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How to desingularise Kummer surfaces

Learn the definition and
history of Kummer surfaces



The history of Kummer surfaces

Fresnel discovered that the behaviour of
light passing through a crystal can be
modelled from the solutions of an
equation of degree 4 in 3 variables.

Hamilton found that the variety that
defined that equation had 16 singular
points.

Cayley studied quartic surfaces with 16
nodes and discovered common
properties to all of these.




And then, finally...

Kummer showed that, through coordinate
changes, any quartic surface with 16
nodes could be described as a member of:

(22 +y* + 22 + w? + A(zy + 2w) + B(az + yw) + C(zw + y2))* + Kryzw = 0
where

K =a?>+b>+c®—2abc—1



A provisional definition

Kummer surface (Definition )

A Kummer surface is a quartic surface in P* with 16 isolated
singularities.



Kummer surface (Definition I)

A Kummer surface is a quartic surface in P* with 16 isolated
singularities.

Question:

Is this a good definition by today’s
standards?






Is this still a Kummer surface?



A better definition may then be

Kummer surface (Definition I1)

A Kummer surface is a surface which is birationally equivalent to
a quartic surface in P* with 16 isolated singularities.




Become a master in blowing
up surfaces



These are nodes,
also known as A,
singularities.

They are du Val
singularities or
rational double points.

Locally these
singularities resemble
the vertex of a cone

@



Given a singular surface, we can always find a
birationally equivalent smooth surface by applying
a series of transformation known as blow-ups.
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Classical example of a blow-up




Let C be the cone described by the equation 23 — x1w3 = 0 in P3,
which is singular at [0 : 0 : 0 : 1] and let C be the surface in

P3 x P? defined by the equations:

a:% —z123 =0
Yo — y1y3 =0
1Yo — T2y1 =0
z1y3 — w3y =0
Toys — x3y2 = 0

Then, the obvious map 7 : C' — C blows up the point [0:0: 0 : 1].



We have motivated why, given a surface with isolated singularities,
it is always possible to find a smooth surface that is birationally
equivalent to it through blow-ups.

Let X be the desingularisation of a Kummer surface. Then, using
multiple tools from our cohomology toolkit we can deduce many
properties about the geometry of X. For instance, that X is what
is known as a K3 surface.



K3 surfaces

A K3 surface X is a simply connected surface with trivial
canonical bundle, meaning

h'(X,0x) =0,
wx — /\29)( ~ OX.

They have interesting geometric properties due to the fact that
they are the Calabi-Yau varieties of dimension 2.



From the Enriques-Kodaira classification of surfaces, we know that
there is only one other type of surface with trivial canonical
bundle. These are known as Abelian surfaces and they are also

very special.

Abelian surfaces

An Abelian surface is a complete group variety of dimension 2.

Basically, Abelian surfaces are algebraic surfaces that have a
geometric group law that allows us to add points in it.



Going back to our history lesson

While investigating how to embed Abelian
varieties in projective space, Gépel found
that some the theta functions that were
involved in this embedding defined the
equation of a Kummer surface.

But why?



Suppose that we have a finite
group acting on a variety

7./27. acting on the plane
by a 180° rotation

Y,




We can then create a quotient variety by
identifying every point with its image
under the action




This quotient variety satisfies:

1- Outside of the fixed points of the action, the
geometry of the quotient variety is close to the
original variety.

2- The fixed points of the action generally
become singular in the quotient variety.

3- Starting with an embedding of our variety in
projective space we can compute an embedding
of the quotient variety by considering global
sections that are invariant under the action.



Abelian varieties have a natural

Z./27. action which consists of
sending any point on the variety to its inverse

with respect to the group law!

The fixed points of the action are the points that
are equal to its inverse, therefore, they are the
identity and the points of order 2 (the 2-torsion
of the group).

Over a field of characteristic, not 2, the 2-torsion
of an Abelian surface turns out to be

(z/2z)*



While investigating how to embed Abelian
varieties in projective space, Gopel found
that some the theta functions that were
involved in this embedding defined the
equation of a Kummer surface.

Why?

He had found 4 theta functions that were invariant
under the Z/27Z action, and therefore
generated the quotient of the Abelian surface.



Kummer surface (Definition 111)

Let A be an Abelian surface and let ¢ be the involution in A that
sends an element to its inverse. Then, the Kummer surface
associated to A, Kum(.A) is the quotient variety A/1.

This definition has the advantage that it can
easily be generalised to other dimensions.

Also, it allow us to study Kummer surfaces from
the properties of Abelian surfaces.



How to desingularise Kummer surfaces

Idea:

Starting with an embedding of a variety in
projective space, we can compute an embedding
of its quotient variety by studying the functions
that are invariant under the action.

If we are studying a Z/2Z action, we can also
study the sections that change sign when we
apply the action.

Action(even function) = even function
Action(odd function) = -odd function



Consider P2, whose points are of the form [x1: z9 : x3) and
consider the Z /27 action ¢ given by

1= —I1
LR Ty > —T9
T3 — X3

What are the even quadratic functions on the variables
{1, w2, 337



Consider P2, whose points are of the form [x1: z9 : x3) and
consider the Z /27 action ¢ given by
1= —I1
L:Q Ty —To
T3 — X3

What are the even quadratic functions on the variables
{1, w2, 337

€1 = x% €2 = T1T2 €3 = x% €4 — LE%



The quotient variety P2/, can be embedded in P? by considering
the points given by

[e1: e e3:eq] = [0]: zya0 : 25 0 23]

From this description it is easy to check that there exist only a

relation between {ey, €9, 3, €4}, which defines the equation of
C = P?/. inside of P3 as

e% —e1e3 = 0.



Now, let’s see how we can desingularise this cone. Consider a basis
of all cubic polynomials on x1, x5, x3 that are odd with respect to ¢.
Then, in a similar fashion as before, the map given by

e o T 3 20 22 322
[01:00:03:04:05:06) =[] 1 w]T2 1 X125 © Xy 2 T1X5  ToTF)

gives an embedding of C' = IP?/. inside of P%, given by the
equations:
0103—o§=0 0204—0320
0104 — 0203 — 0 010 — 0205 — 0

020 — 0305 = () 0306 — 0405 = ()



As

[e1:e0:e3:eq) = 2% wymy : 25 2]

. . . . . — (3 2 2. 3. 2. 2
[01:00:03:04:05:06) =[] : x]T2 : T1T5 © X5 T1X5 © ToxF),
it is easy to see that we can define a birational map 7 : C — C

[01: 02 :03:05]if0; #0
m([o1: 09 :03:04:05: 06]) = .
[09 1 03 : 04 : 0g] if 02 # 0



Themap7:C — C

[01202203205] if017é0

7T([01:02:03:04:05;06])_{

(09 : 03 :04:06] ifog #0

is a blow-up of the point [0: 0:0: 1]. )
It also contracts the exceptional divisor £ C C which is given by
0103 — 05 =0

0104 — 0203 — 0



The procedure to find a desingularised model of a Kummer surface
is essentially the same as the cone, with the small” differences

that:

* Instead of being generated by only 3 global sections, as P?,
general Abelian surfaces have been described to embed in P1°

via 16 sections {x1,..., 215}

© The space of even sections is generated by 4 sections
{e1,...,e4}, that satisfy the quartic relation that describes a

singular Kummer surface.



© The space of odd sections is generated by 6 sections
{o1,...,06}, that satisfy 3 quadratic relations. Therefore, a
projective model of a desingularised Kummer surface can be
achieved as a complete intersection of 3 quadrics in P°.



Example of a Kummer surface
5e5 — 10eje5es + beles + detey + beseq — eaes + dejezed = 0
Example of a desingularised Kummer surface

—100102 + 100405 + 0306 = 0
—50% + 250?1 + 50305 + 0206 = 0
250304 + 50905 + 0105 = 0



How to desingularise Kummer surfaces

Put your skills to use by
helping a number theorist



Number theory (or arithmetic or higher arithmetic in older usage) is a branch of pure
mathematics devoted primarily to the study of the integers and arithmetic functions. German
mathematician Carl Friedrich Gauss (1777-1855) said, "Mathematics is the queen of the sciences
—and number theory is the queen of mathematics."] Number theorists study prime numbers as
well as the properties of mathematical objects constructed from integers (for example, rational
numbers), or defined as generalizations of the integers (for example, algebraic integers).

+

Algebraic geometry is a branch of mathematics which uses abstract algebraic techniques, mainly from
commutative algebra, to solve geometrical problems. Classically, it studies zeros of multivariate
polynomials; the modern approach generalizes this in a few different aspects.

Finding the set of rational points of a variety, i.e.
all rational solutions to a system of polynomial equations



Classification of curves

Genus O curves

)<

They can only have either
no rational points or
of them

Genus 1curves

X

They can have no rational
points, or
of them

Higher genus curves

K¢

They can only have either
no rational points or
of them

Faltings (1983)



Higher genus curves

o — &

Genus g>1 Jacobian variety
(hyperelliptic) curves of dimension g



In the case of elliptic curves

O = X

Elliptic curve Jacobian variety



Higher genus curves

The Jacobian of a curve is an Abelian variety.

Mordell-Weil Theorem (I1)

The set of rational points of an Abelian variety is a finitely
generated Abelian group. Therefore, if Jac(C) is the Jacobian
variety associated to a curve C:

Jac(C)(Q) = Jac(C)(Q)torsion X Z" for some r > 0.



How does knowing about Kummer surfaces
help to compute rational points on curves?

For a general genus 2 curve, ...but the equation of the
defining the equations of the Kummer is really easy to
Jacobian is really complicated... find



Solution:

Find rational points in the Kummer and lift them to the
Jacobian

"

This involves computing the odd functions in the Jacobian
with respect to the action (which also defined our
desingularisation)!



How to desingularise Kummer surfaces

Set yourself a challenge, try to
do it now in characteristic 2!



1 Canonical form. We shall normally suppose that the characteris-
ticq of the ground field is not 2 and consider curves C of genus 2 in the
shape — e

C: Y?=F(X), (1.1.1)

where

F(X)=fo+ HiX +...+ feX® € k[X] (1.1.2)




1. The Jacobian variety
We shall work with a general curve € of genus 2, over a ground field K of
characteristic not equal to 2, 3 or i which may be taken to have hyperelliptic form
€Y =FX) =i X'+[ X +[ X'+ [, X+ [, X2+, X+, (1)
with fo,....fs in K, fg # 0, and A(F) # 0, where A(F) is the discriminant of F. In F;
there is, for example, the curve ¥ = X°—X which is not birationally equivalent to
the above form.

1 Canonical form. We shall normally suppose that the characteris-
ticq of the ground field is not 2 and consider curves C of genus 2 in the
e 3

shape
C: Y?=F(X), (1.1.1)

where
F(X)=fo+ HX +...+ feX® € k[X] (1.1.2)

2. SET-UP

Let & be a field of characteristic not equal to two, k* a separable closure of k, and f =
z?:o fiX' € k[X] a sepa.raBTe polynomiar with fo ; 0. Denote by € the set of the six roots

of f in k%, so that k() is the splitting field of f over k in k°. Let C' be the smooth projective




One interesting thing about
characteristic 2 is:

There are no min

Therefore, separating functions into even
and odd no longer makes sense.

So what can we say about Kummer
surfaces over fields of characteristic 2?



Fact

For g > 1, the set of points of order at most 2 is the set of all fixed
points under the action of « and these points are singular points of
our Kummer surface.

In algebraically closed fields of characteristic 2, the 2-torsion of an
Abelian variety A of dimension g is

A2] 2 (2,22

forsome 0 < r < g.



Characteristic

2-rank
Number of singularities 1 2 | 4 16
Singularity type Elliptic | Dg | Dy | Ay

N, Characteristic
Characteristic 2 different than 2

Supersingular

“Almost”
Ordinary

Ordinary



Kummer surfaces in characteristic 2

Arlthmet
side




Theorem / Computation (G.)

Given a genus 2 curve C defined over a field k of characteristic 2, it

is possible to find a basis that gives an explicit embedding of Jac(C)
inside of P1°.

= With small modifications, we can repeat the reasoning of the
previous example to study curves over fields of characteristic 2.



w

Geometric side WARWICK

THE UNIVERSIY OF WARWICK

Theorem (G.)

Using the previously computed basis, it is possible to compute
embeddings of partial desingularisations of Kummer surfaces in
characteristic 2.

| 2-rank | 0 | 1 | 2
Number of tropes 1 2 4
Singularities 1x Elliptic 2 x Dg 4 x Dy
S'lngula.rltles alocter. 1x S'lm.pler 9% Dy+2x A5 | 12 % A,
partial desingularisation | elliptic




How to desingularise Kummer surfaces
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