




























Blow-up of a cone

Let C be the cone described by the equation x22 − x1x3 = 0 in P3,
which is singular at [0 : 0 : 0 : 1] and let C̃ be the surface in
P3 × P2 defined by the equations:

x22 − x1x3 = 0

y22 − y1y3 = 0

x1y2 − x2y1 = 0

x1y3 − x3y1 = 0

x2y3 − x3y2 = 0

Then, the obvious map π : C̃ → C blows up the point [0 : 0 : 0 : 1].



The birational geometry of Kummer surfaces

We have motivated why, given a surface with isolated singularities,
it is always possible to find a smooth surface that is birationally
equivalent to it through blow-ups.

Let X be the desingularisation of a Kummer surface. Then, using
multiple tools from our cohomology toolkit we can deduce many
properties about the geometry of X . For instance, that X is what
is known as a K3 surface.



K3 surfaces

K3 surfaces

A K3 surface X is a simply connected surface with trivial
canonical bundle, meaning

h1(X ,OX) = 0,
ωX = ∧2ΩX ' OX .

They have interesting geometric properties due to the fact that
they are the Calabi-Yau varieties of dimension 2.



Abelian surfaces

From the Enriques-Kodaira classification of surfaces, we know that
there is only one other type of surface with trivial canonical
bundle. These are known as Abelian surfaces and they are also
very special.

Abelian surfaces

An Abelian surface is a complete group variety of dimension 2.

Basically, Abelian surfaces are algebraic surfaces that have a
geometric group law that allows us to add points in it.



















Desingularising a quotient variety: the cone

Consider P2, whose points are of the form [x1 : x2 : x3] and
consider the Z/2Z action ι given by

ι :


x1 7→ −x1

x2 7→ −x2

x3 7→ x3

What are the even quadratic functions on the variables
{x1,x2,x3}?

e1 = x21 e2 = x1x2 e3 = x22 e4 = x23
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Desingularising a quotient variety: the cone

The quotient variety P2/ι can be embedded in P3 by considering
the points given by

[e1 : e2 : e3 : e4] = [x21 : x1x2 : x
2
2 : x

2
3].

From this description it is easy to check that there exist only a
relation between {e1, e2, e3, e4}, which defines the equation of
C = P2/ι inside of P3 as

e22 − e1e3 = 0.



Desingularising a quotient variety: the cone

Now, let’s see how we can desingularise this cone. Consider a basis
of all cubic polynomials on x1,x2,x3 that are odd with respect to ι.
Then, in a similar fashion as before, the map given by

[o1 : o2 : o3 : o4 : o5 : o6] = [x31 : x
2
1x2 : x1x

2
2 : x

3
2 : x1x

2
3 : x2x

2
3]

gives an embedding of C̃ = P2/ι inside of P5, given by the
equations:

o1o3 − o22 = 0 o2o4 − o23 = 0

o1o4 − o2o3 = 0 o1o6 − o2o5 = 0

o2o6 − o3o5 = 0 o3o6 − o4o5 = 0



Desingularising a quotient variety: the cone

As

[e1 : e2 : e3 : e4] = [x21 : x1x2 : x
2
2 : x

2
3]

[o1 : o2 : o3 : o4 : o5 : o6] = [x31 : x
2
1x2 : x1x

2
2 : x

3
2 : x1x

2
3 : x2x

2
3],

it is easy to see that we can define a birational map π : C̃ → C

π([o1 : o2 : o3 : o4 : o5 : o6]) =

{
[o1 : o2 : o3 : o5] if o1 6= 0

[o2 : o3 : o4 : o6] if o2 6= 0



Desingularising a quotient variety: the cone

The map π : C̃ → C

π([o1 : o2 : o3 : o4 : o5 : o6]) =

{
[o1 : o2 : o3 : o5] if o1 6= 0

[o2 : o3 : o4 : o6] if o2 6= 0

is a blow-up of the point [0 : 0 : 0 : 1].
It also contracts the exceptional divisor E ⊂ C̃ which is given by

o1o3 − o22 = 0

o1o4 − o2o3 = 0



Going back to our Kummer surfaces

The procedure to find a desingularised model of a Kummer surface
is essentially the same as the cone, with the ”small” differences
that:
• Instead of being generated by only 3 global sections, as P2,

general Abelian surfaces have been described to embed in P15

via 16 sections {x1, . . . ,x16}.
• The space of even sections is generated by 4 sections
{e1, . . . , e4}, that satisfy the quartic relation that describes a
singular Kummer surface.



Going back to our Kummer surfaces

• The space of odd sections is generated by 6 sections
{o1, . . . , o6}, that satisfy 3 quadratic relations. Therefore, a
projective model of a desingularised Kummer surface can be
achieved as a complete intersection of 3 quadrics in P5.



Going back to our Kummer surfaces

Example of a Kummer surface

5e42 − 10e1e
2
2e3 + 5e21e

2
3 + 4e31e4 + 5e33e4 − e22e

2
4 + 4e1e3e

2
4 = 0

Example of a desingularised Kummer surface

−10o1o2 + 10o4o5 + o3o6 = 0

−5o21 + 25o24 + 5o3o5 + o2o6 = 0

25o3o4 + 5o2o5 + o1o6 = 0



























But, what is so special about characteristic 2?

Fact

For g > 1, the set of points of order at most 2 is the set of all fixed
points under the action of ι and these points are singular points of
our Kummer surface.

In algebraically closed fields of characteristic 2, the 2-torsion of an
Abelian variety A of dimension g is

A[2] ∼= (Z/2Z)r

for some 0 ≤ r ≤ g.







Arithmetic side

Theorem / Computation (G.)

Given a genus 2 curve C defined over a field k of characteristic 2, it
is possible to find a basis that gives an explicit embedding of Jac(C)
inside of P15.

⇒ With small modifications, we can repeat the reasoning of the
previous example to study curves over fields of characteristic 2.



Geometric side

Theorem (G.)

Using the previously computed basis, it is possible to compute
embeddings of partial desingularisations of Kummer surfaces in
characteristic 2.

2-rank 0 1 2

Number of tropes 1 2 4

Singularities 1× Elliptic 2×D8 4×D4

Singularities after
partial desingularisation

1× Simpler
elliptic

2×D4 + 2× A3 12× A1
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