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1. Motivation






The Jacobian
variety associated
to the curve

Given a hyperelliptic curve,
how can we compute an explicit model
of its Jacobian as a projective variety?



C9=Ccx-..xC/8S, Jacobian variety
—_——



Let
C:y’ + h(zx)y = f(x)

be a hyperelliptic curve of genus g > 1 where f(z), h(x) € k[x],
deg f(x) =2g +2and degh(x) < g+ 1.

The curve has two different points at infinity that | will denote by
oo, and co_.



The curve

C:y° + h(zx)y = f(x)

has a natural involution defined by

U 0

(z,y) = (z,—y — h(x))
004 — 00_

OO_|—>OO_|_



w

How to compute an explicit model of the Jacobian WARWICK

The following;:
O =Cx---xCx{oor} and O_=Cx--- x C x{oo_}
—— ———

g-1 g-1
define divisors of C'9) and an embedding of the Jacobian into

projective space is given by £L(2(0©, + ©0_)).

(These are functions in the function field of C9) that at worst can only
possibly have poles in 2(0 + ©_) of the “right” multiplicity.)



For g = 2, let’s consider two copies of a curve C

yi + h(z)yr = fla) Y3 + h(z2)ys = f(22)

Then, some independent functions of £L(2(©, + ©_)) are

)2 (2y1+h(z1))—(2y2+h(z2))
, P S

L, z1 + x9, 129, (1 + T2

In this case |£(2(0+ +6_))| = 16.



The embedding would be obtained by considering the closure of

)2 : (2y1+h($1))—(2y2+h(9€2)), N ] — P

[1 X1+ X9 XX (331 + T2 T1—T2

where (z1,41), (x2,y2) € C.

Given a point of the Jacobian as a projective variety over a field £,
we can also identify it as a degree 0 divisor modulo linear
equivalence.



The embedding by £(2(0, + ©_)) is given by the intersection of
many conics:

3 15 63 49 —1
2 72 1568 --- 2%97L(29 —1)?
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Simplifying models at the cost of losing information WARWICK

THEUNIVERSITY OF WARWICK.

¢ extends to an involution on C9), such that tc acts linearly on the
elements of £(2(0 4+ ©_)). If the field of definition has
characteristic different than 2, we can “diagonalise” this action to
obtain a decomposition:

L(2(0, +6_)) = {even functions} & {odd functions}
where

tc(even) = even tc(odd) = —odd



The functions
{1’ T1 + T2, X1%2, (331 + 562)2, e }
are even and #{even functions} = 10.

The functions

Qyr+h(21))=Quath(@a)) yrth(z1))ws—(2ya+h(2s))as
{ T1—T2 ’ T1—T LA }

are odd and #{odd functions} = 6.
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Kummer varieties WARWICK

Kummer variety

Let A be an Abelian variety (e.g. the Jacobian of a hyperelliptic
curve) and let ¢ be the involution in A that sends an element to its
inverse. Then, the Kummer variety associated to .4, Kum(.A) is
the quotient variety A/..

Fact

For g > 1, A[2] is the set of all fixed points under the action of ¢
and these points are singular points of Kum(.A).



Suppose that the field of definition is
algebraically closed and has characteristic
different than 2.

¢ If the dimension of A is 2, Kum(.A) is a
surface described by a quartic in P? with 16
nodal singularities.

© Generally, if the dimension of A is g,
Kum(.A) can be found as an intersection in
P¥-1,




Why are Kummer varieties relevant? A

WARWICK

THEUNIVERSITY OF WARWICK.

Their models are considerably easier.

They are not Abelian varieties, so they do not have a group law.
However, they inherit a pseudo-group law that helps to makes
computations in the Jacobian (this is strongly used in

cryptography).

For a hyperelliptic curve C, the projective embedding of the
Kummer variety associated to the Jacobian of C is given by

L(O, +6.).



2. How to study
genus 2 curves via
Kummer surfaces



Let C be the following genus 2 curve defined over 7

C:l=(@—-1Dz+1)(z-2)(z+2)(z—-3)(z+3)=2°—1

We want to study C(F7) and Jac(C)(F7). \ I
Because we are working over a finite field, it is AW A
easy to check that VERY
C(F7) = {oor} U{(n,0) | n € {-3,—-2,-1,1,2,3}} I \




As for Jac(C)(F7), we can write a basis of £L(2(0, + ©0_))

T — T
£(2(@+ + @_)) = {1,3’)1 + Z9,T1X9, (.’L’l +x )2 h — 4 5 Z)! 1y2, Ce }
r1 — X2 1 — X2

and the 72 equations that define. With even more brute force, we
could count the points of Jac(C)(F7), and deduce that

Jac(C)(Fy) = (Z/2Z)" x Z,/3Z



Why is this a bad idea? WXVY%

Essentially, the problem is that Jac(C) is defined by a very
complicated intersection in a large projective space, so the points
of Jac(C)(IF;) are really sparse in P1°(IF;)

#P'*(F;) ~ 5.54 x 10" #Jac(C)(F7) = 48

For this example, it works, but there is no hope that we can
replicate this for bigger finite fields and definitely not for global
fields.

Here is where Kummer surfaces offer a solution!



In order to compute Kum(C), we first find a basis for L(©, + ©_)

-1+ x1x2 ylyz}

L(OL4+0_)= {1,361 + T2, T1T2, (71— 23)°
where (z1,23) € C. Then,

-1+ x1x2 Y1Y2
(21 — 12)?

[k12k23k3!k4]=[1!231—|—213211E1£132 ]‘—)]P)g

defines an embedding of Kum(C) C IP? given by
(Bkiks — ky)ki — 3(ky — kg)ka — 3(kiks — k)" = 0



Kum(C) : (3kiks — k3)k3 — 3(k3 — k3)ky — 3(k1ks — k3)> =0

We can start by computing all the points of the
Kummer over [F.

# Kum(C) (F;) = 48



Kum(C) : (3kiks — k3)k3 — 3(k3 — k3)ky — 3(k1ks — k3)> =0

We can start by computing all the points of the
Kummer over [F.

# Kum(C) (F;) = 48

Out of this 48 points, 16 are singular points
of the Kummer and the other 32 are smooth
points.
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Let’s utilise the power of Kummer surfaces WARWICK

THE UNIVERSIY OF WARWICK

The inclusion £L(©4 +©_) C L(2(0, + ©_)) induces a quotient
morphism

Jac(C) = Kum(C)
such that for any field £,

Jac(C)(k) < _1(Kum( )(k))
Jac(C)[2](k) = 7~ (Sing(Kum(C)(k)))



We deduce that
16 < Jac(C)(F7) < 80

and that, in order to know what is Jac(C)(F7), we only need to

understand if the preimages with respect to 7 of the smooth points
of Kum(C)(F7) lie in Jac(C)(F7).



Considering the involution of C
L Cc—C
(2,y) — (2. —y)

we obtain
L(2(©; +©_)) = {even functions} & {odd functions}
#{even functions} = 10 #{odd functions} = 6
where

tc(even) = even te(odd) = —odd



L(O4 + O_) = {ky, ko, ks, ku}

—1 + x3x3 — ylyz}
(21 — 22)?
C {even functions of L(2(©, +6_))}

= {1,931 + X9, L1229,

In fact, the space of even functions of £(2(©, + ©_)) is generated
as a vector space by the products of every two functions of

L(O,+6.),ie
{even functions} = {k?, kyko, k1 ks, k1ka, k3, koks, koky, k3, kska, k3 }



And here is the twist WXVYCK

THEUNIVERSITY OF WARWICK.

Consider a basis for the odd functions

{odd functions} = {b1, bo, b3, by, b5, bg }

_ { Y — Yo Toyi — T1Ye TIY — Ty }
(x1—22)" (w1 —22) = (w1 —22) =

The embedding of the Jacobian is given by quadratics relations
between the elements of £(2(O. + ©_)). But the fact that the
product of any two odd functions is an even function, allows us to

express the product of every two b; as a homogeneous polynomial
of degree 4 on the k;.



(02 = 4(k} — 2kik2ks + K2K2 + k3ky)
biby = dky(k2ks — kyk2 — 3k2ky)
Qb5 =3(ki — k3k3 — kiksky)

b1b3 S 4(k%k§ - klkg - 3]{1]{531{?4 - k%kgk&;)

\

We can evaluate {ki, ko, k3, k4 } at the points of Kum(C)(IF7) to see
if there exist b; € [F7 satisfying those equations. Those points for
which this is possible lift to points in Jac(C)(IF7). This allows us to
compute Jac(C)(F7).



Moving on to rational points WXVYCK

THEUNIVERSITY OF WARWICK.

Suppose that we now want to study the points of the curve
C:yP=(x—D(z+1)(z—2)(z+2)(z—3)(z+3)
over the rationals. As C has good reduction at 7, we have that
Jac(C)(Q)torsion — Jac(C)(F7)

and in this case this is actually an isomorphism.
Computing the rank is notoriously difficult. In this case, it can
be checked that the rank is zero and so

Jac(C)(Q) = (Z/2Z)" x /3L



3. Connections
with geometry
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Redefining Kummer surfaces WARWICK

Kummer surfaces

A Kummer surface is a quartic surface in P? with 16 isolated
singularities.

Every Kummer surface has 16 special conics
known as tropes in the following
configuration:

Each trope goes through 6 singular points.

For each singular point, there are 6 tropes
going through it.




Desingularisation of the Kummer WXVYCK

THEUNIVERSITY OF WARWICK.

Suppose we want to desingularise the Kummer surface that we
saw before:

Kum(C) : (3k1ks — k3)k3 — 3(k? — k3)ky — 3(k1ks — k3)> =0

Consider the odd functions {b1, b, b3, b4.b5, bs}. We have a rational
map

Kum(C)iHP)5
[k11k22k31k4]i—>[blibgibgib4ib5ib6]

which happens to be well-defined outside of Sing(Kum(C)).
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Desingularisation of the Kummer WARWICK

THEUNIVERSITY OF WARWICK.

The closure of the image of this map defines a smooth surface Y in
IP° given by the complete intersection of three quadrics.

b1ba + b4bs + b3bsg = 0
—3b3 + 2b3 — 3b3bs + babg = 0
2b3by — 3bobs + bibg = 0
Actually... The map ¢ is a birational morphism Kum(C) --» Y

which turns out to be the inverse of the blow-up of the 16 singular
points of Kum(C)!



) - @

Desingularisation Explicit projective
of the Kummer models of the Jacobian
surface of agenus 2 curve
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Concerning mixed characteristic WARWICK

THEUNIVERSITY OF WARWICK.

Suppose we start with a Kummer surface defined over a number
field over where all the tropes and the singular points are defined.
Furthermore, assume this surface has good reduction over a prime
p not lying above 2.

Then, the reduction map will preserve all the geometric and
arithmetic features that we have discussed.

Essentially the theory of Kummer surfaces is the same over
characteristic zero than over characteristic p > 2.



4. Problems with
characteristic two



1 Canonical form. We shall normally suppose that the characteris-
ticq of the ground field is not 2 and consider curves C of genus 2 in the
shape — e

C: Y?=F(X), (1.1.1)

where

F(X)=fo+ HiX +...+ feX® € k[X] (1.1.2)




1. The Jacobian variety
We shall work with a general curve € of genus 2, over a ground field K of
characteristic not equal to 2, 3 or i which may be taken to have hyperelliptic form
€Y =FX) =i X'+[ X +[ X'+ [, X+ [, X2+, X+, (1)
with fo,....fs in K, fg # 0, and A(F) # 0, where A(F) is the discriminant of F. In F;
there is, for example, the curve ¥ = X°—X which is not birationally equivalent to
the above form.

1 Canonical form. We shall normally suppose that the characteris-
ticq of the ground field is not 2 and consider curves C of genus 2 in the
e 3

shape
C: Y?=F(X), (1.1.1)

where
F(X)=fo+ HX +...+ feX® € k[X] (1.1.2)

2. SET-UP

Let & be a field of characteristic not equal to two, k* a separable closure of k, and f =
z?:o fiX' € k[X] a sepa.raBTe polynomiar with fo ; 0. Denote by € the set of the six roots

of f in k%, so that k() is the splitting field of f over k in k°. Let C' be the smooth projective




Fact

For g > 1, A[2] is the set of all fixed points under the action of ¢
and these points are singular points of Kum(.A).

In algebraically closed fields of characteristic 2, the 2-torsion of the
Jacobian of a curve C of genus g is

J(C)2] = (z/22)

forsome 0 < r <g.



Characteristic

2-rank
Number of singularities 1 2 | 4 16
Singularity type Elliptic | Dg | Dy | Ay

N, Characteristic
Characteristic 2 different than 2

Supersingular

“Almost”
Ordinary

Ordinary



In characteristic 2 we cannot diagonalise the action of ¢, so it does
no longer makes sense to talk about even and odd functions.

So what can be said about Kummer surfaces in characteristic

two?



Kummer surfaces in characteristic 2

Arlthmet
side




Arithmetic side WX\AYCK

THE UNIVERSIY OF WARWICK

Theorem / Computation (G.)

Given a genus 2 curve C defined over a field k£ of characteristic 2, it
is possible to find a basis of £L(2(0©, + ©_)) that gives an explicit
embedding of Jac(C) inside of P1°.

= With small modifications, we can repeat the reasoning of the
previous example to study curves over fields of characteristic 2.
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Geometric side WARWICK

THE UNIVERSIY OF WARWICK

Theorem (G.)

Given a genus 2 curve C defined over a number field whose
Jacobian has good reduction at a prime p lying above 2, consider
the following diagram

Then, Y, C IP° defines a partial desingularisation of Kum(C,).



1

2

1x Elliptic

2XD8

4XD4

1x Simpler
elliptic

2XD4—|—2><A3

12XA1




2*gl*g2*g3*k1*k3*v2 + g0*g3"2*k1*k3*v2 + g0*g3"2*k1*k2*v3 - 2*f5*g2*k1*k3*Vv3 - 2*g2"2*g3*k1*k3*v3 + 2*g1*g3"2*k1*k3*v3 - 2*g3*k1*k4*v3 + 4*f5*k1*k3*v4 +
2%g2*g3*K1*k3*v4 + 2*g3*K1*k3*V5
A*F1*FE*g0*g3*k1"2+k2*ka + 4*FO*FE*g1*g3*k1724k2*ka + F1¥g0*g3 3+k1 2+k2*ka + FO*g1*g3 3*k1r2+ka*ka + 4*FO*FE*g2*ga*k1+k2"2%ka + FO*g2*g3 3+k1+k2"2+ka +
4*f0*6*g3"2+k2"3*ka + FO*g3"4*k2"3¥ka - BHF1*FA*FE*K1 2*k3*ka + BHFA*TE*g0*g1*K1"2*k3*ka - 24F1*f6*g2°2+k172+k3*kd + 2*F6*g0*g1*g2"2+k1"2+k3*kd -
2+F34B*g0*g3*k172*k3*ka - 2*F1*FE*g1*g3*k172+k3*ka + 2*F6*g0*g1"2*g3*k1°2+k3*ka - F6*0"2*g2*g3*k1"2+k3*kd - 2*f5*g0*gl*g2*g3*k12+k3*kd -
2+F1*fA*g3"2+Kk1°2*k3*ka - BHFE*g0"2*g3"2*K1"2+k3*kd + 2*FA*g0*g1*g3 2+K12+k3*k4 - F3*g0*g2*g3 2+k12+k3*kd - f1*g2~2*g3~2*k1"2*k3*k4 -
g0*g1*g2"2%g3"2*k172+k3*ka - F1*g1*g3"3*k1"2+k3*k4 - 2%g0"2*g2*g3"3*k1"2*k3*ka + 8*FA*FE*g0*g2*k1*k2*ka*ka + 2+F6*g0*g2 3*k1*k2*k3*ka +
2*F1+f6*g2*g3*k1*k2*ka*ka + F6*g0*g1*g2*g3*k1*k2*ka*ka - 2*F5+g0*g2"2*g3*k1*k2*ka*ka - 2+f1+f5+g3 2+k1*k2*k3*ka + 4*FO*F6*g3 2*k1*k2*k3*k4 -
6*80°2*g3"2*k1*k2*k3*ka - 3*f5*g0*g1*g3"2*k1*k2*k3*ka + 2+fA*g0*g2*g3"2*k1*k2*k3*ka - g0*g2"3*g3"2*k1*k2*k3*ka - F1*g2*g3"3*k1*k2*k3*kd -
2%g0*g1*g2*g3"3*k1*k2*ka*ka + FO*~2 4*k1*k2*k3*ka - g0"2*g3 A*k1#k2*k2*1 4 - 245" 2*g0*g3*k2"2+k3 ke + 4*FA*f6*g0*g3*k2"2+k3*ka + f6*g0*g2"2*g3*k2"2*k3*ka +

2+f14f6*g3"2+k2"2*k! ®g B2%k2r2*k3*kd - 24f5*g0*g2*g3"2%  2*k3*ka + fA*g0*g3 34k 2*k34ka - g0*g2"2*g3"3*k2  3*kd - B*F3HFA*TEAK1*k3"24k4 +
8+fA*fErgl g2rk1*k3 2*ka  f3*f6* 370 g %3 4 fafery 3 3V R Lrg Kk k4 - 2+F3HERg2xg3rk1k3N24kA +
forgloogargds 32k fE kg’ T ki k4 3% k32 3 gl 32 ki ké fBh_ g2rg3r2rkitk3n2tka +
2HfArgI*ERRgBOHKAAKB2H  243H Mgl k1 MY 2 gn 3N R\ tka+fArgl 3L T i3 T 1M Oxkd - glroxgRg3n3rkirk3n2rka -

3*g0*g2"2* g3 3*k1*k3"2*ka = g0*g1mgs A*kimk3 ke + 275 HOmg0*gSTK2¥ ks 2xka = 2*f5r2*g1*  (O*KB"2¥ka + 4XFAXTE"g 1 ~g3mK2¥ka 2%ka + fE*g1*g2r2%g3*k2*k3 24ka
+ f6*g1"2*g3"2*k2*k3"2%k4 - f6*g0*g2*g3"2*k2*k3"2%ka - 2*f5*g1*g2*g3"2*ko*k3" 2 kd - 345 . g3°3+k2*k3"2*k4 + fa*gl*g3"3+k2*k3"2%k4 - 2+g0*g2*g3"4*k2*k3"2*k4
- B¥fAXEHE*k3N3*ka - 24f5*T6*g2"2*k3"3*k4 - 24f5*+FE*g1*g3*k3"3*ka + A*fA*fE*g2*g3*k3 3*ka + F6*g2"3*g3*k3"3*ka - 2+FA*F5+g3"2*k3 3*kd - 2+3*f6*g3"2*k3"3*k4 -
2+f5*g2"2*g3"2*k3"3*k4 - f6*g0*g3"3*k3"3%k4 - 4*f5*g1*g3"34k3"3*k4 + fA*gR*g3"3+k3"3%k4 - F3*g3°4*k3"3*kd - 2*gl*g2*g3"4*k3"3*k4 - g0*g3"5+k3"3*k4 -
AFFIAFERK172*KAN2 + AFFE*EO*EI*K1"  A"2 - F1*g3r2*k172*kA"2 + gO*g1*g3r2*k1"2%kA"2 + A g0 2*K1*k2*ka"2 + g0*g2*gd”  “*k2*ka"2 + 4*fE*g0*g3* k2 2+kar2 +
80*g3°3*k2"2*ka"2 - AXFBHE*KIY 4 V2 . F Y K et M 0 co T owad. ot g0 1 oo N w83 <I*k3*kA"2 - 8*FAE*k2*k3*k4 2 -
2+f6*gRrOHk2*k3*KAND - 24FB*g2%g . W N2 M 2%k O A 0 2 WM M S-S 30 w1 tm o kgt 33%k3MO%KAND - 3+fE*g3r2*k3M2+kan2 -
g2+g3"34k3"2*k4"2 - 4*fE6*ko*kAN3 - g372F  kA"3+ 8O  5*g3*k2*ka*vl + 2+F0*g3"3*k2*karv1 + BHA*FE*gO*k3*karv1 + 2*fE*g0*g2"2*k3*kd*V1 +
2+f6*g0*g1*g3*ka*ka*v1 - 2*f5*g0*g2*g3*k3*ka*V1 + 2+FA*g0*g3"2*k3*ka*V1 - g0*g2"2+g3"2*k3*ka*V1 + 4*fE*g0*kar2*v1 + gO*g3 2+kar2*v1 + A*1*F6*g3*k2*ka*v2 +
F1%g313*k2*kA*V2 + BHAME*gI*k3*kaA*v2 + 24F6*g1*g2"2*k3*kA*V2 + 2+6*g172*g3*kB*kA*V2 - 2*fE*g0*g2*g3*kBkaA*V2 + 2+f5*g1*g2*g3+k3*ka*y2 -
2+f5*g0*g3 2*kBHKA*V2 + DAFA*E1*3N*kBHkA*RV2 + 2*g1*gR D+ g3 OHKB kA2 + g172+g3"3*kB*HkA*V2 - 2*g0*gR* g3 3xkBHkA*V2 + AHE*g1*KAT V2 + g1*g3"2+kA V2 +
BFA*fE*g2*k3*kA*V3 + 2+fE*g2 3*k3*kaA*V3 - 4*f3*FE*g3*k*ka*V3 + 24fE*gDrD*g3*k3*kaA*V3 - 2+F6*g0*g3 2+k3*ka*V3 - 2*F5+g1*g3"2*k3*ka*v3 +
2+f4*gR* g3 2*kB kA V3 + 2*g2"3%g3"2*k3*ka*V3 - F3*g3"3*k3*kA*V3 - gl*g2*g3"34k3*ka* V3 - gO*g3 A*k3*kA*V3 + 4*T6*g2*kA"2*V3 + g2+ g3 2xkA V3 +
4*f5*g0*g3*k2*ka*vA + g0*g3"3*k2*ka*v4 - 16*FA*FE*k3*kA*va - A*fE*g2"2*k3*kA*vA - 4*T6*g1*g3*kB*kA*VA - 4*fA*g3r2xkB*ka*v4 - g2r2*g3r2+k3 kA v4 -
g1*g3°3*k3*kA*V4 - B*FE*kA2* V4 - 2%g3"2*kAN2* V4 - A*F5*g3*Kk3*kA*VS - 2*g2* g3 2xk3* kA*V5 - g3*k3*ka*v6
4*f1+F6*g0*g3*k172+k2*k3 + 4*FO*FE*g1*g3*k12+*k2*k3 + F1*g0*g3"3*k172+k2*k3 + FO*g1*g3"3*k112*k2*k3 + 4*FO*fE6*g2*g3*k1+k2"2+k3 + fO*g2*g3"3*k1+k2"2*k3 +
4+fO*E*g3"2+k213%k3 + FO*g3"4*k2"3%k3 - B*FI*FA*FEK1N2*k3"2 + B*FA*E*g0*g1*k12+k32 - 2*F1+E*g2 2*k1"2+k3 2 + 2*F6*g0*gl*g2"2+k1"2+k3"2 -
D*f3*fH*g0*g3*k1/2*K3"2 - 2*F1*FE*g1*g3*k172*k32 + 2*fE*g0* g1/ 2*g3*K1"2*k32 - fE*8 0 2*g2*g3*K1"2*k3 2 - 2*f5*gO0*g1*g2*g3*k172*k3"2 - 2*f1*fA*g37 %K1 2*k3 2 -
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