3,...}.

Let X and Y be Hilbert spaces with inner products (-,-) and norms || - |. If L is a self-adjoint,

positive-definite operator on either X or Y, we define
(o= 6Ly, = 12 )

X will represent the space in which the model takes values, and Y will represent the space in which
we observe the data.
Let U: X — X be Lipschitz on bounded sets, and let H: X — Y be a bounded linear operator.
We define {up},cz+, un € X by
Unt1 := Y(uy). (2.1)

Thus, ¥ is the operator which evolves the system at time n to the system at time n + 1. Note that,
throughout this report, we consider the case where there is no model error.

Correspondingly, let {£,}nen be a sequence of independent and identically distributed Y-valued
random variables: this will represent the noise corresponding to observation error. We define {yy, }nen,
yn €Y by

Ynt1 = Hupy1 + §n+1 (2.2)

for n € Z*. Thus, H is the observation operator.

Goal:  FEstimate u,, given {yj};‘:l, and only uncertain knowledge of ug.

There are many different approaches to data assimilation, one very useful approach being the
Bayesian approach, whereby each u,, and y,, is considered not as a single point of X or Y, but rather a
probability distribution. We will not go into detail here, but many details can be found in the survey

paper of Stuart [14].



2.2 3DVar

Here, we consider the 3DVar approach to data assimilation. Let us denote by 4, our estimate of u,,.
Given 4, we define t,41 by

Upy1 = arg min J(u),
ueX

where ) )
T(w) = 5 |Hu = yusal + 5l — ()2

(Recall that arg min returns the argument that minimises the function, rather than the minimum value
itself.) Note that the first term is a norm in Y, and the second term is a norm in X. For example, if
I' = €2] and C = 621, then we have

1 N
lu = W (@)1

1 2
J(u) = @HHU — Yns1l|” + 252

minimising this is then equivalent to minimising

1 € N
LG ynt1 |+ o llu — (i)

so we see that in this case the only thing that matters is the ratio of € to 4.

A statistical interpretation of the above equation is as follows: we assign a prior distribution on
Un+1 to be a Normal distribution with mean W(4,) and variance-covariance matrix C. We receive
data of the form y,+1 = Hupt1 + g‘nH, where £n+1 has a Normal distribution with mean 0 and

variance-covariance matrix I'. In light of the data, our likelihood function is

yn+1|un+1 ~ N(Hun+1, F).

We are interested in the posteriori distribution P(ty,+1|yn+1) which we can relate to the prior and the
likelihood via Bayes’ rule:

P(tung1|Ynt1) X P(Ynt1|tng1)P(uni1),

hence

1. 1, . .
Pl lnin) o exp (=3 I02 s = i) ) ex (=5 102w = W(aa))1?)
= exp(—J(un+1)).

Because J is quadratic, the resulting posterior distribution is Gaussian, and the posterior mean min-
imises J. (Strictly speaking, the preceding analysis is finite dimensional, but it can be generalised to
our Hilbert space setting using ideas described in Stuart [14].

The functional choice and our choice of I' and C' encodes our belief that the estimators should be
guided by the observations (the ||Hu — yn41|lr term) or the model (the ||u — ¥(Up41)||r term).

In section 3 we consider two natural choices of C' and I' applied to two fundamental models of
2D imcompressible fluid mechanics: the Stokes equations and the Navier—Stokes equations. We prove
analytic results for two of the cases mentioned.

First we prove the following that shows us how to update 4,41 given 4, and the observation y, 1.



Proposition 2.1. Let Uy41 = argmin,cx J(u), where
1 9 1 C 2
J(u) 2= S g [+ 3 ()2
Then tn,+1 is obtained as the solution to
(CH+HT M) = CN () + HT Yynar.
Note that J is well-defined if y,,+1 and ¥(4,,) are in Image(I") and Image(C') respectively.

Proof. Let 6J(u) denote the variation of first order of J(-); that is

o J(u A+ tw) = J(uw)
(0J(u),w) = }g% , ,

where w € X is arbitrary. As J(-) is a quadratic form with positive coefficients, there exists a unique
u € X such that (6.J(u),w) = 0 for all w € X; such w is then the minimiser 4,11 (see [6], theorem
1.43). To this end for u € X, w € X arbitrary and ¢ # 0, after expanding out we obtain

T+ tw) — J(u) = %tZHF_l/Q’HwH Y230, Y2 (M — o))
O 20, ¢ 2 = (@) + 3210 )
On dividing the above by t # 0 and sending ¢ — 0 and equating the result to zero we have
(Y230, T2 (Hu = y4)) + (O~ 20, 72w — W(ay)) = 0.

Hence, since I" and C' are positive definite and self-adjoint (so that I'* =T" and C* = C), we see that

(w, HT ™ (H — yni1) + Cu — (an))) = 0.
Since w was arbitrary, H* T (Hu — yn41) + C~H(u — ¥(4y,)) = 0; rearranging yields

(CTV+HT " H)u=C W (0,) + HT  yi.
Noting that as such w is unique and is a minimiser we have

(C 4+ HT )iy = CT10 (1) + H T Ly

as required. O

3 Analysis of 3DVar

In this section, we consider the analytic properties of 3DVar, in two cases: in section [3.1] we consider
the Stokes equations (the linearised form of the Navier—Stokes equations), before moving on to the
full-blown Navier-Stokes equations in section



3.1 The Stokes problem
3.1.1 Forward Model

We consider the Stokes equations (the linear version of the Navier-Stokes equations) on the torus
T? :=R?/Z? = [0,1) x [0,1) with periodic boundary conditions:

ou—vAu+Vp=f for all (z,t) € T? x (0, 00) (3.1a)
V-u=0 for all (z,t) € T? x (0, 00) (3.1b)
u(z,0) = up(z) for all z € T? (3.1c)

Here u: T2 x (0, 00) — R? is a time-dependent vector field representing the velocity, p: T2 x (0, 00) — R
is a time-dependent scalar field representing the pressure, f: T? — R? is a time-independent vector field
representing the forcing, and v~! is the Reynolds number. In numerical simulations (see section ,
we typically represent the solution not by the velocity field v but by the stream function (; they are
related by u = V+¢, where V+ = (02, —01)7T.

We approach the equations using Fourier analysis. Consider the orthonormal basis of {u € L?(T?) :
Jp2 udx = 0} given by ¢p: R? — R, ¢p(x) := exp(2mik - ) for k € Z?\ 0. (We abuse notation so that
72\ 0 =72\ {(0,0)}.) In order to simplify the equations, we reduce the equations by only considering

divergence-free u in the following space:
H = {u € (LA(T?)?:V-u= 0,/ u(z)dr = 0} .
TQ

Given k = (kyi, k)T, deﬁne k*+ := (ka,—k1)T. Then an orthonormal basis of H is given by
Yr: R?2 = R2, . (z) := |k-| exp(2mk x) for k € Z?\ 0; these basis functions are in H since

My | Oy 1 .
‘ ko(2mik k1(2miks)) =
\Y Qbk( ) 81‘1 + 5 a$2 ’k|( 2( ™ 1) 1( X 2)) 0
and
jJ_ k.J_
(1, k) :/ | g |k] exp(2mij - x)exp(2mik - x) dx = djy.
Any vector g € C? can be decomposed uniquely into g = g+ |k| + gl \kl’ where g = L (g, k%) and

gl = Tl L (g, k). We define the pI‘O_]eCtIOIl operator P from {u € (L?(T?)) fT2 u(z)dr = 0} into H as
follows: for any g € {u € (L?(T?)) fTQ u(x)de = O} we define

Pg:=P Y gupe(z)= > gitn(z)

keZ2\0 keZ2\0
Writing
w= > w®px), p= Y p®éx), F= > filt)or(x)
keZ2\0 keZ2\0 keZ2\0
we see that, since u,p, f are real functions, we have the following reality constraints: u_jp = —uy,

p_i. = pr and f_i = f. Using the Fourier decomposition of u, we define the fractional Sobolev spaces:

H*:=queH: > @rk)|up|* < oo
kezZ2\0



with the norm ||ul|s := (32, (472 |k|?)*|uk|?) 1/2, where s € R. We use the notation ||u|| for the standard
norm on H; note that |lul| = |Jullo.
Now, for u € (H?(T?))?, we see that

Au= > wp®)Adp(z) = Y —4x|kPur(t) v ().
keZ2\0 keZ2\0
Thus, substituting into the Stokes equation gives
du
> ka —v Y wAYp+ Y peVor= Y fud.
keZ2\0 keZ2\0 keZ2\0 keZ2\0
Note that Ve, = V(exp(27ik - x)) = 27wik¢y, so for a fixed k € Z2 \ 0 we observe that

duy, k
——y — A 2mi|lk| —
T Y — vup Avy, + p2mi| |‘k|¢k

We now apply the projection P to both sides. Noting that the v, are divergence-free, we see that
Pk gy = kg, Pl = fibr, and P(vurAdy) = vug,(—Ayy). In addition,

:flg_f‘/}k‘f‘f”k‘

(fk ] o Pk2m/€¢k> =0,

1l
2m.|k|f , So the non-

divergence-free part of the forcing is “absorbed” by the pressure. As such, we are left with the
following ODE:

since the orthogonal component is zero. As a consequence we obtain pp =

duy,

(M+MWWW_@ (3.2)

Thus, for each k € Z2\ 0 we have

t
uk(t) _ 6—47r21/|k|2tuk(0) +/ 6_4F2y‘k‘2(t_s)fli_ ds.
0

Using the projection, we define the Stokes operator: for u in the space
{u € (H?*(T?))? : / u(z)dr = O} C H,
T2

we define the Stokes operator A by Au := —PAu. Notice that Ay, = 47%|k|?¢;. Thus, with abuse of

notation for f,
u(t) = e "ty —I—/ —vAl=s) £ g,
0

and ug € H® where 0 < s < 1.
For the rest of this section, fix a time-step h > 0 and a forcing f € H which is independent of
time. Let W: H® — H? be the solution operator which takes an initial condition ug € H and returns

the solution of the Stokes equations at time h; i.e.,

h
(ug) := e "y + / e A=) £ ds.
0
We must check that W is well-defined:

Proposition 3.1. The map V: H®* — H?® is well defined.



Proof. Tt suffices to prove that if ug € H® then the solution u(h) € H®. Since the smallest eigenvalue
of the Stokes operator A is 472, we observe that ||€_VAh||L(Hs7Hs) — ¢ 4™vh < 1 and so we have that

2
lu(h)[IZ < 2lluollZ + 24| fII* < oo
by assumption, since f € H. O

We now show that ¥ is Lipschitz with Lipschitz constant less than 1, and is thus a contraction.

—4r2vh

Proposition 3.2. Fiz s € [0,1]. There exists a constant K = e such that, for any two initial

conditions ug,vg € H®, we have that

¥ (uo) — ¥ (vo)lls < Klluo — volls-

Proof. Since we have an analytic formula for the solution, direct calculation reveals that W(ug) —

T (vp) = e " (ug — vp), and so taking the H*-norm one has
—_ _ 2
19 (uo) — W (wo)lls < lle™ | ciae,moylluo — volls = e ™|ug — volls,
since the smallest eigenvalue of the Stokes operator is 472. This completes the proof. O

We have thus defined ¥ as in equation (2.1)), which takes us from one time-step to the next; that

is, given an initial condition ug we define the sequence wu,, inductively by u,41 := ¥ (uy).

3.1.2 3DVar

Throughout this report, for simplicity, we will consider the observation operator H = I, the identity
on H. As in section we seek the minimiser @y, of

(C_l + F_l)an+1 = C_lql(ﬂn) + F_lynJrla
We consider the case when C~! and I'"! are both powers of the Stokes operator A, i.e. C~! = 5%/17

and I'~! = E%AB. Substituting this in yields

1 1 R 1 N 1

Multiplying through by e2A~#, we see that
g g
<52A7‘5 + I) lipy1 = ﬁm—ﬂ\p(an) + Yni1-
Define n = ¢/§ and set @ = — §. Then we have
U1 =02 (I +?A*) TAYT (0,) + (1 + ”A%) yns.

Since A only appears to the power of «, we can consider all possible cases of C~!' and I'"! just by
choosing an appropriate value of a. We will consider two main cases:

1 1

a=1: equivalent to C~1 = 52A’ 1= ;2[;
1 1

a=—1: equivalent to C~!= =1, TI''l=_A.
62 g2

Before we proceed to analysing the cases o = +1, we prove some preliminary results.
We now show that the inverse map (ol + 7A4)~! exists for any o,7 > 0, and hence that we can

indeed apply proposition [2.1



Proposition 3.3. Fiz s € [0,1]. For any o,7 > 0, the inverse map (oI +7A)~': HS — H**? Cc H*
exists, and satisfies

1
-1
[(o] +TA) HE(HS,HS) < m~

Proof. Define the symbol of a differential operator P = 3, /<, aa D™ by Sym(P)(k) = 3|, <; aak®.

Then we have
Sym(al + 7A)(k) = Sym(ol — 7A)(k) = o + 47°7|k|* > o + 47T > 0,

since |k|? > 1 for every k € Z%\ 0. Hence (oI + 7A)~! exists by the theory of pseudo-differential
operators (cf. the book of Hérmander [7]), and

1 1
~1\(2) —
Sym((cl +71A) ") (k) = o + 4n27 k|2 = o+ 4m27’ -

Corollary 3.4. Fiz s € [0,1]. For any o,7 > 0, the map (oI + 7A)"'rA: H® — H*® is a bounded
linear operator, and satisfies
”(O’I + TA)_17A||£(HS7H5) S 1.

Proof. Tt is clear that (oI + 7A)~!7A is linear, and from the previous proposition we see that

472 |k |21

S I+7A) 74 (k)= —2—— <1

(ol +7A) e Ak = T <

for all k € Z2\ 0, as required. O
3.1.3 Analysis of cases

In this section, we will consider the analysis of cases @ = 1 and o = —1. Note that everything in this

section is true for every o € R; we do not present the proof here, but only consider the cases of a« =1

and a = —1 as an exemplar of the analytical techniques needed.

Case 1: a =1 Recalling proposition we have that the estimator at time (n + 1)h is given by
tng1 = (L + 77 A) " AW (i) + (T + 77 A) "y

Propositions and and corollary provide all the necessary theory to prove that if we start
with two different initial estimators g, 09 but use the same observations v, for every n € N, then the

estimators converge exponentially to a common limit:

Theorem 3.5. Fiz s € [0,1]. Let K = e~ vh < 1 g5 in proposition . Given initial estimators

Ug, Vg € H®, and observations y, € H® for every n € N, we have that

ns1 = Ons1lls < K™ |0 — dolls

for every n € Z*.

Proof. We first show by induction that 4, € H® for all n € Z*. Suppose that @, € H®. By
proposition [3.3] and corollary we have that

41 lls < (1 +0* A) 7 AW (@) s + 1+ 07 A) " gt ]ls

1

TZ”Q”%HHS < o0.

< Ilg
< s + 1+



Hence u,41 € H?®, as required. By proposition subtracting and taking the H*-norm we have
lint1 = Pnralls = 1n* (1 + 17 A) " AP () — U (00)]|s-
By corollary [3-4 and proposition [3.2] we see that
[nt1 — Opgalls < V() — W (0n)lls < Klldn — bnls,
where K = e=47vh a5 in proposition Hence
|ns1 = || < K™ o — olls. O

We proceed to prove the following estimate on the distance between the true solution and the

estimator. We define e, := ||Uy, — w5

Theorem 3.6. Fiz s € [0,1]. Suppose that ug,uy € H® are the true and estimated initial condition
respectively. Suppose further that the noise &, is uniformly bounded in H®, that is M := sup ||&,||s <

0o. Then

M

ent1 = T IR0+ 4

—4n? , .
where K = e~ as in proposition .

Proof. Recall that
Unt1 = P(up) = (PPA+ 1) (PP A+ )T (uy).

By proposition [2.1
Upy1 = (772A + 1)71772"4\1}(’&71) + (772A + I)ilyn-i-l‘

Subtracting, taking the H*-norm and recalling that vy,.1 = ¥(u,) + £,11 we have
lins1 = upsalls < [¥(@n) = C(un)lls + 1(n*A + 1) " &t s,

since ||(n?A + I)’anAHE(Hsts) < 1, by corollary By proposition l(n?A + I)’lﬂﬁ(Hs’Hs) <

53 so, setting K = e~4m*vh and using proposition yields

1
1+4m2n

R . M
ln 1 = unalls < Kllin =vnlls + =755
Iterating yields

M
(1-K)(1+4n%n?)

. R M
”un—i-l - un—i—l”s < KnJrlHUO - UOHS +

n
: T o K K i ol +
Ui

Case 2: o = —1 Here, we prove the analogue of theorem [3.5] and theorem but with a different
choice of operators C' and I'. By proposition estimator 4,41 with observations y, 1 satisfies

lny1 = 1202 4+ A) 710 (40,) + (P + A) "L Ay,

We now proceed to prove an analogue of theorem

10



—4n2uh
Theorem 3.7. Fiz s € [0,1]. There exists a constant C' = %

estimators ug, 09 € H®, and observations y, € H® for every n € N, we have that

< 1 such that, given initial

ltnt1 = tnrlls < (C)F o — ol
for every n € ZT.
Proof. We first show by induction that 4, € H® for all n € Z*. Suppose that 4, € H®. By
proposition [3.3] and corollary we have that

ns1lls < (1 + A) 7 () s + | (01 + A) ™ Ay s
2
e
— 772 +47T2
Hence t,1+1 € H®, as required. By proposition subtracting and taking the H®-norm we have
[ns1 = Dnsills = [10*(PT + A) P (@n) — W (@0)]ls.

By proposition and proposition we see that

1tn|ls + [[yn+1lls < oo.

A A n? . . Cn* .
||un+1 - Un+1||s < m”@(un) - \I’(Un)Hs < m”un - Un||57
where C = e~4™°h a5 in proposition Setting C' = 1726;%’ we see that
[Gns1 = || < (C)FH[ao — olls- O

Finally, we prove the analogue of theorem

Theorem 3.8. Fiz s € [0,1]. Suppose that ug, iy € H® are the true and estimated initial condition
respectively. Suppose further that the noise &, is uniformly bounded in H®, that is M := sup ||&,||s <
oco. Then

M
< K?’l-‘rl o
ent+l = eo + K

2 . .y
where K = e~ as in proposition .

Proof. Following in a similar fashion to the proof of theorem [3.6] one has
[tn1 — unsalls < ¥ (an) = ¥(un)lls + [Entlls,

noting that [|(n*1+A) " All gegre mrsy, 77 (0PI +A) " | 2ps sy < 1 by propositionand corollary
Setting K = e=4mrh and using proposition yields

”an—l-l - un—l—le S K”ﬂn - uan + M7

so iterating yields

n
. M
N _ ntly s J ntln o I —
[ns1 = untalls < K" ldo — uolls + ME%K < K" lao —wolls + T—- O
j:
In the above cases, we used the fact that we have an analytic solution to the Stokes equations:
t
u(t) = e "ug +/ e VA=) £ ds
0
and He*”AhHﬁ(Hsﬂs) = e~4™vh 1 This made the analysis easy and so we could show that estimators
of the same observation agree if n is suitably large and we gave a bound on the distance from the true
solution and the estimator. We also see that if the noise is switched off, then we get agreement of the

true solution and of the estimator.

11



3.2 The Navier—Stokes equations

In this section we prove analogous theorems for the Navier—Stokes equations for the case o = —1; the
case a = 1 is made significantly harder by the nonlinear term in the Navier-Stokes equations and so
we have omitted this case (though we do so reluctantly, and not for want of trying!).

Here, unlike in the Stokes equations, there is a key difference between o = 1 and @ = —1. In the
case a = 1, the operator n%(I + n>A)~1A in front of the ¥ term has operator norm 1, while in the
case o = —1, the operator 7%(n?I + A)~! in front of the ¥ term has operator norm strictly less than
1. While in the Stokes equations we have that ¥ is a contraction, for the Navier—Stokes equations we

only have that W is Lipschitz, thus making the analysis a lot harder.

3.2.1 The Forward Model

We now consider the full nonlinear Navier-Stokes equations in two dimensions on the torus T?, using

the same notation as in the Stokes case:

Ou—vAu+u-Vu+Vp=f for all (z,t) € T? x (0, 00) (3.3a)
V-u=0 for all (z,t) € T? x (0, 00) (3.3b)
u(x,0) = up(z) for all z € T? (3.3¢)

Analogous to the previous section, we consider the following ODE in H:

d
Ut vAu+ B(u,u) = f

with initial condition u(0) = ug. Here, as in the Stokes equations, A = —PA and acts as negative
Laplacian on its domain, while the term B(u,u) = P(u - Vu) is the bilinear form found by projecting
the nonlinear term w - Vu onto H; finally, with abuse of notation f is the original forcing, projected
onto H. (Full details can be found in Cotter et al. [2], and in chapter 9 of Robinson [13].)

We define the operator W: H® — H?® as the solution map that takes an initial condition ug and
maps it to the solution of the Navier—Stokes equations at time h. In order to show that this is, indeed,
well-defined (i.e. it maps H*® into H®), we require various bounds on solutions of the Navier—Stokes
equations, which are taken without proof from Cotter et al. [2].

First, we require lemma 5.1 from Cotter et al. [2]:

Lemma 3.9. For each s € [0,1] there exists constants cs, ¢, > 0, independent of t, such that:

for s =0, (- VYo, w)] < collul 2l o]l w2 [w])}; (3.4)
for0<s<1, (- Vv, A%w)| < egllulls]vlli lw]]i1s; (3.5)
for0<s<1, (- V), A*w)| < il 2 ull Y2 [0l ol w] s (3.6)

We also note the following orthogonality relations from section 5.1 of Cotter et al. [2]:

((u-V)v,v) =0; (3.7)
((u-V)u, Au) =0, (3.8)

where equation (3.8) holds as we are working in a two-dimensional periodic domain.

Finally, we take lemma 5.2 from Cotter et al. [2] (with h in place of t).
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Lemma 3.10. Fiz s € [0,1]. Suppose that u solves the Navier—Stokes equations with initial condition
ug € H® and forcing f € H independent of time. Then there exists a constant C = C(v,h,s) > 0 such
that

h
lu(R)IIZ + V/O lu() 1341 d7 < C(lluoll + [1£11%) (3.9)

In particular, lemma [3.10] shows that ¥ maps H?® into H®, and is thus well-defined. We use these
results to prove that W is, in fact, Lipschitz on bounded sets; contrast this with the case of the Stokes

equations, where we proved (in proposition |3.2)) that ¥ is globally Lipschitz.

Proposition 3.11. Fiz s € [0,1], and let R > 0. There ezists a constant K = K(R, f,v,h,s) > 0
such that, for any two initial conditions ug,vo € H® with ||ugl|s, ||volls < R, we have that There exists

a constant K which depends on R but is independent of ug,vg such that
W (uo) — W(vo)l|s < Klluo — vol|s-

Proof. We prove that, given two initial conditions ug and vg, the solutions u and v at time h satisfy

|lu(h) —v(h)||s < K||lup — vol|s, where u and v satisfy

d
Ut vAu + B(u,u) = f,

d
T +vAv+ B(v,v) = f,

respectively. Set w = u—wv. A calculation shows that B(u,u)— B(v,v) = B(u,w)+ B(w, u) — B(w, w),
so that w satisfies

d
Fre + vAw + B(u,w) + B(w,u) — B(w,w) = 0.

Multiplying by w and taking the H®-inner product we obtain
1d
5&”“’”? + VHwH%+s + <B(u7w)7Asw> + <B(w7u)7ASw> - <B(w7w)7ASw> = 0.
In the case s = 0, (B(u,w),w) = (B(w,w),w) = 0 by the orthogonality relation (3.7)), so using
(3.4) we see that
1d v c?
s gl +vliwl < KB(w,u), w)| < collulllwllllwl < Sllwllt + 5 ulillw]?

using Young’s inequality. Hence,
d 2 _ %2 2 2
—llwl” = Zullifw]” < —vl]w]i <0,
dt v

so by Gronwall’s inequality we have that

2

c h
fumiPes (-2 [ umiiar) - o) <o

and hence, by lemma |3.10, we have
2 Cg " 2 2
u®l? <exp (2 [ juritar ) uo)
C([luoll® + [1.f11*)<s
< exp (DD o 2

< exp (C(R2 + |’f’2)cg)) Hw(0>H27

V2
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since |lugl|, ||vo|| < R. Thus, setting K :=

as required.

CR2 | f]2)c3

exp ( 2 0) we see that ||u(h)—v(h)| < K||lug—vol,

In the case s = 1, (B(w,w), Aw) = 0 by the orthogonality relation ([3.8)), so using (3.6 we see that

Sl + vl < (B, w), Aw)] +|(Bluw, ), Aw)
< a2 lfully w3 + & lally lully ol o]y )
2
< ot + 28 a2 ol + % ol + AL sl ol
< Y Jul3 + (27( A gt + {42 Hulhl!u\z) o
where we have used Young’s inequality and the fact that || - || < || - ||;. Rearranging, we have
S = (T3 it + 2 ) o < -l <o,

so by Gronwall’s inequality we have

/u

and hence, since ||ug|s, ||volls < R,

/

(B3 exp (

1
v3

C/ 4 h
lw(B)| < [l (0)]2 exp (27(3) / Ju(r)
2T (e (ol + [I72)*

Tl llu(r)]l2 dT) — [w(O)]F <0,

C/ 2 h
Aar / ||u<¢>\|1uu<7>||2df)

|$dr +

< [[w(0)2 exp (

C/ 2 U 2 2 h

2u3
2 4,4 2 2! 2,12 2 2\2
< [[w(0) |2 exp Th(c)*CH([luollf + I £11*)* 4 ) C(([uolly + IF11%)
203 v
27h(c))*C*(R? + 2(h)?CAH(R2 + || FIIP)?)(c))?
v v
by lemma [3.10; thus, setting K = 4/exp (27h( )4C§£R2+||fH ! + 2(6/1)2CQ(R2—:||f||2)2)(CI1)2> we have that
[u(h) —v(R)[h < K|[ug — vol|1, as required.
Finally, in the case s € (0, 1), using (3.5)) we see that
1 d S S S
thHWHS +rfwlt, < HBu,w), A*w)| + [(B(w,u), A*w)| + |{B(w, w), A*w)|

< csllullslwliillwllies + esllulllwllslwllis + esllwlllwllslwlis

< csllullsllwlillwlizs + esllulllwllslwlies + esllwllwllsllwllis

using the Sobolev interpolation estimate ||w||1 < ||lw||2|lw]|;72. Using Young’s inequality, we obtain
g P 1+ g g q Ys

1d
2dt

Rearrangi

4
dt

3c2
—[wlZ + v[wli < QHwHHS + [|w|? [2; (lullf + llwllF) +

ng yields

30
jw? = [|w|? [

il
2

v (s=2)/ 2/s 2/s
<3(2_8)> Pl -

(s-2)/s
S v S
(lull + ) + 52 (5 ) Il ] < —vlwl}. <o,
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so using Gronwall’s inequality we obtain

3c? h

NG
lw(h)[|2 < lw(0)]|? exp (lu(DIIF + lw()[F) dr + sc?/* <3(2_8)> /Ollu(f)llﬁ/sdT]

2 —3003 2 2 2 2 2\1\2/s v (s=2)/s
< o O) 2 exp | 2 (ugl? + a2+ 201712) + sh(Cenluol2 + 112)2" (552
v 3(2—s)
—3C’c§ v (s=2)/s
< w2 exp | *T% a2 4 20 117) + sn(Ceal i + 172D (557 )

by lemma noting that || - || < || - ||s and the fact that ||uo]|s, ||[vo|ls < R. Thus, upon setting

3C oo 2 2 2Y)2/ v =2/
K = —— 5 2 3 s -
o | 2O @ 2 +sn(Cenm 4 1A (555 ) .
we see that ||[u(h) —v(h)|s < K||lup — vol|s, as required. O
3.2.2 3DVar

We proceed to prove analogous results to theorem [3.7] for the Navier—Stokes equations in the case
a = —1. From proposition [2.1| we have (with = 5 as before)

(772I + A)lipt1 = 772]\11(7:%) + Aynt1-
By proposition [3.3]
ng1 = (1 + A) 1 (a,) + (P T+ A) M Ay
We define ¥, := n?(n’I + A)~!¥; note that for u € H®, by proposition we have
n?
We make the following assumptions:
Assumption 3.12. Given s € [0, 1], we assume that:

o the solution wuy is uniformly bounded in H®: i.e. sup,cz+ ||unlls < Mi; and

o the noise &, is uniformly bounded in H*: i.e. SUP,eN €nlls < Ms.

The assumption on the solutions is, in fact, physically reasonable. Bounds on the solution of the
Navier—Stokes equations in H! can be proved using the ideas of absorbing sets; see Robinson (chap. 12,
[13]) and Temam (chap. III, § 2, [I5]). We use these assumptions to prove that the estimators u,, are

also uniformly bounded in H*®.

Lemma 3.13. Fiz s € [0,1]. Let u, be the estimator of the truth u, at time nh with observation
yn € H®. Suppose that assumption[3.19 holds. Given initial estimator tg, for sufficiently small n > 0,
the estimators U, are uniformly bounded in H?: that is, there exists R > 0 and § > 0 such that for

each 11 < 0, we have sup,cy ||tn||s < R.
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Proof. Set N = M; + My + ||¥,,(0)|s, and let R = ||tg||s + 2)N. By proposition VU is Lipschitz
with Lipschitz constant K(R) on the H*-ball of radius R, so choose 7 small enough so that \ :=

ﬁK (R) < 1. We prove by induction that
n—1
lnlls < A"[lolls + N Y N
j=0

for all n € N; this yields the desired result since, as A < %, we have

Janlls < ol + 2 < liolls +2N = R,
Assume that ||G,]|s < R and that ||[G,]ls < A"||Golls + NZ;:& M. Then
Wy ()]s < [[Wy () = Up(0)]|s + [[¥5(0)l[s < Alltinlls + 195 (0)]s,
by assumption on ||iy,||s. Now, since
g1 = Up(in) + (01 + A) " Aypir = W (i) + (0°1 + A) " Aug 1 + (0P + A)7F A4,
by proposition [3.3] and corollary [3.4] we have that

mstlls < 19 Gnlls + 12T + A~ Allqare sroylims s + 1672 + A) " Allggaze oyl
< Mlaalls + 2, (0)]ls + M; + My

< Aldnlls + N
n—1 '

<A [ Maolls +NY N |+ N
j=0

n
= X" dlls + N Y N
j=0

As A\ < %, we have
. . N .
[tn+1lls < lldolls + T3S [dolls + 2N = R.

By induction on n, this completes the proof. ]

We now have all the theory required to prove the following.

Theorem 3.14. Fiz s € [0,1], and assume that assumption holds. Given initial estimators
Ug, Vo € H?, and observations y, € H® for every n € N, we have that, for all sufficiently small n, there

exists a constant A < 1 such that
Hﬂn-&-l - ﬁn—HHS < XHlHﬁO - 770”5
for every n € Z*.

Proof. By assumption llunlls < My and ||E,|ls < Mo for all n. Set R = max{||to||s, ||9o]|s} +
2(My + Ms + ||¥,(0)]|s), and choose 7 small enough so that \ := K(R) < . By lemma [3.13

|Unlls, [|On]ls < R for all n, so by proposition we have that

Ui
472 +,r]2

Han—‘rl - ﬁn—i—l”s S )\Hﬂn - {)n”sa

and iterating yields the desired result. O
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We now consider the difference of the true solution u, and the estimator of the solution %, with
observation y,+1 € H®. We assume that we have no model uncertainty and proceed to define a
measurement of how far the estimator is from the truth. We define the error between the estimator
to the truth at time n by e, := ||, — u,||s. To estimate this error, recall that by proposition one
has

. 20,2 —1y, (5 2 -1
1 =1 ("1 +A)"V(tn) + (7] + A)" Aynt.

where Y11 = ¥(un) + &p1. As we are assuming we have no model error, we have u, 11 = ¥(uy,), so
i1 = lun) = (1 + A0+ A)B(un)] = (0T + A) " () + (21 + A)~ AV ().
Subtracting yields
it — tngr = 22T+ A) [0 () — ()] + (21 + A) Ay
by definition of the observation y,1. Thus, we obtain the following bound on the error ey:

Theorem 3.15. Fiz s € [0,1], and suppose that assumption holds, and that ug € H®. Given
initial estimators ug, 09 € H?®, and observations y, € H® for every n € N, we have that, for all

sufficiently small n, there exists a constant A < 1 such that

Mo
1—A

ens1 < N leg +

for every n € Z*.

Proof. By assumption llunlls < My and ||€,|ls < M for all n. Set R = max{||to]|s, ||0olls} +

2(My + My + ||¥,(0)||s), and choose n small enough so that \ := ﬁK(R) < % By lemma [3.13]
||ﬁ’7’LHsa H@TL”S S R fOI" all n, so
- M.
. _ ' .
ent1 < [ Wy (in) — Wy(un)lls + [Enstlls < Aen + My < X eg + Mo Z)\J < AHley + =2
=0
as required. -

Remark 3.16. Note carefully the following:
e in theorems and theorem [3.15, how large 1 can be depends on the sizes ||ol|s and |do||s of

the initial estimators;

e in theorem [3.15, if the size My of the noise is small, then the error is, in fact, asymptotically

small.

4 Numerics

In the preceding section we demonstrated the analytical properties of 3DVar and proved theorems
regarding the convergence of different initial data and the convergence of the assimilation to the
true solution. We now seek to validate and extend our results with numerical simulations. We first
introduce the forward numerical model and discuss our choice of initial data, viscosity value and level
of observation noise. In section [£.1] we describe our numerical system for the Navier-Stokes equation,
and in section [£.:2] we describe the behaviour of the numerical assimilator. We go on to demonstrate the
implementation of 3DVar for the Stokes equations in section and for the Navier—Stokes equations
in section [£.41
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4.1 Numerics of forward model

In this section we will describe the properties of the Navier—Stokes equations (NSE) as it is run
forward in time. The NSE displays quite diverse behaviour for different choices of parameter values.
In particular, for a fixed forcing f we can cause the solution to be either stable, periodic or turbulent
by varying the viscosity parameter v.

We choose the forcing in the Navier—Stokes equations to be
f =V (=cos(5m(zy + x2))) = (5rsin(5m(zy + x2)), —5msin(5r(zy + x2))) 7,

where V+ = (9y, —01)T (vefer to figure [1)).

In 2D turbulence, Kraichnan predicted heuristically that, if energy is injected into the system at
a wavenumber ky, then there is an inertial range for & < ky in which Ej, k=5/3 with faster decay
expected for k > k¢ due to the increasing role of viscosity (see [11]). Having chosen the forcing f, we
observe that this is, indeed, the case (refer to figure .

There is a spike at |k| = 7 in figure [2 as ky = /25 + 25 &~ 7 is the wavenumber of the forcing
term f. Up until this wavenumber Ej is approximately proportional to k~5/3 and then decreases more
rapidly. The presence of the double cascade also validates our simulation of 2D turbulence.

Our forward solver employs a 4" order Runge-Kutta exponential time differencing scheme [4], as
implemented in MATLAB by Dr. Kody Law. With that we simulated the NSE for different viscosity
values to explore the different behaviour that can occur. We set our initial data to be v/C8 where C

is diagonal with

k=5, if k| <7
Crk = q |k|™°, f7<kl<16

0, else

and [ is a Gaussian random field (refer to figure |3)).

Our simulations show that the NSE with a high viscosity (v > 0.035) and the above forcing leads
to a steady state (figure . For 0.027 < v < 0.035 a periodic state is obtained (figure and for
v < 0.016 we have a turbulent state (figure [{(e)). In the intermediate region (0.016 < v < 0.027) a
quasiperiodic state is achieved where we observe a mixture of characterisitics from both periodic and

turbulent states.

Figures|4(a)l [4(c) and |4(e)|show the stream function and its Fourier coefficients. The energy profile
at each of the three states is shown in figures |4(b)] [4(d)| and [4(f)} Recall that the stream function ¢
is related to the velocity field u via the relation u = V(.

In the rest of the report we will focus our simulations on steady (v = 0.04), periodic (v = 0.03)
and turbulent (v = 0.016) states.

4.2 Sensitivity of assimilator

The observations and the dynamics of the NSE are key components of the assimilation process. The
relative weights of these two components, along with the level of observation noise and the complexity
of the dynamics (caused by the value of viscosity v) determines the behaviour of the assimilator.
Recall that
tng1 =121+ 77 A%) LAY (@) + (1 + 02 A%) g
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Looking at a particular mode k, we see that

[tnt1]k = a([kD[¥ (@n)]k + O([ED[Yn-+1]k,
where we denote [u]), to be the k™ Fourier mode of u and

2 T 20
allkl = e bk = 1= allk),

So for each k we have a convex combination of the dynamics and the observations. The choice of «
decides how the wavenumber affects the weighting we give to the observations and to the dynamics.
Since we took out the zeroth mode to make A invertible, min |k| = 1. Let 7., be defined as the value
of n such that a(|k|) = b(|k|) for |k| =1, i.e.

1

= Gy

Figures [5(a)|, [5(b)l b(c)l [5(d)[ show the effect of a on the cases n < 1. and n > 9.

Let ||en|| denote the absolute error between the truth w, and our best estimate @, at time nh.

Then e, satisfies
lentill < [la([k[)(¥(uns1) = W(@n))|| + [[6(1%])Entrl

where yp1+1 = tuny1 + &nyr for 41 ~ N(0,T).

In the case a = 1, the weighting of the dynamics, a(|k|), tends to 1 as kK — oo while the weighting
of the observations tends to 0. The intuition is that for 7 sufficiently small, the assimilator should put
more weight on the observations for small Fourier modes and then switch to rely on the dynamics on
high Fourier modes. In contrast for & = —1, the behaviour of a(|k|) and b(|k|) are exchanged and the
assimilation is largely influenced by the observations for 7 sufficiently small.

We gain some insight on how sensitive the assimilator is in reponse to the weight ratio n and
observation noise level by running some initial numerics. The observation noise level is the average
deviation of the observations from the true solution. We choose to base the initial numerics on n =1
at a particular wavenumber: here we choose (7,7) (bearing no relation to the forcing at (5,5)). We
will double the level of noise from 0.1 to 0.2 and examine how the assimilation is affected for a = —1
and 1. We will discuss further what we mean by the level of noise at the end of this section.

The true trajectory in each of the three regimes are shown in figure [f] Note that the scale on the
graph in the steady and periodic case is around the order of 10~7 and the chosen level of observation
noise is of order 107!, Hence we will not be able to see these characteristics in the initial assimilation
of the steady and periodic regimes.

We observe from figures [7] and [§] that the main difference between the two cases is that the
assimilation is more influenced by the observations when o = —1, in agreement with figure
whereas when a = 1 the assimilation pays little attention to the observations, in agreement with
figure We also note that for @ = 1 in the steady and periodic states, doubling the noise level
does not have a significant effect on the assimilation, which converges to the true trajectory quickly.
However in the turbulent regime, we see that the assimilation goes out of step with the true trajectory,
but the distance between the two curves is no larger than 0.1 even after the level of noise is doubled.

When o = —1 the observations play a bigger role in the assimilation process. The assimilation in

the steady and periodic states do not lock onto the truth as in the case a = 1. Rather the assimilation
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route forms an envelope surrounding the true trajectory with width around the same order as the level
of noise. Doubling the noise level doubles the width of the envelope. We also observe similar behaviour
in the turbulent state, where the assimilation forms an envelope surrounding the true trajectory, as
opposed to its counterpart in the case o = 1.

To summarise, from the initial numerics we observe that the assimilation behaves well and locks
on immediately in the steady and periodic regime when o = 1. But for &« = —1 we see the variation
in the assimilation doubles when the level of noise is doubled. Nonetheless the deviation is at most
as high as the level of observation noise. For the turbulent regime we note similar behaviour when
o = —1. But when a = 1 the assimilation, although unable to fully lock on, deviates at most 0.1 from
the true solution.

To help us compare the different regimes fairly we keep the noise constant for the all three states

and define the observation noise in the following way. Let u denote a true turbulent trajectory and
K

j=1
function from the analysis section. We drop the K and consider the finite-dimensional setting in the

u, = u(nh) denote its value at timestep n. Let u® = [u;]%; where u; = (u,1);) and v; is the basis

following discussion. We define the average of the truth over time to be

17 1 < 1w
”:rlggor/o u(t)dt%M;ujh:N;uj.

Let the covariance matrix ¥ be defined as

T—00 T

- N
2= lim = [ =T }V;(u — 1)y — )"

where (u; — p)T denotes the transpose of (u; — u). Let 2 be the diagonal of X, this gives us a
sense of what the fluctuations are. We let ¢ = max @, the maximum variation in the dynamics
over all modes. From this we set ¢ = 0.1 x ¢ where I' = €I, and the observations are defined as
Yn = Upn + &, where &, ~ N(0,T). Note that this would violate the finite variance assumption if it
was in infinite dimensions, but numerically we are working in finite dimensions. Hence with the above
setting, the assumption on the noise in the analysis section is satisfied. In the subsequent sections, we

will demonstrate how the numerics reflect the main results proved in the analysis section.

4.3 Numerics for Stokes equation

Here we demonstrate the implementation of 3DVar for the Stokes equations [9]. The analysis section
covered both @ = 1 and —1 cases, but we will just discuss the o = 1 case briefly before discussing
numerical results in more detail for the NSE. Unlike the Navier—Stokes equations this is a linear
equation and we always obtain a steady state regardless of the value of the viscosity. Recall from the
analysis section that h is the time between observations. In the simulation we take h to be 0.16, o =1
and v = 0.016, a value which would have caused turbulent dynamics for the NSE. We observe from
figure |§| that the estimators easily lock onto the true trajectory for different initial conditions (which
verifies theorem [3.6)).

4.4 Numerics for Navier—Stokes equations

In this section we apply the 3DVar algorithm to the NSE and show that the numerical results agree

with the results proved in the analysis section for a« = —1. We will then show that similar results can
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be expected for the case a = 1. We begin by showing we obtain the predicted behaviour in the worst
case scenario of turbulent dynamics. If 3DVar performs well in this situation then it is reasonable to

suppose it will perform even better in the cases of periodic and stable dynamics.

4.4.1 Turbulent dynamics, case a = —1

Throughout this section we take the viscosity value v = 0.016, which gives light turbulence. We have
confirmed that our implementation of 3DVar works well for high levels of turbulence but parameter
values have to be chosen more carefully.

Theorem says that given sufficiently small values of 1, the estimators arising from two different
initial conditions given the same observations will get arbitrarily close. The numerics confirm this. For
n = 25 and timestep h = 0.032 the estimators are initially far apart, but as the number of iterations
increases they get closer together and closer to the truth (figures and . A smaller value of 7,
such as n = 2, results in quicker convergence. However for small i in the o« = —1 case, even if we take
a large value of 7, such as n = 150, the estimators still converge (figures . This is because
for large wavenumbers we are giving all the weight to the observations and therefore cannot get too
far away from the truth. Eventually this forces the lower wavenumbers to be close to the truth and we
get convergence. This is not necessarily true if h is taken so large as to miss the underlying dynamics,
as in figure

Theorem says that for sufficiently small 7 we expect the error e = ||i, — unH%2 to be less
than some small threshold eventually; this small threshold is governed by the size of the noise (see
remark . For n = 25 we see ei decreases to just below 10~* (figure . Even for moderate 7, the
a = —1 case weights the observation noise quite highly and hence prevents e2 decreasing much below
10~4. Therefore taking o = —1 does not offer much benefit over just taking the observation values as

our estimator. We will see later that o = 1 is the better choice in practice.

4.4.2 Turbulent dynamics, case a =1

We observe that the numerics suggest similar results should hold for the case & = 1. Again we use
the viscosity value v = 0.016 to get light turbulence. If we take n = 0.05 and h = 0.032 then the
estimators are initially far apart, but as the number of iterations increases they get closer together
and closer to the truth (figures and 22). As before smaller values of 7, such as n = 0.015, result
in quicker convergence (figure . However, unlike in the case a = —1, if we take a value of 1 which
is too large, for example n = 0.5, then the estimators will not necessarily converge (figures and
. Hence, from our simulations, we expect an analogue to theorem for the case @ = 1, which
would say that the estimators arising from different initial conditions will become arbitrarily close, so
long as 7 is chosen sufficiently small.

We also expect an analogue of theorem [3.15|for the case o = 1, which would say that for sufficiently
small 7 the error €2 will be less than some small threshold eventually. We can see this behaviour for
n = 0.05 in figure Since we are taking a = 1 we give the model a lot of weight for large
wavenumbers. The downside of this is that, even for small &, if n is too large then the observations
are unable to pull the estimators close to the truth, as we saw in figure However the estimators do
lock on for well chosen values of 7 and h. In addition, when we get convergence the error €2 tends to

a much smaller value of around 7 x 10™° compared to 10~ for the & = —1 case. Hence o = 1 gives us
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almost two orders of magnitude less error than just taking the observations, which shows that using
3DVar is worthwhile.

As we are not guaranteed convergence even for small h, we have to be more careful with the choice
of parameter values in the o = 1 case. If we increase h then we need to take n smaller to still get
convergence of the estimator to the truth. For example, if we increase h from 0.032 to 0.16 then for

n = 0.05 we no longer get convergence (figure . However we do get convergence if we decrease 7 to

0.01 (figure [30).

4.4.3 Periodic and stable dynamics

Now that we have verified that the implementation works for turbulent dynamics we will look at the
nicer situation of periodic dynamics (v = 0.032). In this case we can get away with much larger values
of 1 and still have the estimators lock onto the true solution. For example, with turbulence, for n = 0.5
in the & = 1 case we did not get successful assimilation. However in the periodic case the assimilation
works, as can be seen in figures and

For the case of stable dynamics the assimilation is easier still. So long as we give some weight to
the observations the estimators will eventually lock onto the truth. This is shown in figures [34] and
Here we take the even larger values n = 1 and h = 0.2 (i.e. we give very high weight to the model
and have infrequent observations) but we still get convergence.

We do not include any plots for the & = —1 case for stable or periodic dynamics as we have already

demonstrated it to be effective in the turbulent case.

5 Conclusions and Further Research

In this report we have established the following two analytic results for 3DVar:

e that estimators starting from two different initial conditions become asymptotically equal as

n — 00, at a geometric rate; and

e that estimators come within a bounded distance of the true solution, as long as the observational

noise is uniformly bounded;
in the following cases:

e for the Stokes equations, in the cases @« = 1 and oo = —1;
e for the Navier—Stokes equations, in the case o = —1.

Then, using numerical simulations, we have confirmed these results, and we predict that similar
results should hold for the Navier—Stokes equations in the case &« = 1. While we made some progress
in establishing analogous results to theorems and for a = 1, unfortunately we were not able
to complete the proofs; this is thus a natural avenue for further research. Beyond that, an immediate
generalisation would be to that of general a € R.

Besides this, there are two obvious ways in which we could generalise the results we have proved.
Firstly, it would be interesting to look at the case when the observation operator H is not the identity

operator. Secondly, it would be very useful to consider model error: instead of setting
Unt1 = U(uy), (5.1)
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we let {&,},cz+ be a sequence of independent and identically distributed X-valued random variables,

and define {up },ez+, un € X by
Unt+1 := V(uy) + & (5.2)

for n € Z*. Both of these are significant generalisations, worthy of considerable further study.
In closing, we thank Prof. Andrew Stuart, Dr Kody Law, and Dr Masoumeh Dashti for their help,
guidance and inspiration during this project.
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convergence to truth for k=(2,2) with n=0.5, h=0.16 and o=1
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Figure 9: Estimators for two different initial conditions. The circles with a cross inside give the
estimators 4, and the empty circles gives W(1,,), the estimators evolved forward one time step. The
plus signs give the observations y,1 that are being assimilated and the black line is the truth. We
see that the estimators rapidly converge together.
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L2 error between estimators for different ICs with n=0.5, h=0.16 and «=1
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Figure 10: The square of the L? difference between the estimators for two different initial conditions
for Stokes equation. The difference decreases rapidly.
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L? error between estimators and truth with 1n=0.5, h=0.16 and =1
107 ¢ \ T | \

time

Figure 11: A plot of €2 := ||@, — un |3, against time for Stokes equation. The stable solution allows
the error to decrease exponentially to a very small value of around 10~7.
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convergence to truth for k=(2,2) with n=25, h=0.16 and o=-1
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Figure 12: Estimators for the same observations but with two different initial conditions. The circles
with a cross inside give the estimators 4, and the empty circles give W(u,), the estimators evolved
forward one time step. The plus signs give the observations y,1 that are being assimilated and the
black line is the truth. We can see that the estimators rapidly converge together and become almost
indistinguishable.
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difference between estimators for different ICs with n=25, h=0.032 and o=-1
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Figure 13: The difference between the estimators for the two initial conditions in figure (12| for a
selection of different wavenumbers. For all wavenumbers the difference becomes almost zero very
quickly.
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L? error between estimators for different ICs with n=25, h=0.032 and o=-1
10 I I I I I I

14

Figure 14: The square of the L? difference between the estimators for two different initial conditions.
The difference decreases exponentially until limited by machine precision.
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convergence to truth for k=(2,2) with n=150, h=0.032 and «=-1
025 T T I T
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0.0514

Figure 15: The same plot as figure Even for this large value of 1 the estimators converge, though
it takes a little longer than in figure
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difference between estimators for different ICs with n=150, h=0.032 and «=-1
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Figure 16: The difference between the estimators for two different initial conditions for a selection of
different wavenumbers. The differences eventually decrease to zero.
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L2 error between estimators for different ICs with n=150, h=0.032 and o=-1
10 E T T T T T 1

-
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Figure 17: The square of the L? difference between the estimators for the two initial conditions.
Despite the large ) the difference between estimators still decreases exponentially.
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convergence to truth for k=(2,2) with n=150, h=0.16 and «=-1
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Figure 18: The same plot as in figure The observations are too infrequent to allow the estimators
to lock on to the truth, unlike in figure
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L2 error between estimators and truth with n=25, h=0.032 and o=-1
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Figure 19: A plot of €2 := ||, — unH%g against time. The error decreases rapidly to around 1074,
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convergence to truth for k=(2,2) with n=0.05, h=0.032 and «=1
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Figure 20: The same plot as in figure The estimators rapidly become close together and close to
the truth.
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difference between estimators for different ICs with n=0.05, h=0.032 and «=1
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Figure 21: The difference between the estimators for two different initial conditions for a selection
of different wavenumbers. We can see that the difference between the estimators becomes small very
quickly.
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L2 error between estimators for different ICs with 1n=0.05, h=0.032 and o=1
10 ¢ \ \ \ T \ \

N
~

Figure 22: The square of the L? difference between the estimators for the two initial conditions for a
selection of different wavenumbers. The difference decreases approximately exponentially and would
go on decreasing if memory constraints allowed us to assimilate for longer.
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L2 error between estimators for different ICs with n=0.015, h=0.032 and a:=1
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Figure 23: The square of the L? difference between the estimators for the two initial conditions. The
value of 7 is smaller than in figure [22| so the difference decreases more rapidly until limited by machine
precision.
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convergence to truth for k=(2,2) with n=0.2, h=0.032 and «=1
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Figure 24: The same plot as figure In this case n was taken too large and the difference between
the estimators for the two different initial conditions does not decrease.
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difference between estimators for different ICs with n=0.2, h=0.032 and «=1
0.25 \ \ \ I \ \

time

Figure 25: The difference between the estimators for two different initial conditions for a selection of
different wavenumbers. Here 7 is too large so unlike in figure [21] the differences do not decrease.
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L error between estimators for different ICs with n=0.2, h=0.032 and «=1
10 C T T T T T T

Figure 26: The square of the L? difference between the estimators for two different initial conditions
does not decrease to an arbitrarily small value like in figure 22| as 7 is too large.

50



L2 error between estimators and truth with n=0.05, h=0.032 and o~1
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Figure 27: A plot of €2 := ||i, — unH%2 against time. The error decreases fairly quickly to the small
value of around 1072,
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L error between estimators and truth with n=0.015, h=0.032 and «=1
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Figure 28: A plot of €2 := ||, —un |7, against time. As 7 is smaller than in ﬁgurethe error decreases
more rapidly to around 7 x 107°. It can not go arbitrarily small due to noise in the observations.
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difference between estimators for different ICs with n=0.05, h=0.16 and «=1
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Figure 29: The difference between the estimators for two different initial conditions for a selection of
different wavenumbers. As h is 5 times larger than in figure [21] the estimators no longer converge.
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difference between estimators for different |Cs with n=0.01, h=0.16 and «=1
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Figure 30: The difference between the estimators for two different initial conditions for a selection
of different wavenumbers. Here h is 5 times larger than in figure however we have taken 1 to be
smaller so the estimators still converge.
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convergence to truth for k=(2,2) with n=0.5, h=0.032 and «=1
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Figure 31: The same plot as figure [I2] but for periodic dynamics. Even with the large value of n = 0.5
the estimators still lock on eventually.
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L error between estimators for different ICs with n=0.5, h=0.032 and «=1
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Figure 32: The square of the L? difference between the estimators for two different initial conditions
for periodic dynamics. The difference decrease rapidly.
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L2 error between estimators and truth with n=0.5, h=0.032 and «=1
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Figure 33: A plot of €2 := ||ty —unH%g against time for periodic dynamics. The error decreases quickly
to below 1075,
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L2 error between estimators for different ICs with n=1, h=0.2 and =1
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Figure 34: The square of the L? difference between the estimators for two different initial conditions
for stable dynamics. The difference decreases rapidly despite the large value of 7.
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L2 error between estimators and truth with n=1, h=0.2 and o=1
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Figure 35: A plot of €2 := ||t — un||%2 against time with stable dynamics. The error decreases quickly
to below 1078 despite the large value of 7.
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