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THE EFFECT OF CRYSTAL SYMMETRIES ON THE LOCALITY
OF SCREW DISLOCATION CORES*
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Abstract. In linearized continuum elasticity, the elastic strain due to a straight dislocation
line decays as O(r~1), where r denotes the distance to the defect core. It is shown in [V. Ehrlacher,
C. Ortner, and A. V. Shapeev, Arch. Ration. Mech. Anal., 222 (2016), pp. 1217-1268] that the core
correction due to nonlinear and discrete (atomistic) effects decays like O(r~2). In the present work,
we focus on screw dislocations under pure antiplane shear kinematics. In this setting we demonstrate
that an improved decay O(r~—P), p > 2, of the core correction is obtained when crystalline symmetries
are fully exploited and possibly a simple and explicit correction of the continuum far-field prediction
is made. This result is interesting in its own right as it demonstrates that, in some cases, continuum
elasticity gives a much better prediction of the elastic field surrounding a dislocation than expected
and moreover has practical implications for atomistic simulation of dislocations cores, which we
discuss as well.
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1. Introduction. Crystalline solids consist of regions of periodic atom arrange-
ments, which are broken by various types of defects. Crystalline defects can be sepa-
rated into an elastic far-field which can normally be described by continuum linearized
elasticity (CLE) and a defect core which is inherently atomistic and determines, for
example, mobility, formation energy (and hence concentration), and so forth.

To make this idea concrete, let A C R? be a crystalline lattice reference configura-
tion and let u : A — R? be an equilibrium displacement field under some interaction
law (see section 2.1). The point of view advanced in [8] is to decompose u = ug + Ucore
where ug is a far-field predictor solving a CLE equation enforcing the presence of the
defect of interest and wucore iS & core corrector. For example, it is shown in [8] that
for dislocations |Dug(z)| ~ |z|~! while |Ducore()| < 2|72 log || where D denotes a
discrete gradient operator. The fast decay of the corrector ucqre encodes the “locality”
of the defect core (relative to the far-field).

The present work is the first in a series that introduces and developes techniques
to substantially improve on the CLE far-field description. The overarching goal is
to derive “higher-order” models for the far-field predictor ug, which yield the same
asymptotic behavior as the CLE predictor (i.e., the same far-field boundary condition)
but a more localized corrector. For example, in the case of a dislocation we seek ug
such that u = ug + Ucore With |Ducore(z)| S |2|7P and p > 2. Constructions of this
kind have a multitude of applications. They are interesting in their own right in
that they give improved estimates on the region of validity of continuum mechanics.
They may also be employed to more effectively construct models for multiple defects
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along the lines of [12]. A key motivation for us is that they yield a new class of
boundary conditions for atomistic simulations that capture the far-field behavior more
accurately; this gives rise to improved algorithms for atomistic simulation defects (see
section 3 for more detail).

In the present work, to demonstrate the potential of our approach and outline
some of the key ideas required to carry out this program, we focus on screw disloca-
tions under antiplane shear kinematics, in the cubic, hexagonal, and body-centered-
cubic (BCC) lattices. The scalar setting, and the ability to exploit specific lattice
symmetries, simplifies several constructions and proofs.

In forthcoming papers, in particular [2], we will discuss generalizations to vectorial
deformations of general straight dislocations without any symmetry assumptions on
the host crystal. In particular the absence of the symmetries we employ in the present
work introduces a nontrival coupling between the core and the far-field predictor. The
general idea that persists is that there is a development v = ug+u1+- * - + Uy + Urem Of
the solution, where the terms wg, u1, ..., u, are given by simpler theories (e.g., linear
PDESs) and the remainder ey has a higher decay rate.

Aside from providing a simplified introduction to [2], the present work contains
results that are interesting in their own right due to the fact that antiplane models
of screw dislocations are particular popular in the mathematical analysis literature
[1, 10, 12, 18] as a model problem for the more complex edge, mixed, and curved
dislocations. Of particular note about our results here are as follows:

(1) Rotational and antiplane reflection symmetries for both the model and the
equilibrium u yield surprisingly high decay of the core corrector to the CLE predictor;
see Theorem 2.5. This was numerically observed but unexplained in [12]. The key
observation to obtain this result is that the CLE predictor satisfies additional PDEs,
in particular the minimal surface equation, which naturally occurs in higher-order
expansions of the atomistic forces.

(2) In a BCC crystal, due to the lack of antiplane reflection symmetry, a nonlin-
ear correction to the far-field predictor is required to improve the decay of the core
corrector. One then expects that the dominant error contribution is the Cauchy—Born
antidiscretization error. The results of [3, 6, 16] suggest that the resultant corrector
should decay as O(|z|~®); however, exploiting crystal symmetries reveals that the
Cauchy—Born error is of higher order than expected and one even obtains a corrector
decay of O(|z|~%).

In both (1) and (2), due to the high degree of nonconvexity in the potential
energy landscape, the required symmetry on the solution u must be an assumption
but cannot in general be proven. However, at least for potential energy minimizers it
is entirely natural as we argue in Remark 2.4.

Finally, we remark that our analysis is carried out for short-ranged interatomic
many-body potentials; however, the resulting algorithms are applicable to electronic
structure models rendering them an efficient and attractive alternative to complex
and computationally expensive multiscale schemes, e.g., of atomistic/continuum or
QM/MM type; see [5, 15] and references therein.

Outline. In section 2 we describe in detail our models and we assumptions, and
we state our main results. Here, section 2.2 is dedicated to the cubic and hexag-
onal lattice, while section 2.3 discusses the BCC lattice. In section 3 we present
the resulting new numerical scheme including a convergence analysis. Our conclu-
sions can be found in section 4. Finally section 5 contains the proofs of the main
results.
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2. Main results.

2.1. Atomistic model for a screw dislocation. The atomistic reference con-
figuration for a straight screw dislocation is given by a two-dimensional Bravais lattice
A = A\Z2, A) € R?*? with det(Ay) # 0. In the present work we will only consider
the triangular lattice and the square lattice, respectively given by

1 1 10
AA = Atri = (O fg) ) AA = Aquad = (O 1) .
2

The two-dimensional lattice A should be thought of as the projection of a three-
dimensional lattice: in case of an infinite straight dislocation in a three-dimensional
lattice, the displacements do not depend on the dislocation line direction. Therefore,
it suffices to consider the projected two-dimensional lattice.

Our atomistic model, which we specify momentarily, allows for general finite range
interactions. All lattice directions included in the interaction range are encoded in
a finite neighborhood set R C A\{0}, which is fixed throughout. We always assume
span; R = A and will specify further symmetry assumptions later on.

We consider an antiplane displacement field v : A — R and define D,u(z) :=
w(x + p) —u(x), Du(z) := (Dyu(x))per, as well as the discrete divergence operator,

Divg(z) := — Z gp(x —p) — g,(x) for any g: A — R®,
PER

In contrast to that we will always write V and div if we talk about the standard
(continuum) gradient and divergence of differentiable maps.
A suitable function space for (relative) displacements is

H':={u: A= R|Due?(A)}/R

with norm
1/2

lullyer = (Y [Pu(@)*)
z€EA
While we have factored out constants to make this a Banach space, we will often use
the displacement u and its equivalence class [u] interchangeably when there is no risk
of confusion.
For analytical purposes, we will also consider the space of compactly supported
displacements
He:={u : A — R| spt(u) is bounded}.

Displacement fields containing dislocations do not belong to #! and the energy,
naively written as a sum of local contributions, will be infinite. Following [8, 12] we
therefore consider energy differences

(1) E(w) = Y (V(Di(@) + Du(x)) - V(Di(x))),

zEA

where @ is a chosen far-field predictor that encodes the far-field boundary condition,
while u € H! is a core corrector to the given predictor so that @ + u gives the overall
displacement. We will minimize £(u) to equilibrate the defective crystal, but this
requires some preparation first.

We assume throughout that V € C%(R®,R) is a many-body potential encoding
the local interactions. Examples of typical site potentials V include Lennard-Jones
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type pair potentials (with cut-off) and EAM potentials; see also sections 2.3 and
3. With significant additional effort it would be possible to include simple quantum
chemistry models (e.g., tight binding) within the framework [4]. As discussed in detail
in [4] this leads to a model as discribed above with potentials V' that have infinite
range and strong decay estimates. To keep the presentation and calculations as simple
as possible and focus on the topic of symmetry we will not pursue this in the current
work.

As A is either the square or the triangular lattice, which are both invariant under
certain symmetries, one is tempted to directly translate these symmetries to R and V.
However, as mentioned above, A should be seen as a projection of a three-dimensional
lattice. Such a projection can add symmetries for the lattice that are not reflected
in the interaction, since they are not symmetries of the underlying three-dimensional
model. We will discuss such a case in detail in section 2.3.

Because of this, we will only make the following reduced symmetry assumptions
on R and V throughout. Let @4 be the rotation by 7/2 if A = Z? and the rotation
by 27/3 if A = A;;Z2. Then we assume that

(2) QAR=R and V(A) =V ((Ag,,)per) VAR

Since we only consider a plane orthogonal to the direction of the dislocation line,
it is natural that the energy does not change if the displacement shifts an atom to
its equivalent position in the plane above or below. Indeed we assume that there is a
minimal periodicity p > 0 such that

V(A) =V(A+p(bpo)oecr) VAeR®, peR,

where 0 is the Kronecker delta. The Burgers vector of a screw dislocation is then
either b=p or b = —p.

A key conceptual assumption that we require throughout this work is lattice
stability (or phonon stability): there exists ¢y > 0 such that

(3) (Hu,u) > collullZ, — Vue M,

where H denotes the Hessian of the potential energy evaluated at the homogeneous
lattice (note that this is different from §2£(0)),

(Hu,v) = Z Z V2V (0) po D pyu(x) Dy () for u,v € H*.

z€EA p,cER

The choice of the predictor @ in (1) for a specific problem is part of the modeling
since it determines the far-field behavior, e.g., it could encode an applied strain.
Intuitively one can obtain a suitable @ by solving a “simpler” model such as CLE,
which one expects to be approximately valid in the far-field; see [8] for a formalization
of this procedure.

Assume, for the time being, that 4 : R? — R is smooth away from a defect core
# € R2\ A. Then, by employing Taylor expansions of both @ and of V, we can
approximate the atomistic force,

o€

( — Div VV(Da)) (z)

(4) = —cdiv VW (Va) + O(V*i(z)) + h.o.t.s
= —cdiv(V2W(0)[Va]) + O(V*ia) + O(V2aVia) + ho.t.s,
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where ¢ = det Ay and W : R? — R is the Cauchy-Born energy per unit undeformed
volume, defined by

(5) W(F) = -

V(F-R),

with the notation (F-R), = F-p. Moreover, O(V*4) represents the antidiscretization
error (note that the continuum model is now the approximation), O(V2aVi) denotes
the linearization error, and “h.o.t.s” denotes additional terms that will be negligible
in comparison.

It is therefore natural to solve a CLE model to obtain a far-field predictor for the
atomistic defect equilibration problem for an antiplane screw dislocation. Let & € R?
denote the dislocation core; then we define the branch cut (slip plane)

U= {(21,d8) €R? |21 > 2}

and solve (we will see in Corollary 5.4 that under our general assumptions on R and
V we have V2W(0) x Id)

(6a) —~AG4=0 in R*\T,

(6b) (zT) —a(z")=—-b on T\ 4,

(6¢) Op, () = Opyt(x”) =0 on '\ E

The system (6a)—(6¢) has the well-known solution (cf. [9])
oy b .

(m i(x) = 5 arg(a — @),

where we identify R? = C and use I' — 2 as the branch cut for arg. Note for later use
that Va € C°*°(R?\{0}) and |V74| < |z|~7 for all j > 0 and z # 0.

As we want to study the effects of symmetry, we will assume throughout that the
dislocation core Z is, respectively, at the center of a triangle or square.

Having specified the far-field predictor we can now recall properties of the resulting
variational problem.

PROPOSITION 2.1. Let @ be given by (7); then £ defined by (1) on H® has a unique
continuous extension £: H' — R. Purthermore, € € CS(H!).

Proof. This is proven in [8, Lemma 3 and Remark 6]. 0

Having established that £ is well-defined, it is now meaningful to discuss the
equilibration problem, either energy minimizers

(8) @ € argmin &
’;_[1

or, more generally, critical points
0&(a) = 0.
Critical points of the energy satisfy the following regularity and decay estimate.

THEOREM 2.2. If [u] € HY is a critical point of E, then there exists s € R such
that 4 '
D (u(z) — oo )| S |27 log|z]
for all |z| large enough and 0 < j < 4.
Proof. This result is proven in [8, Theorem 5 and Remark 9]. d
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2.2. Antiplane screw dislocations with mirror symmetry. The corrector
decay rates in [8] are in general sharp (up to constants and log-factors); however
the case of antiplane screw dislocations appears to be an exception. In [12] it is seen
numerically for a triangular lattice that if the core is placed at the center of a triangle,
one approximately has |Du(z)| ~ |x|~* instead of the expected rate |x|~2log|z|. In
the present section we relate this observation to several symmetry properties of the
triangular lattice. We also discuss the square lattice case which shows a different
behavior to emphasize the importance of the triangular lattice.

These two-dimensional models represent a screw dislocation in a cubic or hexag-
onal three-dimensional lattice only allowing for antiplane displacements. In section
2.3, we will additionally consider a BCC lattice and show how to derive these two-
dimensional systems from the underlying three-dimensional model.

We recall that A is either the square or the triangular lattice, which are both
invariant under certain rotational symmetries. Crucially, we consider rotations about
the dislocation core (not about a lattice site), which are described by the operators

Lz :=Qp(x — 2) + 2,

where Q4 denotes a rotation through 7/2 if A = Z? and a rotation through 27/3
if A = AuiZ?%. Since we assumed that & lies, respectively, at a center of triangle or
square this implies LyA = A.

In the present section we additionally assume mirror symmetry with respect to the
plane orthogonal to the dislocation line, which is encoded in the site energy through
the assumption

(9) V(A)=V(-A4) V AecR~R

The mirror symmetry (9) is already implicit in our general assumptions for the
square lattice (as it can be decomposed into a point reflection and an in-plane rotation
by 7). But it is an additional assumption for the triangular lattice. Here, it is
equivalent to strengthen the rotational symmetry to rotations by /3 instead of just
27/3.

Since A represents an antiplane displacement gradient Du, the map A — —A
does not represent a change in frame as it would in a full three-dimensional setting.
In particular the derivation of V' for the BCC case in section 2.3 shows that (9) is a
nontrivial restriction on V.

Indeed, if one derives V from an underlying three-dimensional site potential (see
section 2.3 for such a derivation in the case of a BCC lattice), then (9) means pre-
cisely that the three-dimensional lattice is mirror symmetric with respect to the plane
orthogonal to the dislocation line. This is quite restrictive and effectively true only
if the underlying three-dimensional lattice is given as A’ = A x Z C R? which is a
hexagonal or a cubic lattice for A = A;Z% or A = Z2, respectively.

In the next section, section 2.3, we will then consider a situation where (9) fails,
by discussing a 111 screw dislocation in a BCC lattice.

Recall from (7) that the far-field predictor is given by @(z) = 5= arg(z — ). Since
we now assume that & is at the center of a square or triangle, @ satisfies

~ Q . .
(10) A(Laz) = {u(x) + 3 (modb), triangular lattice,

a(z)+ % (modb), square lattice.

Motivated by this observation, we specify an analogous symmetry assumption on
a general displacement.
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DEFINITION 2.3 (inheritance of symmetries). We say that a displacement u in-
herits the rotational symmetry of u if

(11) w(Laz) =u(z) VzeA

Remark 2.4. Inheritance of rotational (or other) symmetries would typically fol-
low from the corresponding symmetries of 4, A, V' and uniqueness of an energy min-
imizer (up to a global translation and lattice slips). However, due to the severe
nonconvexity of the energy landscape uniqueness cannot be expected in general. As
an example, note that the line reflection symmetry in the BCC case, discussed in
section 2.3, is not necessarily inherited as shown in [19].

We can now state the main results of this section. It is particularly noteworthy
that they depend on the lattice under consideration. On a square lattice the symmetry
gives only one additional order of decay compared to the decay rates in [8], while on a
triangular lattice we do indeed show that there are two additional orders of decay as
observed numerically in [12, Remark 3.7]. While the lattice symmetries in both cases
lead to isotropic linear elasticity as a first approximation, we will show that higher-
order terms show anisotropies depending on the underlying lattice (see Lemma 5.2),
which in turn lead to the different decay rates here. We will confirm this discrepancy
in numerical tests in section 3.

THEOREM 2.5 (decay with mirror symmetry). Let A € {Z?, Ay;Z?} and suppose
A, &, R,V satisfy all the assumptions from section 2.1. Furthermore, assume V' satis-
fies the mirror symmetry (9). If @ is a critical point of £ which inherits the rotational
symmetry of 4, then we have for j = 1,2 and all |x| large enough

(12) |Du(z)| S ||~ logla,
if A =172, and
(13) |DYa(z)| < a7

for the triangular lattice A = A Z2.

Remark 2.6. The result is also expected to hold for j > 3 and j = 0 (up to
subtracting a constant) following ideas in [8]. As we want to focus on other aspects
and do not want to overburden the proof, this is omitted here.

Remark 2.7. In the case of a triangular lattice the existence of a critical point u
has been proven in [12] under restrictions on V. Under further restrictions it is even
known to be a stable global minimizer. However, it is unclear whether the minimizer
is unique or inherits the symmetry. In section 3.2, we will give numerical evidence for
the decay rates in (12) and (13), thus supporting the conjecture that there are energy
minimizers inheriting the symmetry in these specific models.

Remark 2.8. We also want to emphasize that the distinction between the hexag-
onal and BCC lattices, that is, the loss of mirror symmetry in the BCC lattice, was
missed in [12]. Therefore, the results of [12] do not apply to the BCC case without
further work.

Idea of the proof of Theorem 2.5. The full proof can be found in section 5; here
we give only a brief idea of the strategy.

Far from the defect core the equilibrium configuration is close to a homogeneous
lattice, hence, the linearized problem becomes a good approximation. Therefore, a
natural quantity to consider is the linear residual
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(14) fu = —Div(V2V(0)[Du)).

On the one hand, one can recover u as a lattice convolution @ = G %, fz where G is
the fundamental solution, or Green’s function, of the linear atomistic equations. On
the other hand, the decay of f; can be estimated by Taylor expansion with the help of
the nonlinear atomistic equations for @+ @ and the continuum linear system for @. In
this expansion, V3V (0) = 0 vanishes due to antiplane symmetry, while the rotational
symmetry leads to simple generic forms of higher-order terms.

But even if f; decays rapidly, this does not automatically translate to decay for
u = G * fz. Even if f; has compact support @ typically only inherits the decay of G.
However, we show that, due to rotational symmetry, the first moment of f; vanishes,
while the second has a very special form. Improved estimates for the decay of fz
together with vanishing moments then lead to an improved rate of decay of u.

The difference between the triangular lattice and the quadratic lattice lies in the
form of the higher-order terms in the expansion of fz. The terms in question are
given by the atomistic-continuum error of the linear equation and by the nonlinearity
V4V (0). For the triangular lattice one finds the leading-order expression ¢y A4 for the
linear and co(g(z)Ad + H(a)) for the nonlinear part, where only the constants c¢1, co
depend on the potentials. Here H is the mean curvature of the graph (z1, 2, @(x))7.
And the mean curvature vanishes as the graph is a helicoid, a minimal surface. Since
A% = 0, A4 = 0, and H(@) = 0 all the leading-order terms vanish. On the other
hand, for the quadratic lattice, these terms are nontrivial and do not cancel. ]

2.3. Antiplane screw dislocation in BCC. We turn toward the physically
more important setting of a straight screw dislocation along the 111 direction in a
BCC crystal. The three-dimensional BCC lattice can be defined by A” = Z3 + {0, p},
with shift p = %(1, 1,1)T. A screw dislocation along the 111 direction is obtained by
taking both dislocation line and Burgers vector parallel to the vector (1,1,1)T. If we
rotate A” by

-1 -1 2
Q=—7=(v3 =Vv3 0
Vilve va vz

and then rescale the lattice by 1/3/2, we obtain the three-dimensional Bravais lattice

1 1 0
r_ "o_ V3 3
AN =+/3/2QN" = (1) 3, (; YAS
2v2 22 2V2
The 111 direction becomes the e3 direction under this transformation, which is con-
venient for the subsequent discussion.
3 - 3
Since p = oL
the actual Burgers vector in three dimensions being (0,0,b)7). We project the BCC
lattice A’ along the dislocation direction es to obtain the triangular lattice

A={(z1,22)" |2 € N} = A Z°.

the Burgers vector is now given by b = :I:%ﬂ (corresponding to

Note though that these projections correspond to different “heights,” i.e., different
z-coordinates in A’. Indeed, it is helpful to split A into the three lattices, A =
A1 U Ag @] Ag, where

3 3
A1U1+<\;§ %/g)ZQ,
2
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with v1 = 0, vo = €1, v3 = (%, @)T In this notation, one can recover the three-

dimensional lattice as
X :LiJ(AZ» X {(k—&—%)% kez}),

compare Figure 1.

° ° ° e ¢ ¢ o o

° ° ° o ¢ ¢ o O

° o ° ° ® o

° ° o O o O

[} o () ()

° ® ® ° e ¢ ¢ o o

112 ° ° mn® & @& @ @

° ° ° ° o ¢ ¢ o o

001 ° ° ° o ¢ ¢ o ©o

. 010 ° i i ® & o o o
100 110 110

Fic. 1. Consider the middle green atom in the BCC unit cube (left picture). After projecting
along the 111 direction (the green diagonal), the three green atoms are represented as ome, which
has siz other-colored atoms in the unit cube as its nearest-neighbors (middle picture). The different
heights of atomic planes associated with each color are best seen by projecting the same lattice along
the 112 direction (right picture).

Next, we formally derive an antiplane interatomic potential as a projection from a
three-dimensional model. The derivation is only formal as many of the sums appearing
are infinite if summed over the entire lattice. Indeed, for a deformation y consider
formally

E¥(y) =Y V' (D'y(a)),
zeN
where D'y(z) = (D,y(x))pea and V': R3*A" — R. Note that, to achieve the pe-
riodicity of V' (slip invariance) V' must depend on the entire crystal. However, it
is convenient to assume that it has a finite cut-off d > 0 such that V'(A4) = V'(B)
whenever A, B satisfy A, = B, for all p with |A,| < d or |B,| < d.

In contrast to £, £39 acts on deformations instead of displacements. To derive an

energy on antiplane displacements, we consider deformations of the form

U U T
yv A= R3, y"(x) == (w1, 22, 23 + u(z1, 22))

for antiplane displacements u : A — R. As differences of y* do not depend on x3, the
same is true for the local energy contributions. Therefore, we can formally renormalize
the (possibly infinite) energy to

Enorm (u) = Y. V(D)

zeAN'N(R2x][0,p))

the energy per periodic layer of thickness p. Since |D,y"*(x)| > |(p1,p2)|, the local
energy at any x can only depend on the projected directions R := AN By(0)\{0}. We
can therefore define

V(Du(z1,22)) := V'(D'y"(x)),

for x € A’, to obtain &(u) = £33 (y*).
Of course we assume that V' is frame-indifferent, V/(QA) = V/(A) for all A
and Q € O(3). Furthermore, we assume that V' is invariant under relabeling of
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atoms (permutation invariance). In particular, this means that V' is compatible with
the lattice symmetries of A': V/(A) = V/((A_,)pea) and V'(A) = V'((Ag/p)pea’);
where @’ is the rotation through 27/3 with axis e3. A’ is also invariant under line

reflection symmetry with respect to the line spanned by o’ = (?, %,O)T. Denoting
the reflection map by S” we thus have V'(A) = V'((As/p)pen’)-

We can now translate these properties to symmetries of V. Clearly, R = —R and
QAR = R. The symmetry properties of V' directly imply V(A) = V ((Agap)per)
and V(A) = V ((—A_,)per) for all A € R®. The slip invariance V(4) = V(A4 +
P(0p0)ocr) also follows from permutation invariance of V’. We have thus obtained
all the general assumptions that we imposed on V' in section 2.1.

Additionally, we will exploit the line reflection symmetry. Let a = (ﬁ, %)T A

2
reflection at the line spanned by @ in R? is given by
ﬁ)
2
_1 -
2

Due to the line reflection symmetry described by S’ as well as frame-indifference with
Q = 5', we deduce

Sza@a—aJ‘@aJ‘:(

M‘%M\»—A
w

(15) SR=R and V(A)=V ((—As,),er)-

We emphasize that A’ is not invariant under a rotation by only 7/3 around the
axis e3. This is easily seen, as this rotation maps A5 to A3 and vice versa. Equivalently,
it is not invariant under the mirror symmetry z + (1,22, —23)7 expressed by (9).
Therefore, the more specific results from the previous section, section 2.2, do not

apply.
While in the setting of section 2.2 screw dislocations with Burgers vector b = p
and b = —p are equivalent, the loss of mirror symmetry in the BCC crystal also creates

two distinctively different screw dislocations, the so-called easy and hard cores. In
particular, they have a different core structure; see, e.g., [13].

The improved decay rates we obtained in section 2.2 no longer hold up either.
Indeed, one can see in numerical calculations (see section 3) that the |z|~2 bound on
the decay of the strains is sharp (up to logarithmic terms and constants).

Our aim now, as announced in the introduction, is to develop a new far-field
predictor so that the corresponding corrector recovers the higher |z|=* accuracy of
the more symmetric case. A natural first idea is to replace CLE with the Cauchy-
Born nonlinear elasticity equation; however, these are not easy to solve analytically.
Instead, we expand the solution u = @+uj +ug+. .. hoping for Viu, <« Viu; < V7,
which yields

div VIV (Vu) ~ div VW (0)Va
1
+ div (VQW(O)Vul +5 VW)V, va])

+ div (VQW(O)Vug + V3W(0)[Va, Vuy] + VAW (0)[Va, Vi, va]) +....

The atomistic-continuum error is typically expected to be of comparable size as
the last terms. But, as the projected lattice is still a triangular lattice, many of the
arguments discussed in section 2.2 still apply and the highest order of this error as
well as the term VW (0)[V, Vi, V] vanish. However, we now have V3W(0) # 0
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making the remaining terms nontrivial. We can thus obtain the first two corrections
to @ by solving the linear PDEs

(162) — div V2W(0)Vuy = % div <V3W(O)[Va, va]),
(16b) — div V2W (0)Vus = div <V3W(0)[Vﬁ, wl])
on R2\{0}.

Due to Corollaries 5.4 and 5.5 below, exploiting the rotational crystalline sym-
metry, we can simplify them as

) - 81171 — 322’& ~
(17a) —Clin AU = Cquad ( 90,0 ) - Vii,
_ O11u1 — Oy N 0111 — Ogolh
(17b) —ClinAug = Cquad( ( 20101 ) - Vi + ( 201yl ) . Vul)

where

1
Clin = = tr VZIW(0) and

[\

1,_.
Cquad = Z(de(o)ln — 3V3W(0)122).

In polar coordinates, x = & + r(cos ¢, sin )7, using the fact that @& = = arg(z —

&) = ¢, (17a) becomes

from which we readily infer that one possible solution is

. Cquaab? cos(3¢) Cquadb® T3 — 37123
18 == ==
( ) U1(x + 37) C]in167T2 T Cﬁn].G’]T2 |£L’|4

Similarly, inserting @& and u; into (17b) yields

Cauaal” sin(6¢)

~ Ao — 7
2 ¢k Ars ot
for which a solution is given by
(19) s+ 7) = Cguade sin(6yp) _ Czuadb‘g 62570 — 202373 + 62123
? ¢ 1283 12 ¢k 1283 |z|®

While there are many more solutions for both problems, we will choose these
specific ones as they satisfy the decay estimates

(20) V7uq| < x| ™

and the rotational symmetry u;(Lgz) = wu;(z). With the solutions u; and ug obtained,
respectively, in (18) and (19) we obtain the following result.
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THEOREM 2.9 (BCC). Let A = AyiZ? and suppose A, 2, R,V satisfy all the as-
sumptions from section 2.1. Furthermore, assume R and V' satisfy the line reflection
symmetry (15). Consider a critical point @ of (1) that inherits the rotational symme-
try of 4. Then we can write & = u1 + Ug + Urem, where u; and ug are given by (18)
and (19) and the remainder Uyem satisfies the decay estimates

(21) | DY fiyem ()] S |77~ log|z|

for 5 =1,2 and all |z| large enough.

Remark 2.10. As discussed in the introduction, our new predictor 4 + uy + us
does not just result in O(|z|~3) accuracy for the strain which one might expect from
the general expansion idea or from well-established results about the Cauchy-Born
antidiscretization error. The actual accuracy is one order higher, i.e., O(|z|~%).

Remark 2.11. Since |Diuy(z)| < |x|77~, without log-factors, Theorem 2.9 im-
proves the result of Theorem 2.2 to

|Diu(z)| < |o| 771, ji=12.

3. Numerical approximation.

3.1. Supercell approximation. A central motivation for the present work is
the poor convergence rates of standard supercell approximations for the defect equi-
libration problem (8) established in [8]. We can now exploit the theoretical results
from section 2 to construct boundary conditions that give rise to new supercell ap-
proximations. These have improved rates of convergence without any corresponding
increase in computational complexity.

We begin by defining a generalized energy-difference functional in a predictor-
corrector form

E (Upred; U) := Z V(Dupmd(:n) + DU(IL')) — V(Dupmd(:ﬂ))
zEA

for upreq € 0+ Hl,u eHL.
Then, the generalized variational problem
(22) @ € argmin {€(uprea; u) |u € 7-[1}

is equivalent to (8), via the identity uprea + @ = 1 + @.

We now note as in [8] that the supercell approximation on a domain B N A C
Qr C A with boundary condition upeq on A\ Qg can be written as a Galerkin
approximation

(23) g € arg min {E(UPrcd;u) |u e HO(QR)},
where  H°(Qp):={veH |v=0in A\ Qgr}.

Using generic properties of Galerkin approximations we obtain the following ap-
proximation error estimate.

THEOREM 3.1. Let @ be a strongly stable solution (cf. [8]) to (22), i.e., satisfying

526(upred; ﬁ) [’U, ’U] > >‘Hv||§.[1
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for allv e H® and a A > 0. If u further satisfies
|Di(x)] S Ja| ™ log" ||

for some s > 1,7 € {0,1}, then there exist C, Ry > 0 such that for all R > Ry there
exists a stable solution Gg to (23) satisfying

(24) g — il < CR™*"'log"(R).

Proof. The existence of a solution u g, for R sufficiently large, can be proven as in
[7, Theorem 2.4] (the case upreq = ) and the equivalence of (22) with (8). Moreover,
following the proof of [8, Theorem 6] verbatim we obtain

lar =l < Nl a\B,,.)-

We then apply the assumption that |Da(z)| < |z|~%log” |z| to arrive at the desired
error estimate,

1/2 00
T — . < ~ 2 < 1—2s 2r
il < (X 0a@P) s ([0 o0 )

2EA\BR/2 3

1
2

< R *log"(R).

d

3.2. Numerical examples with mirror symmetry. To test the results from
section 2.2 we consider a toy model involving nearest-neighbor pair interaction,

V(Du(z)) = Y ¢(Dyu(x)),  9(r) = sin’(ar),

pPER

which is 1-periodic, i.e., p = 1. We investigate the following three cases:
(i) symmetric square,

1
A=7% R ={te, *es}, 3}:(%);
2

(ii) symmetric triangular,

1 1 1
a0 () +(). - ()
2 2 6

1
(iii) asymmetric triangular, as in (i), but with & = { 1 |.

The cases (i) and (ii) satisfy all conditions of Theorem 2.587 while (iii) fails the crucial
symmetry assumptions. In particular, at least up to logarithmic terms, our theory
predicts |Du(x)| < |o|72 for (i), |Du(z)| < |z|~* for (ii), and |Du(x)| < |z|~2 for (iii).
Due to Theorem 3.1 this corresponds to |ag — ||, being O(R™2), O(R™%), and
O(R™1), respectively. To compute equilibria we employ a standard Newton scheme,
terminated at an £*°-residual of 1078, In Figure 2 we plot both the decay of the
correctors, confirming the predictions of Theorem 2.5, and the approximation error
in the supercell approximation against the domain size R, confirming the prediction
of Theorem 3.1.
11

Remark 3.2. An asymmetric square case (that is, as in (i) but with & = (5, g))
has also been considered and the results are as expected by our theory and thus
are qualitatively equivalent to (iii). Therefore we do not include them in the figures
to retain clarity. It does, however, further emphasize the role of symmetry in the

problem.
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102

1071
1071+
= = 1072
2 jpof St
£ ‘
| =
B
@ 2yl
1078 asym. triangular ® asym. triangular
%  sym. square 10°°H +  sym. square
®  sym. triangular ®  sym. triangular
1“_1“ n n n i “]—Vi n n n n
4 8 16 32 64 128 4 8 16 32 64
distance to defect domain radius

F1G. 2. Left: Decay of |Dul| for the square and triangular lattices, with and without rotational
symmetry. Transparent dots denote data points (|z|,|Du(x)|), solid curves their envelopes. We
observe the improved decay rates r—3 and r—%, proven in Theorem 2.5, when the dislocation core is
chosen as a high symmetry point. Right: Rates of convergence of the supercell approzimation (23)
in the three cases specified in section 3.2. We observe the improved rates of convergence in the high
symmetry cases as predicted by Theorem 3.1.

3.3. Numerical example in BCC tungsten. To confirm the result of section
2.3, we consider a Finnis—Sinclair type model (EAM model) for BCC tungsten (W),
where the three-dimensional site energy for a deformation y is of the form

V(D) =-(3 p(\Day\))l/2 + > #(1Dayl),

oeN ocN

and the electron density p and pair repulsion ¢ are obtained from [19]. The pro-
jected antiplane model is then constructed as described in section 2.3. The supercell
model (23) is solved to within an £ residual of 1075 using a preconditioned LBFGS
algorithm [17].

We investigate two test cases, the easy dislocation core (negatively oriented) and
the hard dislocation core (positively oriented); cf. [13]. For each case, following
section 2.3, we consider three different predictors:

(i) standard linearized elasticity predictor (Oth-order), i.e., upreda = U;

(i) first-order correction, i.e., Uprea = U + u1;

(iii) second-order correction, i.e., Upred = U + u1 + Ug,
with @ given in (7) and wuy, ua, respectively, in (18) and (19).

In Figures 3 and 4 on the left-hand side we display the decay of the correctors for,
respectively, the hard (positive) and easy (negative) dislocation cores, confirming the
prediction of Theorem 2.9. On the right-hand side we plot the corresponding approx-
imation errors in the supercell approximation against the domain size R, confirming
the prediction of Theorem 3.1.

4. Conclusion. We have developed a range of results establishing finer proper-
ties of the elastic far-field generated by a screw dislocation in antiplane shear kine-
matics. Of particular note is the role that crystalline symmetries play in obtaining
either cancellation (screw and square lattice) or simple and explicit representations
of the leading-order terms of this elastic far-field. As a key application we showed
how these results can be exploited to obtain boundary conditions with significantly
improved convergence rates in terms of computational cell size.

Crucial to these results is the idea that solutions inherit the symmetries from the
setting of the problem. While the validity of this assumption is likely very difficult to
be proven without prohibitively restrictive assumptions on the interatomic interaction,
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10-2 1072

10°°

1074
101

train |Du(z)|

1D - Diigl|e

10°°

s

10°¢
1070

®  2nd order

1077

10-8

distance to defect [A] domain radius [A]

F1G. 3. Left: Decay of |Du| for a BCC easy core screw dislocation with standard and improved
far-field predictors; cf. section 3.3. Transparent dots denote data points (|z|,|Du(z)|), solid curves
their envelopes. The numerically observed improved decay for higher-order predictors is consistent
with Theorem 2.9. Right: Rates of convergence of the supercell approzimation (23) to the BCC
easy core screw dislocation, employing the standard as well as higher-order far-field predictors. The
improved rates of convergence due to the faster decay of the corrector solutions are consistent with
Theorem 3.1.

1072

104

strain |Du(z)|

10-6
®  Oth order

Oth order

* st order ~R3
B 2nd order
1078
4 8 16 32 64
distance to defect [A] domain radius [A]

Fic. 4. Left: Decay of |Da| for a BCC hard core screw dislocation with standard and improved
far-field predictors; cf. section 3.3. Transparent dots denote data points (|z|,|Du(z)|), solid curves
their envelopes. The numerically observed improved decay for higher-order predictors is consistent
with Theorem 2.9. Right: Rates of convergence of the supercell approzimation (23) to the BCC
hard core screw dislocation, employing the standard as well as higher-order far-field predictors. The
improved rates of convergence due to the faster decay of the corrector solutions are consistent with

Theorem 3.1.

our numerical tests, showcasing the improved rates of decay of the core correctors and
resulting improved convergence rates, indicate that in these cases the inheritance of
symmetry is indeed reasonable. In particular, our results clearly explain the origin of
these improved rates.

The general ideas that we outlined in this paper set the scene for an in-depth
study of the elastic far-field for a large variety of defect types, fully vectorial models,
and more general crystalline solids. The resulting derivation of higher-order boundary
conditions promises to yield simple, efficient, as well as highly accurate new algorithms
to simulate crystalline defects.

5. Proofs.

5.1. Auxiliary results about symmetry. We prove the main results through
a number of lemmas, starting with the following observations about how symmetry
simplifies the tensors appearing in the development of the forces. This includes but
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is not limited to the tensors V2W(0) € R?*2 = (R%)®2 V3W(0) € (R?)®3, and
VAW (0) € (R?)®4.

Let m € N, A € (R?)®™ and B € R**2; then the tensor B¥™A € (R?)®™ is, as
usual, defined by

m
(B Aty = Y Aksdon || Bk
ke{1,2}m i=1

As before let @ be a matrix representing either a rotation by /2 (in the case A = Z?)
or a rotation by 27/3 (in the case A = A;Z?). That is,

= .
Q:(l o) o @=\yg i)
2 2
More generally, let Q € R?>*? with QV = Id for some N € N, N > 1, and QT Q = Id.
Our specific cases are included as N =4 and N = 3. We then define

1 N-1

PA= > (@M)®mA.
M=0

Consider the standard scalar product for tensors,

2
A:B= E Apy . ke Bl ey, -
ki,..skm=1

Then we have the following lemma.

LEMMA 5.1. P is the orthogonal projector onto the Q-invariant tensors
{A: Q¥™A = A}.

Proof. One readily checks that Q®™((QM)®mA) = (QM+1)®™mA. Using also
Q" = Id one immediately obtains Q®"PA = PA. Therefore, P2 = P. Since
(QM)T = Q=M = QN~M we also see that P is self-adjoint. Hence, P is an orthogonal
projection onto a subspace of {A: Q®™A = A}. But if Q¥ A = A, then clearly
PA = A, which concludes the proof. |

Lemma 5.1 will prove highly useful. Explicitly calculating P now allows us to
characterize the rotationally invariant tensors.
To simplify that calculation further, we also define the symmetric part by

1
(sym A),..1,, = ml Z A<p(zl)m<p(zm),
T @ESm

where S, is the group of all permutations on m numbers. For all A we define
PymA = Psym A = sym PA.

Let us calculate these projections and thus the invariant spaces for the cases we
encounter in our proof later.

For a simple notation of three-tensors and four-tensors in the following we will
write Eijr = e; ®e; Qe and Eijp = €; @ e @ ey ® e;, where {eq, ea} represents the
standard base of R2.

LEMMA 5.2. (a) Form =2 and N > 3,
PymA = %tr(A) Id, e, {A:Q%®*A=AsymA= A} =spanld.
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Form =3 and N = 3,

PymA = +(E111 — 3sym F122)(A111 — 3sym Aja;)
+ 1 (E222 — 3sym E112)( A2z — 3sym Ay13),

e, {A: Q®*A = A,;sym A = A} = span{F11; — 3sym E1a9, 90 — 3sym Fy1a}.

(c)

Form=4 and N = 3,

(PoymA)abed = 5 (5ab5cd + dacObd + 5ad5bc) (A1111 + 2sym Ajq122 + A2292),

i, {A: Q®*A = A,sym A = A} = span {E1111 + FEa220 + 2symE1122}.

Proof. (a) We have (Q ® Q)A = A if and only if QAQT = A. For symmetric A,

we can diagonalize A = RDR” with some rotation R and a diagonal matrix
D. But then QAQT = A is equivalent to QDQT = D. This is the case
precisely if D = c¢Id or Q € {£1d}. Since we excluded the latter option we
find {A: (Q®Q)A = A} =IdR as claimed.

This statement is more involved and notably depends on N. Therefore a
general argument as in (a) cannot work. One way of obtaining the result
is to calculate the projector explicitly. By linearity, it suffices to consider
A=0®p®7. In this case, Q®"A = Qo ® Qp R Q7. We get

3(Plo@p@ )i = o1pims + (=01 — Lon)(=3p1 — Lpo)(— 311 — L)

+ (=301 + Loo)(=3p1 + L) (— 371 + B7)
= 5(01/)171 — O01pP2T2 — 020172 — 02P2T1)
3(P(c ®p®T))222 = 02pama + ({Ul - 502)(\{P1 - 5/’2)(\2[7'1 —372)
+ (=01 — Loo)(—Fp1 — L) (-5 — Im)

3
= 1(02[)27'2 — O01P1T2 — 01P2T1 — UzplTl)

3(P(c®@p@T))12 = o1p172 + (—501 — @ag)( ip1 — %pQ)(\f —1in)
+ (=301 + Loa)(—3p1 + Bp2) (-5 — )
= %( — O2p2T2 + 01172 + 01p2T1 + 02,017'1) and
3(P(0®p®T))a2 = 01p272 + (—501 — ?ag)(‘{m - §P2)(£Tl —372)

+ (—301+ ?@)(—épl - §P2)(—§ﬁ — 372)

= %( — 01p1T1 + O1p2T2 + O2p1T2 + 0'2[)27'1)-
This concludes (b).
Again, this statement depends on N, so we will calculate the projector ex-

plicitly. Similar as before, it suffices to consider A = T ® c ® p® 7. We
find

3(PA)in = moipimi
+ (—%771 - @72)(—%01 - ?Ug)(—@% - %PQ)(—lﬁ - ?7'2)
+(=3m + Bm)(—Lor + o) (=1 + Bpo)(— i + L)
= %(Wlalplﬁ + mo2paT2) + %(mmpﬂz + m02P1T2

+ T102p2T1 + T201p1T2 + T201 0271 +77202017'1) and
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3(PA)2222 = ma02p2T2

+ (P — §m2) (o1 — §02) (G2p1 — §p2) (G — §m)
+(—m — Im) (=01 — Lo2) (=1 — 1p2) (= L1 — im)
= %(Wlalplﬁ + Ma02paT2) + %(7?101[)27'2 + mM02p1T2

+ M O2P2T1 + M201P1T2 + T201P2T1 + 77202P171)~

By interchanging =, o, p, 7, the even mixed terms can be reduced to calculating

just

3(PA)i122 = m101p2T2

+(—im — Bmy)(—to1 — Loa) (Lo — 1p2)(Gm — I7)

+(—im + L) (—to1 + Loo) (=1 — 1p2) (- Lm — im)

_9 3
= 3(m0o1pama + mao2p171) + 2 (T1O1p1TL + T202p2To

— M10202T1 — T201P1T2 — 72010271 — 77102/)1Tz)~

For the symmetric part, these formulae simplify to

(Psym A)i111 = (Psym A)azzo

Furthermore,

= 3(Psym A)j122
= §(mo1p1T1 + T202p272) + § Sym(T ® 0 ® p @ T)1122.

3(PA)1112 = mo1p1T2

+(—gm = ) (— o1 — Foa)(~ 51 = G p2) (T — 7o)

+ (= im + L) (— —al+i 2)(—1p1 + Lpo)(— L — im)

_9 3
= 3(mo1p172 — Mao2pati) + 2 (M202p1Te + T201paTo

+ M O2P2T2 — MO1P2T1 — M201P1T1 — 77201/)17'1)7

which implies (P sym A)1112 = 0. In the same spirit one finds (Psym A)1a20 = 0. 0O

Additionally, the result for m = N = 3 simplifies further if we add line reflection

symmetry. As in section 2.3, let a = (f DT and

212
1

_ 1 T 1

S=a®a—a Ra —<\% )
2

"
N)\»—-w%

LEMMA 5.3. For m =3 and N = 3 one has
{A: Q%A= A,symA= A S®A=—A} =span{E;1; — 3sym Eja5}.

Proof. Let A be a tensor with Q®34 = A, sym A = A, and S¥2A4 = —A. Ac-
cording to Lemma 5.2, A = ¢1(E111 — 3sym E122) + c2(Eage — 3sym Eq12). Addi-
tionally, S®3A = —A implies A[Sa, Sa, Sa] = —Ala, a,a]. But with Sa = a we have
Ala,a,a] = 0, that is,

0=c1(28 —3%3) 1 ey} —33),

which implies c; = 0. With the same calculation one also sees the reverse, i.e., that
Fo99 — 3sym F115 does indeed satisfy the reflection symmetry. O
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Among other applications later on in the analysis, Lemmas 5.2 and 5.3 can be
used for the following two corollaries. As a first corollary, we recover a classical
result about isotropic linear elasticity (compare, e.g., [14] for the analogous three-
dimensional case).

COROLLARY 5.4. In the setting of section 2.1, for W given by (5), one finds
V2W(0) = ciin Id, for some ey > 0, and therefore

—div(VZW(0)[Vu]) = —ciinAu.

Proof. According to (5) W(F) = ﬁV(F - R); hence we have

1

2 _
v W(O) n det AA

> VEV(0)pep @0

p,0ER

We further notice that due to the rotational symmetry of R and V, (2), we have
V2V (0)p0 = V2V(0)0p0o; hence we can equivalently write

1
2 _ 2
V=W (0) = det Ay pEER V=V(0),0Qp ® Qo.

In particular,
VW (0) € {AcR*? . (Q®Q)A = A}.

It is also clear that V2W (0) is symmetric, thus
Pey VW (0) = V2W(0),

and so we invoke Lemma 5.2 to conclude that

1

2 _
v W(O) T\ 2det Ap )

> VEV(0)pop-o | 1d =: e Id.
,0ER

Since lattice stability implies Legendre-Hadamard stability of the Cauchy-Born limit
[11, 3], it follows that ¢y, > 0. a

As a second corollary, we can even identify the lowest-order nonlinearity.

COROLLARY 5.5. In the setting of section 2.1 assuming additionally the line re-
flection symmetry (15), for W given by (5), one finds V3W(0) = cquada(E111 —
3sym E192), for some cquaa € R, and therefore

W5 (15557 00 (1355 )

Proof. As W(F) L_V(F-R), we have

= det Ap

1
3 _ 3
VoW (0) = dot Ay pOETeR VoV(0)porp @0 @ T.

Further, due to the rotational symmetry of R and V, (2), we have V3V(0),or =
V3V (0)gpooor; hence we can equivalently write

1
3 _ 3
VEW(0) = o iy ;TGRV V(0) 07 Qp @ Qo @ Q.
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Furthermore, the line reflection symmetry (15) implies that we have V3V(0),,r =
—V3V(0)sps057, which translates to

1
VAW (0) = — > VV(0)perSp @ So @ ST.
det AA p,0,TER

Combining these observations, we find
VAW (0) € {A: A=symA, Q%3 A=A S%A = —A},
and invoking Lemma 5.2, we therefore deduce that

1

3 _
v W(O) o (4detAA

Z V3V(0)pm—(p1017'1 — P102T2 — P201T2 — p20’27’1)>
p,0,TER

- (E111 — 3sym Eq29)

=: Cquad(E111 — 3sym Fia2).

Finally, the identity

. O1v — 0 onu — 0
(B = 3sym Faza)[ Ve, Vo)) = ( 11—1}231212)21}) Vet ( 11—u25‘121262u) VY

completes the proof. O

5.2. Decay of the linear residual. As discussed in the sketch of the proof (see
(14)), the crucial object is the linear residual

fu = — Div(V2V(0)[Du]).

We now establish how crystalline symmetries lead to a faster decay of f,, as would
be expected from linearized elasticity in general.

THEOREM 5.6.
(a) In the setting of Theorem 2.5, on a square lattice, we have

|fa(@)] <l 7

for sufficiently large |z|.
(b) In the setting of Theorem 2.5 on a triangular lattice, we have

|fa(@)| < |2| % log?|z| + |2| 7| Da| + |2|~?| D*al
< 2|7 loglz|

for sufficiently large |x|.
(¢) In the setting of Theorem 2.9, we have

|fa(@)] <l 7

for sufficiently large |x|. But, writing & = w1 +ug + Urem with uy and uy given
by (18) and (19), we have

|farem(x)| N ‘DzﬂremHDarem‘ + |$|72|Dﬂrem| + |$‘71|D2ﬂrem| + |$|75

< |2|~* log|z|

for sufficiently large |z|.
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Remark 5.7. Theorem 5.6 improves on the residual decay estimate || =3 obtained
in [8] in all three cases we consider. This can be used to gain better estimates on %
Or Uyem, Which in turn improves the rates here. Iteratively, we will see that the terms
involving % or Uy in all of the above estimates turn out to be negligible.

Proof. Recall that u is a critical point of the energy difference, satisfying the
equilibrium equation

(25) — Div(VV(Dii + D)) = 0.

To obtain an estimate on fg(x) we first linearize by Taylor expansion of V' around 0
and then connect to CLE by Taylor expansion of D# around x. Note that @ is not
smooth at the branch cut I' and D, is not close to Vi - p there either. But this
is not a problem as the jump of @ is equal to the periodicity p (or —p) of V and
Vi € C*°(R?\{0}). Therefore, one can always substitute 4(z) by @(x) & p where
necessary. We will use this implicitly in the following arguments.

Taylor expanding V' around 0 and ordering by order of decay gives

O=fat+L+Is+ 14+ Is + Lem,
where
I, = — Div(V2V(0)[Da)),
I = _%Divwi’*\/(o)[m,pa]),
I, = — Div(V3V(0)[Da, Du]) — éDiv(v‘*V(o)[Da, Da, Dal),
I; = —% Div(V3*V(0)[Da, D)) — %Div(V“V(O)[Da, D, D))

_é%Dh4v5vwﬂDﬁV%

and the remainder satisfies
(26) [ Irem| §|$|_610g2|x‘7

due to the already known decay estimates on @ from Theorem 2.2 and the explicit
rates for u:

|Da| < |z|™7 and |D’a| < |z|77 ! log|z| for j > 1.
Estimate for Iy. The term I, depends only on 4. We can expand u

L= Y V?V(0),,D_,D,i(z)
p,0ER

Z V2V (0)po (x4 p — o) + a(z) — iz + p) — Wz — 7))
pP,oER
Jo 4 J3 + Jy + Js + O(|z]| ),

where
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= Y VV(0),0 Vi) [p, 0]

p cER

Z vV PUV i(z )([p,ma] - [P,P,UD
l)oe’R

1 .
J4 = E Z VQV(O)PUV4U('T>(_2[p7070a0] +3[p7p70a0] _2[p7p7p70])
p,0ER

1

J5 = 24 ¥RV2V(O)pUV5a<$)([p7 0,0,0,0] = 2[p,p,0,0,0]
p,0

+ 2[/)»/)7/); g, 0] - [P, PPy P, U])

Using the symmetry in p and o it follows that J3 = J; = 0. By Lemma 5.2,

(27) Jo ==Y V2V(0),, V*i(x)[p, 0]
pP,OoER

- Z V2V (0)pop ®0): VZa(z)

pP,oER

_ (_% S V2V(0)0p - 0) Ai(a).

pP,0ER

Hence, Jo = 0. Thus we conclude so far that Iy = J; + O(|x|~%). To proceed, we now
distinguish the specific cases we consider.

Proof of (a). Due to mirror reflection symmetry we have V3V (0) = 0 and
V5V (0) = 0, hence Iy = 0, |I4] < |z|7* and |Io| < |Ju| + 2|76 < |2|~*. We therefore
obtain |fa| < |x|~%, which concludes the proof of (a).

Estimates for Jy, Iy for cases (b), (¢). We use Lemma 5.2 to calculate

(28) J4 - 12 Z v2 pO’V ’LL( )( - Q[pa g, 0, 0'] +3[P7 P 0, U] - 2[P> P»PaUD
pP,0ER

sym(12 D V(0)(-20R00000+3pRpD0R 0
p,0ER

72p®p®p®o)>:v4ﬂ(z)
= (35 3 VPV (2000 + |pPIol = 20 o(lpf +10]?) ) A%a(z).

pP,oER

As A% = 0, we find J; = 0 and hence obtain |I5| < |z|76.
Next, we consider

1
I = _6 Div(V*V(0)[Da, Da, D))

=5 Z V4V (0)rpor D—r(Dr0D, D, i)

7P70' T

=-3 Z VAV (0)rpor VZi[r, T|VE - pVi - 0

wp,ar

7rp,<7‘r
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L 4 3. " N
+ G Z VV(0)rpor Vu[m, 7, 7)VU - pVU - &

,p,0,T

1 N N .
~3 Z VAV (0)rpor Vi[m, 7]V 2i[p, p] Vi - &

0,0,

1 4 2.4 2. N
+ 3 Z VV(0)rpor Vou[m, TIV=0lp, ]V - 0.

0,0,

The second and third terms cancel each other by symmetry in 7= and 7, while the
fourth and fifth terms both vanish due to V4V(O)ﬂ-pm— = V4V(0)(,ﬂ)(,p)(,g)(77).
Applying again Lemma 5.2 we can express the first term as

1
(29) Li=—3 > VV(0)rpor V2ilr, 7| Vi pVi - o

™,0,0,T
1
_ psym( =5 2 V(O @7 @0® 0) (V24 ® Va ® Vi)
™,0,0,T
1 1
=51(=3 X VVOrpor((m-7)p-0) + (7 p)(7-0) + (7 0)(p- 7))
™,0,0,T

- (30%0(010)* 4 3020(Do)? + D2(Do)? + D20(D11)* + 401 Dx10, 10 1h)
= c(|Va*Ad + 2V2a[Va, Vi)
= c(3|Va(z)|* + 2)Ad(z) — 4(1 + |Val?)

3
2

H,
where
(1 + (311))2)8227) + (1 + (82’&)2)8%’& — 201102101050

H= =
2(1+1|Val?)?:

is the mean curvature of the surface given by x3 = 4(x1,x2). Since the graph of 4 is
a helicoid, i.e., a minimal surface, H = 0 and therefore we have shown that I, = 0.

Proof of (b). Due to the mirror symmetry we again obtain V3V (0) = V°V(0) = 0,
hence Is = 0. In addition, again due to mirror symmetry, I5 simplifies to

1
I = -3 Div(V*V(0)[Da, Da, Dil).

Therefore,

15| < |2 7%| Dl + || 7% D4l
< |27 log|x].

Invoking Iy = 0 and |I3| < |2|7% from the previous step concludes the proof of (b).

Proof of (c). On the BCC lattice, case (c), one typically finds V3V (0) # 0 and
V2V (0) # 0. In particular, I3 does not vanish; hence our arguments so far only yield
(fal < [a] 3.

To estimate, fz,.,, we replace ¢ with 4+ u; + u2 and @ with Uyen, in the previous
steps of the proof. Recall from (20) that |Viu;| < |x| =477,

Clearly, (25) and the Taylor expansion of V including (26) still hold. For the
estimates let us start with the higher-order terms. We can estimate directly

| = Div(V3V(0)[D(@ + w1 + uz), Dliyer))| < |2] %[ Ditrern| + 2]~ D trem|-
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If we also substitute & by @ + u; + ug in (29), we find overall that
FABS |$|72|D1—chm| + |x‘71‘D2ﬁrcm| + |x\75
< |z~ * log||.
In the same spirit we estimate
FEIBS ‘D2ﬂrom||Dﬂrcm‘ + |=’E|73|Darem| =+ |x‘72|D2ﬂrcm| + \x|75
< |7 log? .

The important difference from before is found in I and I3. Let us start with I5. As
before, we find J3 = Js = 0. Substituting @ by @ + u; + us in (28), we estimate

|| S IA (0 + uy + ug)| = A% (ur + up)| S |2 ~°.

Therefore, Iy = Jo + O(|z| 7). Tt is crucial that now J; does not vanish to be able to
cancel out the first terms in the nonlinearity 3. Following (27), we have

Jo=— Z V2V(O)pov2(u1 + UQ)(IL')[/), J]

pP,O0ER
= —det(An) div (V2W(0)[V (ur + us)])
= —det(AA)ChnA(Ul + U2)-

Now let us come to I3. Clearly,

I3 = —% Div(V3V(0)[Da, D))
— Div(V3V(0)[Di, Duy]) + O(|z| 7).
Developing the discrete differences as we did previously for I, we find
— Div(V*V(0)[Dit, Duy))

= Z V3V (0)opr D—7(D,ti(z) Dyuy (7))
p,0, TER

== Y VV0)op (Vil2)[p]V?ur(w) [0, 7] + Vs (2)[0] V() [, 7])
p,0,TER

+0(|z[7%)
= —det Ay div(VEW(0)[Va, Vui]) + O(|x| 7).

For the other term we have to take a few more terms into account. For those we again
use the fact that VBV(O)JPT = *V3V(0)(_U)(_p)(_7-).

_% Div(V3V(0)[ D, D))

=2 Y VW) D (Dyi(a) Doit(x)
p,0,TER
=3 Y VO (D Dyis@)Dyiw) + Dy = 7)D-Dyit(z)
p,0,TER
1
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+ (V3a(@)lp,7. 7] = V*i(@)[p, p, 7)) V(@) o] = V2ale)[p, 719%0() 7, 0]
+ V2i(@) o, 7IV¥i()o,7]) + O(|a] )
= > VVO)opr Vi@)o]V2ia)lp, 7] + O] )

0,0, TER

~det AA% div (VAW (0)[Vit, Vii]) + O(l2] ).

Hence, we can use (16a) and (16b) for u; and uy to conclude that Jo + I3 = O(|z|~?).
This concludes the proof. 0

5.3. Proofs of the main theorems. The connection between the decay of f,
and the decay of u is as follows.

THEOREM 5.8. Let u € H', and j € {1,2}.
(a) If | fu(@)| S |z|72 and >°, fu =0, then for |z| sufficiently large,

|D7u(z)| < |z~ log|z|.
(b) If | fu(z)| < |24, Yowfu=0,and )" fur =0, then for |x| sufficiently large,
|D7u(z)| < |z~ log|z|.

() If |fulx)| < |z|72, Yo fu=0,>_ fur =0, and ), fur ® x o< Id, then for
|x| sufficiently large, _ _
|D7u(z)| < =~ log|z|.

(d) If the assumptions on the decay rate of f,, in (a), (b), or (c) are slightly
stronger, namely, |x|737¢%, |z|717¢, or |x|757¢ for some ¢ > 0, then the
resulting rates for Diu are true without the logarithmic term, i.e., |x|~t77,
|| =279, and |x| =377, respectively.

Proof. Statement (a) is part of the results in [8]. Its extensions (b), (c), and (d)

follow a similar basic strategy. The approach is based on knowledge about the lattice

Green’s function G as one can write Du as a convolution on the lattice, Du = f,xy DG,
that is,

Du(z) = fu(2)DG(x - 2).

zEA
The proof of (b), (c), and (d) is part of a full theory developed in [2]. All the details
as well as further generalizations will be presented there. ]

Theorem 5.8 shows that to prove the main results in sections 2.2 and 2.3, in
addition to the decay of f, established in section 5.2, we also need to analyze its
moments.

THEOREM 5.9. In the setting of section 2.1, let [u] € H' inherit the rotational
symmetry (11) and let f, denote the resultant linear residual (14). Then we have
Yufu=0,>_ fur =0, and ), fur ® x = clId for some ¢ € R, provided the sums
converge absolutely.

Proof. We begin with ) f, = 0. A version of this statement is already needed
in Proposition 2.1 since it is directly linked with the net-force of the system. Propo-
sition 2.1 was established in [8]. As there was a gap in the proof, namely, a proof of
the specific claim ) f, = 0 in question here, let us give the details in our specific
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case. Let n be a smooth cut-off function with n(x) =1 for |z| < 1 and n(z) = 0 for
|z| > 2 and let npr(x) = n(3%). Then we have

= lim Div (VV(Da + Du) — VV(0) — V2V (0)[Da + Dul)nu
— 00

M—o0

+ lim " Div V2V(0)[Dilnu

=~ lim_ > (VV(Dii+ Du) — VV(0) — V*V(0))[Di + Dul)[Dra]

— lim )" V2V(0)[Di, D]

M —00
=: lim A By
Ml—r>noo M+ BM
Since the support of Dnys is contained in {z: M — C < |z| < 2M + C}, for

some fixed C' > 0, the first term, Ajs, can be estimated as a remainder in a Taylor
expansion by

[Aul = | S _(VV(Di+ Du) = VV(0) = V2V(0))[Di + Du])[Dia]

< > |Di+ Dul?| Dy |

S MM ul5, M
<ML
For the second term, By, note that M — C < |z| < 2M + C implies D& = Vi - R +

O(M~2) and Dy = Vi - R+ O(M~2). Estimating also the “quadrature error”
(replacing the sum by an integral) we obtain

1
- det AA R2

- / V2 (0)[Vi, Viar] + O(MD),
R2\B1(0)

B V2V (0)[Vi - R,V - R+ O(M ™)

where we used the fact that Vny, = 0 on B1(0) for M sufficiently large. Applying
Gauf}’s theorem as well as the fact that Vi(z) is always orthogonal to v, we obtain

By = VAW (0)[Va)] - vdS(x) + O(M ™)
0B1(%)

= clin/ Vi -vdS(x) + O(M™1)
0B1(%)
=0(M™h).
Thus, we have shown that

To prove our claims about the first and second moments, we first show that
rotational symmetry of @ implies rotational symmetry of fi,, i.e., fu(Lox) = fu(x):
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fulLoz) = Y V?V(0),0(Dou(Lgx — p) — Dou(Lq))
p,0ER

> VAV (0)gpq0 (Dgoeu(Lor — Qp) — Doou(Lgw))
p,0ER

> VPV(0)gp.eo(Doou(Lo(x — p)) — Doou(Lqw))
p,0ER

> VAV(0)qp.ao(Dou(x — p) — Dyu(z))
p,0ER

Z VQV(O)p,U(Dgu(m —p) — Dyu(x))
p,0ER

= fu(®),
where we have used QR = R, D,u(z) = Dgsu(Lox), as well as the rotational

symmetry of V, (2). Let N = 3 for the triangular lattice and N = 4 for the quadratic
lattice, then

S fu@)e =3 fule) (@ — 2)

N-—1
= 2O A - 3)
rz j=0

N-1

1 ; .
=N;fu<x>zocz<x—x>

=0

and similarly for the second moment,

Yo fu@zor=Y fur)z-2) o @-37)

N-1
- % DO fullpa) (@ (e — ) ® (@ (z — #))
7=0

x

= fu(@)P((z — &) ® (z — &)

1
—1d (5 > fulale - #?),
where we used Lemma 5.2 in the last step. 0

Finally, we can combine all the foregoing results to prove our main theorems.

Proof of Theorem 2.5. Let us start with the square lattice. According to Theo-
rem 5.6, we have |fz| < |z|~*. In particular, " fz and > fzz converge. Due to
Theorem 5.9, Y fa =0and >, fax = 0. Hence, by Theorem 5.8

|D7a(x)| < |77 loglzl.

for j = 1,2 and |z| large enough.

For the triangular lattice Theorem 5.6 gives us |fz| < |#|7°log|z| < |z[~%7¢. In
particular, Y fa, >, fa, and > fax®@x converge. Due to Theorem 5.9, )" fa =0,
Yoo fax=0,and ) far ®x = cld. At first, by Theorem 5.8 we conclude that
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|D7a(x)| S Jo 7

for j = 1,2 and |z| large enough. But then Theorem 5.6 gives the stronger result
| fal < |z|~%log?|z| < |2|75%, so that by Theorem 5.8 we indeed get

| Di(x)| < [a] 727

for j = 1,2 and |z| large enough. ]

Proof of Theorem 2.9. As in the triangular lattice case we have to argue in several
steps. As a starting point Theorem 5.6 shows that |fa,. | < || *log|z| < |z|737=.
In particular, >, fa,.. and > fa,..2 converge. Due to Theorem 5.9, > fa... =0
and ) fa,..® = 0. With Theorem 5.8 we find

|Djarem<x)‘ S |w‘_1_j

for j = 1,2, which in turn gives the improved estimate |fz,..| < |z|~* in Theorem 5.6.

Going back to Theorem 5.8 we now get
| DY e (2)] S 2|77 logla].
Another iteration of Theorems 5.6 and 5.8 improves this to
| DY thrern ()] S | 7277,

Finally, by Theorem 5.6, we now find |fz,..| < |z[~°. In particular, > f4,..2 @
converges as well and due to Theorem 5.9, > fa,..z ® x = cId = VW (0). A last
use of Theorem 5.8 gives the desired result,

|Djﬁrem(x)| S |17|737j log|z|

for j = 1,2 and |z| large enough. d
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