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Abstract

In this thesis we study a class of marked Gibbsian point processes with ge-
ometry dependent interactions known as Delaunay Potts models. We use a
random cluster representation to show that a phase transition occurs in one
such model for which the interactions depend on the geometry of the triangles
which make up the Delaunay triangulation. The random cluster representa-
tion relates the finite volume Gibbs distribution to a hyperedge percolation
model called the Delaunay random cluster model. We subsequently show that
an infinite volume Delaunay random cluster model, as defined by the standard
DLR formalism, exists when the potential satisfies two hard-core conditions

and the edge weights are uniformly bounded away from 0 and 1.



Chapter 1
Introduction

The goal of equilibrium statistical mechanics is to explain the macroscopic
behaviour of physical systems in thermodynamic equilibrium in terms of the
interactions between its microscopic elements. The concept of a Gibbs measure
was introduced independently by Dobrushin [Dob68] and Lanford and Ruelle
[LR69] as a mathematical description of an equilibrium state of a system con-
sisting of a large number of interacting components. Many physical systems
exhibit phase transitions in which the system moves from one equilibrium state
to another, such as the magnetisation of a ferromagnetic metal such as iron,
or the transition of a real gas from liquid to vapour. This phenomenon should
manifest in our mathematical model through the existence of multiple Gibbs
measures. If this is the case, we say that the model exhibits a phase transition.

The first model of a system of locally interacting particles in which
phase transition was shown to occur is called the Ising model. It was intro-
duced in 1920 by Wilhelm Lenz, with the hope of obtaining an understanding
of ferromagnetic behaviour. In the Ising model each vertex of a lattice is envis-
aged as a particle and randomly assigned a ‘spin’ value of —1 or 1 representing
its magnetic moment, with interactions between particles which favour the
agreement of neighbouring spins. In dimensions d > 2 there is a critical tem-
perature below which the interactions are strong enough that the magnetic
moments can align and one of the two spin types dominates the other.

The ¢-state Potts model for ¢ € N is a generalisation of the Ising model
where the spin value assigned to a particle (now called its ‘type’) can take any

value in the set {1, ..., ¢}. This model exhibits a similar break of symmetry as



the Ising model; there is a critical temperature below which particles of one
type dominate the others. This results in the existence of ¢ distinct Gibbs mea-
sures. This result for the Potts model was proven using the Fortuin-Kasteleyn
representation in which the g-state Potts model is coupled with a bond percola-
tion model on Z? called the random cluster model with the same parameter g.
The random cluster model is a generalisation of the Bernoulli bond percolation
model with an additional weighting applied to each configuration depending
on the parameter ¢ and the number of connected components the configura-
tion has. Using this representation it is shown that percolation in the random
cluster model coincides with the existence of multiple Gibbs measures in the
Potts model.

The study of phase transitions is one of the main subjects of statisti-
cal mechanics, but even so, most models which are known to exhibit a phase
transition are discrete like the two discussed above. We are interested here
in the existence of phase transitions in continuum particle systems. Notable
examples of phase transitions in the continuous setting include a gas-liquid
phase transition [LMP99] and the spontaneous breaking of rotational symme-
try in a simple model of a two dimensional crystal without defects for small
temperatures [MR09]. Phase transitions are also established in [GH96] for
a class of continuum multi-type particle systems (continuum Potts models)
in R? for d > 2 with a finite range repulsive pair interaction between par-
ticles of different types. This class includes the Widom-Rowlinson model.
The approach taken by the authors involves a random cluster representation
analogous to the Fortuin-Kasteleyn representation in the discrete case. Per-
colation in the relevant random cluster model then implies the existence of
multiple Gibbs measures. In [AE16] the particle interaction from [GH96] be-
tween unlike particles was replaced by an interaction based on the geometry of
the Delaunay graph with a hard-core background potential depending on the
lengths of the Delaunay edges. Both edge and triangle-dependent interactions
were considered, and a random cluster representation was used in the proof. In
a continuation [AE19] the authors also obtained a phase transition result with
no background potential and finite range interaction depending on the lengths
of the Delaunay edges. In chapter 3 we use the same approach to prove that

a phase transition occurs (for certain choices of the model parameters) in a



model in which both the background interaction and the interaction between
unlike particles depends on the geometry of the Delaunay triangles. We again
use a random cluster representation.

The random cluster representation we use in chapter 3 couples the finite
volume Gibbs distribution in A C R? (which we call the Delaunay continuum
Potts distribution in A) with the Delaunay random cluster distribution in A.
This coupling is restricted to the case when the former has a boundary condi-
tion made up of particles of the same type, which corresponds to a Delaunay
random cluster distribution with a ‘wired’” boundary condition in which all
hyperedges sufficiently far away from A are open. In chapter 4 we propose the
study of a set of measures called Delaunay random cluster measures. These
are percolation measures defined using the DLR formalism in the same way
that Gibbs measures are defined from finite volume Gibbs distributions. This
entails first extending the definition of the finite volume Delaunay random
cluster distributions to allow for arbitrary boundary conditions, which is non-
trivial since it is possible that the number of infinite connected components
is infinite. The main result of chapter 4 is the existence of Delaunay random
cluster measures under certain conditions.

The investigation in chapter 4 is motivated by the prospect of a random
cluster representation connecting the Delaunay random cluster measures and
the Gibbs measures arising from the Delaunay continuum Potts distributions
(much like the representation coupling the finite volume distributions them-
selves). A random cluster representation of this nature might allow us to prove
that for some choices of parameters the Gibbs measures are unique. This ap-
proach was successful in when applied to the Widom-Rowlinson model and the
infinite volume (Boolean) random cluster model. In [DH15] the existence of
infinite volume random cluster measures was shown and a random cluster rep-
resentation was introduced. This representation was subsequently leveraged
to show that the Widom-Rowlinson model is unique for small activities using
disagreement percolation [HTH19].

This thesis will proceed as follows. In chapter 2 we introduce the neces-
sary definitions and notation that will be used throughout, and in particular we
introduce Delaunay continuum Potts measures and the finite volume Delaunay

random cluster distributions. We recap the existence result from [DDG12] and



the construction of the random cluster representation, which mostly follows
[Eyeld]. We then explore how the random cluster representation provides a
connection between phase transitions and connectivity, before proving a short
technical result regarding mixed site-bond percolation on Z? and summarising
the literature on Delaunay continuum Potts models. In chapter 3 we apply
these results to a model in which the interactions depend on the geometry of
the Delaunay triangles. We prove that Gibbs measures exist for large values of
the activity parameter and that a phase transition occurs if both the activity
and the parameter 5, which controls the strength of the interaction, are suffi-
ciently large. We then move on in chapter 4 and show that an infinite volume
Delaunay random cluster measure exists if the background potential satisfies
two hard-core conditions and the edge weights are uniformly bounded away

from 0 and 1. Finally, in chapter 5 we discuss possibilities for future research.



Chapter 2

Preliminaries

2.1 Gibbsian point processes with geometry-

dependent interactions

We begin with a presentation of the framework, introduced in [DDG12], for
studying Gibbsian point processes with hypergraph interactions. The frame-
work allows for the study of a wide class of interactions which depend on the
local geometry of configurations. The interactions were are interested in fall
into this class as they depend on the local geometry of the Delaunay trian-
gulation associated to each configuration. Furthermore, we present the main
result from [DDG12], which gives necessary conditions under which a Gibbs

measure exists.

2.1.1 Point configurations

We consider systems of particles in R?, both in the case where the particles
are described by their spatial location only, and where the particles possess a
mark describing their type or internal degrees of freedom. In the latter case the
marks belong to a mark space, @, and each marked point lies in the set R? x Q.
We shall focus on marked point processes with mark space @ = [¢] := {1, ..., ¢}
for some ¢ € N, which are broadly known as Potts models. It is worth noting
however that the existence results of [DDG12| do in fact hold for any mark

space which is standard Borel. The set of point configurations € is defined to



be the set of locally finite subsets of R?, that is
Q:={wCR’: wNA| < oo for all A € R}, (2.1.1)

where A € R? denotes the fact that A is a bounded Borel subset of R?. A
marked point configuration is a subset w C R? x [g] whose projection w onto
the spatial coordinate is locally finite. The set of marked point configurations

is therefore
Q={wCcR x[g:we}. (2.1.2)

Each w € Q has an associated mark function o, € [¢]* which retrieves the
mark of a point given its position, i.e o,(x) = @ if (z,i) € w. A marked
configuration w € €2 can therefore be represented as a pair (w, 0,,).

For each Borel set B C R? x [q], the counting variable Np : w + |wN B|
on (2 gives the number of marked points in B. Similarly, for each Borel set
A C RY, we define the counting variable Np : w + |w N Al on Q. The
spaces 2 and € are equipped with the o-algebras F := o(Na : A @ RY)
and F := o(Np : B @ R? x [q]) respectively. F is the Borel o-algebra for
the Polish topology which is generated by the variables w + [ gdw, where
w is interpreted as a counting measure on R? x [¢] and ¢ : R? x [¢] — R is
bounded and continuous with spatially bounded support (see [MKM78]). The
analogous statement is true for F, and so (2, F) and (£2,F) are standard
Borel spaces. The reference measures on the spaces (€2, F) and (2, F) are the
Poisson point processes 17 and IT7 on R? and R? x [¢] with intensity measures
zLeb and z Leb ®U respectively, where z > 0 is a parameter known as the
activity, Leb denotes the Lebesgue measure on R? and U denotes the uniform

measure on [g]. In particular, for B @ R? x [¢] and n € N we have

(zLeb®@U(B))" o—#Leb&U(B)
n! ‘

Note that IT? is also the law of the random variable w obtained by sampling
an unmarked configuration w according to II* and attaching marks to each
point independently according to the distribution U (see for instance [Kin92]).

For each A @ R? we shall consider the set of marked point configurations



which are located in A, namely Qa = {w € Q : w C A x [g]}. The sigma
algebra of events that happen in A only is Fa := pry' Fla,, where F|qg, :=
{ANQ, : A € F}is the trace sigma algebra and pry : w — wa = wN(AXx]g])
denotes the projection onto Q. Q2a and Qa are Gs-sets and are therefore
Polish. Their associated Borel g-algebras are F|q, and F|q, respectively. The
reference measure on (24, F|q, ) is the pushforward measure IT4 := IT?opry'.
These objects are defined in a similar way for unmarked configurations: Qa :=
{weQ:wcA}, pry:w— wa:=wnA, and Fa = pry' Flo,. The
reference measure on (4 is I14 := IT?opry’. The set of marked and unmarked
configurations with finitely many points are denoted €2y and €2 respectively.

From now on we shall focus mostly on marked configurations, but the
concepts we introduce have natural analogues when the particles do not carry

marks.

2.1.2 Hypergraphs and hyperedge interactions

The interaction between points considered here will depend on the geometry
of their location, which is described in terms of a hypergraph. The interac-
tion potential, which describes the strength of the interaction between points,
will be defined on the hyperedges of the hypergraph. We now restrict our
exposition to the case where we have marked point configurations, but all of
the concepts described here can be defined analogously for unmarked point

configurations.

Definition 2.1.1. A hypergraph structure is a measurable subset H of 2; x Q
such that 7 C w for all (7,w) € H. A hypergraph structure H gives us a
way of assigning a hypergraph to each configuration w. The pair (w, H(w))
is called a hypergraph where w is the set of vertices and H(w) := {1 € Q; :
(T,w) € H} is the set of hyperedges.

A hyperedge potential is a measurable function ¢ from a hypergraph
structure H to R U {oo}.

We only consider hyperedge potentials which are shift-invariant and
exhibit the finite-horizon property, defined below. Shift-invariance requires
that H and ¢ are not affected by translations and the finite-horizon property

requires that the value ¢(7,w) can be determined by looking at w in a bounded

7



neighbourhood of the hyperedge 7 (although the size of this neighbourhood

depends on 7 and w.)

Definition 2.1.2. Let ¢ : H — R U {oc} be a hyperedge potential and
0. : Q — Q denote the function which translates the location of points by the
vector —x. Then the pair (#, ¢) is called shift-invariant if

(0,7,0,w) € H and ¢(0,T,0,w) = p(T,w)

for all (7,w) € H and z € R

A hyperedge potential ¢ is said to satisfy the finite-horizon property if
for each hyperedge (7,w) € H there exists a set A € R? called a horizon such
that:

(1 w') € H and ¢(7,w’) = ¢(7,w) when w' = w on A. (2.1.3)

2.1.3 Gibbs measures

Before defining the concept of a Gibbs measure in the context of a hyperedge
potential on a hypergraph structure, we need to introduce the Hamiltonian for
a fixed region A € R? with boundary condition w. The Hamiltonian is defined
as a sum over the hyperedges for which either 7 itself or ¢(7,w) depends on
wa. We extend the domain of ¢ to 2y x €2 by adopting the convention that
p=0on (Qf x 2)\ H and define

Ha(w) ={7 € H(w) : o(T,w Uwac) # p(T,w) for some w’ € Qa}.
(2.1.4)

The Hamiltonian in A with boundary condition w is given by the formula

Hp (W) = Z o(T,w Uwac) (2.1.5)

TEHA (W' Uwac)

for w’ € Qa, provided it is well-defined, and

Z3 (w) == /e_HAv“’(“’,)HZA(dw').



is the partition function. In order to define the finite volume Gibbs distribution
in A @ R? we require that the Hamiltonian is well defined and the partition
function is finite and non-zero. A configuration is admissible for A € R%, z > 0
and ¢ if Z%(w) € (0,00) and

Haww) = Y ¢ (1,0 Uwa) < o0 (2.1.6)

TEHA (W Uwac)

for IT4-almost all w’, where ¢~ := (—¢) V0 is the negative part of ¢. The set
of such configurations is denoted QZZ. If 2/ > 2 then QKZ, C QZZ since HZA'

and IT3 are mutually absolutely continuous with

dIT% (dw)

N
ATl (4o x (227 e (1, 00).

The finite-volume Gibbs distribution (alternatively the finite-volume ge-
ometric continuum Potts distribution) in A € R? for ¢,z and admissible

boundary condition w € Q‘&z is the probability measure on (€2, F) defined by

1

YAaw(A) == )

/ 1g(w' Uwae)e B2 T1% (dw') (2.1.7)
Qa

for A € F. Gibbs measures are defined by prescribing the conditional distri-
butions when the configuration outside a region A @ R is known:

Definition 2.1.3. A probability measure P on (€2, F) is called a Gibbs mea-
sure (alternatively a geometric continuum Potts measure) for H, ¢ and z if for

every A € R,
- P(25.) =1, and

- For every measurable function f: Q2 — R,

P(f) = / Zil(W) o fw' Uwpe)e Hae@) 13 (dw') P(dw).  (2.1.8)

The equations (2.1.8) are known as the DLR equations, after Dobrushin, Lan-
ford and Ruelle. They express that 7% ,(-) is a version of the conditional prob-
ability P(:|Fac)(w). We are particularly interested in Gibbs measures which



are invariant under the translation group @ := (6,),cre, the set of which
is denoted % (p,z). The main problem we investigate here is the existence
of phase transitions - the existence of multiple distinct translation-invariant
Gibbs measures. We first must address the problem of proving that ¥g (¢, 2)

is non-empty.

Remark 2.1.4. The quantities we have introduced thus far are not in fact
measurable with respect to the o-algebras we have defined, but are measurable
with respect to their universal completions. We therefore identify all sigma
algebras considered here with their universal completions and all probability
measures with their complete extensions. For more details regarding this see
[DDG12, Remark 2.1 and Appendix]. The proofs can be easily adapted to the

case of marked particles.

2.1.4 Pseudo-periodic configurations

Here we introduce the pseudo-periodic configurations. They will play a crucial

role in our forthcoming arguments.

Definition 2.1.5. Let M € R%*“ be an invertible d x d matrix and define for
k € 7% the cells

Clk) :={Mz eR? 1z —k € [-1/2,1/2)*}, (2.1.9)

which form a partition of R? into parallelotopes. We write C' = C(0) and let
I be a measurable subset of Q¢ \ {#}. The configurations that belong to the

set
T:={we Q:Oyplwer) €T for all k € Z%}. (2.1.10)

are called pseudo-periodic.

2.1.5 Existence

Here we present a sufficient criteria under which a translation-invariant Gibbs

measure can be shown to exist. We begin by defining a set of configurations

10



/ /
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II’_.\\‘ ,’;\\IB II-_\\‘
¢(9,0) C(1,0)
/ I,-;~\= / “"-;\; / :‘-"\=
/ / /

Figure 2.1: An example of a pseudo periodic configuration w € I’ where
d=2T=T8:={we Qo :w={r} for some z € B} and B is a ball
centred at (0,0).

/

for which the Hamiltonian is localised in the sense that dependence of Ha

on w is restricted to the points of w which lie in a bounded region.

Definition 2.1.6. Let A @ R%. A configuration w € € is said to confine the
range of o from A if there exists a set 9A(w) € R? such that o(7,{ Uwac) =
o(T,¢ Uw).) whenever w = w’ on 0A(w),¢ € Qa and 7 € HA(C U wae).
If this is true we write w € Q2%. We use the abbreviation Jaw = woa(w)-
For w € QF, from now on we will choose to take 0A(w) = A @ r\ A, where
Aor={r+yeR:ze€AyeRand |y| <r} and r = ra,, is chosen to

be as small as possible.

Clearly if w € QX then

Hp (W) = Z o(T,w' U daw), (2.1.11)

TEHA (W'UIAW)

which is a finite sum.

Our first condition is the range condition. It ensures that the Hamil-
tonian is localised in the above sense almost surely. More concretely, if the
range condition is satisfied and P is a translation-invariant probability mea-
sure on (€2, F) with finite intensity such that P() = 0, then P(QX) =1 (see
[DDG12, Proposition 3.1] for the unmarked case. The same proof is applicable

11



here.) Therefore if w € QX then the first part of the definition of admissibility
(equation (2.1.6)) is true.

(R) The range condition. There exist constants [g,ng € N and dg < oo
such that for all (7,w) € H one can find a horizon (as in (2.1.3)) A for
o satisfying the following: For every x,y € A there exist [ open balls
By, ..., By (with [ < g) such that

— U B; is connected and contains z and y, and

— for each i, either diam B; < g or Np,(w) < ng.
The second condition is stability, which ensures that the partition function is
finite.

(S) Stability. There exists a constant ¢g > 0 such that
Ha (W) > —cg|lw' U daw|

for all A € R%, w' € Qp and w € OF.

The third condition is upper regularity, which is split into three parts:
uniform confinement, uniform summability and strong non-rigidity. Uniform
confinement states that the configurations in I' confine the range of ¢ in a
uniform way, uniform summability ensures that the local Hamiltonians Ha (.
when restricted to T, admit an upper bound which scales appropriately with
|A|, and strong non-rigidity ensures that the pseudo-periodic configurations

appear with enough weight to counterbalance the interactions.

(U) Upper Regularity. M and T' can be chosen so that the following condi-
tions hold.

(U1) Uniform confinement: T' C Q% for all A € R?, and

T 1= Sup Supra. < 00.

AERY el
(U2) Uniform summability:
(1w
cp = sup % < 00,
wel TEH (w): T
TNC#QD

12



where 7 := {k € Z% : TN C(k) # 0} and " := max(¢p,0).

(U3) Strong non-rigidity:
*ICIIE(T) > ecr,

where cp is defined as in (U2B) except with ¢ replacing .

Now we come to the existence theorem, which is an extension of [DDG12,
Theorem 3.2] to allow for marked particles. For the extended proof see [Nol13,

Theorem 2.1], but it is essentially the same as the original.

Theorem 2.1.7. (Existence). Let ¢ : H — RU{oo} be a hyperedge potential
and z > 0. If the hypotheses (R), (S) and (U) are satisfied then there exists

a translation-invariant Gibbs measure P € Yo (y, 2).

Remark 2.1.8. During the course of the proof it is shown that if (R), (S) are
satisfied and (U) holds for M and T" then

{w € I':sup |wem| < oo} C Q|
kERd ’

for all n € N and z > 0, where A, := Uy, 30 C(K).

2.2 Delaunay continuum Potts measures

We are interested in two-dimensional (d = 2) Gibbsian point processes whose
interactions depend on the local geometry of the Delaunay triangulation. More
explicitly, we want to investigate the structure of the set of geometric contin-
uum Potts measures when the hypergraph under consideration is based on the
Delaunay triangulation.

If 7 = {z,y,2} C R? is non-collinear, then B(7) denotes the unique
open ball whose boundary has 7 as a subset. Its boundary 0B(7) is called the
circumcircle of T and its radius is called the circumradius of 7 and is denoted
§(7). The following hypergraph structures (where i € {1,2} and A C R?) are
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of interest to us:

Del, :— {(T,w) € x 0 ‘ T C w,|7| = 3,7 non-collinear, } |

OB(T)Nw =T, and B(7) Nw = .
Del; A := {(‘r,w) € Del; | B(T)NA # (z)} :

Del; := {(n,w) € Qf x Q | |n| =i and 37 € Del(w) such that n C 7},
37 € Del3(w) such that }

Deli = , W EDeli
- {(n ) 7 C 7 and OB(r,w) N A # 0.

We denote the unmarked analogues Del, Dels, Dels o, Del; and Del; A .
We will often refer to the elements of Dely(w) and Dely(w) as edges and those
of Del3(w) and Del;(w) as triangles or tiles. Edges and triangles will typically
be denoted by i and 7 respectively.

From now on we assume that the point locations w are in general

quadratic position, which is to say that
(a) no 3 points lie on a single line,
(b) no 4 points lie on the boundary of a circle.

It is clearly implied by (b) that if 7 € Del(w) then |7| < 3. If in addition to
(a) and (b) every half plane contains at least one point, then the elements
of w, Dely(w) and Delz(w) form a triangulation of the whole plane, called the
Delaunay triangulation. By this we mean that the set containing the elements
of w and the convex hulls of the elements of Dely(w) and Dels(w) is a simplicial
complex covering the whole plane. These conditions are satisfied almost surely
with respect to the reference measure I1* [M194, Proposition 4.1.2]. Further-
more, the sets Del; a(w) for i = 1,2,3 are almost surely finite (Proposition
A0.1).

The set Dels A (w) contains the triangles in the Delaunay triangulation
whose circumcircle intersects A. These are the triangles which can be removed

from the triangulation by changing the configuration inside A, that is to say

T € Del3 A (w) <= 7 € Del3(w) and Jw’ € Qa s.t 7 ¢ Dels(wac Uw').
(2.2.1)
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Figure 2.2: A Delaunay triangulation. The grey circles
represent the open balls B(7,w).

To see this, notice that if 7 € Delsa(w) and & € (AN B(7)) x [g] then
T ¢ Delj(w U x). On the other hand, if 7 belongs to the right hand side then

7 € Delj(w) and either 7 Nwa # 0 or Jw’ such that B(7) Nw’ # (. In both

cases B(7) N A # (), and so 7 € Dels o (w).

Definition 2.2.1. If H € {Del,, Dels, Del, UDel;} then the finite-volume
geometric continuum Potts distribution in A (2.1.7) is known as the Delaunay
continuum Potts distribution in A and geometric continuum Potts measures

(Definition 2.1.3) are known as Delaunay continuum Potts measures.

If H = Del; and ¢ is a hypergraph potential on Del; of the form

o(T,w) = (1) (2.2.2)

for some measurable function ¢’ : {r € Qy : |7| = 3} = RU {oo} then by
(2.2.1),

Ha(w)\ {7:¢ (1) =0} = Delga(w) \ {7 : ¢'(7) =0}, (2.2.3)
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and therefore

Haw(w') = ¢ (1), (2.2.4)

TEDel3 A (w/'Uwac)

where Ha,, is the Hamiltonian in A with boundary condition w defined in
(2.1.5). Ha(w') is therefore a finite sum, so the first criterion of admissibility,

(2.1.6), is always satisfied.

2.3 The random cluster representation

The purpose of this section is to obtain a joint construction of the finite-volume
Gibbs distribution and a related continuum hyperedge percolation model called
the geometric continuum random cluster model. The construction is analogous
to the joint construction of the discrete Potts model and its Fortuin-Kastelyn
representation. This representation will allow us to analyse the phase transi-
tion behaviour of geometric continuum Potts models, much in the same way
as the Fortuin-Kastelyn random cluster model has proven to be of great value
in analysing the phase transition behaviour of the Ising and Potts models.
Random cluster representations for continuum particle systems were first dis-
covered independently by Georgii and Héggstrom [GH96] and Chayes et al
[CCK95]. Chayes et al considered a hard-core repulsion between particles of
different type, whereas Georgii and Haggstrom considered finite range repul-
sive pair interactions more generally. These representations were generalised
in [Eyel4] to Gibbsian point processes with hypergraph interactions, although
the author’s definition of Ha differs to the one used here and in [DDG12].
Phase transitions for Potts models on Delaunay graphs with a variety of inter-
actions have been shown in [AE16] and [AE19] using this representation. We
present a similar representation here although we only consider the hypergraph
Dels.

2.3.1 Hyperedge percolation models

Hyperedge percolation models are created by taking random unmarked point

configurations and declaring hyperedges of the associated hypergraph to be
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either ‘open’ or ‘closed’ according to some hyperedge process. A notion of
connectedness is obtained by declaring that two points are connected if one
can travel between them via open hyperedges. We shall limit ourselves to
unmarked hypergraphs for which each hyperedge contains the same number
of points, that is 3k € N such that |7| = & for all (7,w) € H. The geometric
continuum random cluster model is an example of such a model.

One could view a configuration in this kind of model as a pair (w, o3(.,))
where w € Q and oy € {0,117, with oy () = 1 signifying that 7 is
open and oy, (7) = 0 signifying that 7 is closed. However, we prefer to
represent a configuration as a pair G = (w, F) where w € Q and F is a locally

finite set of hyperedges. More precisely, F € £, where

& = {E C Epay, : U e is locally ﬁnite} ,

ecE

and
Eray = {e CR?: |e| = k}. (2.3.1)

The sample space is therefore G = ) x £. In this formulation E represents
the set of hyperedges which are considered to be open. Note that G also
contains elements which do not belong to H since not every (w, F) € G satisfies
e € E = e C w. We equip £ with the sigma algebra > generated by the
counting variables Na : E + |Ea| for A @ R% | similar to how we defined
the sigma algebra F on 2. As before, ¥ is the Borel o-algebra for the Polish
topology on £. Therefore the o-algebra A := F ® ¥ turns G into a standard
Borel space.

Let G = (w, F) € G. Two points z,y € w are adjacent if there exists
T € E such that x,y € 7. A path connecting x and y is a sequence of points
()P, Cw withn € N, 2y = x and z,, = y such that for all i € {1,...,n — 1}
there exists 7, € F such that z;,x;.; € 7,. We say that ¢ € w and y € w
belong to the same connected component of G if there is a path connecting
them.
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2.3.2 Background and type interactions

We consider the scenario where there are two interactions, one of which only
applies to hyperedges containing particles of different type. The strength of
both interactions is irrespective of the particles’ type.

Suppose there exist measurable functions 1, ¢ : Eg2 3 — R U {00}, such
that the hyperedge potential ¢ on Dels can be written as follows:

(T, w) = P(1) + ¢(7)(1 — 65,.(7)), (2.3.2)
where

1 if o,(x) = 0u(y) for all {z,y} C 7.
0o, (T) 1=

0 otherwise.

We assume that ¢ is repulsive, which is to say that ¢ > 0. ¥ and ¢ are known
as the background and type interactions repectively. Recall from that since
(2.2.2) is satisfied,

Haw@)= Y 0(r) +o(r)(1— 6. (7).

T€Del3 A (WUwac)

For notational convenience we make the definitions

HY (W) = > W(7), (2.3.3)

T€Del3 A (w'Uwac)

HY ,(w') = > &(7) (1 — 6, (7)).

T€Del3 A (WUwac)

The Hamiltonian can then be split into two terms:
Hpw(w') = Hx (&) + HE ().

Notice that (2.3.3) is the Hamiltonian in A with boundary condition w in the
unmarked regime for the potential ¢’ : Dely — RU{oo} defined by ¢/(7,w) :=
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(7). This is to say that if H = Del; then

Yoo )= (7).

TEHA (W' Uwac) T€Del3 A (w'Uwac)

In a slight abuse of terminology we will at times refer to v itself as a hyperedge

potential and write QXZ in place of QK:Z.

2.3.3 The Delaunay continuum random cluster distri-

bution

The Delaunay continuum random cluster distribution is an example of a hy-
peredge percolation model as described in section 2.3.1. The Delaunay con-
tinuum random cluster distribution in A € R¢ with boundary condition w is
constructed by sampling a collection of points according to the finite volume
Gibbs distribution with interaction i and opening each hyperedge indepen-
dently with some probability which depends ¢. Each configuration is then
weighted according to the number of connected components that are present.

Let w € € be a configuration which is admissible with respect to A €
R?, hyperedge potential ¢ and activity z > 0. The distribution of particle
positions is given by the (unmarked) finite volume Gibbs distribution in A

with potential v, that is the measure defined by

1
Z3(w)

Pi(A) = / La(' U wac)e ) 13 (du) (2.3.4)
Qa
for A € F, where Z% (w) is the normalising constant.
For w € €, let p, Ao denote the distribution of the random hyperedge
configuration {7 € Dels(w) : & = 1} € &, where (&;)repels(w) are independent
Bernoulli random variables such that & = 1 with probability

1—e*T if 7 € Delza(w),
pa(r) = i (2.3.5)
1 if 7 € Delg(w) \ Dels a(w).

Notice that 0 < 1 — e %) < 1 because it was assumed that ¢ is repulsive.

The measure p, A is called the hyperedge drawing mechanism. The fact that
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the maps Q@ x X 3 (w, A) — g, a(A) are stochastic kernels is established in
[Eyel4, Lemma 2.1.3].
Let N..(w, E) denote the number of connected components in the hy-

pergraph (w, ). If
’ ¥ W' >
Zi(w) = / / gNee @B e A(AE) e Hau ) 1A (dw') € (0,00) (2.3.6)

then Z% (w) € (0,00) also, since gVee(@acUs) € (1 00). We can therefore make

the following definition.

Definition 2.3.1. If Z% (w) € (0, 00) the Delaunay continuum random cluster
distribution in A € R? for 1, ¢, z, and boundary condition w is the probability
measure on (G, A) defined by

7% )
ZA(w) // La(w', E)q"“"P) iy A(dE) PR, (dw'),
Zi(w) '

CAulA) =

where N..(w', F') is the number of connected components in the hypergraph
(W', E). Since p, A leaves the hyperedges outside of Dels A(w’) open we say

that C3 , has a wired boundary condition.

Notice that if wi. = wae then
1< No(o', B) < K() + | (2.37)

e A-almost surely, where

KW) = | {:c € Whe

S |(D€11,A (w'))Ac
, (2.3.8)

7 € Dels a(w’) for every
7 € Del3(w') with z € 7

= | DGILA(Q}Ac)

To begin the proof of the (2.3.8) last equality, suppose z € (Delj a(w’))ac.
Let 7 denote one of the triangles in Dels A (w’) to which x belongs. If 7 €
Dels a(wac) then clearly € Dely a(wac). Otherwise 7 € Dels(w’) \ Dels(wae),
which implies that there is a triangle 7/ € Dels(wac) containing x for which
B(r')Nw!y # 0. In this case z € 7/ € Dels a(wae), and so = € Delj a(wae).
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Conversely, if © € Dely a(wac), then 37 € Dels a(wae) containing x. If
7 € Dels A (w') then clearly z € (Delj a(w'))ae. Otherwise, B(T) Nwa # ), and
so 37" € Dels a(w') containing z. Thus x € (Delj a(w'))ae, which concludes
the proof of (2.3.8).

Combining (2.3.7) and (2.3.8) we obtain

ZZ(W) < ZZA(w) < 6(‘1_1)Z|A|q_‘Dell,A(WAC)IZZq(w)'

Therefore to obtain Z% (w) € (0, 00) it is sufficient to assume that w is admis-

sible with respect to ¥, zq and A.

2.3.4 The random cluster representation measure

To obtain the representation measure, particles are positioned according to
the measure P} , (defined in (2.3.4)), given marks independently with a uni-
form distribution and hyperedges connecting them are opened according to
the hyperedge drawing mechanism. The resulting measure is then conditioned
on the event that two points in the same connected component must have the
same mark.

For a fixed set of particle positions w, let A, o denote the distribution of

the mark vector o, € [q]*

where (0,(2))zew, are independent and uniformly
distributed on [¢] and o,,(z) = 1 for all x € wae. A, a is called the type picking
mechanism. We say that A\, o has a monochromatic boundary condition since
all points outside of A have the same mark.

Let B € F x X denote the event that any two points can only belong

to the same connected component if they have the same mark, that is

B:{(w,E)EQX&:Z(l—&w(T)):0}.

TeE

Ifwe QKZ we can define mj , on (2 x &, F x ¥) as the measure satisfying

M w(A) = /ﬂA((w'a%f)aE)Mw',A(dE)Aw',A(d%f)PK,w(dW')-
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There exists k € Z such that P{ (v : wh. = k) >0, so
mi ,(B) > PX (W' :whe =k) ¢* > 0.

Definition 2.3.2. The Delaunay random cluster representation measure in
A € R? for 1), z, and boundary condition w € QX’Z is the probability measure
on (2 x &, F x X) defined by

ZA,w(') = mZA,w(|B)

The random cluster representation measure is a joint construction of the
Delaunay continuum Potts distribution and the Delaunay continuum random
cluster distribution. The former can be obtained if one only looks at the
particle positions and their types and disregards the hyperedges. Alternatively,
the latter can be obtained by are ignoring the type of each particle. These
statements are formalised in the next proposition. They are very similar to
Propositions 2.14 and 2.15 from [Eyel4] (which are in turn are very similar to
Propositions 2.1 and 2.2 from [GH96]) but the author uses a different definition
of the set Ha. The proofs in our context do not differ in any notable way so
they are omitted.

Let p; and p, denote the projections from €2 x £ to € and 2 x &

respectively.

Proposition 2.3.3. (The random cluster representation). Let A &

R2,2>0,we€ szq and w = (w, 0,) where o, = 1. Then w € QF _ and

zq -1 _ _z2q 2q -1 2
1. PA,w o0 = VAw 2. PApopy = CA,M-

,w

2.3.5 Phase transitions, symmetry breaking and con-

nectivity

The significance of the random cluster representation is that it allows us to
relate the influence the boundary condition of the Delaunay continuum Potts
distribution has on the mark of each particle to the percolative properties of
the Delaunay random cluster distribution. Consider the Delaunay continuum

Potts distribution in some region A € R?. Since ¢ is repulsive, it is clear
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that there is an incentive for particles of the same hyperedge to have the
same mark, and so particles whose mark is the same as the monochromatic
boundary condition will be more prevalent in A than the others. This effect
will be diminished as the size of the region A increases, but thanks to the
random cluster representation we shall deduce later that this effect does not
disappear entirely in the limit A 7 R2, so long as the probability with respect
to the Delaunay random cluster distribution that a fixed region A € R? is
connected to A¢ is bounded away from 0. There will remain one mark which
is preferred over the others, a phenomenon which we call breaking the symmetry
of the mark distribution. This leads us to the discovery of ¢ distinct phases
(Delaunay continuum Potts measures), which each have a preferred mark.
For A € A @ R? let N, ;(w) denote the number of particles located
in A with mark i € [g] and Ny ac(w, E) denote the number of particles in A

which are connected to A°¢:

Npi(w) == {z € wp 1 0,(x) =i},

Nasac(w, E) := [{x € wy : 3 a path in (w, F) from z to some y € wae}

The following result can be shown using the random cluster representation
(Proposition 2.3.3). For details see [Eyel4, Proposition 2.17] as it is proven in

the same way.

Proposition 2.3.4. [fA C A eR?> w € szq and w = (w, o,,) where o, = 1.
Then

[ @ = Nl == 1) [ Nacsed G

Using this result one can prove that if there is a lower bound [ NaaedC Aw =

¢ > 0 which is uniform over all A then there is a phase transition:

-----

(R), (S) & (U) are satisfied by o, M, T & z. If there ezists w € Qﬁ,zq such
that w = (w, 0,) € I' for all o, : w — [q] and there exists ¢ > 0 such that

/NC(k)HAgdC/Z\mw >c (239)
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for all k € {—n,...,n}?, then there exists at least q translation-invariant De-

launay continuum Potts measures with interaction ¢ and activity zq.

The full proof of this statement mimics the proof of [Eyel4, Section
2.7]. We just give a brief overview here. The proof begins by showing that

constructing a sequence of probability measures (P!),cy on (€2, F) such that

1. P! are invariant under the skewed lattice translations (6,).carz2,

2. Fori € [¢] and A C A,

/(qNA,Z- — Np)dP, = /(qNA,i — Na)dvy!

where o, = 1,

3. P! has a subsequence which converges locally® to some measure P!, and
after spatially averaging the measure P*(-|{()}¢), one obtains a translation-

invariant Gibbs measure P!.

The local convergence in conjunction with the uniform lower bound and Propo-
sition 2.3.4 then implies that for all A @ R2,

/((ZNA,1 — Na)dP! > (¢ —1)c > 0,

and since ’yf\(i . 1s invariant under permutations of {2, ..., ¢}, we have

/NAJ dﬁ)l >/NA72 dPIZ...:/NAﬂ dpl,

and the symmetry of the mark distribution is broken. Finally, in the same
way, for each i € [g] \ {1} it is possible to obtain a measure P? in which the

mark ¢ is preferred. This concludes the proof.

2.3.6 Hyperedge percolation to site percolation

We now focus on how to show that condition (2.3.9) is satisfied. We will

. . . A site - .
construct a continuum site percolation model C'Y*° in which the event that

'In this instance the local convergence topology is the weak* topology generated by the
set of local and tame real-valued functions on €2. These are the functions which which are
F a-measurable and satisfy |f(w)| < alwa|+ b for some A € R? and a,b € R.
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A is connected to A° is smaller that it is with respect to C3 . We can then
use a coarse graining argument to bound this event from below. The new
percolation model will share the same particle distribution as C% .

We will define C’Zs‘lje as a measure on (2, F) where ¢ = 2, although
instead of the mark space {1, 2} we will use the mark space {0, 1}. Points with
mark 1 are considered to be ‘open’ and points with mark 0 are ‘closed.” A
path in w € Q connecting @ and y is a sequence of points (x;)" ; C w with
n € N,x; = x and x,, = y such that o, (x;) =1 for all ¢ € [n| and there exists
7; € Dels(w) such that x;,x;1, € 7; for all j € [n — 1]. The event that A is

connected to A° is the following:

{A & A} = {w cQ ‘ There exists a path (x;), }

in w with z; € wy and z,, € wae.

Let MR , denote the marginal distribution C% ,(-,£). We can then

write
Oz,w(dw/7 dE) - /‘LZ/,A(dE)MZ,w(dw/)‘

where

K(W'E)
q ! A(dE)

1 (dF) = : . 2.3.10
oy, ,A( ) qu(w/’E),Uw’,A(dE) ( )

Let H denote an unmarked hypergraph structure which is a subset of
Dels, and p € [0, 1].

For w € Q, let i, denote the distribution of the random hyperedge
configuration {7 € Dels(w): & =1} € &£, where (§;);en(w) are independent
Bernoulli random variables such that §; = 1 with probability ply,(7). In
other words, each hyperedge T € Dels(w) is declared open independently with
probability ply (1), and closed otherwise.

In addition, define @ := {z € w : I7 € H(w) with x € 7} and let A,
denote the distribution of the mark vector o,, € {0, 1}* where (0,(2))ze. are

independent and identically distributed such that o, (z) = 1 with probability
ply(x).
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We can now define our site percolation measure on (€2, F) to be
(A, do) = Au(dow) M, (dw).

The result regarding connectivity is the following. For the full proof see [Eyel4,
Proposition 2.18].

Proposition 2.3.6. If ul, A = fi., then for all A C A € R?,
/ NaoacdCh,, > C°(A + A°).

From this proposition one can see that for (2.3.9) to be satisfied it is
sufficient to obtain a uniform lower bound on Af\:‘f(C (k) <> AS). This will
be accomplished in the next chapter using a coarse graining procedure which
enable a stochastic comparison to be made with Bernoulli percolation on Z2.

Let fi, A denote the measure for which each hyperedge 7 € Dels(w) is

opened independently with probability

P(T) Liy(ynpety a (@) (T) T LDels@)\Dels a ) (7);

where p : Eg23 — [0, 1]. With respect to both f, , and fi, A, the status of
all but finitely many hyperedges is not fixed. In this case, one can show that

p A 7 flw,a if for all 7 € Dels(w), the comparison inequalities

pal) i)

20— pa(m) = 0 p) (2:3.11)

are satisfied (with the convention that 15, = 00 when p = 1) by applying the
same method as in the case where the hypergraph is finite. For the proof in
the case of a finite hypergraph, see [Eyel4, Proposition 2.3] (which generalises
a result originally proven in [For72]). Employing a coupling argument similar
to that used in Lemma 2.4.1 we see that fi, Ao = fi,. Therefore, to show that

[ A = fl, We need only verify (2.3.11).
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2.4 Mixed site-bond percolation on Z?

Here we take a small detour to prove a technical result about mixed site-bond
percolation on Z? which will prove useful when carrying out the aforemen-
tioned coarse-graining procedure. This result is not strictly necessary, and in
fact [Rus82, Lemma 1] would suffice for our purposes since we only need to
consider site percolation in chapter 3. We choose to include this result here
because there are situations (for instance the model considered in [AE19])
when one needs to use mixed site-bond percolation to accomplish the coarse-
graining argument. The result states that if all conditional probabilities are
uniformly bounded from below then the percolation probability is greater than
the percolation probability of Bernoulli site-bond percolation. For more results
regarding comparisons of site percolation measures with product measures see
[LSS97].

Let B = {{x,y} C Z*: |x — y| = 1} denote the set of edges (or bonds)
between neighbouring vertices in Z2, and Q := {0,1}2°%8. For w € Q we say
that a site or bond x € Z2UB is open if w(z) = 1 and closed otherwise. We will
use the shorthand w, and w,, in place of w(x) and w({x,y}) respectively.
Let

Clw) := {az € Z?

There exists a path 0 =21, ...,2, =z s.t w,, =1 }

for i € [n] and wyy, 4.,y = 1 for i € [n —1].

This is the open cluster around the origin. Similarly, if w € Q or w € Q :=

{0,1}%° we define the open site cluster as follows:

Cs(w) :== {x € 7?

There exists a path 0 = zq,,..,z, =
such that w,, = 1 for i € [n] .

The event that 0 is connected to the set A is

{0 A} = {w € Q| There exists v € ANC(w)},
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and the event that percolation occurs is

{06 00} = {we Q| |0W)| =00} = [ {0+ A7},

neN

where A, = [-n,n]? N Z2.
Let 1,y denote the measure for which each site is opened independently

with probability p and each bond is opened independently with probability p'.
Lemma 2.4.1. If P is a measure on € satisfying the conditions:

1. For all x € 7% and W' € Q,

Plw, = 1| wy =w, fory#x)>p, (2.4.1)

2. For all {x,y} € B and w' € Q satisfying w), = w, = 1,
P(w{mvy} =1 ‘ W{w,z} = o‘Jj{w,z} fOT {w7 Z} # {I‘, y}) Z p,' (242>

Then P(0 <> 00) > /(0 <> 00).

Proof. Let P and fip denote the marginal measures of P and p,, on Q.
Inequality (2.4.1) will allow us to couple these measures together. We start
by identifying Z? with the natural numbers via an arbitrary ordering. Let
E} (E;) be the event that the site k is open (closed) and let w®) = {w' €
Q| w = w; for all i < k}. We define the measure m on Q x Q inductively by

setting (as was done in [?])

m(E{ x EY) =p, m(Ey x Ey) = P(E]) — p,
m(Ey x Ef) =0, m(Ey x By) =1-P(Ef),

and then for k > 2,

m(E x EF) =p, m(Ef x B;) =P(E | w®) —p,
m(E; x Ef) =0, m(Ey x B;) =1—-P(E; | ™).
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This measure satisfies the following:
P(0 <+ AS) = / P(0 < AS | Cy = Cy(w)) P(dw)
= [R0e AL 1 €= o) mld ),
and similarly
paar (06 85) = [ e (065 A5 | €= Cl) (s ),
Therefore if
/ P(0 5 A | Cy = Cy(@)) = iy (0 65 AC | Oy = Ca(w)) m(dew, det) > 0

then we have

P<0 <« AfL) > /vbp,p’(o Ad AZ,)?

and so to complete the proof we need only to show the former inequality. First

we note that if w > w’, then we have
:“p,p’(o < AL | Oy =Cs(w)) > lup,p’(o <AL Cs = OS(WI))7 (2.4.3)

since the event 0 <+ A¢ only depends on the bonds between sites in Cy. Sec-
ondly, since all sites in Cs are open, we can conclude using property (2.4.2)
that for all w € Q

P(0 < AS | Cy = Cy(w)) = ppy (0 3 A° | Oy = Ci(w)). (2.4.4)

This can be shown by another coupling on {0, 1}2®) where B(w) is the set of
bonds between sites in C(w). Since w > w’ almost surely with respect to m

we can now conclude using (2.4.3) and (2.4.4) that:

/]P’(O N | O = Cs(w)) — ppp (0 AL | Cs = Cs(W)) m(dw, dw'’)
> /]P(O AL | O =Cs(w)) — ppyp (0 AL | C5 = Cs(w)) m(dw,dw’)
0

>
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Corollary 2.4.2. Let p. denote the critical probability for site percolation on
Z2. If P is a measure on € such that

1. For all x € Z? and W' € 1,
Plw, = 1| wy =w, fory# x) > \/pe,
2. For all {z,y} € B and all ' € Q satisfying w, = w, =1,
P(wiayy = 1 | Wiwzy = Wi oy for {w, 2} # {z,y}) > /pe-

Then P(0 <» oco) > 0.

Proof. By Lemma (2.4.1) there exists € > 0 such that

P(0 <+ 00) > pt/pete,pote(0 <> 00).

By applying inequality (4) of [Ham80] we can see that the right hand side is
greater than p( po4e21(0 <> 00), which is greater than 0 since (,/pc + €)* >
DPe- O

2.5 Previous results for Delaunay interactions

To close this chapter we will review previous results for Delaunay continuum
Potts measures. In [AE16] Adams and Eyers considered three models in which

the Hamiltonian takes the form

Haolw)= 3 e+ Y 61— 6,.(7)

T]GDelgyA(wAch/) TEDelm,A (wAch’)

for m € {2,3}. In all three ¢ was chosen to be the hard-core potential

if |z — do
ooy = 40 s

0 otherwise.

Since the Delaunay graph is a nearest neighbour graph, i ensures that no

two particles are within dy of each other. The three choices of m and ¢ were
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log(1+ ) |

(¢ + é1)({z,y})

60 ‘I _y‘

Figure 2.3: A graph of ¢ + ¢;.

as follows, where § > 0 is a parameter which adjusts the strength of the

interaction.
1. m=2 and
5\’
2. m =3 and

¢o(1) :=log (1 + Ba(1)?),
where «(7) is the smallest interior angle of T,

3. m =3 and

if a7 o
¢3(7) = ) ) 2

0  otherwise,

where o € (0,7/3).

Interaction 1 discourages short edges and interactions 2 and 3 encourage the
presence of triangles with small angles. All three models were shown to ex-
hibit a phase transition when the parameters are chosen appropriately (8 &
z sufficiently large and o sufficiently small). For the precise statements see
[AE16][Theorems 2.4 & 2.6].
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Adams and Eyers also studied a system with no background interaction

and a finite range type interaction in [AE19]. They considered the Hamiltonian

HAM("‘JI) = Z log(l + B|SL’ - y|_3_e)]l{\xfy|§R}(1 - 5% (77))

n={=z,y}eDely A (wacUw’)

where 5, R > 0. It was shown that for any R,e¢ > 0 a phase transition oc-
curs for sufficiently large values of 5 and z (for the precise statement see
[AE19][Theorem 1.4 and Remark 1.5(c)]).
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Chapter 3

Delaunay Potts models with

triangle interactions

Here we consider a Delaunay Potts model with interactions between the triples
of points which are the triangles (2-simplices) of the Delaunay triangulation.
This is in contrast to the models in section 2.5 which have interactions based
at least in part on the relationship between pairs of points (the 1-simplices).
We consider a hardcore background interaction which places upper and lower
bounds on the circumradius of each triangle and a lower bound on the interior
angles of each triangle. The edge lengths can therefore be bounded from
above and below, so the restrictions here are stronger than those imposed in
the models from [AE16]. We will show that a translation invariant Delaunay
continuum Potts measure exists when the activity z is large enough and that

there is a phase transition for certain values of the model parameters.

3.1 Definitions

For a triangle 7 € &gz 3 whose points are non-collinear, let A(7) denote its
area, §(7) its circumradius and a(7) the size of its smallest interior angle. The

background and type potentials we consider in this chapter are

oiry =" if 6(r) € (r, R) and a(7) > ag

oo  otherwise.
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and

o(7) = log (1 + ﬁA(T)’l) )

respectively, where > 0,09 € (0,7/3) and 0 < r < R < oo. Recall from
(2.3.2) that the hypergraph potential ¢ : Del; — R U {oco} is given by

p(T,w) == (1) + (1)1 = 0, (7))

3.2 Results

Theorem 3.2.1. (Existence.) If § > 0 and

z > ZSX(B> Rv r, ()10)

" 37 R%p3(1— 6po)” B2R2(1—6pg) 2(1—2p0)1 %) * 7

where

RY3 — 3 (1 — (1 + cos(ag))?)?
6 (R3 + r1/3) 2cos(ag) =1 7

po(R, T, ) := (3.2.2)

then there exists a translation-invariant Delaunay continuum Potts measure

for Dels, z and .

Theorem 3.2.2. (Phase Transition.) Let oy < sin™'(3/64), and 64r <
3R. There exists Bo(q, R,r, ), 20(B,q, R,r,a0) > 0 such that for all § >
Bo(q, R,r, ) and z > zo(B, q, R, 1, o) there exist at least q translation-invariant

Delaunay continuum Potts measures for Dels, z and ¢.

Remark 3.2.3. In fact, these results also hold for the type potentials

(1) := log (1 + ,BA(T)_k)

when k > 0, albeit with different values of zy and ;.
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7/

Figure 3.1: A pseudo-periodic configuration with p < ﬁg

3.3 Existence proof

To prove that a translation-invariant Delaunay continuum Potts measure exists
we will verify that the hypotheses of Theorem 2.1.7 are met. For (7,w) €
Dels the ball B(7) is a horizon for ¢ satisfying the requirements of (R) since
wN B(1) = 7. (S) is trivially satisfied since ¢ > 0. We will show that (U) is

satisfied when

(e 2
M= <0 \/§4/2> (3.3.1)
and
I'=T%:={weQc:w= {2} for some z € B}, (3.3.2)

where B = B(0, p{) is the ball of radius p¢ around the origin and the param-

1
_ 2/37
case for every pseudo-periodic configuration w € I'B, each point * € w has

eters p,{ > 0 are chosen appropriately. We assume that p < in which

6 neighbours and the Delaunay triangulation becomes a perturbed triangular
lattice (|[Noll3, Remark 2.5]) as shown in figure 3.1. In this case the length of
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each edge lies in the interval (£(1 —2p),¢(1 4 2p)). Thus by the law of cosines

20%(1 + 2p)% — £2(1 — 2p)?
= 202(1 — 2p)?

1420\ 1
S \1-2 2

for all 7 € Dels(w). The roots of the quadratic (142p)? — (3 4 cos(ag))(1—2p)?

(1%L +cos(ap)) 2)?
2 cos(ap)—1

cos(a(T))

are , and so since cos(ag) > 5 we have the following result.

—(1 cos(a 3 2 y y
(1=(3+cos(a0))2) A == then for any pseudo-periodic

Lemma 3.3.1. If p < 5 cos(a0)—1 23

configuration w € T'B,
a(T) > ag for all 7 € Delz(w).

By Lemma A.0.2,

(1 -2
(L—2p) _ 5(r)
V3
for all 7 € Del(w). If we further assume that p < Z, then
1—6p _ d(7)
0< L(p) := < 3.3.3
(o) =5t < 5] (333)
On the other hand, the circumradius 0 of a triangle with area A and edge
lengths a,b and c is ‘i—lf, so we have
3(1+ 2p)?
o) < ———4
)= —m

The lower bound

A(T) = /30(1 = 2p)(2L(1 = 2p) — (1 + 2p))?
= (*\/3(1 —2p)(1 — 6p)3 (3.3.4)
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can be obtained using Heron’s formula, which implies

3 3
U(p) = (1+6p) > (1+2p) > 6(7’)‘ (335)
VB(L=6p? = B —20)(1—6pp ¢
These inequalities are used to prove the following result.
Proposition 3.3.2. If p < po(r, R, ap) 1= —RL=rl0 p (oGresoo)2)?

6(R1/3+r1/3) 2cos(ag)—1

ﬁp) < %. Furthermore, if { € (L(Tp), %) then all pseudo-periodic configu-

rations w € T'B satisfy
d(7) € (r, R) and a(71) > ay for all 7 € Delz(w). (3.3.6)

Proof. The first part is just a simple rearrangement:

R1/3 _ 7a1/3
6 (RY/3 + rl/3)’
— (1+6p)r'/? < (1 —6p)RY3,

r_(1-6p\°  L(p)
= E<(1+6p) ~U(p)’

T R
< —.

— L) " Ul

p <

Since p < Rl/g’rl/g) < % < #3 we can apply Lemma 3.3.1 and inequalities

6(R1/3+r1/3
(3.3.3) & (3.3.5) to obtain

r <({L(p) <d(r) <LU(p) < R

and «a(7) > ag for all 7 € Del3(w) when ¢ € (ﬁ, %)- .

Suppose w € T',¢ € Qa and T € Dels(¢ U wae). There exists k£ € R
(independent of w, A and ¢) such that B(7) C A @ k, since if B(7) protrudes
too far outside of A then B(7) Nwae # 0. Therefore if Wiy, = wagr then
7 € Del3(¢ U wl\.), which implies ¢(7,{ U wac) = o(7,{ Uwi.). (U1) is
then satisfied with rr < k < 0.

To prove (U2), we need an upper bound on cr. If (3.3.6) holds then
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(1) = 0, and so utilising the lower bound (3.3.4) we have

6 B
cr < glog (1 + ENC BT 6p)3) < 00. (3.3.7)

Finally, e*I°ITI%(T) = 2| B, so if

2
1 B
z2>—— |1+
Tp*l? ( 24/3(1 —2p)(1 — 6,0)3>
then (U3) is satisfied. Thus far we have proved the following:
Proposition 3.3.3. If 5 > 0,

RV3 —¢1/3 (1 — (1 +cos(ag))?)?
6 (RY3 4 rl/3) 2 cos(ag) — 1 ’

p < pO(Ra T, Oéo) =

‘e (LZP)’%)’

and

2
/ 1 g
z > z(B,p, ) == =T (1 + N T 6p)3) , (3.3.8)

then there exists a translation-invariant Delaunay continuum Potts measure

for Dels, z and .

Since the lower bound on z is continuous at (p,£) = (po, %), we can

replace p with pg and ¢ with %. The condition on z then becomes

ex __ (1+6p)° B(L+6po)° i
2> (o) = g oot \ Y SRR Gp0) 21— 20) )

and therefore Theorem 3.2.1 can be seen as a consequence of Proposition 3.3.3.

1/3_,.1/3
R T 0

Remark 3.3.4. z§*(R,r,ap) — 00 as ag — 7/6 or (R4
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3.4 Phase transition proof

To prove Theorem 3.2.2 we use a coarse graining procedure to obtain a lower
bound on C’lz\:lf(C(k) < A%), and then apply Proposition 2.3.6 and Theo-
rem 2.3.5. Before specifying the unmarked hypergraph structure H and the
parameter p, we will first prove some statements about the measure M3 . In
particular we consider the effect of augmenting a configuration by an additional

particle

3.4.1 Augmenting a configuration by a particle

The situation here differs from the case of a classical many-body interaction
since adding a point  does not merely result in additional interaction terms
representing the interaction between x and the other particles. Instead, when
the particle x is added, some hyperedges are created and others are destroyed.
The result of this is that for w’ € Qa and z € A, both HK,w(w’) and
HKW (W' U {x}) may contain terms which are not present in the other. It is
thus possible (depending on ) that Hwi(w’) = 0o and HK,w(w’ U{z}) < occ.
In this case the function e_HKw(') is called non-hereditary [DVJ08, Definition
10.4.1V]. We start with the point insertion lemma which expresses that the
circumradius of each ‘new’ triangle (when z is added) is less than the circum-
radius of particular ‘old’ triangles. The point insertion lemma formalises an
argument found in section 12.2.6 (page 462) of [Lis99], with some details filled
in.

The following sets contain the tiles that remain intact, the ones that
are created, and those that are destroyed when adding the point zy to an

unmarked configuration w. From now on we will write w U xy rather than
w U {SL’O}

T = Delz(w) N Delz(w U z¢) = {7 € Delz(w) : 79 ¢ B(7)},

z0,w
T, ., = Dels(w U o) \ Delg(w) = {7 € Dels(w U xq) : z9 € T},
1w = Dels(w) \ Dels(w U xg) = {7 € Dels(w) : xy € B(7)}.

An example is shown in figure 3.2. The area covered by the triangles in T}

(or T,F ) is shown in grey and referred to as the Delaunay cavity created by
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\ —

(a) Ty = Del3(w) \ Dels(w U o) (b) T, , = Delg(w U zg) \ Dels(w)

zo,w

Figure 3.2: Augmenting the configuration w by a point .

Zg-.

Lemma 3.4.1. (Point insertion lemma.) Suppose 7 = {xo,y, 2z} € Dels(wU
xo) and let 7, Ty denote the two triangles in Dels(w) which have {y, z} as a
subset. Then

0(7) < max(d(m),0(m)).

Proof. Without loss of generality, let 7 = {v,y, 2} € T,

0,W

T, (see figure 3.3). Let C: denote the circumcentre of 7. Consider the two

and 75 = {u,y, 2} €

half planes separated by the line @ passing through z and y. We will show
that if C; is in the same half-plane as v then §(7) < §(71) and if C; is in the
same half plane as u then 6(7) < §(m).

In the former case, the angle #; subtended by the chord 7y at v is less
than the angle 65 subtended by 7y at x3. This can be seen by extending the
line yZ, until it intersects the circumcircle of 7y (figure 3.4a), which is possible
since xg lies inside the circumcircle of 7. Since C'- lies on the same side of Ty
as v, there is a right angle subtended by 7y at some point along Tz, or yzy
(figure 3.4b), so 6 < 7. From the relationship 6, < 6, < 7 we can conclude
that

~d(w,y) d(z,y)
or) = 2sin(6y) = 2sin(6;)

= 5(7'1).
Now suppose that C; is in the same half plane as u. If Cr, is farther
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Figure 3.3

(a) The angle 6; subtended by the  (P) There is a right angle sub-
chord Ty at v is less than the angle mided bla:y at some point along
0, subtended by zy at xg. Lo Or Yxo-

Figure 3.4
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x : Y
(a) d(u,Cr)? = d(u, Cy,)? + d(Cy, Cr,)? + 2d(Cy, Cr,)d(Crry, p)

p—

1o e
Ue--mmmmmmmmmmmmeee oo P 5

10y |

- iCry

. 5 g
(b) dw,C)? < d(u,Cyp) + ' !
d(C;, Cr,)? (c) d(u, Cr) < d(u,C,).
Figure 3.5

away from Ty than C, then it is clear that §(7) = d(z, C;) < d(z, C.,) = 0(2),
as required.
Conversely, if C, is between Ty and C. then §(7) < 6(7). In fact

5(m2) < 8(r) < d(u, C,) (3.4.1)

since the point u is outside of B(7). But we also have (see figure 3.5)

8(7)? = d(z, C,)?
- d(x’ CT2>2 + d(CT7 07'2)2 + 2d<07'7 CT2)d CT27 mT—i—y)

r+y

= d(u, Cy,)? +d(Cy, Cry)? + 2d(Cr, Cy)d <(J —

> d(u, ;).

which contradicts (3.4.1). O
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Let w € szq. Recall that M3 , denotes the marginal distribution C3 (-, ).
The Radon-Nikodym density of MR , with respect to PX , is

z Z3 (W) o
A,w( ) ]]-{UJAC wAC}ZZA<w) /chc( 7T),U,w/’A(dT).

The next lemma gives a lower bound on the ratio

Aw(w U IO)

A,w(w,)

Y

which is known as the Papangelou conditional intensity. Recall that according

to the hyperedge drawing mechanism g, A each edge in Delj(w) is opened

ext
x0,w’ :ua:o,w

and p, , denote the measures which open the edges in T, T.F , and T,

independently according to the probabilities given in (2.3.5). Let p

To,w? T To,w T0o,w

respectively with the same probabilities. Then

/'L?C)o{tw ® :uxg, = Hwuzg,A and /’L?;;tw ® :uxo w = Hw,A-
Lemma 3.4.2. Suppose that w € QA Zq,w’ € Q with wae = Whe, and xy €
A\w'. If HAM(wA), HA’w(wA Uxg) < oo. Then

Aw(w Ul’o) 1—27

A,w(w/)

Proof. The structure of this proof is the same as [AE19, Lemma 2.3] but the
details are slightly different since we are dealing with triangle interactions

rather than edge interactions.

B Umn) [ gDy (@)
Aw(@) J qNee@ Dy A(dAT)
B f chc(w’Uxo,T1UT2)—NCC(w’,T1)chc(w’,Tl lu;);tw (dTl)Mro iy (dT2>
T e N ) N i, (05 (0T

zo,w

Opening more triangles can only reduce the number of connected components,

SO
Ncc(wla T3 U T4) < Ncc(w/a TS)
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Furthermore, since HY _(w)j U xo) < oo the point z is connected to at most

i—z other points in the graph (w’' U z, Dely(w' U z0)), so
Ncc(w' U Zo, T1 U Tg) — Ncc(w’, Tl) Z 1 - —.

Therefore

(W Uzg) _ [q m gV et ATyt L (dTy)
th,w(w/) B qucc (. T5) Mgﬁ)étw (dT3)Mmo w’ (dT4)

1— 27

:q @Q D

3.4.2 Coarse graining

In order to prove the existence of a uniform lower bound on C’f\jlff(C (k,m) <>
A¢), we will devise a criterion by which, according to the underlying configu-
ration w, each cell C(k,m) (defined in 2.1.9) is declared open or closed. This
criterion will be devised in such a way that there exists an infinite connected
component containing a point in C(k,m) if C(k,m) belongs to an infinite
connected component of open boxes. We call this procedure of moving from
points to cells coarse graining. Formally, for each n we will construct a map
X, : Q = {0,1}% where w € {C(k,m) < A¢} if (k,m) belongs to an in-
finite open cluster in X, (w). The cell C(k,m) is considered to be open if
Xn(w)(k,m) = 1. The desired lower bound will then be obtained by making a
stochastic comparison between the law of X,, and a Bernoulli product measure
using Corollary 2.4.2.

Let M and I be as in (3.3.1) and (3.3.2) respectively, and let the pa-
rameters p, ¢ and z satisfy the requirements of Proposition 3.3.3 with zq in
place of z. Then (U) is satisfied (in addition to (R) and (S)). The same
argument as in the previous section can be used to show that these conditions
are also satisfied in the unmarked regime with respect to v instead of ¢, and
[ =T8:={weQc:w={x} for some x € B} instead of I'. The situation is
simpler since in this case ¢cp = 0. By Remark 2.1.8, T C QF qand ' C QA g
for all n € N, where Ay = Uy ey C(k,m).

The cells (C'(k,m))kmez form a partition of the plane into rhombi of
length ¢. Let us split each cell into 64 smaller sub-cells of length ¢/8 denoted
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(C]i:{n)()gi,jgh where

i—4i—3 j—4 j—3
C’k%::{]\/[xERQ:x—(k,m)E{ 5 8 )X[T,T)}

Let F},, denote the event that there is least one particle in each sub-cell of
C(k,m) and Oy, denote the event that additionally all points in C'(k, m) are

open:

From = ﬂ {wGQ:|wﬂC,iﬂn]21}.

0<i,j<7

Opm = {w € Q:0y(x) =1 for all z € we, . }-

The map X,, : Q — {0, 1}22 is constructed by opening the sites (k,m) in-
side {—n,...,n}? for which Fy,, N Oy, occurs, and opening the sites outside

{—n,...,n}? for which Oy, occures, i.e

1 w) if k[, |m| <n
X, (w)(k,m) == FomOp (W) L[], Im| <
lo,,,(w) otherwise.

X, is therefore a stochastically decreasing sequence. To complete the definition
of CA'f\:lff, let H# = Dels and

1

h=<smo
%quR2+1

p(7)

For a given circumradius, the triangle 7 with maximal area is the equilateral
triangle, for which A(7) = %35(7). Therefore, if H}fmw(w/) < 00 then

R 1
P @B TA(T) + 1
P B
1—p =~ ¢*A(7)

IN

—

IN

for all 7 € Del3 a(wae Uw'). The comparison inequalities (2.3.11) are satisfied
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since

pa(7) 1 e (M) ed(r) _ 1 B

(1 —pa(r) e @ PA(7)

for all 7 € Dels a(wae Uw'), and therefore uZ},’ A, 7 flr almost surely with re-
spect to M} . Hence the premises of Theorem 2.3.5 and Proposition 2.3.6 are
satisfied, so it remains to show that there exists ¢ > 0 such that Ai:ff(C(k, m) <>
AS) > c for all n and w € I'. The following lemma shows that a uniform lower

bound on the percolation probability of the law of X, is sufficient.

Lemma 3.4.3. Ifw € I'o,(z) = 1, H}fmw(w’) < 00 and X, (wp,c Uw') €
{(k,m) <+ oo}, then ) . Uw' € {C(k,m) <+ A5}, Therefore

R (Ckm) & %) = Ly, (k.m) > )

where Lx, 1is the law of X,,.

Proof. For k € {—n,....,n —1},|m| < n let Tk m, Thr1.m € wae Uw' denote the
points whose Voronoi cells contain the centers of C(k,m) and C(k + 1,m).

The Voronoi cell associated to x is given by
Vor,.uw (z) = {2 €R?: |z — 2| < |w — 2] for all w € wye Uw'}.

If X, (wae Uw')(k,m) = Xy (wae Uw')(k+1,m) =1 then @, is connected

to Tp11,m via a path whose points are located in

i,J i,J
{ U m} U{ U %m}-
2<i<7,2<5<5 0<i<5,2<5<5

This can be seen via the same argument as [AE19, Lemma 2.7, step (iv)].
In fact, the points can be joined via a path whose points all have Voronoi
cells intersecting the line segment between the centers of the cells C'(k, m) and
Ck+1,m).

Furthermore, the same applies if |m| < n and X, (wae Uw')(n,m) =
Xn(wae Uw')(n + 1,m) = 1; there is a path between x, , and the point in
WO (nt1,m) (recall that p < %) via a path whose points all have Voronoi cells

intersecting the line segment between the centers of the cells C'(n,m) and
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Figure 3.6: An illustration of two open cells meeting the boundary of A,,
which is represented by the bold line. The open cells in A,, have at least one
point in each of their 64 sub-cells.

C(n+1,m). Figure 3.6 shows an example of a path passing through two open
cells and across the boundary of A,,.

Note that we have only discussed horizontal crossings between cells
C(k,m) and C(k-+1,m). The proof for vertical crossings can be performed sim-
ilarly. It is now clear that if there is an infinite path (k,, m,)5_; in X, (wa, cUw’)
with (k1,mq) = (k,m) and |ks|, |ms| > n then there is a path in wy,c U w’

connecting Ty, ,, € wc( m) to the point in W (ks ,ms)- ]

3.4.3 Percolation of Ly .

It remains to show that the assumptions of Corollary 2.4.2 are satisfied for
the measures (Lx, )22 ;. The measures L, can be considered as measures on
{0,1}7°V8 where all bonds are opened with probability 1. For any (k,m) €

{—n,..,n}?and X € {0,1}* satisfying X (i, j) = 1 for all (i, j) ¢ {—n, ...,n}?,

it (ulbom) = 1, 01.9) = X(0.7) or (1) # (ko)) (3.42)

— Cz ,site <Cz 51te(ka N Okzmlj:C (km)® )

A(0s7) = X(i,) for (i,) # <k,m>)

> essinf CZ site (ka N Ok.m,

wleﬂc(kﬂn)c

prc(hm)c — w,)7 (343)
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where the essential infimum is taken with respect to C’i:lf o prc(kjm)c’l. Since
we are dealing with standard Borel spaces, the regular conditional probability
in (3.4.3) is guaranteed to exist. For (k,m) ¢ {—n,...,n}?, there is only one
point in each cell, so the expression (3.4.2) is equal to p, which is in turn
greater than (3.4.3) since the latter is at most p%. Therefore it is sufficient to
show that (3.4.3) is greater than the critical probability for site percolation on
Z?, denoted pite(Z?).

First we will bound the probability of the event Fj ,, from below. For
A C A, the regular conditional probability

Qpe x F 3 (W, B) = Mg, (B|prac =w')

is given My o pra.-almost everywhere by the function

f]lB(w'Uw”) z (w’Uw”) H, w(w//uwﬁ\n)HZA(dw”)

(W', B)
Jhi, wa) HY e 5 (dw')

The proof of this follows that of the analogous case in [Eyeld, page 40-41].

For the rest of this section let e = (1 — pii*°(Z?)).

Lemma 3.4.4. Suppose ap <sin™' (&), 64r < 3R,
(e (\/5(?" V' Rsin(ay)), \/§R> and

640"

z> 2z, q,r, R, ) := 5
€ (é - %(r Y Rsin(ao))>

(3.4.4)
Then for any pseudo-periodic boundary condition w € I' and any sub-cell C’;Jm
with |k], || <,
M3, w(Ngis 21 prigis o =) >1— —.
for Mi ,opr ., . -almost all ',
" (Cim)®

Proof. Assume M in,w(NC;;{n =0 I w') > 0, else the result is trivial.
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This implies that
(1) =0 for all 7 € Dels 5, (W'). (3.4.5)

Define V ', to be the thombus of side length d = ¢ — T(T V Rsin(ayp)) which
is a contractlon of C’ 7 about its center point (see figure 3.7). We first claim
that for M3 o pr(cw o -almost all w’ and x € Vkm,

(1) =0 for all 7 € Delsa, (W' U ). (3.4.6)

It suffices to only consider the triangles 7 € T ,. Any edge {z,y} € Dely(w'U
x) must satisfy |z — y| > ( 20 —d) =2(rV Rsin(ag)) > 2r. Thus (1) > r
for all 7 € T,f,. By Lemma 3.4.1 and (3.4.5) we also have 6(7) < R.

By the same argument used to compare the angles #; and 0y in Lemma 3.4.1,
if # is an angle belonging to a triangle 7 € T;w, which is subtended at x
then 0 > «ap. All edges {z,y} € Dely(w’ U z) must have length at least

A

of 7 not subtended at xy then

d) > 2Rsin(ay), so by the law of sines if 7 € T,/ , and 6§ is an angle

. 2R sin(ayp)
sin() > 350

> sin(ap),

and so 6 > «q since we know that oy < 7/3. This completes the proof of
(3.4.6). Together with (3.4.5) this implies that

67H}\Z)n,w(w§\num) — eiHX)n,w(w;\n) = 1 (347)

For the second half of the proof we compute the lower bound by applying the

formula

/f O, (0 = -z|vkm|zn'/” (@ wa})dan, . day

(valid for bounded measurable functions f : Qgis — [0,00)), restricting the

domain of integration and applying (3.4.7) and Lemma 3.4.2. The computation
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is as follows:

M/Z\n,w(NC

0,7
k,m

= 1prp ) =)
M5, w(Nogs = 0lprgys ) =)

f ]]‘{Nci,j _1y (w//) in,w(w/ U w/’)efH}\bn»w(w;\nU“’//)Hz i
_ k,m

(oi (dw//)

k,m

S, o (@, (@)e M elhTEE | (dw)
k,m

k,m

_ 2% _ g ’
2o [y B, (! Ug)e Rl
,m

e 1%l ()

z (WUx
> Z/ de
vii o hR . (W)

k,m

1-27 i g
> 2q |V,

T (g - %(r v Rsin(ao)))z.

Finally,

Min,w(NC

2%
k,m

= 1prgps ). =)
:u}l

Mi w(N i,j lepl" i,j czw')Zl— P
sy Ck,m (Ck,m) MATM"J(NC)?’JWL - 0| pr(c’;‘c’;in)e )

2m_q
Z 1 - a7 9
z (é — %{r v Rsin(ao))>
€
>1—-—
64

by assumption (3.4.4).

Corollary 3.4.5. If the assumptions of Lemma 3.4.4 are satisfied, then

Min,w(Fk,m

Drogemye =w') > 1 —€

for MR, 0 Dro (g mye-almost all w'.
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1
¢
4,7
" Ck,m
Figure 3.7
Proof.
Min,w(Fk,m| prC’(k:,m)C = w/)
>1- Z MX"’W(NCIZ{n = 0| PIo(km)e = w/)
0<i,j<7 '
2 1 - Z /'Min,w<NC£‘in = 0| pr(Ciﬁn)c = w/)Min,w © pr(é]z,in)c (dw/>
0<i,j<7 '
>1—ce. ]

The final component we need to finish the proof is an upper bound on
the number of particles in a cell C(k,l). If Hp, (') < oo then {z,y} €
Delyp, (wae UWw') = |z —y| > 2rsin(ag) by the law of sines. Since the
Delaunay graph is a nearest neighbour graph, this means that no two particles

are within a distance of 2rsin(«ag) of one another. Therefore
(+ 2rsin(ag) \ 14 2

l =l— ] =(——F—+2 3.4.8

it 7, ) ( rsin(ayg) rsin(ag) + ’ ( )

which is an upper bound on the number of non-overlapping circles with radius
rsin ag that can fit inside a rhombus with side length ¢+ 27 sin ay, is an upper
bound for |w'|.

We can now prove the existence of the required lower bound on (3.4.3).
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Proposition 3.4.6. Suppose oy < sin’l(ﬁ%), 64r < 3R and ¢ € (f’%(r V
Rsin(ag)),V3R). I

w

SR
(]_ _ 6)—1/m(€,r,o¢0) -1

/8 > /B(l)(éu(b R7 r, Oé()) =

and z > z{({,q, R, 7, ) then there exists ¢ > 0 such that for any n € N, any

|k], |m| < n and any pseudo-periodic boundary condition w € T,

Az site
CAn,w (Fk,m N Ok,m

prc(k’m)c - wl> Z c > 0

for C% Slff opr, ( je-almost all w'.

Proof. Using the lower bound from Corollary 3.4.5 and the lower bound 3, we
have

CR im0 Ol o mye = @) 2 9" MR, o (Fram| Promye = ')

1 m
- (—) -9
15 3 2R? 41

1 m
— ) -
= ((1—6)_m> ( )

=(1—-¢)?
> 1 —2¢e = p¥“(Z*) > 0. O

Recall that at the beginning of section 3.4.2 we assumed that the pa-
rameters p, £ and zq satisfied the requirements of Proposition 3.3.3. We need to
check that these requirements can be satisfied simultaneously with those of the
previous proposition. The only possible conflict relates to the parameter £. We
require that ¢ € <%(r V' Rsin(ay)), \/_R> (L(p : U(p)> = Io(R,r, ap, p).

This set is non-empty for small enough p since

(r V Rsin(ag)) < V3R = hmi

64
V3 =0 U(p)
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and

V3R > V3r = lim ——.
=0 L(p)

We therefore have the following, from which Theorem 3.2.2 is derived by se-

lecting particular values of p and /.

Corollary 3.4.7. There exists py(R,r, ) > 0 such that Iy # 0 if p < pj-

Moreover, if

ap < sin~'(3/64),
64r < 3R,
p < po(R, 1, a0),
e Iy(R,r, g, p),
B> Bl q, R,7,0),
and 2> 20, q, R,r, o) vV (1/q)20(8, p, 0)

then there exists at least q translation-invariant Delaunay continuum Potts

measures for Dels, z and .
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Chapter 4

Infinite Volume Delaunay

Random Cluster Measures

The method that we employed in the previous chapter to prove that a phase
transition occurs centers around the random cluster representation (Theorem
2.3.3), which provides a connection between the Delaunay continuum Potts
distribution and the Delaunay continuum random cluster distribution in a
bounded region A € R?. This connection was enough to prove the phase
transition in the previous chapter. In this chapter we are interested in an infi-
nite volume analogue of the Delaunay continuum random cluster distribution.
This choice of direction is inspired by work on a similar model introduced by
Dereudre and Houdebert [DH15] called the infinite volume continuum random
cluster model, which is a Gibbs modification of the stationary Poisson Boolean
model, defined using the DLR equations. The authors proved the existence of
such a model and discovered a Fortuin-Kastelyn representation relating it to
the Widom-Rowlinson model. This FK representation was previously known
for the finite volume measures but the authors extended it to the infinite vol-
ume measures, which facilitated the extension of the phase transition results
of [CCK95] and [GH96] for the Widom-Rowlinson model to the case of non-
deterministic radii [Houl7]. This representation was subsequently leveraged
to show that the Widom-Rowlinson model is unique for small activities using
disagreement percolation [HTH19]. We hope that an investigation of Delaunay
continuum random cluster measures in infinite volume might lead to similar

insights for Delaunay continuum Potts measures.
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In contrast to previous chapters we use the hypergraph structure Dely
instead of Dels here. There is still a random cluster representation in this case
(see [AE16]) so the motivations of the last paragraph are still relevant. Our
configurations therefore consist of a locally finite set of points and a locally
finite set of edges (kK = 2 in equation (2.3.1)). Thus far we have only defined
the finite volume Delaunay continuum random cluster model for the wired
boundary condition (Definition 2.3.1). In this case the number of connected
components N,. is always finite, and so the definition is straightforward. In
this chapter we want to expand this definition to include arbitrary boundary
conditions G = (w, F) € G and so we need to define a notion of the ‘local’
number of connected components.

The main result of this chapter is the existence of an infinite volume
Delaunay continuum random cluster measure (Theorem 4.3.1). We require
that the background potential satisfies two hardcore constraints and the edge
probabilities (those assigned by p, ) are bounded away from 0 and 1. The
proof follows an analogous approach to [DH15]. We begin by constructing
a sequence of probability measures from the finite volume distributions and
showing that it has an accumulation point. This is done using a compactness
result relating to the specific entropy. Then we prove that the limit, after
conditioning out the empty configuration, satisfies the DLR equations. In the
course of the proof we show that the infinite volume measure has at most one

infinite connected component.

4.1 Preliminaries

4.1.1 Sample spaces and sigma algebras

We use the definitions given in section 2.3.1, with d = 2 and H = Del, (and
so k = 2), but some additional definitions are needed. For A € R?* A € R?,
let

Qp i ={weQ:wC A},
Ex={Ee€&:ECA},
QA,A = QAXgA.
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Qa = {Nac = 0} and Ey = {Nac = 0} are Gy sets and are therefore Polish.
The associated Borel o-algebras are the trace sigma algebras Flg, = {AN
Qa : A e F} and Xlg, := {AN&y : A € £}. The projection mappings
prh : Q = Qa, w > wa, and pri : € — &€y, E — E, are measurable, and
furthermore for sequences A,, 7 R2, A, 7 R,

]-":a(U]:An>, and2:U<U2An>7

n>1 n>1

where Fa := (prh) 'Flo, and X, = (pri) '2Z|e,. In addition, the Borel
o-algebra on Ga a is Alg, , = Fla, ® Xlg,, and

A=o (U Fa, % U EAn> =0 <U AAmAn) )
n>1 n>1 n21

where A o 1= FA®X,. From now on, we will only need to consider subregions
of R* of the form A? for some A € R?, and so we will write Ea, Ea and XA in
place of Eaz, Ea2 and Y a2 respectively. We also define Ga 1= Ga a2, Aa =
Ap a2, and the projection pry : G — Ga, G — Ga := (wa, Ea).

4.1.2 Properties of Delaunay triangulations

The following lemmas describe the effect on the Delaunay triangulation when
a configuration is changed in a bounded region. This knowledge will help us

when implementing boundary conditions.

Proposition 4.1.1. For A C A C R? and w € 9,

Del;),,A(w) \ Delg,A(w) = Delg,A(wAc) \ D6137A(wAc).

Proof. If 7 € Delz a(w) \ Dels s (w) then 7 must satisfy

1. |7 =3, 3. B(m)Nw=10 5. B(r)NA =10,

w )
2. T Cw, 4. B(T)NA #0,

and if 7 € Delg a(wae) \ Dels p(wae) then 7 must satisfy 1, 4, 5 and

56



2. T C wpe 3. B(1T) Nwae = 0.
But 2A5 < 2’A5and 3A5 <= 3 Ab. [

Corollary 4.1.2. For AC A CR? and w € Q,
Delm(w) \ D8127A(UJ) = DGIQ,A(Q}AC) \ Delng(wAc).

Proof. n € Delga(w) \ Delpa(w) if and only if 37,72 D n where either
both 7 and 7 belong to Dels a(w) \ Dels s (w), or one belongs to Dels a(w) \
Del; s (w) and the other belongs to Dels(w) \ Dels x(w). But by Proposition
4.1.1 Delg a(w)\Dels s (w) = Dels a(wac)\Dels a(wac) and Delg(w)\Dels 4 (w) =
Dels(wae) \ Dels p(wae), which gives the result. O

For G = (w,E) € G, and A C A C R? we make the following definitions:
- GA = (w?, E?), where w? := Delj a(w) and E2 := E N Dely A (w),

- GAN = (WA EAA) ) where wB = (w)pe = (Dely a(w))ae and

EAA = F2\ Dely(w) = ENDelga(w) \ Delya(w).

As we shall see later, our model is defined in such a way that if G is chosen
as a boundary condition for the finite volume distribution in A then G®*2
remains fixed. We now present a few more lemmas which will be used implicitly

throughout this chapter.

Lemma 4.1.3. For AC A CR? and G = (w, F) € G,
(G]RQ,A)A,A — GA’A.

Proof. Let (W, E') = (G®>MAA By definition w’ = ((wae)?)ae = (wae)?.
If 2 € w™ then z belongs to a triangle 7 € Dels A (w). If 7 ¢ Del a(wac) then

7" € Dels(wpc) with x € 7/ whose circumcircle intersects A. But A C A, so
7 € Delz a(wpe), and therefore z € (wpe)® = W'

Conversely, suppose = € w’. Then z belongs to a triangle 7 € Dels A (wae). If

7 ¢ Del3 a(w) then B(7) Nwy # 0, and so 37’ € Del3 o (w) containing . Thus

x € wih,
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(b) (wae, DGIQ(WA(:))A

%{A»év
L

(¢) The graph induced by the edge set
Dely a(w) \ Delp a (w) (d) (w, Dely(w))>A.
= D6127A(w/\0) \DGIQ’A((A)AC).

Figure 4.1: The graph (c) is obtained by taking either (a) or (b) and removing
the edges belonging to triangles whose circumcircles intersect A (see Corollary
4.1.2). Notice that there may be points in w”* for which all incident edges
are in Dely o (w) \ Dely s (w). These points will belong to the graph (d) but not
in (c).

58



To prove that the edge sets are the same we use Corollary 4.1.2:

E' = (E N Dely(w) \ Dely p(w)) N (Dely a(wae) \ Delg a(wae))
= E N (Dely(w) \ Dely p(w)) N (Delg a(w) \ Dela a(w))
= ENDelya(w) \ Delyp(w)
_ gAA O

~— ~—

Lemma 4.1.4. For ACACR? and G = (w,E) € G,
(GA7A)AC — GA7A - (GAC)AJ\.

Proof. The first equality is clear. For the second equality the proof of Lemma

4.1.3 gives us w™" = (wpe)®, which is clearly equal to ((wxe)?)ae as required.

Showing that the edge sets are the same is another application of Corollary
4.1.2:

EA" = ENDelya(w) \ Delya (w)
= Epe N Dely a(w) \ Dely p (w)
= EAc N DelgA(wAc) \ DQIQ’A(CX.}AC) ]

Lemma 4.1.5. For AC A CR? and G = (w, F) € G,

(GR2,A)R2,A _ GRQ,A'

Proof. The vertex sets are clearly the same since (wpe)ae = wae.

To show the equivalence of the edge sets, we apply Corollary 4.1.2:

(£ N Dely(w) \ Dely p(w)) N (Dely(wae) \ Dely a(wae))
=(E£ N Dely(w) \ Dely p(w)) N (Dely(w) \ Dely a(w))
=E N Dely(w) \ Delp a(w)
_pR2A 0

59



4.2 Definitions

4.2.1 The reference measure

To define the reference measures we begin with a function p which assigns to
each possible edge e € 25 an edge weight p(e) € [0,1]. These will represent
the probabilities that each edge of Del, is open with respect to the reference
measure. For w € Q, let {& | e € Dely(w)} be a set of independent Bernoulli
random variables where & = 1 with probability p(e). Let p, denote the law
of the random set {e € Dely(w)| & = 1}. This measure is called the edge
drawing mechanism. For any subset A C Dely(w), the law of the random set
{e € A| & =1} is called the edge drawing mechanism on A.

For A c A e@R? we Qand ' € Qn let HAw w denote the edge
drawing mechanism on Dely A (w'Uwae), and let zi , , denote the edge drawing
mechanism on Dely o (W' Uwae) \Delg p (W' Uwae). Note that pa o w, = A w wae
and /Lg,w,’w = “g7wg\A,wAc by Corollary 4.1.2, and furthermore if w” € QA with

(W//)A\A = (w/)A\A then
HAwW w = KA W) w"Uwac ® ,ug’wu?w- (421)

Intersections and unions are defined as follows for G; = (wy, E1),
Gy = (w2, Br) € G:

G1 U GQ I:(wl U wa, E1 U Eg),
Gl N G2 I:(wl N wa, E1 N EQ)

Definition 4.2.1. For G = (w, F) € G and A @ R?, let va ¢ be the measure
on (G,.A) given by

vac(A) = / La(G™A U (W Bt o (AE)TTA (dw)

for any A € A.

Notice that the graph G¥*2U(w', E') is a subgraph of (wa-Uw’, Dely((waeUw')).
The kernels (va : G x A — [0, 1]) acrz where va(G, A) := va ¢(A) satisfy the
Gibbs consistency condition va c(A) = [vag(A)vac(dG’) for A C A € R2.
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Indeed by (4.2.1) and Corollary 4.1.2,

I/A7g(A) = / ﬂA(wl U wse U wWAe, E1 U E2 U ER2’A)

P on wonteo e (ABL)TIR (dwi ) iR o o (AE2) TR 4 (des)

_ / La(wr U (ws)ana Uwae, By U (Bo)™ U E¥4)
1A o wotwae (AE)ITR (dw1) 1w, w0 (A E2)ITA (dws)

= / ]1A<G1)I/A7G2(dGl)VA’G(dGQ). (4'2'2)

It this case it is also said that the kernels (va)aecrz form a specification. The

V(A) = / La(w, B) oo (dE)TT (dw) (4.2.3)

for A € A also satisfies equation (4.2.2) in place of va ¢:
v(4) = / 14(G1)va 6, (G1)V(dG).

4.2.2 The local number of connected components

Proposition 4.2.2. If G = (w, E) € G with |w?| < oo for all A €@ R?, then
for A @ R? the limit

NA(G) = Adm, (Nee(G2) = Neo(G2Y))

exists, and is called the local number of connected components in A. In addi-
tion, Na(G) < |wal.

Proof. Let A, be an increasing sequence of sets whose limit is R?2. We will

show that the sequence
n = Noo(GA") — N (GAD)

converges. Clearly a,, is maximised when E* = (), in which case a, = |wa].

We will now show that a,, is increasing and therefore convergent.
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Let wn \ w1 = {xy, ...z, }. If n is large enough that A C A,_,, then for
any k € {1,..,n,}, 71, ¢ w" and so

Eny:= {{mk,y} € B iy cwhtU{a,, ...,xk_l}}
= {{mk,y} € EAA Ly e wtht U {ay,, ...,xk,l}} .

Removing the points w® and the edges E* from the graph can only increase

the number of connected components which are adjacent to xy, so

N, (cuA"*1 U{x, ..., Te}, FEAn-1 Ule E..))
(wA”‘l U{xy, ..., Te—1}, FAn—1 Uf;ll E..))
(wAn_l’A U {1'1, c .CL'k}, EA"_I’A Ule En,z))
_Ncc (CUA"_I’A U {:Cla ceey xk,1}7 EAn_l’A Uf;ll ETL,’L))

By writing a,, — a,,_1 as a telescoping sum over k£ we conclude that
Qp — Gp—1 Z 0. L

Proposition 4.2.3. If G = (w,E) € G and |w™| < oo for all A € R?, then
for A € R?

Nee(G) 2 1 = |(wae)™-

Proof. N2 is minimised when E* = Dely(w), in which case each point in
w belongs to the same connected component. Thus adding the points and
edges of G* to the graph G can connect at most |(w?*)ac| components. By
Lemma 4.1.3, [(w*)ac] = |(wae)?]. O

For A C A € R?, the function Xa A(G) := N2(G) — NA(G) depends only on

2 .
GRA e

Xaa(G) = Xaa(GFN). (4.2.4)
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To see this we apply Lemmas 4.1.5 and 4.1.3:

Xaa(G) = lim_ (N (GV*) = N (GYV2))
(Nl (GF4)74) = Neo((GF2) 7))

~ lim (NCC((GRQ,A)V,A) _Ncc(((GR2,A)R2,A)V,A>>
(

NCC((GR2,A)V,A) _ NCC((GR2,A)V,A)>

This property will be useful when showing that the finite volume distributions

form a specification (Proposition 4.2.6).

4.2.3 Delaunay random cluster measures

Let ¥ be a hyperedge potential on Dels which can be written ¢/(7,w) = ¥(7)
for some measurable function ¢ : gz 3 — R U {oo}. Recall from (2.2.4) that

the Hamiltonian in A € R? with boundary condition w € €2 satisfies

Hpaw(w') = Z (7).

TGDelS,A(wAch’)
For q Z 1 and G’ G/ c g such that (G/)RQ’A _ GRQ:A, dofine
Quc(G) = gNe @ Hawwi)

This function (up to multiplication by a constant) is the density of the finite
volume distribution in A with boundary condition G with respect to va g.
We say that G = (w, F) € G is admissible for A @ R? and 1) if the

partition function

ZA(G) Z:/QA’G(G/) l/Ayg(dG,)

:/qNCAc(GR ’AU(“/’E/))e_HA’“(wI)NA,w/,w(dE')HzA(dw’)
is finite and non-zero. By Lemma 4.1.5, ZA(G) = ZA(G®>2). The set of
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admissible boundary conditions is denoted Q*A.

Definition 4.2.4. Let G € G2. The (finite volume) Delaunay continuum
random cluster distribution in A @ R? for ¢, z > 0,q > 1, boundary condition

w and edge weights p(e)e,, , is the probability measure on (G,.A) defined by

Cac(A) = Za (@) / 1a(G)On (G s c(dC).

Remark 4.2.5. Let G = (w, E) € G2 where Dely(w) \ Dely a(w) C E. This is
called a wired boundary condition. If A € R? is large enough and (G/)*4 =
GEA then

NQ(G/> = NCC((G,)A) - NCC((G,)AVA)
= Noo(G') — Neo (GF2).

Therefore

qNCC(G]RQ,A)

Cac(A) = T(G)

2 T ’
/ gNee GBI EN oMoy (AT (dw'),

which is the analogue to the Delaunay random cluster distribution from Def-
inition 2.3.1 in the case where ¢ is a natural number and edges rather than

triangles are declared open or closed.

Similar to Delaunay continuum Potts measures, Delaunay random clus-
ter measures are defined by prescribing conditional probabilities according
to the DLR equations. To do this we first need to check that the kernels
(Ca : G2 x A — [0,1]) acre defined by Ca(G, A) := Ca g(A) form a specifica-

tion.

Proposition 4.2.6. For A C A € R? and G € G2,
CA(G.GN =1 and Ca(G, f) = / CA(G ) OA(G,AGY).  (4.2.5)

for all measurable functions f : G — [0, 00).

Proof. If G, G1,Gs € G with G¥ * = GE* and GF*A = 6% = GF then
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using (4.2.4) we can deduce that

NA(Gh) + NA(Gs) = NAGY) + Xaa(GF ) + NA(G)
= Ncﬁ(Gﬂ + Nc%(GQ)a (4.2.6)

and courtesy of Corollary 4.1.2,

Hpaw((wi)a) + Hyw ((w2)a) = Haw((w2)a) + Haw, ((wW1)a)- (4.2.7)

Combining (4.2.6) and (4.2.7) we obtain

Qac(G1)Qnc (G2) = Qac(G2)Qra (G1)

(so the family of functions (G — Qa ¢(G))acr? is a pre-modification). After

integrating with respect to G5 we have

QA,G(G1>/QA,Gl(G,)VA,Gl(dG/) = QA,Gl(Gl)/QA,G(G/>VA,G1(dG/)

e Qac(GZAGY) = Qna (G) / Qac(@vac, (AG).
(4.2.8)

By the bounds in Propositions 4.2.2 and 4.2.3, chAc and chAc are both finite

and non-zero almost surely with respect to va . Therefore Qa ¢, Qa.q, < 00,

Qac(G1) =0 <= Hau((w1)a) =00, and
Qrc,(G1) =0 == Hpy ((w1)a) = 00

for va g-almost all G;. Furthermore, taking this into account along with the

inclusion Dels (w1) C Dels a(w;) we have
CAg(G/ : QA,G’(G/)a QA,G(G/) S (0, OO)) =1. (4.2.9)

Now combining (4.2.9) with the relationship (4.2.8) and the consistency con-
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dition (4.2.2), we see that

Cac (Za(r) =0) = Cag (va,()(Qac) =0)
-/ Qu6(G)vac(d)
[vA, () (Qa,a)=0]

- // Qa,a(G"va e (dG s 6(dG")
WA, (Qa,c)=0]

_0,
and

Cac (Za(-) = 00) = Cag (/ Qac(Gva ) (dG') = OO) =0,
since

// Qac(G)vacn(dG)vac(dG”) = ZA(G) <

)=

— OA,G (/ QA70(G/)I/A7(.)(dG/) = OO) =0.

:>VAG(/QAG )VA( dG

This finishes the proof of the statement Ca(G,G2) = 1.
For the second statement, we start by multiplying both sides of (4.2.8) by

%, which results in the equation
Qac(Gr) Qra (G1) [ Qac(G) )

Furthermore, by integrating with respect to G, and using the consistency

equation (4.2.2) we obtain:

/ f(G’)%%g/)VAG(dG’)

" QA G’ Gm) QA,G'(G//) " " /
///f G ZA G') ZA(G) VAG/(dG )VAG/(dG )VAﬁg(dG).
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The former expression is equal to Ca ¢(f) and the latter is equal to

J[ eratn @& alac waglac)

= / CAG’ (f) %&?VA,G(dG/)

_ / Ch.cr(f)Cac(dG),

as required. O

The Gibbs measures specified by the above set of kernels are called Delaunay

random cluster measures:

Definition 4.2.7. A probability measure P on (G,.A) is called a Delaunay
random cluster measure (DRCM) for parameters z > 0,¢ > 1, the hyperedge
potential ¢ and edge weights (p(e))eee,, , if P(GF) =1 and

PU) = [ Cactppic)
= [ 25@7" [ 1€)0s6(@ s ctac) PlaC)

for every A € R? and every bounded measurable function f : G — R U {cc}.

The set of DRCMs which are invariant under the translation group

© = (0.).er? is denoted %o, and more generally the sets of probability mea-
sures and translation-invariant probability measures on (G, A) are denoted &
and g respectively. Note that these notations had different meanings in the

previous chapters.

4.3 Existence result

Theorem 4.3.1. Let z > 0,q > 1, and suppose that the edge weights are
uniformly bounded away from 0 and 1, i.e there exists p_,py € (0,1) such that

p— <ple) <py foralle € Eg2 . (4.3.1)
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Furthermore, suppose that the hyperedge potential v satisfies (R), (S) and (U)

in addition to the hardcore conditions

(HCC) 3Ry > 0 such that

1) > Ry = (1) =00, and (4.3.2)

(HCL) 3ty > 0 such that

dr,y € T,x # y with |z —y| < ly = (1) = 0. (4.3.3)

Then there exists a translation-invariant Delaunay random cluster measure
P e Y.

Remark 4.3.2. Note that the potential ¢/ considered in Chapter 3 satisfies both
(HCC) and (HCL) with Ry = r and £y = 2rsin(ag). If p(e) :== 1 — =% for
some function ¢ : &gz — R then we recover a model similar to the finite
volume Delaunay random cluster distribution from definition 2.3.1 except for

that fact that edges rather than triangles are declared to be open or closed.

4.4 Proof

The rest of this chapter is devoted to the proof of this theorem. In section
4.4.1 we introduce two relevant topologies and notion of specific entropy along
with a useful convergence result. In section 4.4.2 we construct a sequence P,
of probability measures from the finite volume distributions and use this result
to find a subsequence which converges to some measure P. We then set about
proving that P := P(-|{0}¢) € %. To this end, in section 4.4.3 we define, for
each A € R?, another sequence of measures C2 which converges to P. These
sequences are more useful than P, because the measures C2 satisfy the DLR
equation for A. In section 4.4.4 we use these new sequences to prove that
P has a unique infinite connected component almost surely, a fact which is

utilised in section 4.4.5 to prove that P satisfies the DLR equations.
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4.4.1 Local convergence and the specific entropy

In this section we introduce the topology of local convergence and develop a
useful tool for determining whether a sequence of probability measures (P, )nen
in Yg has an accumulation point with respect to this topology. When prov-
ing the existence of Gibbsian point processes with geometry dependent in-
teractions [DDG12] or infinite volume random cluster measures (defined as
Gibbsian modifications of the Poisson Boolean model) [DH15], the relevant
tool ([Geo94, Lemma 3.4]) is derived from the sequential compactness of the
level sets of the specific entropy [GZ93, Proposition 2.6]. We require something
slightly different here. If the specific entropy is defined in the analogous way
(using the sub-o-algebras of local events), it becomes difficult to compute in
the cases that we are interested in. We therefore introduce a second topology,
the topology of strict local convergence, and define the specific entropy using
the sub-o-algebras of strictly local events. The associated notions of local and
strict local equicontinuity are equivalent for the nets that we are interested in
(Lemma 4.4.7), so we can still take advantage of analogues of standard results
regarding convergence in the topology of local convergence (Lemmas 4.4.9 and
4.4.10). This section culminates in a proof of the Proposition 4.4.6, which is

used in the next section.

Definitions

For A € R?, let us define the following subset of Ga:

Gr ={(w,E) € Ga : Ve € E 37 € Del3(w) such that e C 7 and B(r) C A},

and the projection pa : G — G given by pa(w, E) := (wa, E N p&(w)) where
pa(w) == {e € Dely(w) : 37 € Dels(w) such that e C 7 and B(r) C A}.

P& (w) represents the subset of Dely(w) which is unaffected by changes to the

configuration w which occur outside A. More precisely,

P (wa Uw') = p®(w) for all ' C A (4.4.1)
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Definition 4.4.1. - Events in A = ,0;1./4|g/A and Aa are called strictly

local and local respectively.

- A function f: G — R is strictly local (resp. local) is if it is measurable
with respect to the sigma algebra A/ (resp. Aa) for some A € R?. The

sets of strictly local and local functions are denoted £ and L respectively.

- The topology of strict local (resp. local) convergence, or L'-topology
(resp. L-topology), on Pg is defined to be the weak* topology induced
by the set of bounded strictly local (resp. local) functions.

Clearly Ay C Aa and so the L'-topology is coarser than the L£-topology.

If P and @ are probability measures on the same probability space, the
relative entropy (also known as the Kullback-Leibler divergence) of P relative
to @ is defined to be

[ flog fd@ if P < Q with density f,

00 otherwise.

I(P|Q) =

When the underlying space is a Polish space equipped with its Borel o-algebra,

an alternative characterisation (e.g [DZ98, Lemma 6.2.13]) is

I(P|Q) = sup P(g) — log Q(exp(g)), (4.4.2)

geB

where B is the set of bounded measurable functions.
Let M be a fixed invertible 2 x 2 matrix with entries in R, and let
A, =U; C(i,7), where C(i,7) is given by (2.1.9). We shall see in

i,J=—"n

Definition 4.4.2. The specific entropy or mean entropy of a measure P € Pg
(relative to v defined in (4.2.3)) is defined to be

I*(P) = lim |Ap| ML (Pa, V), (4.4.3)

where Py, := Po p/_\i and v :=wvop,! (the intensity parameter z is made

explicit in the notation here for clarity).

The existence of I*(P) and the fact that it is independent on the matrix
M can be inferred from Proposition 4.4.3. For A € Alg,, (4.4.1) and the
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independence properties of I and y,, give rise to the formula
) = [ La(o, Eyia o(AE)T (),

where pia , denotes the tile drawing mechanism on p& (w). Furthermore, when
A, A € R? are disjoint and A € Alg,

Vior() = [ LG UG U0, s s (AE" W (AG A (G)
where a5 ., denotes the tile drawing mechanism on p§, (w)\ (P& (w) U p§ (w)) -

Existence of the specific entropy

The existence of the specific entropy is a consequence of the following propo-

sition.

Proposition 4.4.3. For all P € Py,

I*(P) = sup |A|T I (Palvi),

where € denotes the set of open cubes in R2.

The first step in proving Proposition 4.4.3 is to prove that the specific
entropy is sub-additive in the following sense. The proof mimics that of [Geoll,
Proposition 15.10].

Lemma 4.4.4. For each P € & and all disjoint A, A € E,
I(Paoalvaun) = I(Palva) + I(Palvy)-

Proof. We can assume that I(Paua|vi n) < 00, in which case the density

dPaua
dviia

fauna = exists. Let us also define the functions

a(G) = UZUA(fAUA ‘ /)A‘Q’AuA = G)
- / fAUA(G UG'uU (Q’ EH)):UA,A,WAUUJ/(dEH)V/Z\(dG/)v

71



and
IA(G) == vaoa (faua | palgy, , = G)
- / fAUA(G UG'u (wa E//))NA,A,wAUw’(dE//)VZ(dG/)>

where palg,  denotes the restriction pa to Gy, It is then true that fa = ‘(111; i

and fa = if /’Z\‘ We consider the measure A on A|g, = defined by

NA) = [ Lalpaloy ,(6) UG U (0 B"pis oy (AE"WA(AG) Paua 4G

Now A(fa o palgy,, > 0) = Paua(fa o palg,,, > 0) = 1, so the quotient

on]; ifg‘j is well-defined A-almost surely. Moreover, dIZA/\UA = fauaa
AUA

since for A € Alg,

Jauaa =

A(faunjala)
[ Lafaon(palgy ,(G) UG U, E")) pianwyuw (AE")VA(AGT)
[ faua(palgy, , (G) UG U (0, E"))pia p oy (AE") VA (AG)

_ / Paun (AJAL) (G) Pava(dG)

= Paun(A)
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by the tower property. Similarly, for A € Alg,,

Ao (palgy ) (Tafa)
= AM(1afa) o palg,, )

_/HAfA<G/),uA,A,wAUw’(dE”)VZ(dGI)PAUA(dG)
- / L4 fa(G)vA (dG)
_ / La(@) faon(G UG U (B, E"))ian i (AE")V(AG)VA (AG)

- / La(palon (G) faon(@)vaon(dG)

= Paur(La e palg,, )

= Paun o (palgy, )~ (A),

and so dPa =T = fa. Therefore we can write, using the fact that the

d)\o(pA|g/AuA
function A — I(Pa|v}) is increasing (see [Geoll, Proposition 15.5(c)]),

I(Palvi) = Pa(log fa)
=I(Pa | Ao (palg,,)7")
< I(PaualM)
= Paua(log fauaja)

= Paua(log faua —log fa o PA|Q’AuA>
:](PAUA|VZUA)_I(PA|Vi>- O

Proof of Proposition 4.4.3. Let us use the shorthand I in place of I7(Pa|V}).

The following properties are satisfied:
(i) Inie = Ia for all A € € and x € R?,
(i) Ia + Iy < Ipua whenever AJA € € and AN A = (), and
(i) Iy < In whenever A C A.

(i) follows from the translation invariance of P and v, (ii) follows from the

previous lemma, and (iii) is [Geoll, Proposition 5.5(c)]. We can then follow
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the argument of [Geoll, Lemma 15.11]. Choose any real ¢ > 0 and a cube
A € € satisfying

|A|7H A > sup |A] A — e
Ae?

If N,, denotes the largest number of disjoint translates of A which can fit inside

A,,, then N|A‘Z| P 1, so our assumptions allow us to obtain the estimate

I, > Npla, (4.4.4)
and therefore

limsup |A,| 1Ty, > [A]7 A > sup |[A] 7 — €
NS

n—oo

Since € is arbitrary, we obtain the desired result. O

Convergence results

Since (Gh,Ay) is a standard Borel space, (4.4.2) and Lemma 4.4.3 show that

17 is lower semi-continuous, and hence the level sets
L*(c):={Pe€ Po:I?(P) < c} (4.4.5)

for z > 0 and ¢ € R are closed. This section is devoted to proving the
following proposition, which will be accomplished through a series of lemmas.
For P € Pg, the point intensity of P is i(P) := [ |wp12| P(d(w, E)). For any
A€ R, i(P) = |A]! [ wal P(d(w, E)).

Proposition 4.4.5. Let z > 0 and ¢1,¢o € R. If (P,)nen 1S a sequence in Pg
such that I*(P,) < c1i(P,) + c2, and there exists k > 0 such that

pra(G) = pra opagk(G) for P,-almost all G (4.4.6)

for all n € N, then P, has a subsequence (P,,) which converges in the L-
topology and whose limit P € Pgq satisfies 17(P) < ¢1i(P) + cs.

The following notions of equicontinuity are useful for establishing con-

vergence.
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Definition 4.4.6. A net (P,);c; in & is locally equicontinuous if for each
A € R? and each sequence (4,),>1 C Aa with A, \ 0,

lim limsup P;(A,) =0, (4.4.7)

n—oo el

and strictly locally equicontinuous if (4.4.7) holds for each A € R? and each
sequence (A,),>1 C A\ with A, N\ 0.

The two notions of equicontinuity are equivalent when (4.4.6) is satis-
fied. This property holds for the sequences we consider in the next chapter
with k = 2Ry, due to (HCC).

Lemma 4.4.7. Let (P);cr be a net in & such that for alli € I, A C R?,
pra(G) = pra opask(G) for Pi-almost all G.

Then (P;)icr is locally equicontinuous if and only if (P,)er is strictly locally

EqUICONEINUOUS.

Proof. Since A\ C Aa for all A @ R?, local continuity always implies strict
local equicontinuity. For the converse, let (A,),>1 be a sequence in Ax such
that A, N\, 0. Then A4, = (pry) (B, N Ga) for some B, € A and prr; o
(pralgy,,) (BN Ga) N 0. Then by the assumptions we have

lim lim sup Py(4,) = lim limsup P; (p3ky o (ralgy.,) "' (BN Ga)) = 0.

n—oo icl n—o0 el
[

To prove the following lemma we follow the same method as [Geol1][Proposition
15.14].

Lemma 4.4.8. Let z > 0 and ¢ € R. Every net in L*(c) is strictly locally

equIcontinuous.

Proof. We assume without loss of generality that ¢ > 0, since I?(P) > 0
for all P € Po. Let A € € and (px'Am)m>1 be a sequence in A\ with
pa Ay N\ 0. For every P € L*(c) we have I(Pa|vi) < c|A] by Proposition

4.4.3. In particular each Pa is absolutely continuous with respect to v with

5



density fL. For a given € > 0, let § > 0 satisfy eloge/d > 1+ c|Al. If m is
large enough that v3 (A,,) = v*(px' An) < 0 then

P(pa Am) = VA(La,up<esy IA) + VA(La, ot sesp A)
< e+ (log 6/5)_1VZ<ﬂAmU{fg>e/6}f£ log fA)
< e+ (loge/0) ™ (I(Palva) = VA(Lugnqsperny S 0 £X))
< e+ (loge/d)™ (I(Palvi) +1)
< 2e¢

for all P € L*(c). The second to last line follows from the inequality
rlogx > —1. O

The analogue of the next lemma for random fields on Z¢ is [Geoll,

Proposition 4.9]. We use a similar argument here.

Lemma 4.4.9. Fvery locally equicontinuous net in & has at least one cluster
point in & with respect to the L-topology (and therefore with respect to the
L' -topology also).

Proof. Let (P;)ier be a net in Z2. Tts restriction (P?);er to A := UpepeAn is

)

a net in the compact Hausdorff space [0, 1]“40, and so there is a subnet (F;;);cr
with the property that (P));er converges setwise to some P° € [0, 114°. PYis

additive, and is in fact o-additive on each Aa. To see this note that if (A,,):°

n=1

is a sequence of events in Ax such that A, N\ 0 then

lim P°(A,,) = lim lim P, (4,) < lim limsup P;(4,,) = 0.

m—00 m—o0 jel’ m—oo g
Since each (Ga, Alg,) is a standard Borel space and A = o0(Upaegr2An), by
Kolmogorov’s extension theorem there exists a unique measure P € & which
extends PY. O

The proof of the following lemma is omitted but it can be proven in the same
way as [Geoll]|[Theorem 4.15].

Lemma 4.4.10. If P € & is a cluster point of a locally equicontinuous se-
quence (P,)n>1 in & then there is a subsequence (P, )k>1 which converges to

P in the L-topology.
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Proof of Proposition 4.4.5. Since EA" = zlwanle(=2)lAn] it can be easily shown
that for any P € P,

I*(P) = I'(P) —i(P)log(z) + 2z — 1,
and therefore if 2/ = ze® for ¢; € R,

I(P) = I”(P) = i(P)(log(2') — log(2)) + 2 — 2/,
— I*(P)=I?(P) 4+ c1i(P) + 2z — 2.

Consequently, for any ci, ¢y € R,

{Pe Pqg:I*(P) < cyi(P —i—cz}—{PGQZ@ I#( P)gcg—z—l—z’}.
=L (c;—z+7). (4.4.8)

Together with Lemmas 4.4.7 and 4.4.8, this implies that P, is a locally equicon-
tinuous sequence in L* (cy — 2z 4 2'). By Lemmas 4.4.9 and 4.4.10 P, therefore
has a subsequence which converges with respect to the £-topology. Since the

level sets are closed, the limit P is in L* (c; — 2z + 2') as required. O

4.4.2 Existence of an accumulation point

In this section we construct a sequence (ﬁ’n)neN of measures from the finite
volume Delaunay random cluster distbutions. We show that the assumptions
of Proposition 4.4.5 are satisfied, ensuring that P, has a convergent subse-
quence. In subsequent sections we will show that the limit, after conditioning
out the empty configuration, is a Delaunay random cluster measure.

From here on, we assume that the premises of Theorem 4.3.1 are satis-
fied. Suppose M and I are chosen so that (U1) - (U3) are satisfied. Let w € T

be a fixed pseudo-periodic configuration with

sup Negjy(w) < 00 (4.4.9)

i.jET

(for instance w could be periodic), and G = (w, E) € G for some E € £. We
first show that G is admissible with respect to A, (i.e G € GA). By (Ul),
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w e QA

cr )

and so by (S)

Hp, o(W') > —cglw' U o, wl (4.4.10)
for all W’ € Qy,. This, in conjunction with Proposition 4.2.2; yields
Z),(G) < €510, /q‘”lecs“’l|Hf\n(dw’) < 0.

Conversely, it can be shown that under assumptions (U1), (U2) and shift-
invariance of v that if w’ € Q,, and wUw’ € T then

Hy, (W) <ecr(2n+1) + o(|As)),

where the error term is uniform in w’ (see [DDG12, equation (5.8)] and its

proof). Together with Proposition 4.2.3 this gives the estimate
Zy, (G) > qlfl(W(Am‘i)A"|e*Cr(2n+1)*O(|AnI)HZC(F)(QHH) > 0, (4.4.11)

where we recall that I1%(T") > 0 by (U3). Therefore G € G2, so we can define
the Gibbs distribution

R —1
Cn T OAnyG © pAn

in A, with boundary condition G, projected to G} . In order to construct a
shift invariant Gibbs measure we spatially average this measure. Let P, denote
the probability measure on (G, .A) relative to which the configuration in each
parallelogram A, + (2n + 1)Mk, k € Z? is independent with distribution C,,.

The spatially averaged measure is
P, = |An|_1/ P, 06, 'dx.
Arn

Let x € A,,. There exist ki, ko, k3, ks € Z* and A!, C A, + (2n + 1) Mk; such
that A, —z = UL A, Then A, = Uf‘:19:(12n+1)Mki (A1). Since P, o 01 is
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invariant under the shifts 02,1y for & € 72, we have
[P0 6,2(06) = [ fun,IPaC)
4
= Z / |was,
i=1
_ / wn, |PA(dG) = / ] Co (dG).

P.(dG)

One can therefore show that i(P,) finite using stability (S) and Proposition
4.2.2.

i(P) = 18] [ 1wlCatdE)
o e RN cd
< A [ esslonsd / ' [eles @I, () < oo,
For convenience, if A € R? we let pa s and /f&w,’w denote the edge

drawing mechanisms on the sets p& (') and Dely A (w' Uwac) \ p& (w') respec-
tively. Then for A € A, |

Co(A) = Zy (G)! / Ly o pa (G)Qn. (G m, o(dG)
=74, (G)7" / L E,)QAn,G(GR2’An U, E UE")
1% o o (AE" Vi, o (AETTR (dw)
7 (@) / 1a(G)Qn, (GFM UG U (0, E")
[x, o o (AE VR (AGY),

SO

dd,

o (@) =2a.(G) / Qn,c(GEA UG U0, B, o (dE").
An

Lemma 4.4.11. I*(P,) < |A,| 7' I(Cy|vf ).
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Proof. Suppose that for a fixed x € A,,, A can be written as a finite union

A = U, Ak where AR := A, + 2+ (2n + 1) Mk for k € Z*. Let

ec B = VTGDelg(w)WitheCT}

A=< (w,E)eg| _. '
Ji € {1,...,m} such that B(r) C A¥

Then

d(P, 00,1 dC, 0 6~ 91; (2n+1) Mk;

2(6) = (@) [ 2 0 (),

dvi
and therefore, since 0log0 = 0,

I((Poof,")alva)

rdC, 09 —(2n+1)Mk;
/ dl/ k (Gl)

dV k-
“ anoe_l Mn+1)ME;
:Z/bg< (@)

2n+1)Mk;
H dl/ ,E = (Gi)dyAi? <dG1)“'dI/Aﬁm (dGm)

m dC, 00!
log (H —(2n+1)ME; (GJ)> dVAkl (dGl)-"dl/AI;“;"L (dGm)

Dividing by |A| we obtain
AT (P06, AlvA) < [ALTH(C V5. (4.4.12)

Now for an arbitrary cube A € ¢ and a fixed n, let A* denote the union of
all blocks A% that meet A. Let A, be a sequence in ¢ such that

IF(P,00;") = lim |A,| ' (P06, )alVA ).
m—r0o0
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Then by (4.4.12) we have

IF(Pyo6,") < dim [An| ' P ((Py o6 ) ax Vi )
m—r0o0 m m

BRI
< lim —2—
m—00 |Am||An|

= |Au| T I (Calv,)-

F(Culvg,)

Since I* is lower semi-continuous and affine, [DS89, Lemma 5.4.24] implies
that

I*(P,) = |An|‘1/ I*(P, 00" )dx
An

< |An|_1]Z(Cn|V1Z\n)v

which finishes the proof. m

Proposition 4.4.12. The sequence P, has a convergent subsequence, and its
limit P € Pg is non-degenerate (]5 # dp).

Proof. We seek to apply Proposition 4.4.5 to obtain the convergent subse-
quence. Since 1 satisfies (HCC), (4.4.6) is satisfied with k = 2R, and P, in
place of P,. To show the other assumption of Proposition 4.4.5 holds we will
prove that

I*(P,) — (cs +1og q)i(P,) < |C| ™ (er — log () 4 o(1). (4.4.13)
Applying Lemma 4.4.11 we have

I*(Cy) < |An’_1[(cn|’//z\n)
= 11" [ o5 (25(6) 1Qual6* 2 UG U (0. Bk o (E))

Cn(dG"),
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and applying the upper bound from Proposition 4.2.2 yields

IE (]5) —‘A ’ llogZA ( )+ \Anll/log( |w\ HAn,w(w’)) Cn(dG/)
A log Za, (G) + log(q)i(Py) — |An]” I/HAW C(dC).

(4.4.14)

By assumption (4.4.9), |0x,w| = o(|A,]), so we can deduce from (4.4.10) that
—| At /HAnw Co(dG") < ¢gi(P,) + o(1).

y (HCC) and Lemma 4.1.4,

Hp,ww) <00 = (Winne)™ = (W Uw) ™) (an)e C Wa,e280\Ans

and by (4.4.9), |wa,e2r0\A,] = 0(|An|), so similar to (4.4.11) we have the

estimate

Zx, (G) > qfo(IAnDefcr(2n+1)zfo(\Anl)HC(p)(2n+1)2
= —|A,| M logZy,(G) < erlCl7H +0(1) — |C] M log T (T).

Combining these inequalities with (4.4.14) gives (4.4.13), as required.

Finally, it is left to check that the limit P is non-degenerate. Let

c1 = cs + log(q), ca :== |C]7 (er — log(Tle(T))). By (4.4.13) and (4.4.8) we
have 1% (P,) < ¢; — z + ze® + o(1). Since I**" is lower semi-continuous, we

also have I°*"' (P) < ¢y — z + ze®'. By assumption (U3), ¢; < z, and so
7N (P) < ze® = I (&),

which implies P, # . m

The remainder of this Chapter will be spent showing that the condi-
tioned measure P := P(-|{(}¢) is a Delaunay random cluster measure. For ease

of notation, henceforth we identify P, with its subsequence that converges to

P.
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4.4.3 A second converging sequence

In this short section we construct, for each A € R?, a sequence (C2),en of
sub-probability measures which also has a subsequence converging locally to
the limit P. We do this by showing that lim,_.. [C2(f) — P,(f)| = 0 for each
local function f. The measures C2 satisfy the DLR equation for A € R2?,
making them useful for proving that the same is true for P. If n is large
enough that A C A,, then the A-interior of A,

A :={r eR*: A+zCA,},
is non-empty. We can then define the measure

CA = |An|‘1/
A

where the equality is due to the fact that () is shift-invariant.

CAn,G o Q;Idl‘ = |An|_1/ CAn—rﬂxG dz,
A

o o
n n

Proposition 4.4.13. If n is large enough that A C A, then C> satisfies the
DLR equation for A, i.e for any local bounded function f,

Ca() = [ Cactnesac)
In addition,

lim [C2(f) — P.(f)| =0, (4.4.15)

n—o0
and so C2 has a subsequence which converges locally to P.

Proof. The DLR equations follow from the fact that the kernels (Ca)acr?
form a specification (Proposition 4.2.6). To prove (4.4.15), let f be an Aj,-
measurable function with |f(G)| < U for all G € G. Since P, o 0, ! satisfies
(4.4.6) for k = 2Ry, if (A®2RyUA)+z CA,,

CAn—x,ezG(f) =P,o Ggl(f) (4416)
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Hence, if n is large enough that A & 2Ry, A C A,

C2(f) = Pu(f)]

- |An‘_1 CAn—m,GmG(f)dx - / Pn o egl(f)d.f
A9 An
= |An‘_1 / Crp—zp,c(f)dz
{z:A4+2CAn, A®2Ro+xZ An}
—/ PROQ;I(f)dI
{z:(A@2RoUA)+xZ An}
<2U A T {z €R?: (AB® 2R UA) + 2 ¢ Ay} == 0. O

4.4.4 Uniqueness of the infinite connected component

This section is devoted to showing that with respect to P (and therefore P),
there is at most one infinite connected component almost surely. This fact
is subsequently used to bound the range of N2, which will allow us in the
next section to use the local convergence of C2 to P to show that P satisfies
the DLR equation in A. This section largely follows the approach taken in
[DH15, section 4.2]. We start by proving some basic properties of P and some
preliminary lemmas.

Suppose A € R*, n € RT and G = (w, E) € G. Define A, := A®n
and let f2 : G — Gl be the function defined by f}(G) = (wy, E,), where

wy = {x € w: 3T € Delz a(w) with x € 7 and B(r) C A, },
and
E,:={e€ E:3r € Dely a(w) with e C 7 and B(1) C A,}.

See figure 4.2 for a diagram of f2(w, (Dely(w))). The following properties are
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L

Figure 4.2: A comparison of f2(w, (Dely(w))) (left) with (w, (Dely(w)))a,,
(right) for a fixed configuration w.

satisfied by f2.

L f2(G) = f2(Ga,) (f2 is local), (4.4.17)
2. [2(G)% = (@), (4.4.18)
3. for n <m, f2(G) C fA(G), with U,en f2(G) = G2, (4.4.19)

Lemma 4.4.14. For any A € R?, P(f5, (G) = G*) = 1.

Proof. Since f2 is local we can apply the local convergence of C4 to P (Propo-
sition 4.4.13):

P(/£,(G) = G*) = lim P(1£,(G) = [2(G))

= lim lim CA(f£,(G) = f2(G)).

n
n—o0 mMm—0o0
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The last expression is equal to 1 since (HCC) implies that

CAA(G) = 62) = [

for all n > 2R,. O]

Lemma 4.4.15. Let A, and A_ denote events that E® = Delya(w) and
= 0 respectively, where A @ R2. If G € G2 there exists K (A, ly) € R such
that

3 ) K(Alo)tlwayp \al

Onc(Ay) > qp= (%

and
3 ) K(A7@0)+IWA2RO \al

Cac(A) >q(1—p)7° (%

Proof. Using the bounds from Propositions 4.2.2 and 4.2.3 along with (HCC)

we have

[Wal > N (G) =1 = [((W)%)ac

> 1= |Wayp\al (4.4.20)

which implies

Qac(G) ql_lw,AmO\Ale_HA’w(“’/A)
Za(@) e o TTS (@t

(4.4.21)

Now since the Delaunay graph is a nearest neighbour graph and there is a
lower bound ¢y on the edge lengths enforced by (HCL), the number of points
in A is bounded above by some number K(A,{). It is a simple consequence
of Euler’s formula for planar graphs that the maximum number of edges in a
planar graph with V' vertices is 3V — 6, so using (4.3.1) we have

3(K(Alo)Hlwayp \al)— q1_|wA2RO\A|e_HAw T ()

f _
CA G<A+ fqK(A,éo)efHA,w(w/)HzA(dw/)

B p3(K(A7€o)+\wAQRO\A D_qu_“%mo \al—K(A,L)
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The proof of the second inequality is carried out in the same way. O]

The proof that there is at most one infinite connected component is
based on the following property called the local modification property. It states
that all of the edges in G® are all open or all closed with positive probability.

Proposition 4.4.16. (Local modification property.) Let A @ R?. For
any event B satisfying IB(B) >0 and 15(G) = lB(GRQ’A) for all G,

min(P(A, N B), P(A_N B)) > 0. (4.4.22)

Proof. We will prove that P(A, N B) > 0. The proof that P(A_ N B) > 0 is
the same except that 1 — p, replaces p_.

By Lemma 4.4.14, we have 14, (fsy,(G)) = 14, (G*) = 14, (G) P—a.s, with
the leftmost expression being a local function due to (4.4.17). By Levy’s
upwards theorem, we can write 1g as a limit of local functions (which only
depend on GF*2):

RTINS B R2 A D
15(G) = lim, P(BIAN)(Gy) = lim, P(BIA)(G™S)  Pras.

Therefore the local convergence of C4 to P gives us the following:

P4y N B) = lim, La (f3h,(G))P(BIAL) (GA) P(dG)

= lim Tim [ Ly, (£, (G)P(BIA))(Gr)CA(AG)

A SR2 m—00
= lim, lim [ 14, (G)P(BIA)(GA)C(dC)
= 1\11/%2 lim [ Cac(AL)P(BlAL)(GA)Cn(dG).  (4.4.23)

Now applying the result of Lemma 4.4.15 and the local convergence of C2 to
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P again we have

. 3(K (A L) +|w D=6 1_iw _
P(A, N B) = lim lim [p_ et e alm KA
+ A /R2 m—00

P(B|A)(GA)Cn(dG)

3\ K(A) 3\ waggal
= qp_° (ZL) / <&) " PdG) > 0. O
q B\ ¢

Now since P is translation invariant, it can be written as a mixture
P = / Py P(dH), (4.4.24)

where Py are ergodic probability measures [MR96, Proposition 7.2]. Like
P, the measures Py also satisfy the local modification property. The event
that the number of infinite connected components is exactly k is translation
invariant, so by ergodicity the number of infinite connected components is Py-
almost surely constant for all H. Notice that a consequence of Lemma 4.4.14
is that

Py(fih, =G*) =1 (4.4.25)

for P-almost all H.

Proposition 4.4.17. If P is an ergodic measure satisfying the local modifica-

tion property then for all integers k > 1
P(NZ =k) =0,

where N2° denoted the number of infinite connected components.

Proof. Since P is ergodic and the event NJ = k is translation invariant it
is enough to show that P(N = k) < 1. Suppose P(N = k) = 1 and let
A € R? be large enough that with positive probability all & infinite connected
components intersect wa. Any path from a point in wae to a point in wa must
contain a point in (w?)ae, so with positive probability all k infinite connected
components intersect (w™)ac. This happens if and only if (w®)ac intersects all

(possibly more than & but still finite) infinite connected components of GR*A
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/

(a) GR* In+z (b) G

Figure 4.3: A configuration G with a trifurcation point at x. The vertices of
(W) (1, +2)c and the edges of E"** are coloured in red.

which only depends on GR*A, By applying the local modification property
we conclude that with positive probability this occurs simultaneously with
E® = Delya(w). But in this case all of the infinite connected components
of G®*2 are connected via edges in E2, so P(N2(G) = 1) > 0, which is a

contradiction. O

Proposition 4.4.18. (Uniqueness of the infinite connected compo-
nent)

P(N® <1)=1.

Proof. By Proposition 4.4.17 and the ergodicity of Py, it is enough to show
that Py (N2 = oo) < 1 for P-almost all H. Suppose that Py (N = co) = 1
and let I,, :== [-n,n]?. A point = € (3n + 6Ry)Z? is called a trifurcation point
(pictured in figure 4.3b) if

. There are at least 3 infinite connected components of GE*I»+* intersect-

ing (W **) 1, 42)c, and
. Elntr — Dengn_,_x((,d).

By the local modification property, one can choose n large enough that 0 is a

trifurcation point with positive probability. By the translation invariance of
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Py, the probability that any point z € (3n + 6Ry)Z? is a trifurcation point
is the same, so by the linearity of the expectation the expected number of
trifurcation points inside the box I,, is in O(m?) \ o(m?).

Now we apply [BR06, Lemma 3, p. 121] in a similar fashion to how it
was applied in [BR06, Theorem 4, p.121]. Let O denote the union of all infinite
connected components of G which intersect I,,4,12r,. Let 1), denote the set of
trifurcation points in I,,,. If for every z € T}, the edges in E/»** are removed,
O is split into several components. Let L4, ..., L; denote the infinite ones and
Fy, ..., F, denote the finite ones. Now we consider the graph J obtained from

In+2 to a single point v, for each x € T,, and contracting

G by contracting w
the components L; and F; to single points [; and f;. By the definition of a
trifurcation point, the removal of any point v, from J disconnects a connected
component into at least three components containing at least one vertex of

L ={ly,...,l;}. Therefore, by Lemma 3 of [BR06, p. 121],
|L| > 2+ |T,]. (4.4.26)

Every member of { Ly, ..., L; } must contain an element of (w!m+n+2r0)

so by (4.4.25)

(Im+n+2Rg)®

(wlm+n+2R0) c‘ Z 2+ |Tm’

’w(lm+n+4R0)\(Im+n+2R0)‘ > | Im+tn+2R,

Since Py is translation invariant, the expected number of points in a region is
proportional to its Lebesgue measure, so the left hand side is proportional to
2Ro(2m + 2n + 4Ry). This is a contradiction because T, € O(m?) \ o(m?) as

we found earlier. O

4.4.5 The DLR equations

We can now prove that P = P(-|{}}¢) is a Delaunay random cluster measure.
We use the uniqueness of the infinite connected component to construct events
which localise N2 and whose probability approaches 1. We also make use
of the events Qg,n introduced in [DDG12], which localises the Hamiltonian.
Combining these events allows us to use the DLR equations for C2 and the

local convergence to show that P also satisfies the DLR equations.
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The following statement summarises [DDG12, Proposition 5.4] and the
discussion that precedes it. The precise definition of an and the values of

na and m are given in Appendix A for reference.

Proposition 4.4.19. There exist constants na and m, depending on the ma-
trix M and the constants given in (R), such that for n > na there are events

Q‘Xm € Fina satisfying

0% = | J O%, € QX with 0A(w) C A, when w € QF (4.4.27)

n>na
for Ay, = At @nt1ym- Moreover, P(QZ) =1 for all P € Pg with P({0}) = 0.

It is implied by (4.4.27) that
Hpw(@') = Haw, (&) when w € ) (4.4.28)

For G € G we define h;(G) := (wa,\a, £;) where

E; = {e € E N Dely(wy,) \ Delya(wa,)

37 € Dels(wp\a) with e C 7
and B(7) C Aj \ A.

This definition ensures that h;(G) = h;(Ga,) = hj(GF2) and hy(G) S GFHA.
We can then define the events (when Agg, C A, C A;)

WpJ = {G = (W,E) € g

At most one connected component of
h;(G) intersects Agg, and A;

and
A, = {G = (w,E) €G | §(7) < Ro for all 7 € Del, ; () \ Delg,A(w)} .

Notice that Ly, (G) = Ly, (Ga,) = 1w, ,(G**), and by Corollary 4.1.2
ILAP(G) = ﬂAp(GR2’A).

Lemma 4.4.20. lim, ,, lim; ., P(W, ;) = 1.
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Figure 4.4: hj(w, Dely(w)) (left) and (wa,, Dely a(wa,)) (right).

Proof.
lim lim P(W,;) = P (U m Wp,j>
P—00 j—00 peN 5

= lf’(GRQ’A has at most one infinite cc intersecting Agp, )

P(G®* has at most one infinite cc).

v

If the last expression is not equal to one, then with positive probability there
are at least two infinite connected components of GR*A If so, then there exists
a region A’ such that with positive probability GE*A' has at least two infinite
connected components which contain points in w®’. By the local modification
property (Proposition 4.4.16), EA" = () occurs simultaneously with positive
probability, which means that there would be at least two infinite connected

components in G, which contradicts Proposition 4.4.18. O]
Lemma 4.4.21. P(A,) =1 for all p, and lim,,_,o, C2(A,) = 1.

Proof. P(A,) =1is a consequence of Lemma 4.4.14 with A, replacing A. For

the second statement note that

AChA, = {2eR: A, +2C A} C{reR*: Atz CA,l,
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and so

by (HCC). O

The following proposition expresses how the events Q‘K?p, W,; and A,

localise the dependency of the finite volume distributions Ca ¢ on G.

Proposition 4.4.22. Suppose p and j are such that A C Ap and Ap @ 2R, C
A;. Then there exists an Ax,-measurable function Zap; @ G — [0,00] such
that ZA(G) = Zap;(G) for all G € W, ;N (QAP x £) N A,

Furthermore, there ezists a kernel Cap; @ G x M(G) — [0,00] such that for
all G € W,; N (QA7 x £YN A, and all Ay, -measurable functions f,

Capi(G, f) = Capj(Ga,, f) = Cac(f) (4.4.29)

Proof. By (4.4.28), Hau(w') = Haw, \A(w’) for TIa-almost all w’. Since 1
satisfies (HCC), if Ha ,(w') < 00, then Dely A (wae Uw') is equal to

dr e Delg,,A(wAQRO\A U w’)
with e C 7 and B(71) C Agg,

} , (4.4.30)

{6 € DelgyA(wAmO\A U w’)

and therefore if fi,,, . is the type drawing mechanism on the set (4.4.30)
0
then

2‘ w/ i - —H W (w/) .
ZA(G) - /qNé(GR AU( P ))ILLWA2RO7UJ/(dE/)e A Ap HA(dw/)
Now let
E—decE. B(r) C A, ® 2Ry \ A for all
’ Mlre Dels (wAP®2RO Uw') satisfying e C 7

We claim that

HAw (

ZA(G) = / chAc“wAp\AvEﬂu(w’vE’”,:LwAQRO,w,(dE')e’ i I (dw'), (4.4.31)

in which case the right hand side is a suitable definition of Za, ;(G). If
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Hp (W) < 0o and G € A, then by (HCC)
d(7) < Ry for all 7 € Dely 5 (wae Uw). (4.4.32)

From (4.4.32) and the fact that G € W, ; we can conclude that

A A

2
N2 (GFA U (W, E) = Nee((Wi s Ep) U (W5 E')) = Neel(wi 1\ a0 Ep)),
since

1. wj \a contains all points which are adjacent to (wae U W)A in GFA U
(W', E'), and

2. Adding any combination of points and edges from G¥*2 U (', E') to

A

(Wi, a0 Ep) U (W', E') cannot join two connected components which in-

tersect (wae Uw')® = (Wia U WA,

Note that this is a similar argument to that made in [DH15, Proposition 4.3.1].
Finally, when (4.4.32) is true and f is A,-measurable,

A

FIGFAU (W, E)) = f(wi a0 Bp) U (W, E)),
and so the function

7 A= 7Ap W' E
Can0.) 1= Zagal @) [ F(es ) 0 (' )y 3 B0

—HA .

(W)
oy (B> 0 (),

satisfies the requirements. O

Corollary 4.4.23. Let G5 . :={G € G | Za,;(G) € (0,00)} € Ap,. Then

*,D,J

GA NW, N (AP x E)N A, =GANW,,; N (QEP x E) N A,.

*7p7]

Proposition 4.4.24. P = P(:|[{0}°) € P is a Delaunay random cluster

measure.

Proof. Let f : G — R be a bounded local function and A @ R%. Choose p > na
and j large enough that f is AAp-measurable, A C Ap, and Ap @ 2Ry C A,
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Let Qggp = Q‘Xn € Fj,\a- 1t is sufficient to show that

n=na

/ fdp — / Cne(f)P(AG). (4.4.33)
QS _ xE)NW,4 GANQE , xENWp,;

A,<p

To see this, we note that ) ¢ QS and so (4.4.33) is equivalent to

/A far :/ . Cacr (f)P(AG"),
(QF <, xE)NWy GANQE , xENWp,;

and by Proposition 4.4.19 and Lemma 4.4.20,

lim Tim P (05 <, % €) N Wy, ) =1,

Pp—r00 j—00

which implies

/fdP:/g*A Cac(f)P(AG).

Taking f = 1 yields P(G2) = 1, which finishes the proof.
To prove (4.4.33), let n be large enough that Ap CA,. Thenz € A =
{reR*: A, +2CA,} = ACA,—zand so by Proposition 4.2.6,

/A fdCr,—z0.c :/ ) Cac (f)Ch-ap,6(dG)
(QF <, xE)NWy, ; GRaNQR ., xENWy,5

. Cac(f)CM (G

fdCi» = /
QX <, xENWy ;5 GANQY _, xE)NWp,;

The integrand on the left hand side is A, -measurable, so applying the local

convergence in Proposition 4.4.13 yields

/ fdP = lim M,G/(f)Cﬁp(dG’).
QL xENW,, 5 N JGANQY _ xENW,,

Now we apply the local convergence to the right hand side as well, after ma-

nipulating the expression with the help of Lemma 4.4.21, Proposition 4.4.22
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and Corollary 4.4.23.

/ fdP = lim CA,G'(f)CT/}p(dG/)-
QX L, XENWp,; U GANQY _, xE)NW,, ;N A,
~ lim Capi(Gh, F)CR(AG).
n—00 gﬁp’jm(fzgygpxs)mwp,jm@
~ Jim A Caps(Gh,, O (AG).
e Ga, N L, xE)NW,,
-/, Caps (G, PG,
g*’pyjm(nggpxs)me,j
_ / A Caps(Gh,. YP(AG).
G2, iNQR _ xENW,, ;N A

-/ Cac(f)PC).
GAN(QR L, xENWy,
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Chapter 5

Outlook

To conclude, we proved in chapter 3 that a particular Delaunay Potts model
with interactions between the triples of points which make up the triangles of
the Delaunay triangulation exhibits a phase transition for large activities and
large values of 5 (which plays a similar role to the inverse temperature). In
chapter 4 we proved that an infinite volume Delaunay random cluster model
exists when the background potential satisfies two hard-core conditions and
the edge weights are bounded away from 0 and 1. We briefly outline here some
future research directions.

As mentioned in the introduction and at the beginning of chapter 4,
the main motivation for introducing the infinite volume Delaunay random
cluster model is to eventually obtain a uniqueness result for the corresponding
Delaunay continuum Potts model via a random cluster representation. The
analogous result for the Widom-Rowlinson model was obtained using a random
cluster representation and the method of disagreement percolation [HTH19].
The next step in our case is to prove that such a random cluster representation
exists, which would likely provide a connection between Delaunay continuum
Potts measures with background and type potentials ¥ and ¢ and Delaunay
random cluster measures with the hyperedge potential 1) and edge weights
pe) = e'=%®). To show uniqueness we would then have to investigate the
percolative properties of Delaunay random cluster measures.

The Delaunay random cluster measures in chapter 4 were defined as
edge percolation models; each edge in the Delaunay graph is declared to be

either open or closed. It should be straightforward to extend the existence
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result to a hyperedge percolation model in which each triangle in Dels is de-
clared to be either open or closed instead. Such a model would be the infinite
volume analogue of the finite volume distribution given in definition 2.3.1. The
set of wired boundary conditions in this case are the elements G = (w, F) for
which Dels(w) \ Dels a(w) C E. Wired boundary conditions are also discussed
in remark 4.3.2.

Another direction would be to investigate the existence of phase tran-
sitions for other geometric continuum Potts models. One could consider for
instance models in which Voronoi cells interact with one another. In these
models the hyperedge potential acts on pairs of points {x,y} C w whose
Voronoi cells share a face. The interaction could depend on the marks of
and y as well as the attributes of their Voronoi cells Vor,(x) and Vor,(y) such
as geometry of the face they share or their relative volumes. One could also
consider models in which the hyperedge potential acts on neighbouring pairs

of Voronoi cells or Delaunay triangles.
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Appendix A

Proposition A.0.1. For A € R?, |w?| < oo for II*-almost all w.

Proof. Since w is locally finite IT*-almost surely, if |w®| = co then there exists

a sequence (x,),>1 C Dely a(w) with |z,| — oco. In this case
weA:= {w eQ:

Ny U {é@mwmw_@}

neN m>n zeQ2NAG(m+1)

Vn € N 37 € Dels a(w) with 6(7) > n,
B(r)Nw=0and B(r)NA #0

By the first Borel-Cantelli Lemma, IT*(|Jw®| = o0) < IT*(A) = 0 since
IT* U {B(:r;,m)ﬂw:(l)} < Z e < .
€Q2NAD(m+1) z€QZNAD(m+1)
[l

Lemma A.0.2. Let 6(7) and p(1) denote the circumradius and perimeter of

the triangle 7. Then

=
—~
2

o(1) =

with equality when 7 is equilateral.

Proof. Let a,b and ¢ denote the side lengths of 7 which are opposite to the
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angles A, B and C' respectively. By the law of sines,

a b c
20(r) = sin(4)  sin(B)  sin(C)
at+b+c  p(r)

20(1)  26(7)

= sin(A) + sin(B) + sin(C) =

(A.0.1)

Now by Jensen’s inequality,

%(sin(A) + sin(B) + sin(C)) < sin (w) = sin (E> = §,

3 3)

with equality only when A = B = C, in which case the triangle is equilateral.
Combining this with equation (A.0.1) yields the result. O

Definitions used in Section 4.4.5

The following excerpt is from [DDG12, page 664-665]. In our case d = 2,

and we use the notation Qj{n instead of Qf}r” The authors define L,, :=

{—n,..,n}%

Let ¢r,ng,dr be the constants introduced in condition (R). Also,
let 6_ and 0, the diameters of the largest open ball in C and of
the smallest closed ball containing C, respectively. Fix an integer
m > 60rdy/0_. For each n > 1, we decompose the parallelotope
A = Apynyym into the (2m 4 1)¢ translates A* := A, + (2n +
1)Mk of A, , where k € L,,, . For any A € R% let ny > 1 be the
smallest number with A,, D A and ny > dg/66". For all n > ny
we consider the events

NAn : R
Q" = {O;Qérle Nypx > nR} € Fia

as well as QA = QA" € Fie.

n>na

100



Bibliography

[AE16]

[AE19]

[BROG]

[CCKO5)

[DDG12]

[DH15]

[Dob68)]

[DS89]

Stefan Adams and Michael Eyers. Phase transitions in Delaunay
Potts models. J. Stat. Phys., 162(1):162-185, 2016.

Stefan Adams and Michael Eyers. The Widom-Rowlinson model
on the Delaunay graph. FElectron. J. Probab., 24:Paper No. 114, 41,
2019.

Bela Bollobéas and Oliver Riordan. Percolation. Cambridge Univer-
sity Press, 2006.

J. T. Chayes, L. Chayes, and R. Kotecky. The analysis of the
Widom-Rowlinson model by stochastic geometric methods. Comm.

Math. Phys., 172(3):551-569, 1995.

David Dereudre, Remy Drouilhet, and Hans-Otto Georgii. Exis-
tence of Gibbsian point processes with geometry-dependent inter-
actions. Probab. Theory Related Fields, 153(3-4):643-670, 2012.

David Dereudre and Pierre Houdebert. Infinite volume continuum

random cluster model. FElectronic Journal of Probability, 20, 2015.

R. L. Dobrusin. Description of a random field by means of condi-
tional probabilities and conditions for its regularity. Teor. Verojat-
nost. 1 Primenen, 13:201-229, 1968.

Jean-Dominique Deuschel and Daniel W. Stroock. Large deviations,
volume 137 of Pure and Applied Mathematics. Academic Press, Inc.,
Boston, MA, 1989.

101



[DVJOS]

[DZ98)

[Eyel4]

[For72]

[Geo94]

[Geol1]

[GH96)

[GZ93]

[Ham80]

[Houl7]

D. J. Daley and D. Vere-Jones. An introduction to the theory of
point processes. Vol. II. Probability and its Applications (New
York). Springer, New York, second edition, 2008. General theory

and structure.

Amir Dembo and Ofer Zeitouni. Large deviations techniques and
applications, volume 38 of Applications of Mathematics (New York).
Springer-Verlag, New York, second edition, 1998.

Michael Eyers. On Delaunay Random Cluster Models. PhD
thesis, University of Warwick, September 2014. Available at
http://wrap.warwick.ac.uk/67144/.

C. M. Fortuin. On the random-cluster model. III. The simple
random-cluster model. Physica, 59:545-570, 1972.

Hans-Otto Georgii. Large deviations and the equivalence of en-
sembles for Gibbsian particle systems with superstable interaction.

Probab. Theory Related Fields, 99(2):171-195, 1994.

Hans-Otto Georgii. Gibbs measures and phase transitions, volume 9
of De Gruyter Studies in Mathematics. Walter de Gruyter & Co.,

Berlin, second edition, 2011.

H.-O. Georgii and O. Héaggstrom. Phase transition in continuum
Potts models. Comm. Math. Phys., 181(2):507-528, 1996.

Hans-Otto Georgii and Hans Zessin. Large deviations and the max-
imum entropy principle for marked point random fields. Probab.
Theory Related Fields, 96(2):177-204, 1993.

J. M. Hammersley. A generalization of McDiarmid’s theorem for
mixed Bernoulli percolation. Math. Proc. Cambridge Philos. Soc.,
88(1):167-170, 1980.

Pierre Houdebert. Percolation results for the continuum random
cluster model.  Advances in Applied Probability, 50(1):231-244,
2017.

102



[HTH19]

[Kin92]

[Lis99]

[LMP99]

[LR69]

[LSS97]

[IMKM78]

[M194]

IMR96]

IMR09)]

[Nol13]

Christoph Hofer-Temmel and Pierre Houdebert. Disagreement
percolation for Gibbs ball models.  Stochastic Process. Appl.,
129(10):3922-3940, 2019.

J.F.C. Kingman. Poisson Processes. Oxford Studies in Probability.
Clarendon Press, 1992.

Vladimir D Liseikin. Grid generation methods, volume 1. Springer,
1999.

J. L. Lebowitz, A. Mazel, and E. Presutti. Liquid-vapor phase
transitions for systems with finite-range interactions. Journal of
Statistical Physics, 94(5):955-1025, Mar 1999.

O. E. Lanford, IIT and D. Ruelle. Observables at infinity and states
with short range correlations in statistical mechanics. Comm. Math.

Phys., 13:194-215, 1969.

T. M. Liggett, R. H. Schonmann, and A. M. Stacey. Domination
by product measures. Ann. Probab., 25(1):71-95, 1997.

Klaus Matthes, Johannes Kerstan, and Joseph Mecke. Infinitely
divisible point processes. John Wiley & Sons, Chichester-New York-
Brisbane, 1978. Translated from the German by B. Simon, Wiley
Series in Probability and Mathematical Statistics.

Jesper Mgller. Lectures on random Voronoi tessellations, volume 87

of Lecture Notes in Statistics. Springer-Verlag, New York, 1994.

Ronald Meester and Rahul Roy. Continuum Percolation. Cambridge
Tracts in Mathematics. Cambridge University Press, 1996.

Franz Merkl and Silke W. W. Rolles. Spontaneous breaking of
continuous rotational symmetry in two dimensions. FElectron. J.
Probab., 14:no. 57, 1705-1726, 2009.

William R. Nollett. Phase transitions and the random-cluster rep-
resentation for Delaunay Potts models with geometry-dependent in-
teractions. PhD thesis, University of Warwick, September 2013.

103



[Rus82]  Lucio Russo. An approximate zero-one law. Z. Wahrsch. Verw.

Gebiete, 61(1):129-139, 1982.

104



	Acknowledgments
	Declarations
	Abstract
	Chapter Introduction
	Chapter Preliminaries
	Gibbsian point processes with geometry-dependent interactions
	Point configurations
	Hypergraphs and hyperedge interactions
	Gibbs measures
	Pseudo-periodic configurations
	Existence

	Delaunay continuum Potts measures
	The random cluster representation
	Hyperedge percolation models
	Background and type interactions
	The Delaunay continuum random cluster distribution
	The random cluster representation measure
	Phase transitions, symmetry breaking and connectivity
	Hyperedge percolation to site percolation

	Mixed site-bond percolation on Z2
	Previous results for Delaunay interactions

	Chapter Delaunay Potts models with triangle interactions
	Definitions
	Results
	Existence proof
	Phase transition proof
	Augmenting a configuration by a particle
	Coarse graining
	Percolation of LXn.


	Chapter Infinite Volume Delaunay Random Cluster Measures
	Preliminaries
	Sample spaces and sigma algebras
	Properties of Delaunay triangulations

	Definitions
	The reference measure
	The local number of connected components
	Delaunay random cluster measures

	Existence result
	Proof
	Local convergence and the specific entropy
	Existence of an accumulation point
	A second converging sequence
	Uniqueness of the infinite connected component
	The DLR equations


	Chapter Outlook
	Appendix 

